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Refutation Calculi for Certain
Intermediate Propositional Logics

TOMASZ SKURA

Abstract Using simple algebraic methods we give Lukasiewicz-style refuta-
tion calculi for the following intermediate logics: finite logics, LC, Yankov’s
logic, the logic of the weak law of excluded middle, Medvedev’s logic, and
certain logics without the finite model property.

0 Introduction There are at least three reasons for being interested in
Lukasiewicz-style refutation calculi for propositional logics:

1. Such a formulation together with the usual axiomatic system provides a
uniform complete characterization of a logic.

2. If a logic has such a refutation procedure then the set of its nontheorems
is recursively enumerable (r.e.) so that the logic is decidable as long as the
set of its theorems is also r.e. This method of obtaining decidability re-
sults is both simple and very general (cf. Skura [13],[14]).

3. A formulation of this kind expresses a syntactic property uniquely char-
acterizing a logic (cf. Skura [12]). The more elegant such a formulation,
the more intuitive the property.

In [6] Lukasiewicz introduced the following refutation rules:

Hde(a)

(rs) ] (e(a) is a substitution instance of «),
o

Fa— B 418
do

(“da” reads “« is refutable”.)

(Fmp)

Of course ry, reverses the substitution rule, and ry,, reverses the modus ponens
rule.
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It is easily seen that the above rules together with a fixed propositional vari-
able p axiomatize the set of all formulas not provable in the classical proposi-
tional logic (C). (We also say that every nontheorem of C is refutable by the
formula p and the rules ry,, ry;.)

In [12] it is proved that every nontheorem of the intuitionistic propositional
logic (INT) is refutable by the formula p and the rules rg,, Fmp,

) 2B A A (B e d=isn

A(a;j =B A A (=B V... Vo,

The rules r, reverse the generalized disjunction property.
In this paper we give refutation calculi for some of the more important in-
termediate logics using simple algebraic methods.

1 Preliminaries Let For be the set of all formulas generated from the set Var
of propositional variables by the connectives =1, A, v, =, and let For~ be the
set of all positive formulas (i.e., negation-free formulas). We write o = (8 instead
of (a = B)A(B—a). For any a € For, the symbol Var(a) will denote the set
of all propositional variables occurring in «. Of course Var(X) = U {Var(«):
a € X} for every X < For. By an intermediate logic we mean any set INT <
L < For closed under modus ponens and substitution, where INT is the set of
all theorems of INT.

Heyting algebras (or pseudo-Boolean algebras) will be denoted by script cap-
itals @,@®, . . .. The unit element, the zero element, the lattice ordering, and the
operations of @ are denoted by 1g, Og, <@g, and -, Ag, Va, —q respectively.
The subscript @ is often omitted. The symbol @~ denotes the algebra obtained
from @ by deleting the operation —5. We say that @ is strongly compact (@ €
SC) iff there is a greatest element in @ — {15} (denoted by *3). @ € FSC iff
@ € SC and Q@ is finite. The symbol @ @ ® denotes the Troelstra sum of @ and
® (i.e., @ @ & is the result of putting & on top of @ and identifying 0g with
1¢). The Jaskowski sequence is the following (cf. [3]): Jo is the two-element
Boolean algebra, g, = (Jr_;) ® Jo (n > 0). We write G®, @@ instead of
Q@D Jo, Jo ® @ respectively. II{®,: ¢ € T} is as usual the direct product of a
family of algebras {@,:¢ € T}.

E(Q) is the set of all tautologies of @, i.e., a € E(Q) iff v(a) = 14 for ev-
ery valuation v: For » @ in @. Of course E(X) =N{E(QR): @ € X} for any fam-
ily X of Heyting algebras.

With every countable class X of countable Heyting algebras we associate a
one-one function f5 from Z =UJ{Q@: @ € X} into Var. For every x € Z, f5 (x)
will be denoted by p,. For any countable @ we define the set D(Q®) as follows
(cf. Yankov [18], Wronski [16]):

D@)={(px® D) =Drgy: X, VEQR,® € {A,v,»}JU{-p,=p-,: xEQR].

