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A Model in Which Every Kurepα Tree Is Thick

RENLING JIN

Abstract In this paper we show that, assuming the existence of two strongly
inaccessible cardinals, it is consistent with CH (or -ιC7/) plus 2ωi > ω2 that
there exists a Kurepa tree with 2ωi-many branches and no ωx -trees have λ-
many branches for some λ strictly between α>i and 2ωi.

A tree is a partially ordered set (T,<τ) such that for every t E Γ, the set
{seT:s <τt] is well-ordered. (T',<τ>) is a subtree of (T9<τ) if T c Γand
< Γ = < Γ Π Γ x Γ . W e shall not distinguish a tree (T,<τ) from its domain T.
Let htτ(t), the height of t in T, be the order type of {s G T:s <τ t}, let Ta, the
α-th level of Γ, be the set {f e 71: ΛfΓ(O = α}, and let λf (Γ), the height of Γ,
be the smallest ordinal a such that Ta = 0 . By a branch ofTwe mean a linearly
ordered subset of Γ which intersects every nonempty level of T. Let (B(Γ) be the
set of all branches of T.

Γis called an κ-tree for some regular cardinal K if | T\ = K and ht(T) = K. An
α^-tree is called a Kurepa tree if | Γα | < ωi for every a < ωx and | (β(Γ) | > ωi.
A Kurepa tree Γis called thick if |(B(Γ)| = 2ω i. An ω^tree is called a Jech-
Kunen tree if ωj < |(B(Γ)| < 2 ω i .

It is obvious that under CH plus 2ωi > ω2, (1) a Jech-Kunen tree T is a
Kurepa tree if |Ta\ < ωx for every α < ωx (2) a Kurepa tree Γis a Jech-Kunen
tree if it is not thick.

The independence of the existence of a Kurepa tree was proved by Silver (see
Kunen [7]). In [3], Jech constructed by forcing a model of CH plus 2ωi > ω2, in
which there is a Jech-Kunen tree. In fact, it is a Kurepa tree with less than 2ωi-
many branches. The independence of the existence of a Jech-Kunen tree (in terms
of a compact Hausdorff space) under CH plus 2ωι > ω2 was given by Kunen
[6]. The detailed proof can be found in Juhasz [5], Theorem 4.8. In Kunen's
model all Kurepa trees, including those with 2ωi-many branches, are also
killed. Is it necessary to kill all Kurepa trees when we kill all Jech-Kunen trees?
In Jin [4], Kunen proved that it is consistent with CH plus 2ωi > ω2 that there
is a thick Kurepa tree which has no Jech-Kunen subtrees. So it is natural to ask
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whether it is consistent with CH plus 2ωi > ω2 that there exists a thick Kurepa
tree and there are no Jech-Kunen trees. Next we will give a positive answer by
assuming the existence of two strongly inaccessible cardinals. (Note that the as-
sumption of one strongly inaccessible cardinal is necessary for killing all Jech-
Kunen trees.)

Theorem 1 Assuming the existence of two strongly inaccessible cardinals, it
is consistent with CH plus 2ωi > ω2 that there exists a thick Kurepa tree and
there are no Jech-Kunen trees.

In order to prove the theorem we need some notation and a lemma from
Devlin [2] which plays a key role in our proofs. By a poset we mean a partially
ordered set with a largest element. We always let 1P be the largest element of a
poset P. Let /, J be two sets and λ be a cardinal.

Fn(I,J,\) = ί/:/is a function, / c / x J and | / | < λ}

is a poset ordered by reverse inclusion. We omit λ if λ = ω. Let /be a subset of
an ordinal K and λ be a cardinal.

Lv(I9λ) = {/:/ is a function, / c (/x λ) x κ9 \f\ < λ and
V(a,β> G dom(f)(f(a,β) e a)}

is a poset ordered by reverse inclusion.
Let 2a be the set of all functions from a to 2 and 2<κ = \Ja<κ 2α. Then 2<κ

is a tree ordered by inclusion.
In forcing arguments we let ά be a name for a and a be a name for #. We

always assume the consistency of ZFC and let M denote a countable transitive
model of ZFC. The author refers to [7] for background in forcing and refers to
Todorcevic [9] for background in trees.

Lemma 2 Let P, P' be two posets in M such that P has κ-c. c. and P' is κ-closed
in M9 where K is a regular cardinal in M. Let GP be a P-generic filter over M and
GP> be a Pf-generic filter over M[GP]. Let T be a κ-tree in M[GP]. If T has a
new branch B in M[GP] [OP']\Af[GP], then T has a subtree T in M[GP],
which is isomorphic to the tree {2<κ Γ) M9 <Ξ>.

Proof: First we work within M. In the proof we always let / = 0,1. Without loss
of generality we can assume that | To \ = 1 and

1P Ihp (lp- Ihp' (B is a branch of f)).

Claim 1 Let a < K and q G P7. Then there is a q' <P> q such that

\P\\-P(Φ(a,q'9T9B))9

where

Φ(α,q9 T9B) =df (ly G ta){q lhP< (y E B)).

