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Concerning Some Cylindric Algebra Versions of
the Downward Lowenheim-Skolem Theorem
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1 Introduction The theory of cylindric algebras (CA’s) is the algebraic theory
of first-order logics. Several ideas about logic are easier to formulate in the
frame of CA theory. Examples are some concepts of Abstract Model Theory (cf.
[11-[4], [8], [11]-[13], [22], and [24]), as well as considerations about relation-
ships between several axiomatic theories of different similarity types (cf. [5]-[7],
[9], [14], and [22]). (This second topic is sometimes mentioned under the name
“Theory Morphisms”, “the category of theories and theory morphisms”, or
“interpretations”.) For these reasons, certain branches of theoretical computer
science are based on algebraic logic instead of pure logic (cf. e.g. [9], [14]). For
applications of CA theory in computer science, see e.g. [9], [10], [15], [20], and
[21].

The connection between logic and CA theory is elaborated in [1], [3], [11],
[12], [16], [19], and [22]. The connection between model theory and CA theory
is elaborated in [19], [22], [23]. For example, it is proved in [23] that the sim-
ple algebraic property of a class K of CA’s that all epimorphisms in K are sur-
jective is equivalent to a definability theoretic property of first-order logics (more
precisely, model theories) associated to K.

It was found that in general it is the classes Crs, and Gs.? of cylindric set
algebras that provide the fundamental link between model theory and CA the-
ory. The CA-theoretic counterparts of the model theoretic notions are usually
the fundamental notions of Crs, (and GsZ®) theory. (It is shown in [22] that
Crs,’s which are not Gs8’s arise from nonclassical and unusual model theories
when the usual process of algebraization is applied to them.) CA theory is much
more “algebraic abstract model theory” than “algebraic classical first-order
logic”. This helps to explain the fact that frequently CA counterparts of clas-
sical results are harder to prove than those results: the CA counterparts say that
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a certain property holds for a wide class of logics, not just classical logic. For
example, by 1.3.18 of [18] we know that the finitary logic L% of infinitary struc-
tures as elaborated in Section VI on p. 36 of [1] (first introduced by L. Henkin
in 1955) enjoys the Lowenheim-Skolem-Tarski property and by I1.7.14 (p. 254),
1.7.25, and 11.7.12 of [18] it has this property in the upward direction also.

2 The results Here we extensively use the notation and terminology of the
fundamental textbook [18], or equivalently [19], of cylindric set algebras and
their generalizations. Because [18] consists of two parts, the Second Part begin-
ning at p. 131, we shall refer to item n in the First Part of [18] by “I.n” and to
item n in the Second Part by “II.n”. For example, “I.3.18 of [18]” means item
3.18 in the First Part of [18] (on p. 47) and “I1.8.17 of [18]” means item 8.17
in the Second Part of [18] (on p. 289).

Theorem 1 and Proposition 4 below give an exhaustive answer to Problem
5 on p. 310 of [18]. Hence they improve: (I) the algebraic downward
Lowenheim-Skolem-Tarski theorem (Theorem 1.3.18 of [18], p. 47) and (II) the
discussion of this theorem which is item 1.3.19 of [18], pp. 50-54. The problems
raised in 3 of I1.7.13 and in 3 and 5 of I1.7.16 of [18] also receive a partial
answer in the present paper. Conjecture I1.3.9 of [18], p. 175, turns out to be
true for Cs % and false for Ws,, by Theorem 1 below.

Before stating our theorem, we recall Theorem 1.3.18 of [18] (or equiva-
lently, Theorem 3.1.45 of [19]) as Theorem O.