If @ is finite then 65 = AD(Q). If @ € FSC then its characteristic formula
X (@) = 6g — P+, (cf. [18]). For any finite algebras @4, ...,®, by 6}11, cees0G,
we mean the results of substituting distinct variables for distinct variables in
8a,»- - - »0q, in such a way that Var(8g,) N Var(dg,) = @ for all i # j. The vari-
able substituted for p, in é¢, is denoted by p;.
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2 Some general theorems

Definition 2.1 Let @ be a Heyting algebra, ¢ € For, and let F be a function
from @ into For. We say that the pair (F, ¢) expresses @ iff the following hold
true:
(i) There is a valuation vy in @ s.t. vo(F(x)) =x (x € @) and vy (¢) # 14.
(ii) If v is a valuation in B € SC s.t. v(y) = *g then the function 4: @ —
® s.t. h(x) = v(F(x))(x € @) is an embedding of @ into &.

Example Let @ € FSC. Then (fg, x (®)) expresses Q.

Theorem 2.2 Let @ be a Heyting algebra, and let y € For, F: @ — For be s.t.
(F, V) expresses Q. Then a & E(Q) iff e(a) » ¢ € INT for some substitution
e:For - For.

Proof: (<) Since ¢ ¢ E(®) by Definition 2.1.

(—) Assume that o & E(Q®). Then v(a) # 1g for some valuation v in @. Let
e be a substitution s.t. e(p) = F(x) if v(p) = x (p € Var). Now suppose that
e(a) = ¢ & INT. Then by the well-known completeness theorem for INT,
w(e(a)— ¢) = *g for some valuation w in some @ € SC. By Definition 2.1 the
function #: @ - ® s.t. A(x) = w(F(x)) (x € @) is an embedding of @ into &.
So it is easy to verify that w(e(8)) = w(F(v(B))) for any 8 € For (induction on
the complexity of 8). Hence w(e(a)) = w(F(v(a))). Moreover w(F(v(a))) #
1g since v(a) # 1g. Thus w(e(a)) # 1g. Contradiction.

Theorem 2.3 Let X € FSC. Then a ¢ E(X) iff a is refutable by the rules
Tsb> Fmp, and formulas in {x(®): @ € X}.

Proof: (<) Since x(®) & E(®@) 2 E(X) for each @ € X.
(=) Assume that o & E(X). Then o & E(Q) for some @ € X. Hence by
Theorem 2.2 and the Example above we have e(a) — x (&) € INT. Thus qa.

Definition 2.4 Let @ be a countable Heyting algebra, |@| > 1. Then R(Q) =
(AX->p:X<S D), |X| < Ro, p € Var(X) — {p1,} # D). Moreover if X
is a countable class of countable algebras then R(X) = U{R(Q): @ € X} pro-
vided that Var(Dg) N Var(Dg) = @ forall@ + ® € XK.

Theorem 2.5 Let X be a countable class of countable Heyting algebras. Then
a & E(X) iff a is refutable by the rules v, Ty, and formulas in R(X).

Proof: (+) Since R(X) N E(X) = J.
(=) Assume that o & E(X). Then o ¢ E(®) for some @ € X. Hence e(a) —
B € INT for some substitution e and for some § € R(Q®) by the Lemma in [13].

Corollary 2.6 Let @ be a finite Heyting algebra, |@| > 1. Then o & E(Q) iff
« is refutable by the rules rg,, I'mp, and formulas in R(Q®).

Proof: By Theorem 2.5.

Definition 2.7 Let @ =II{Q®;:1 <i<n}@®, where each @, is a finite Heyt-
ing algebra, n = 1. Then ¢(Q) = (ygq = Ak V...V A%) > yg, where

Ah =08 AN(P,—pl:x€EQ@—{lg)} (I1=<i=<n),
Ye=V{P,—>P:x—>y+lg,x,yEQR},
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and

P, =

- ifx=1
{p P @ (xe Q).

Pe, V... .vpE ifx=(x,...,%)
Lemma 2.8 ([12]) Let @ =II{Q;:1 =i < n}®, where each Q; is a finite
algebra, n = 1, and let P: @ — For™ be s.t. P(x) = P, (x € Q). Then

(i) (P, ¢(Q@)) expresses Q.

(ii) (P, ¢(Q@7)) expresses @ .
(iii) o € E(Q) iff e(a) = ¢g € INT for some substitution e.

Lemma 2.9 ([12]) Let @ =MI{Q@;:1<=i=sn}®,®;EFSC(I<i<n),n=2.
Then there are o, . ..,a,, B € For s.t. o6 = (t; > B) A...A (a, = B) =
o; V... vo,) €EINT, and (c; = B) A.. . A (= B)2 o EE(R;) (1 =i<n).

