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The Gentzen-Kripke Construction

of the Intermediate Logic LQ

SEIKI AKAMA

Abstract The Gentzen-Kripke construction of the semantics for intermedi-
ate logic LQ, which is obtainable from the intuitionistic propositional logic
H by adding the weak law of excluded middle -*A v —• —1>4, is presented. Our
construction spans the Gentzen system and the Kripke semantics for LQ by
providing the way from the cut-elimination theorem to model-theoretic re-
sults. The completeness and decidability theorems are shown in this method.

/ Introduction An intermediate logic LQ is obtainable from the intuitionis-
tic propositional logic H by adding the weak law of excluded middle -\A v -»-vl.
The logic can also be axiomatized by the axiom schema (-\A -> -ii?) v (-ιB ->
-ιA). The motivation of LQ is purely technical rather than philosophical in that
LQ is one possible extension of H. Our interest thus lies in its characterization
in relation to the formalization of H.

The semantics for LQ can be given by the class of directed Kripke frames;
see Gabbay [4]. Several authors also proposed the Gentzen systems for LQ, none
of which is successful. For example, the cut-elimination theorem cannot be
proved in the sequent calculus of Boricic [2] as Hosoi pointed out. Recently,
Hosoi [6] gave a Gentzen-type formulation GQ for LQ and proved the cut-elim-
ination theorem.

The purpose of this paper is to develop the Gentzen-Kripke construction of
the semantics for LQ using the subformula models, as a modification of the one
developed in Akama [1] for intuitionistic predicate logic. The proposed construc-
tion spans the Gentzen system and the Kripke semantics for LQ by providing the
way from the cut-elimination theorem to model-theoretic results. The complete-
ness and decidability theorems are shown in this method.

2 Intermediate logic LQ and its Gentzen-type formulation GQ The inter-
mediate logic LQ is one of the extensions of the intuitionistic propositional logic
H with the weak law of excluded middle, i.e. -*A v -ι-υ4. The proof and model
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theories for LQ are modified so that the weak law of excluded middle can be ac-
commodated therein. As for model theory, Gabbay [4] presented a directed
Kripke model for LQ. For the detailed exposition of a Kripke semantics for in-
tuitionistic logic, the reader is referred to Fitting [3].

In the following, we review a Gentzen-type formulation GQ of LQ as devel-
oped by Hosoi [6]. GQ is a variant of LJ due to Gentzen [5] for intuitionistic
logic. It requires two additional axioms for beginning sequents:

(BL) A^9

(BR) -+A,

where A denotes an arbitrary formula. In addition to the rules in LJ, the follow-
ing rule should be added:

Γ ->Δ Γ->Δ
( W E M ) FzrA '
where each instance of BL and BR in a proof figure must be related to exactly
one application of WEM in the proof figure.

To avoid a contradiction, the rule (WEM) needs the next four conditions;
see Hosoi [6]:

(1) All of the sequents in each of S(WEM,-) are constructed with one and
the same formula.

(2) Each instance of BL in S(WEM/) is on the left upper branch of WEM/.
(3) Each instance of BR in S(WEM/) is on the right upper branch of

WEM/.
(4) Each instance of BR in S(WEM,) has, somewhere between it and the re-

lated WEM/, at least one sequent with an empty succedent.

Here, S(WEM, ) denotes the set of instances of BL and BR, i.e. Af -» and
-+Ah related to WEM/.

Intuitively these conditions enable GQ to make a hidden application of the
weak law of excluded middle. Thus they should not be confused with the restric-
tions corresponding to the contraction rule in LJ. It is also to be noticed that we
have the classical sequent system if we delete (4) from these conditions.

The following is a proof for the weak law of excluded middle:

(BR)

(BL) (-,_>) lA
A-> -iΛ -> $

(--,) (->-,)
-> -ιA -> -ι-υ4

(-v) (->v)
-• -ΊA v -i-1.4 -> -i A v -i -i A

(WEM)
-• -i A v -1-1/1

where the symbol $ in the empty succedent shows the relation mentioned in Con-
dition (4). In the above proof, both beginning sequents BL and BR are related
to the rule WEM at the end sequent.

Hosoi discussed the above formulation in detail and proved the cut-elimina-
tion theorem for GQ.
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3 Sub formula models for LQ Before providing a new construction of the
semantics for LQ, several preliminaries are in order.

Definition 3.1 (Subformula) A subformula of the formula A is defined in-
ductively as follows:

1. If A is a formula, then A is a subformula of A.
2. If A and B are formulas, then the sub formulas of A and B are sub for-

mulas of A & B, A v B, and A D B.
3. If A is a formula, the subformulas of A are subformulas of -υ4.