Proof of Claim 1: Replace ωi by K in the proof of Lemma 3.6 (in [2]).

Claim 2 Leta<κ9q£P' and 1P lhP (Φ(α, q919 B)). Then there is a β < κ9

β > a9 and qι <P ' q such that

\P\hP(Ψ(a9β9q9q°9q
ι

9T9B))9
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where

Ψ(a,β,q,q°9q
ι,T,B) = df [ifx G ta and q |f> (xeϋ),

then there are xι G fβ, x° Φ xι and x <τ xι

such that qι lhP' (*' G B)].

Proof of Claim 2: Replace ωγ by K in the proof of Lemma 3.6 (in [2]).

Claim 3 Let δ be an ordinal below K. Let (qy: y < δ> be a decreasing se-
quence in P' and < α 7 : y < δ> be an increasing sequence in K such that

1P\\-P (Φ(ay, qy,T9B))

for all y < δ. Let aδ = sup{«7: y < δ]. Then there is a q < P ' qΊfor ally <δ such
that

IPH (Φ(aδ9 q,t,B)).

Proof of Claim 3: Since P' is /c-closed in M, there is a q' G P' such that qf <P>
qΊ for all y < δ. By Claim 1 there is a q < p q' such that

l P lhp(Φ(α ό ,<7,7;5)) .

This ends the proof of Claim 3.

We now prove the lemma. We construct a subset P = {ps: s G 2<κ} of P' and
a subset O = {as: s G 2<κ} of /c in M such that

(1) the map s *-+ ps is an isomorphic imbedding from <2< / c,c> to P' in M.
(2) V5 , / G 2 < K ( 5 C / and 51 Φ t -+ ots < ut).

(3) α5^<0> = α5

Λ<i> for all s G 2 < κ .
(4) 1P Ihp ( Φ ( α s , p s , Γ,£f)) for all 5 G 2<«.
(5) lp Ihp (Ϋ(α,,α,-<o>,Λ,P5-<o>,A-<i>»7;jf)) for all 5 G 2<\

Let α< > = 0 and /?< > = l p . Assume that we have as and ps for all s G 2<AC.

Cα5"e 7. α = 7 + 1.
Let5 G 2 7 . Since

lPlhp(Φ(α,,A,^^)),

then there is a 0 < K, J8 > α 5 , and ̂  < P ' p 5 such that

lPU-P(Ψ(as,β,ps,q
0,qι,tB))

by Claim 2. Let α 5 < / > = ]S and/Ty^/) = q*. (Note that g°, qι are incompatible by
Claim 2.)

Let G be any P-generic filter over M. Then

M[G] \= [Φ(as,ps,T,B)].

Hence in M[G] there is an x G Tas such that /?5 lhP' (xGB). Since

Af[G] H[^(α5,^^<o>,A,A^<o>,P^<i>,^,5)andxG 7 ; j ,

then there are xi G Tas.o> such that

M[G] N I p ^ o l t - p - ^ G B ) ] .
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This implies that

lphp (Φ(cts*w9ps*<i>9t9S)).

Case 2. a is a limit ordinal below K.
Let s G2a. Since (as\β : β < a) is increasing in K, </?5ΓjS: 0 < α> is decreas-

ing in P' and

1PH (Φ(as[β9ps[β9T9B))

for all β < a, then there is an

α 5 = s u p { α 5 Γ / 3 : β < α }

and a ps <P> ps\β for all β < a such that

\P\\-P (Φ(aS9pS9T9B))

by Claim 3.

We now work within M[GP] to construct a subtree T' = {ts:s G2<κ ΠM]
of T such that

(1) the map s ~ ^ is an isomorphic imbedding from <2<ιc Π M,c> to Γ.
(2) ts G Γα5 and A H' VS<ΞB) for all 5 E 2< / c Π M.

Let /< > be the element in To. Assume that we have ts for all s G 2<a Π M.

CflT5β 7. α = β + 1.

Let 5 G 2^ Π M. Since A lhP' (ts G J5) and Ϋ(α5,α^<o>,Λ>Λ'<o>>/V<i>>
Γ, ,5) is true, there are t'G Tas.<0> such that t <τt\ t°Φt\ and/?^^/) Ihp (t'GB).

Let/ 5 </> = / ' ' f o r / = 0,1.

Case 2. α is a limit ordinal below K.

Let 5 G 2 α Π M. Since Φ(aS9pS9 T, B) is true, there is an x G Tas, such that
AlHp' (xGB). Since V/5 < α ( A </?5Γ/3), then/75 lhP' ( 4 r ^ ^ ^ ) Now ts[β <τx
because as > as[β for all β < a.

Let ts = x.

We have now finished construction and T' is a desired subtree of T.