3 Dummett’s LC By Dummett’s logic we mean the system LC = INT +
(a=>B)v(B—a).

Theorem 3.1 (Dummett [1]) LC = E(X), where X is the class of finite lin-
ear Heyting algebras.

We will use the following formulas (cf. Nagata [10]):
Ny = ((p1— po) > P1) = P1»
N, = ((pn=>Ny_1) = pn) > pn (n>1).

Theorem 3.2 o & LC iff a is refutable by the rules ry,, ¥y, and the formulas
N,(n=1).

Proof: Simple.
The three-element algebra Jo@® is especially important.
Lemma 3.3 a & E(Go®) iff e(a) = pv ~p € INT for some substitution e.

Proof: By Theorem 2.2 and the fact that Jo@ is expressed by (F,p v —p),
where F(0) = = (pv —p), F(*) =pv —p, F(1) = 7= (pv —p).

The Heyting-Fukasiewicz logic HL is an extension of INT by the following
axiom scheme: (= - a) = ((a—=B) > a) = a).

Theorem 3.4 (Lukasiewicz [5]) HE = E($o®).
Theorem 3.5 a & HL iff a is refutable by vy, Ty, and the formula p v —p.
Proof: By Lemma 3.3.

4 Yankov’s logic By Yankov’s logic we mean the system YC = INT +
"maA (e B)A (B o) a) B,

Theorem 4.1 (Yankov [17], McKay [8]) YC = E(X), where X = {§5 @ :
n=1}.

First we define the following sequence of rules:
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A== B1) A A (0> B) 2 o)1 <i=<n)
a1 =B A...A (o= B)2a; V...V a,

Theorem 4.2 If n =2 then the ruley, is valid in YC.

(yn)

(n=2).

Proof: Assume that = (y - ;) € YC (1 =i < n), where v = (a7 = 8,)
A...A (ap—B,). Then 7= (y— o;) & E(Yo) (otherwise = (y —» ;) EINT S
YC). Thus it is easy enough to seethat y > o; v...v o, &€ E(g@®) 2 YC (cf.
[12]).

Theorem 4.3 o & YC iff a is refutable by the formula p v —p, and the rules
l'sb9rmp’ Yn (n = 2)

Proof: («) By Theorem 4.2.

(=) Assume that o ¢ YC. Then by Theorem 4.1, « & E(J5@ ) for some n= 1.
If n =1 then Ho by Lemma 3.3. If n = 2 then e(a) = ¢(J§@® ) € INT for some
substitution e by Lemma 2.8. Moreover by Lemma 2.9 there are «y,...,a,,
BE€Fors.t. o(J6P)— (1= B)A...A (ay,~>B)—>a; V...V a,) EINT, and
(a1=B)A..A(ap—=B)—a; € E(Yy) (1 =i=<n). Hence "~ ((a;—=B) A...
A (an—=B) > ;) € E(o) 2 EGo®) (1 =i=<n),s047(a1 > B) A...
A (o, =2 B) =2 o) (1 =i=<n)by Lemma 3.3. Applying the rule y,, we have
A1 =2B)A...A (ap—=B)—>a; V...V o, Thus 4o($3®) and Ha.

5 The logic of the weak law of excluded middle The logic of the weak law of
excluded middle (WEM) is an extension of INT by the axiom scheme -« v ~—a.

Theorem 5.1 (Yankov [17],[19], McKay [8]) WEM = E(X), where X =
(@®Jn:n=0}.

First note the following.

Proposition Let @ be a Heyting algebra. If x,y € @, ® € {A,v,—~] then
X®epay =X ®qa).

Lemma 5.2 Let @ be a Heyting algebra, and let y € For™, F: @ — For™ be
s.t. (F,y) expresses Q. If ' = N{-~F(x):x€Q}->yand F': ® @ - For
is s.t.

{F(x) ifxe@
F'(x) = . (xe®®)
- (p—p) otherwise

then
(@) (F’,y’) expresses @ Q.
(b) o & E(Q) iff e(a) = ¢’ € INT for some substitution e.