Theorem 0 (Andréka-Monk-Németi) Let A be a Crs,, with unit element V
and base U. Let « be an infinite cardinal such that |A| < k and k < |U|. Assume
S<c Uand |S| < k. Then there is a W with S € W < U such that |W| = « and:
(i) Each of the following conditions (a)-(c) implies that (X N*W: X € A) is
a strong ext-isomorphism of U onto a Crs,, §:
@ UAisa Ws,;
(b) k = «1%; then if W is a Cs,, it follows that § is a Cs,, with base W;
(c) U is a regular Gs,, and k = I,\«* where \ is the least infinite cardi-
nal such that |AX| < \ for all X € A; then § is a regular Gs, with
base W, and is a Cs,, if ¥ is a Cs,.
(ii) If A is a Gws,, then Y is ext-isomorphic to a Gws,, with base W.
(iii) If || < k, then U is ext-isomorphic to a Crs, with base W. |

Consider the following two properties (*) and (*%) of a Crs, ¥ and a
cardinal «.

(*) (3GS A)[A=SgGand |G| <«].
(%) (3G S A)[A =Sg Gand |G| <« and (Vx € A)k!2* =],

Note that (*) says that 9 can be generated by <« elements. Theorem 1, together
with Remark 1 below, says that:

(x*x) The condition |A4| < « can be replaced with (*) in Theorem 0 iff we omit
statements (i)(a) and (ii) from the conclusion of Theorem 0.

This cannot be improved by using (**) instead of (*), because the quoted two
conclusions also remain false under the stronger assumption (*%*).
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Theorem 1
(1) Let A € Gs't& and let « be an infinite cardinal such that k < |base(Y)|. Let
S < base(Y) with |S| < k. Assume (**). Then there isa W with S< W <
base () such that |W| =k and ri(*W): A = € € Gs/?& for some G.
(II) Let o = w™. Then there are A € Ws, N Mn,, and k = |k| = w satisfying
both (*) and (**) such that for all W if |W | < « then the conclusions (i)(a)
and (ii) of Theorem 0 fail.

Remark 1: Before proving Theorem 1, we indicate here how statement (s3%3k)
above follows from Theorem 1: Conclusion (i)(c) of Theorem O trivially follows
from Theorem 1(I). Cases (i)(b) and (iii) are easy, since in these cases k = «!°!
is assumed and hence k = a which by (*) and by x = w implies x = | 4|. Then,
by Theorem 0, we are finished.

Proof of Theorem 1: In the proof we shall need the following notation and
Lemmas 2, 3:

Notation: (Recalled from [17]) x €| € y;{»az(x Czandz€E€y).

Lemma 2 (Algebraic version of the Vaught criterion for elementary submod-
els) Leta=2, A€ Gs and W < base(N). Let V = 1%, Then ri(°W) €
Hom((U,@6(V N *W)) iff the following Condition (V) holds.

Condition (V)  (vx € A)(Vi € Ax)(vg € @V~ [gc|ex=q <
€ (x N *W)].

To prove Lemma 2, we shall use the following more general lemmas:

Lemma 2.1 (Generalized Vaught criterion) Let o and A € Crs,, be arbitrary.
Let Z < 1¥. Then (i) and (ii) below are equivalent.

(i) ri; € Hom(A,©bZ)

(ii) (Vg € Z)(Vx € A)(Vi € Ax)[3a(gl € x) = a(gl € Z N x)].

Proof: Let V £ 1¥. Note that (ii) is equivalent to Z N CYx < CY(Z N x) which
is the same as rl;(CYx) < C}riz(x) for all x and i € Ax. Hence (i) = (ii) is
obvious. Assume (ii). Let i € Ax. Then ri;(CYx) € Z N CYriz(x) = C# rlZ(x)
Thus ri,(C)x) € C#riz(x) is proved for i € Ax. If i & Ax then riz(CYx) =
rlz(x) € C#riz(x). Thus (Vi € a)ri;(C}/x) < C#riz(x) is proved. The other
inclusion (2) always holds obviously. We proved that r/; preserves c; for all
i € a. It is known from BA-theory that 7/, preserves all the other operations.
| |

Lemma 2.2  Let a = 2, ¥ € (Gws'o™y8 W < base(N), and V = 1¥,
Assume that Condition (V) of Lemma 2 holds for % and W. Then rl(°W) &€
Hom(A,&b(V N “W)).