Proof of Theorem 1: Let κ{ < κ2 be two inaccessible cardinals in M. Let P! =
LV(K2,KY), P 2 =Fn(κ2,29κι)9 and P3 =Lι;(/ci,ω) i n M . Let Gx be a P rgeneric
filter over M, M 7 = M[Gι], G 2 be a P2-generic filter over AT, M r / = Af '[G 2 ],
G 3 be a P3-generic filter over M" and M w = M"[G3]. We want to show that
AT" N [CH9 2ω i = ω3, there exists a thick Kurepa tree and there exist no Jech-
Kunen trees].

We list some simple facts first:

(1) AT 1= [2K1 = *!+ = κ2].
(2) M " N [ 2 ' C l = κ 1

+ + = κ 2

+ ] .
(3) M/r/ 1= [CH, κi = ωi, 2ω i = ω3 = K ^ and Γ = <2</c Π M",g> is a thick

Kurepa tree.]

See [7], p. 232 for the proof of this.
We now show that in AT" there are no Jech-Kunen trees.
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Suppose that T is a Jech-Kunen tree in M'". Since the cardinality of T is
ωi = κ\, there exists a 0 < κ2 and a subset / Q κ2 of power κx such that

TeM[GιΠLv(θ,κι)][G2nFn(I92,κι)][G3].

Let Gί = G! 0/^(0,* ! ) , G'{ = G{ ΠLυ(κ2\θ9κχ)9 G'2 = G2 (ΊFn(iXκx) and
G'ί = G2Π Fn(κ}\I9 2, κγ). Then the cardinality of (B(Γ) in Af [GJ ] [G£] [G3]
is less than κ2. Since the cardinality of (B(Γ) in AT" is at least ω2 = κ2, there ex-
ists a new branch of Tin M'"\M[G[][G'2] [G 3 ] .

P3 has κ rc.c. and Lv(κ2\θ, κ\) X Fn(κ2\I9 2, κx) is /enclosed. By Lemma 2,
there exists a subtree Γ' of Γin M[G[] [G2] [G 3 ] , which is isomorphic to the
tree<2 < K l ΠM[Gί][G^],c>.

Now we have that M'" ¥ [|<B(Γ')| = 2Kι = κ2

+ = 2ω i ]. Since

AT" 1= [|(B(Γ)| > |(B(Γ')| = 2 ω i ] ,

Γcannot be a Jech-Kunen tree in AT". A contradiction.

Remark In the proof above P2 can be Fn(λ,2, κ{) for any regular cardinal
λ > κγ. As a result 2ω i can be very large in the final model.

Corollary 3 Assuming the existence of two strongly inaccessible cardinals,
it is consistent with CH plus 2ω i > ω2 that every Kurepa tree is thick.

Remark: We call that a Kurepa tree T is thin if | (B(7")| = ω2. If we start
from M, a model of GCH, let P = Fn(κ,2,ω{) for some regular cardinal κ>ω2

in M and G be a P-generic filter over M, then M[G] is a model of CH plus
2ω i > ω2 in which every Kurepa tree is thin. It is interesting to compare this
with the above corollary.

Under -iC//, an α^-tree is called a Canadian tree (Baumgartner [1]) (or a
weak Kurepa tree —see Todorcevic [8]) if |(B(Γ)| > ωi.

Corollary 4 Assuming the existence of two strongly inaccessible cardinals,
it is consistent with -*CHplus 2ωi > ω2 that there exists a thick Kurepa tree and
every Canadian tree has 2ωχ-many branches.

Proof: Let M, Pi, P2, Gx, G2, AT, and M" be the same as in the proof of The-
orem 1. Let

P3 =Lv(κl9ω) xFn(κ^,2),

G3 be a P3-generic filter over M" and AT" = AΓ[G 3 ] . Then

Mr" V [2ω = 2ω i = ω3 and there exists a thick Kurepa tree.]

Let Γbe a Canadian tree in AT". Then there exists a subset / of κ2 with | / | <
κ\ such that

T<ΞM"[G3CiLv(κuω) xF/ι(/,2)].

Let Gf

3 = G3 Π Lv(κuω) X Fn(I92). Since Fn(κ2\I,2) is σ-centered, every
branch of Γin AT" is already in M"[G3]. Since Lv(κuω) xFn(I,2) is also κ{-
c.c, then by the same argument as in the proof of Theorem 1 we can show that
Γhas 2ω i = κ2

+ = ω3-many branches in A Γ [ G 3 ] . Hence Γhas 2ω i = ω3-many
branches in M'".
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We would like to end this paper by asking some questions.

(1) Can we find a model of CH plus 2ω i > ω2 in which there exists a Jech-
Kunen tree but there are no Kurepa trees?

The author found [4], by assuming the existence of one inaccessible cardi-
nal, a model of CH plus 2ω i > ω2 in which there exists a Jech-Kunen tree which
has no Kurepa subtrees.

(2) Can we assume the existence of only one inaccessible cardinal in The-
orem 1?

(3) Can we add Martin's Axiom to the model in Corollary 4?
(4) Can we find a model of CH plus 2ω i = ω4 in which only Kurepa trees

with ω3-many branches exist?
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