Proof: (a)

(1) (F,y) expresses @, so vp(F(x)) = x(x € R), vo(y¥) # 1 for some vpin @™
Let v; be a valuation in @@ s.t. vy(p) = vo(p) (p € Var). Then vy(B) =
vo(B) for every B € For~ by the above Proposition. Hence vy(¥) = vo(¥),
vo(F(x)) = vo(F(x)) (x € @). Thus v3(F'(x)) =x(x € @ @), ve(¥') =
v (¥) # lga-
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(i) Assume that v(y') = *g, where v is a valuation in @ € SC. Then v(¥) = *g.
We have to show that 2: @ @ — ® s.t. h(x) = v(F'(x)) (x€ @ Q) is an em-
bedding of @@ into ®. Since (F, ¢) expresses @, we have

(*) h|g is an embedding of @ into B~

We show that

(1) 4 is a homomorphism from @ @ into . Indeed, 2(0 Ax) = h(0) A h(X),
and h((Ovx) =h(0) v h(x) (x € ®Q). Moreover if x€ @Q then h(0 - x) =
h(lg)=1gby (*¥),and ~(0) > h(x) =0g—h(x)=1g. If xEQthen h(x—0) =
h(0), and A(x) = A (0) = v(F(x)) = 0g = v (F(x)) = v(~F(x)) = Og since
v(nF(x)) =1g. Also h(-x) =h(x—>0) =h(x) > h(0) =h(x)>0=-h(x)
(xe® Q).

(2) If x #+ y then A(x) # (). Indeed, if x, y € @ then A(x) # h(y) by (*).
Assume that, say, x = 0gqa. Then y # 0gq, 50 A(y) = v(F(y)). Now suppose
that h(x) = h(y), i.e. v(F(y)) = O0gg. Then v(——-F(y)) = 0gq. Contra-
diction.

(b) By (a) and Theorem 2.2.

Definition 5.3 Let @ =II{Q@;:1 =i < n}®, where each @, is a finite alge-
bra, n=1. Then e (®QR) = A{P:x € A} - o(QR7).

Lemma 5.4 Let @ =II{Q;:1<i<=n}®,R,EFSC(1=<i<n),n=2. Then

thereare ay,...,a,, BEFor s.t. e(@R)> AA (1 =B A...A (o, B) >
a1 V...va,) EWEM, and A\n (a1 =2 B) A...A (ap—>B)—> a; € E(DQR))
(1<i<n), where \= N\{——p:p € Var(ay,...,o,,H)}.

Proof: Let 3 =AL-v...v A%,
a;=V{P>Pyix;>y; # 1g,} U (P, 1y # 1g,}
Ulpl,:1<i#j<n) (1<i<n).

Since both (0~ (pvg)—>r)—> (~-p—->r)€ WEM and p - (¢ » p) € WEM,
it remains to be shown that AA (¢; 2 B) A...A (a2 B) > a; € E(DQR;)
(1 =i=<n). Let v; be a valuation in @Q; s.t.

x ifk=i
vi(pf) =
Og, otherwise (1=<k,i=<n,x€ Q).

Then it is easy to see that v;(P,) =p,’;,, (x€ @ — {1g}), and v;(«;) # 1 g, since
@Q@; € SC. Further v;(AL-) = 1gq, by the above Proposition. Hence v;(8) =
1gq,- Moreover v;(p) # 0ggq, for every p € Var(oy, . .., oy, 8), 50 v;(0—p) =
]@Qi' Thus U,'()\/\ (oq hd 6) A A (a,, - B) - a,-) * I@Q‘..

We define the following rules:

NA(e; =B Ao A (0= By) o (1<i=<n)
(Wn) NA(1=2B)A...A (= Br)2 a1 V...V ay, (n=2),

where A= A{—-—-p:pEVar(ay,..., 0, B1,..-,8x)}and o, ..., 0,81, ..,0n
are negation-free.

Theorem 5.5 For every n = 2 the rule w,, is valid in WEM.
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Proof: Assume that v —» o; € WEM (1 < i < n), where
Yy=AMA(a;=2B1) A A (ap = Bn),
A= Af{--p:p€E Var(ay,...,B8,)}, and «;,...,B, € For~.

Then by Theorem 5.1, v — a; € E(@®Q;) for some algebra @; (1 =i < n). So
vi(y = a;) # lgg, for some valuation v; in @ @;. Now v;(p) # 0gg, for each
p € Var(ay,...,B,) (otherwise v;(=—p) = 0gq,). Hence by the fact that
afy...,BpEFor™, (=B A...A(a,—Br) > a; & E(Q;) (1 =i=<n)(cf.
Proposition). Thus by Theorem 1 in [12] we have (a; = 8;) A... A (a,— 8,) >
o V...V o, & E(®) for some algebra @. By the above Proposition vy - o; v
..V, € E(®QR).