Proof: Assume the hypotheses. Let Z2Zvnew. To prove that condltlon (ii)
of Lemma 2.1 holds let x€ A, i € Ax, and g € Z with g} € x. Let D £ QU
Ax) ~ {i}and g = 4 p1 g. Then q € Pwand ¢ C[ € x, hence by Condition (V),
qg<SfexnNZforsomef Let b = f(z) Then g}, € Vsince Vis a Gws""”" -unit
and fN g2 q # 0. Hence g}, € x since x is regularin Vand 1UAx1 g bSqVU
{i,b)Yc fex.Bybe Wand g € Z, g}, € Z proving condition (ii) of Lemma
2.1. Then Lemma 2.1 completes the proof. |
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Proof of Lemma 2: Lemma 2.2 proves the “if” part of Lemma 2 (since Gs, €
Gws”"””) To prove the “only-if” part, assume the hypotheses of Lemma 2, let
z2<vn O‘Wand assume r/, € Hom(%,©bZ). To prove Condition (V), let x €
A, ieAx, DL (2UAx)~ (i}, gePW,andgSp€Ex. Let g=qU{gp: j E
a ~ D). Then g € °W. By Rg(g) S Rg(p) and p € V, we have g € Vsince V
is a Gs,-unit. Thus g € Z. By A(C/ )CDandpeC x, we have g € C/'x by
regularity of A. By Lemma 2.1 then g, € Z N x = x N *W for some b. Since
i ¢ D, we conclude g = D1 g € g} € x N “W proving the conclusion of Con-
dition (V), as desired. |
Lemma 3  Let A € Gsy® with base U and let k be an infinite cardinal such
that k < |U|. Assume (i) and (ii) below.

() (G A)[A = Sg G and |G| = «].

(ii) k = Z{x*: u < N} where \ is the least infinite cardinal such that |Ax| < \ for

all x € A.

Then for every S < U with |S| < k there isa W < U such that S< W, |W| =
k and ri(°W): A » € € Gs*& for some Q.

Proof: Assume the hypotheses of Lemma 3. Then (vx € A)|Ax| < « follows
from (ii). Let HZ U {Ax: x € G}. Then |H| < k by |G| < «.

To see that we may assume H C «, let p: o »» « such that p~'*H < «. For
any YE Alet fY={yecp:yE€ Y}. Then by 1.8.1 and 1.8.4 of [18], f: Ro A >»
B € Gs!*8. Then f*G generates B, and for any x € 4, A® fx = p~1A® x, Hence
U{A® fx: x € G} < «. Assume that we have established our result for 8. Then
g=rl(*W). B»>C e GsB. Let f'Y=(ye*W:yepe Y} forall YeC.
Then again by 1.8.1 and 1.8.4 of [18], f': R0 ~VE »» D € Gs/%. It is routine
to check that g: A>»D and f' - (B1 g)f=A41 g. Hence our result follows.
This means that we may indeed assume H < « (without loss of generality).

If |a| < k then |G| < k implies | 4| < « and hence we are finished by (the
original) Theorem 0.

Assume therefore |a| > 2 Then 8 £ x + w € . Let %t £ %rg% Then
GSNby HCkCB. Let M2 &g™G. Then |M| < k by || = «. Let rss <
{B1q:q€x}: x €M) By I1.8.17 of [18] (p. 289) then rsg € Is(M,B) for
some B € Gs§®. Clearly, | B| < « and base(B) = U. By Theorem 0 then r/(°W) €
Is(B,R) for some R € Gsg and Wwith S W< Uand |W| = k. Then we have

) rlIPW) € Ism(B,86(12 N Aw)).

We show that rl(*W) € Ism(%,&6(1¥ N *W)).
Let x € A be arbitrary. Since x € Sg® G, there exists a finite L < o such
that

2) Ax<SBULandxe Sg(®(BULYG.