If Γ and Δ are finite (possibly empty) sets of formulas, then Γ -• Δ is called
a sequent. Instead of Γ -> Δ we also use the pair (Γ, Δ). The pair (Γ, Δ) is dual
consistent if Γ -> Δ is not provable in the intermediate logic LQ.

We write S(A) for the (finite) set of all subformulas of the formulas A. A
dual consistent pair (Γ, Δ) is complete with respect to S(A) if Γ U Δ = S(A).
The symbol h ((=) denotes provability (validity) in LQ.

The following results concerning the above pair are needed for the subsequent
arguments.

Lemma 3.2 // (Γ, Δ) is dual consistent then either (Γ U [A}, Δ) or (Γ, Δ U
{A}) is dual consistent for any formula A.

Proof: Assume that both (Γ U {A}, Δ) and (Γ,Δ U {A}) are dual inconsistent.
By this assumption, ΓU(i4)-^Δ and Γ->ΔU [A] are provable in LQ. It fol-
lows that the sequent Γ -> Δ is provable in LQ contrary to the hypothesis that
(Γ,Δ) is dual consistent.

As a corollary to this, we can obtain the following:

Lemma 3.3 Every dual consistent pair (Γ, Δ), where Γ,Ac S(A), has a com-
plete and dual consistent extension with respect to S(A).

Given a formula A, G(A) is the collection of all the sets T ̂  S(A) where
(Γ,S(A) — Γ) is a dual consistent and complete pair.

Lemma 3.4 G(A) Φ 0 .

Proof: From the consistency of LQ, -> (the null sequent) is not provable in LQ.
Thus, ( 0 , 0 ) is dual consistent. By Lemma 3.3, ( 0 , 0 ) has a complete ex-
tended pair (Γ, Δ) such that TQS(A).

Theorem 3.5 Given a subformula BofA, it belongs toTE:G(A)iffT-+{B}
is provable in LQ.

Proof: Necessity is obvious. Sufficiency can be proved by reductio ad absurdum.
Suppose B does not belong to Γ, then B belongs to S(A) - Γ. Since Γ e G(A),
(Γ, S(A) - Γ) is dual consistent. (T,{B}) is also dual consistent, too. Therefore,
Γ -> {B} is not provable in LQ.

A directedKripke model is a triple (G,R, V), where G is a nonempty set of
worlds, R is a directed relation on G, and Fis a function which maps every prop-
ositional variable A to a. subset of G satisfying vΓ*(Γ e V(A) => Γ* e V(A)).
Here Γ* means a successor of Γ. The directed relation is a partial ordering with
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the property 3ΔvΓ(ΓZ?Δ). The subformula model simulates the standard directed
Kripke model in relation to the subformula property in the sequent calculus GQ.

Definition 3.6 (Subformula Model) A subformula model for the intermedi-
ate logic LQ is a triple <£/,£=, V) for a formula A such that:
a. G = G(A).
b. c =R.
c. V(B) = [Γ\B EΓ] where B is a propositional variable and Γ ranges over

G(A).

The idea in the subformula model is no more than a new construction of a
directed Kripke model. For a Kripke semantics for LQ, we have to revise a par-
tial ordering in the intuitionistic Kripke model for validating the weak law of ex-
cluded middle. In fact, the partial ordering (set-theoretic inclusion) is not
sufficient for our purpose. The point here is how two additional axioms of GQ,
i.e. BL and BR, are handled in the proposed construction. As shown in Sec-
tion 2, both BL and BR are used for the proof of the weak law of excluded mid-
dle. In other words, both beginning sequents A -> and -» A are required for the
application of WEM. Following the conditions on WEM, the partial ordering
should incorporate an additional condition, i.e. VΓVΔ3Λ(Γ c Λ & Δ ς Λ ) , since
both A and -ιA are subformulas of -*A v -ι-vl. It is not self-evident that <Ξ is
directed, unless S(A) has a maximal element. But G(A) has a maximal element
since we now consider only a propositional logic. This restriction can result in
the one in 3.6.b. In this sense, the construction of a countermodel for -*A v -i -*A
is therefore obvious; see Gabbay [6].

The forcing relation 1= can be extended in the usual way to any formula B
and any Γ E G.

Lemma 3.7 For any Γ G G(A) and any formula B>

Γ \=BiffBGT.