Lemma 5.6 oa & E(®4)) iff e(a) > N, € INT for some substitution e,
where N, is the formula defined in Section 3.

Proof: By Theorem 2.2 and the fact that @ g, is expressed by (F, N,), where
F(*g,) = p3, F(0g,) =py, F(lg) =p—>p, F(0gg,) = " (p—p).

Lemma 5.7 Let @ =1I{Q;:1 <i<n}®, where each Q, is a finite algebra,
n= 1. Then (P, e(@®QR)) expresses ®Q®, where P’ : ®Q® — For is s.t.

P, ifxead

P'(x) = . (x€ @0).
- (p—p) otherwise

Proof: By Lemma 2.8, (P, ¢(®@ 7)) expresses @, so by Lemma 5.2 (P, e(@Q®))

expresses Q.

Lemma 5.8 e EE(®Y,) iffe(a) = e(DY,) € INT for some substitution e.
Proof: By Lemmas 5.7 and 5.2.

Theorem 5.9 a & WEM iff « is refutable by the formula N,, and the rules
Tsb, Fmp, Wy (1 = 2).

Proof: (+) By Theorem 5.5 and Lemma 5.6.

(—) Assume that o ¢ WEM. Then by Theorem 5.1, a & E(@® g;) for some
i=1. By Lemma 5.8, e(a) = e (@ Y;) € INT for some substitution e. Let ¢, =
e(®Y,) (n=1). We show by induction on z that e,.

(1) n=1. By Lemma 5.7, ¢; € E(® Y1), so 1¢; by Lemma 5.6.

(2) n = 2. By Lemma 5.4, there are oy,...,a,, 3 € For™ s.t. ¢, —
AA(a1=B)A...A (= B)=a;V...Va,) EWEM, and AA (a;—=0) A
oA (a2 B) o E E(DY,—1) (1 =i=<n). Hence AN A (a; 2 B) A...
A (a,—B)—a; (1 =i=<n)by Lemma 5.8 and the induction hypothesis. Now
applying the rule w,, we have AAA (a; 2 B) A...A (= B) Do V...V ap.
Thus de,.

6 Medvedev’s logic Medvedev’s logic M is the system E(X), where X =
{H(®):® = 2¥ - {X},2), X # @ is a finite set] and H(®) is the Heyting al-
gebra associated with a poset @ (cf. Medvedev [9], Gabbay [2]).



REFUTATION CALCULI 559

Theorem 6.1 a & M iff « is refutable by the variable p and the rules rg,, rp,,,
ry, wWhere

Fxkpa — B 43 o 418
’ (l' d ) —.
o dav B
Remark The symbol Fgp denotes provability in Kreisel-Putnam’s logic KP =

INT + (na—>B8vy)— (ma—B) v (—a—v). We are using Fgp rather than by
because it is not known whether M is recursively axiomatizable.

(rmp)

Proof: (<) Since M has the disjunction property and KP € M.

(—) Assume that o &M. Then o & E(®) for some & € X whence e(a) —
x(®) € INT for some substitution e. From the proof of Theorem 5 in Mak-
simova [7] it follows that s(xg) = —a; V...V "y, € KP for some substitution
s, and —¢; is not a classical tautology (1 =i < m). Thus 4x(®), so da.

7 Logics without the finite model property

Theorem 7.1 (Wronski [15], cf. also Kuznetsov and Gerchiu [4]) Let @ € FSC
be s.t. 0g = X1 A X5 A X3 for some pairwise incomparable x,,x,,x; € @, and let
& be the Rieger-Nishimura lattice (cf. [111). Then the logic E(R @ Q) does not
have the finite model property.

A refutation calculus for each such logic can be obtained by Theorem 2.5,
but we give here much simpler formulations for these logics.

Theorem 7.2 Let @ and R be as in Theorem7.1. Thena € E(R ® Q) iff a is
refutable by the rules v, rr,,, and the formula (~=pv (2=p - p) = xg-) =
Xa-» Where p & Var(xag-).

Proof: By the proof of Lemma 12 in [15].
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