There exists a permutation £: o > o of @ such that £*8=8U L and« 1 ¢ € Id.
Then

@3) xE Sg(i}tnﬁf)tnsi)l)G

Let k £ (fe EfE“U) Let V—lﬂ Then k: *U>»*“Uand k*V=Vby Y €

Gs,. Let h = 2 k*. Then h: SbV — SbV and especially A: A — SbV. By 1.8.1 of
[18] we have:

4) h € Ism(RosA,SHV).
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Clearly, G 1 h < Id since if y € G then Ay 1 £ € Id and y is regular in a Gsa
By (3) and (4) then 4 (x) € Sg®BEN G = §gPRuDG = §gWG =M. Let y =
rsgh(x). Then y € B and A%y = (¢7!)*A%, by (4).

To prove that Condition (V) of Lemma 2 is satisfied, let i€ Ax, D
(2 U Ax) ~ (i}, quW and p € x such that ¢ € p. Let j £ £~(i) and E
(§~1)*D. Then j € A®y and E = (2 U Ay) ~ {j}. Further,

sl

(5) get€efWandgeot S (B1 (pe§) Ersgh(x) =y

Since B € Gs5®, by (1) we can apply Lemma 2 to derive from (5) that (3f €
yNPW)go¢ Cf Then f < g € h(x) for some g, by y = rsgh(x). Let ¢ —-fU
(fo i€ a~B) Then t € VN *W because Vis a Gs,-unit. Since 1 U Ah(x)
1t S fC g€ h(x)and h(x) is regular in 2*(RoéA) (by 1.8.4 of [18]), we have
teh(x)N*Wboyte V. Thent=d-§ forsomed ExN*W. Bygoé S fc
t=d- ¢ and Dog S o = Dod = Rgé, we conclude g S d € x N *W. By this we
proved (V) of Lemma 2. Hence by the choice of x, we conclude that Condition
(V) of Lemma 2 is satisfied by % and W (for all x). Hence by Lemma 2 we have
that rl/(*W) € Hom(U,Sb(V N *W)).
To prove that r/(*W) is one-one on A4, assume that x # 0. Thus rsgh(x) #
0. By (1) then * W' N rsgh(x) # 0. Hence there exists a g € rsgh(x) N SW. Let
t 2 qU<{qp: i € o~ ). Then t € *W. Since V is a Gs,-unit and g € f €
h(x) < V for some f, we have t € VN *W. Since 1 U Ah(x) < B (by (2)) and
h(x)isregularin Vand 81 ¢=q < f€ h(x), we conclude that ¢ € A(x). Then
t =g & for some g € x. Since t € *W, also g € *W, hence g € x N “W. We
have proved that r/(*W) x # 0.
So far we have proved rl{(*W) € Ism(2A,&b(V N *W)). Then there is € S
&b(V N *W) such that ri(*W) € Is(Y,C). By 1.3.16 of [18] we have € € Gs/%.
| |

We turn to the proof of Theorem 1: (I) is proved as Lemma 3.

Proof of (I): Let a = w*. Let p £ o1 Id. Let V£ *a®)_ Let A £ Mn(SHV).
Then A € Ws, N Mn, and A = Sg{0}. Let « £ ». Then ¥ and « satisfy both (*)
and (*#%) above the formulation of Theorem 1. Let W be arbitrary but such that
|W| < k. Then V' N *W = 0 since (Vf € V)|Rgf| = |Rgp| = |a| > k= |W].
By V # 0 then we conclude r/(*W) & Is(), moreover (Vy S *W) rly & Is(%).
By % € Ws,, the assumptions of (i)(a) and (ii) are satisfied. Hence (i)(a) and (ii)
fail as was desired. [ ]

Proposition 4 below completes the discussion (I.3.19 in [18]) of the con-
ditions of Theorem 0. It says, roughly, that statement (iii) cannot be improved.