Proof: This lemma is proved by induction on the length of formulas. The ba-
sis is obvious. The inductive steps are as follows:

Γ 1= B{ v B2 <=* Γ f= Bx or Γ N B2

^ Bγ E Γ or B2 E Γ

<=>f-Γ-> {Bx} or KΓ-> {B2}

~HΓ-+ {Bx v 5 2 )

<=>#! v # 2 e r .

Here, KΓ -> [Bx v B2) <=> hΓ -> {Bx} or hΓ -• [B2] requires some steps. For (=>),
suppose neither hΓ -> [Bx} nor hΓ -> [B2] holds. By Theorem 3.5, neither Bx e
Γ nor B2 E Γ. Then both B{ and B2 belong to S(A) - Γ. Since (Γ, S(A) - Γ)
is dual consistent, Γ -> {Bx, B2} is not provable in GQ. This is in fact the denial
of hΓ -> {Bx v B2}. Thus the conclusion follows. The converse (*=) is straight-
forward.
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Γ £BX D B2~ VΓ*(Γ* \=B1 => Γ* £B2)

^y/T*(Bι E Γ * = > £ 2 e Γ * )

**VΓ*(t T*^iBι}*\-T*-+{B2})

**VΓ*(\-Γ*^{BιDB2})

~VΓ*(BιDB2GΓ*)

**BιDB2GT.

Here the proof of VT*(\-T* ^{Bι}=>\-Γ*-+{B2})<=>vΓ*(\-T*^{Bι I) B2}) is
somewhat complicated. For (^), hΓ* -> [Bλ D B2] and hΓ* -• {B{} lead to
hΓ* -• {B2}. For proving (=>), suppose the existence of a world Γ* such that
Γ* -• [Bx D B2] is not provable in LQ. The deduction theorem still holds for LQ
(see Gabbay [4], pp. 64ff). Then, by the deduction theorem, (Γ* U {Bι),B2) is
dual consistent. By Lemma 3.3, there is a Γ̂  G G such that Γ* U [Bx} g ΓΊ but
B2 £ T1. This implies \-Tx -• {#i} and I/I1! -> {^2}: this is the denial of VΓ *( hΓ * -•
{Bx} => hΓ* -^ {^2}). Other cases can also be shown without any difficulty.

Next we show the completeness theorem for LQ with respect to subformula
models. It can be shown as a consequence of the model existence theorem:

Theorem 3.8 (Model Existence Theorem) If A is not provable in LQ, then
there is a model falsifying the formula A,

Proof: A model <G,c, V) falsifying the formula A can easily be given as fol-
lows. By assumption, (0,(^4}) is dual consistent. Lemma 3.3 enables us to show
the existence of a complete pair (Γ, S(A) — Γ) with respect to S(A). But Γ E
G(A) and A £ Γ. We can thus prove Γ #A by Lemma 3.7. Thus A is not valid
in LQ.

As a consequence of Theorem 3.8, the completeness is obtained.

Theorem 3.9 (Completeness Theorem) A is valid iff it is provable in LQ.

Proof: Soundness is trivial from a complete check of the axioms and rules of
inference for LQ. The only nontrivial case is about the two additional axioms
for beginning sequents. One might point out the following proof to yield a con-
tradiction in GQ:

(BL)

( - > Ί )
 A~* (BR)

-*• -i A -* A
(->&)

-•-1.4 &A

The above proof is not, however, allowed, since it violates Condition (4), which
requires the existence of a sequence with an empty succedent somewhere under
BR. For further details, see Hosoi [6]. Completeness easily follows from the
model existence theorem.

The next theorem is an analogue of another form of completeness in view
of the subformula property of GQ.
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Theorem 3.10 For any formula A in LQ,

\-A iff VΓ(Γ e G(A) *T tA)

where V is a forcing relation in the subformula model defined above.

The decidability of LQ follows as a by-product of the cut-elimination the-
orem, but the proposed subformula model enables us to show decidability since
G is viewed as a finite set G(A).

Theorem 3.11 (Decidability Theorem) LQ is decidable.

Proof: It is obvious from the fact that G(A) is finite.

We also show the following theorem from the above results.

Theorem 3.12 IfT is a consistent set of formulas, then there is a subformula
model <G,c, V) and a AeG such that AY A for any AeΓ.

Proof: The pair (Γ, 0 ) is dual consistent since Γ is consistent. From Lemma 3.3,
we can find a Δ such that Γ ^ A and Δ E G. As a consequence of Lemma 3.7,
we reach the conclusion.

In future papers, we hope to apply the technique developed in this paper to
other intermediate logics.
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