Proposition 4 The condition |a| < k is needed in (iii). In fact: Let k =
|k| = w and assume || £ k. Then there is % € Crsl¢ such that (VW) [rly €
Is(¥) = |base(W)| > k] and |A| < k < |base(Y)| and (vx € A) Ax = 0.

Proof: Let w < |k| =k < |a| and V = {a 1 Id}. Let A £ @bV. Then |A| =
2<kand A€ Crs;%. By A =(0,V}, we have (YW V)[rip € Is(A) =V =
W1. Hence o € base(W) if rly € Is(Y). n
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Problem 5 What are the necessary conditions for Theorem 0 to remain true
if we replace the word “ext-isomorphic” with the word “ext-homomorphic”?
That is: Let A € Crs,, k = |k| = w, and S S base(A) with |S| < k < | base (Y)|.
What are the necessary conditions for (I) or (II) below?

@) (3w < V) [|base(W)| = « and rly, € Hom(U,S6W)]

D @W)[|W| =« and rl(°W) € Hom(A,&b[V N *W1)].

In this connection we note that in the counterexample on pp. 51,-52 of
[18], the A € GwsE N Lf, with |A| < |«a| < |base(Y)| is such that [V <
base(N)] (VB € Crs,) [|W]| = a = ri(*W) & Hom(¥,B)]. This might suggest
that perhaps the only improvement will be that the condition |A| < « can be
replaced with o < .

3 Discussion Lemmas 2.1, 2.2, and 2 are algebraic versions of the well-
known model theoretic Vaught criterion for elementary submodels. Since one
of the main motivations for CA theory and Crs,, theory is fo do algebraic logic
for first-order logics, it might be worth reflecting upon these results briefly.
We consider whether the conditions of these three lemmas are needed.

Proposition 6 For a = 3, Lemma 2.2 becomes false if we replace Gwsl°™
by Crs, in it. That is, there are % € Crs!*® and W < 1¥ satisfying Condition (V)
of Lemma 2 such that rl(°W) & Hom(U,&b6(V N *W)).

Proof: Let a = 3. Let i £ (i i € a) for all n. Let V £ (19,19,39,39) (see
Figure 1). Let x < {13,3%%) and W < 4. Let 8 = @bV and ¥ £ &¢®{x}. Then
A =1{0,x,V ~ x,V} and A" (x) = {1}. Further, (Vy € A)A(y) < {1}. It is
easy to check that Condition (V) is satisfied by ¥ and W. But ri(°W) &
Hom(Y,Sb(V N *W)) since CY'(x) = Vbut x N *W = (13} and C,{1%} =
{19,198} # V N “W. Clearly, U is regular by 1 € Ax and by |A| = 4. Hence

A € Crslee. [ ]
Problem 7 Does Lemma 2.2 remain true if we replace GwsZ°" with Gws,, in
it?
A A
U
4 v 4 X
3 3
2 2
w
1 1
0 o 0
0 1 2 0 1 2

Figure 1.
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Proposition 8 Lemma 2.2 becomes false if we replace (GwsZ°")€ by Cs, N
Lf, init. Thus regularity is needed in 2.2 even if we restrict ourselves to the Cs,-
case.

Proof: Let a = wand UZ &+ w. Let # < (n: i € a) for all n. Let Q, £ *U "

foralln€w. Let EZ2-n:n€wjUfw+ (2-n):n€Ew). (VnEw~1)Y,2
(Q€EQ:n<qEE). Vo2 (g€ Qpw<qoEE}). Q% (“U)~U(Q,:n€E
wl. Y, £(qe Q. g€ E}. x 2 UY;: i€w+1). Let B=&b(“U) and U =
©gP(x}. Then A € Cs, N Lf,. Let W< o, ZL *Wand V £ *U.

Claim 1 rl; & Hom(%,©bZ).

Proof: Clearly, 0 € Co(x) by 0) & Y, S x. Hence 0 € riz(Cox). But 0 ¢
C¢(Z N x) since (vn € W)09 & x, by 09 & Q, for all n € w.

Claim 2 A and W satisfy Condition (V).

Proof: Let y € A be arbitrary. Then |Ay| < w. Let i € Ay and D = 2 U
Ay) ~ (i} as in the formulation of Condition (V). Then |D| < w. Let g € Dw
and ¢ S p € y be arbitrary. Then (3n € w)q € Pn by |D| < w. Let this n be
fixed. LetLQZUAyandkgL1 D.

Case 1. Assume p € Q,, for some m € w + 1 with m > 0. Now Q,,, € Zd*B, so
rlg, : A » Rl A is a homomorphism. Now Rly U is generated by {x N Q) =
{Yn} and Y, is regular with AY,, = 1, so by [18] 1.4.1, Rly, A is regular. Let
t=(m:kEa~L).Sincepe Q,Nyand A(Q,Ny) € Ay with Ay 1 pc
kUt e Q,,, weinfer that kU ¢t € Q,, N y. Note that (kU ¢)j € W for all j #
L. If (kU ¢t)yie W,wehave g S kUt € y N *W as desired. So suppose (k U
)i W. Thus (kU t)i=ki= w. If m < w, let s = max(m,n) and let g be the
permutation (ki,s) of w + w. Then the base-authomorphism & of &bQ,, fixes
Y,» and hence pointwise fixes Rly A. We have g = kiUteyn*w, as
desired. The case m = w is similar, but one has to distinguish whether &i is in
E or not.

Case 2. Assume p € Q. Letfg kU 50: i € a~L). Then f € y since rly,;:
A > Rig, A € Ws, = Wsi®. Let R,y = R, U for all m € w. Then (Vm €
w)R, = SglY,,} € &b(Q,,) € Ws,. There is a base-isomorphism b: Ry = R,
induced by some b: U »» U such that (Yy) = Y, and (n ~ 1) 1 b € Id (hint:
b{reE.:r>wl={r€E:r>n},by=n,b,=0,(n~1)1bcId b*({re
U~E n<rjU{reE:n<rcw})={reU~E:n<r}). Then the diagram
(Figure 2) commutes since b (rlg,(x)) = b(Y,) = Y, = rlg, (x). Hence b(y N

ri(Qo) rl(Qn)

b
ERO >7 mn

Figure 2.
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Q) =yNQ,.ByfeyNQy,thenbofeynNQ, <y Thus (bek)U(n:i e
a~Ly=bofeynNQQ, <y Let F: R, Sb(*U) be defined such that (vz €
R,)F(z) £ {(h € 2U: A[Az/h] € z}. Since %, € Ws, N Lf,, there is € €
Cs’¢ N Lf,, such that F € Is(R,,8) and 1¢ = *U, by I1.3.14(ii) of [18] (p. 182).
Then € = &g{F(Y,)} and F(Y,) = {h€ *U: n< hy€ E}. Let d: U>» U be
such that (U ~ {0,n}) 1 d € Id, dy = n, and d,, = 0. Then d(FY,) = FY,.
Hence C1d < Id. Thus d(F(y N Q,) =F(y N Q,). By (bek)U(n:i€a~
Lyeynag, < F(yN Q,) we conclude that for some v € U we have f] =
kiUu:i€a~Ly=(de[(bok)U{(n:i€ a~ L)) F(yNQ,) and thus by
A(y N Q,) € Ay © L we have A[L/k}) = A[L/fi] € y N Q,. Then k. U (n:
i€a~Ly=n[L/ki] €yNQ,C<y. Since n > 0, exactly as it was proved in
Case 1, we conclude that (3¢ € W) [kiU(n:i€ a~ L) € (y N Q,) N °W.

Since one of Cases 1 and 2 above always holds (by p € U{Q,,: m € w +
1}) we conclude from g € k;, that g € f € y N “W for some f. By the choice of
y, i, and g, then Condition (V) is proved to hold.

Claims 1 and 2 together complete the proof of Proposition 8. ]

Proposition 9 Lemma 2 becomes false (in the only-if direction) if we replace
Gs,, by GwsE°™ or by Ws,,. Regularity is also needed, even for the Cs,, case. In

more detail: Let V 2 1% and let o« = w. Then (i)-(iii) below hold.

() [U € W5l and rl(*°W) € Hom(3,S6(V N *W))] # Condition (V)

(i) [U € (Gws™Pyee and rl(*W) € Ism(U,Sb(V N *W))] # Condition (V)
(iii) [Y € Cs, and ri(*W) € Ism(,Sb(*W))] # Condition (V).

Proof: Proof of (i): Let & = w and let ¥ = % U9 Let A £ Mn(ShV). Then
A€ Ws,NLSf,. Let W< abesuchthat |W|=w=|a~ W|and 0 € W. Then
rl(*W) € Ho(%,&h0), since ¥V N *W = 0. Let x = V. Then Condition (V) of
Lemma 2 does not hold for this %, W, and x because of the following. Let i =
land D =(2 U A%x)) ~ {i}. Then D = 1. Let p = o 1 Id and ¢ < {(0,0)}.
Then ¢ € p € x and ¢ € PW. Hence x N *W = 0 proves that Condition (V) is
not satisfied.

Proof of (ii): Let « =2 w + w. Leth—(l i€ wyU(0: w<z€a)and

—‘1<2 i€w)U(l:w<i€a). Let v £ eyt yey® Let Wy~ 1. Let

BLebV. LetxL{ge V: (w1 gSh)or (] qu)} A = S¢®{x}. Then
Ax =w. Leti=0.Let D= (2U A¥%(x)) ~ {i}. Let ¢ = <1. I € w~1). Then
q S h € x and g € PW as in the hypothesis part of Condition (V) but (Vf €
x N *W)q & fsince x N *W < %w® . Hence Condition (V) fails. By I1.4.6 of
[18], p. 190, ¥ is regular. Hence A € (GwsSompyres, Let K £ oy,

We show rig € Ism(2,©bK) as follows. Let HZ M Let b w > w be
such that b o h = k. Then b(H) = K, hence by 1.3.1 of [18], p. 33, we have b:
©bH — GbK. Now

(6) rig(x) =b(rig(x))

is easy to see. Let U 4 rigd and ¥, 2 rif . Since x generates %, from (6) we
obtain that the diagram (Figure 3) commutes; that is,

7 Alrig=A1 (borly).
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A
N\
b
Ay

—>> Ay

Figure 3.

Assume that rix & Is). Then KNy =0 for some 0 #y € A. Then HNy # 0
(since 1¥ = H U K). But then b(rlg(y)) # 0 = rlgy, contradicting (7). This
proves rlx € Is¥, which by K € Zd&bV implies riy: A — SbK. We have proved
rix € Ism(A,©6K).

Let € £ rig. Then what we proved is rix: U >» € € &bK where C =
Sg€[x N K].

Next we prove
®) r(*W): € @b(K N *W).
Let 2 < n < wand let p, 4 {0,n),{n,0)} U (w ~ {0,n}) 1 Id. Then by p,K =K
and by Theorem 1.3.1 of [18] we have p,: @K >» @bK. If n > 2 then p,(x N
K) = x N K. Therefore

® Cl1p,cHdifn>2.

Let Z< KN W (= W ®). We show that (i) of Lemma 2.1 is satisfied for
this Z and €. To see this, let g € Z, y € C, i € Ay be arbitrary but fixed. Assume
that @ € w is such that g} € y. If a € W then we are done. Assume a & W. Then
gb€y. Letne W~ (3URgg). Then by (9) C1 p, < Id. Thus p,(y) = y.
Therefore p, - g € y. Thus g} = p, > g\ € y, by g € Z < *W. This proves
Lemma 2.1(ii), since (n € W = g/, € Z). Now by Lemma 2.1

(10) C1riy: € > SbHZ.

It remains to prove that C 1 r{/(*W) is one-one. To see this, let 0 #y € C.
Then g € y for some g. Let n € W ~ Rg g (clearly exists). Now by (9) p,,(y) =
y.But (p,og)eZ(byne W~Rgg),and thus yN Z #0. Thus C1 rl;is
one-one. This and (10) together imply C 1 rl(*W): € — &bZ. Since Z = K N
“W,wehave: yeC=2yc K=ZNy=(“*W)Ny Thus C1 rl(*W) =C1 rl,.
Therefore C 1 ri(*W): € —» ©bZ. We have proved (8).

Now for every y € A, ri(°W) orlg(y) = *W Ny =ri(“*W)(») (since VN
‘WcK). Thus A1 ri(*W)=A1 (rl(*W)orlg) = (C1rli(*W)) o (A1 rlk).
By (8) and by rig € Ism(U,SbK), both C 1 ri(“*W) and A 1 rix are isomor-
phisms, therefore 4 1 rl(*W) is an isomorphism, too. More precisely, we have
rl(*W): A » @b(K N *W). Therefore, ri(°W) € Ism(Y,Sb(V N “W)). We
proved [U € (GwsS®™ ) and ri(*W) € Ism(A,&6(V N “*W))] # Condition
(V). The condition a = w + w can be replaced by o = w by the methods of
Sec.I.8 and Sec.II.8 of [18].

Proof of (iii): Let 0 = w + w. Let A £ (1: i € w) U(0: w < i € o). Let
v la|*, VLU, and Q£ *UM. Letx L (g€ Q: (ViEw) g;=1}U (g€
V~0Q: (ViEw) g=2}. Let A £ &¢®"){x}. Then Ax =w. Let W< U~ 1.
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Claim 9.1
M rl(“W) € Hom(A,*W)
(ID) ri(*W) € Is(%).

Proof of Claim 9.1 (I): We prove that condition (ii) of Lemma 2.1 holds for
Z £ o« and . To see this, letgeZ, yecA,icAy be arbitrary. It is enough
to see that the implication g§ € y = (3b # 0) g/ € Z N y holds. Assume g} €
Y.By|Rgg|<sa<U=|W| wehaveRggg W and thus W~ (3URg g) #+
0.Letbe W~ (3URgg). Let S £ 2U©®, Recall that p;, £ {(O b),{b,0)} U
(U~ {0,b}) 1 Id. Then p,(S) = S. We define (Vy € V) p,(y) = pb(y ns)u
(y ~ S). Next we show

(11) pp: @bV »» ShV.

By Theorem 1.3.1 of [18], p,: ©bS »» &bS. ri(S) and ri(V ~ S) form a direct
decomposition of @bV. By this decomposition, the cone {py, o rig,ri(V ~ S))
induces the endomorphism p,, of (the direct product) @bV. It is easy to see that
Dp is an automorphism, too. We have proved (11). Next we prove

(12) pp(x) =x.

Recall that p,(x) = pp(x N S)U (x ~ S) and p,(x N S) = {p,°f: fE XN S]}.
To see pp(x N S) € x N S, let f € x N S be arbitrary. Then f € *U ¥ from
which (pp o f) € *U®, further (p,of) & U™ (= Q). Thusw 1 fS 2 =(2:
i€ a)and w1 (pp°f) S 2, therefore (p,, o f) € x. Further p, o f € S. Thus
(py°f) € (x N S). By this we have proved p,(x N S) € x N S. From the lat-
ter pp(x N S) = x N S follows. From this (12) follows by the definition of p,.
Now, by (11) and (12) we have A 1 p;, < Id. Thus gh=progd € pp(y) =
y since g§ € S and g € y by hypothesis. By this we have proved that condition
(ii)) of Lemma 2.1 holds for *W and Y. Then, by Lemma 2.1, ri(*W) €
Hom(A,Sb(“W)).

Proof of Claim 9.1(11): Now let Z< y~ Q. Then “W < Z. First we show that
rl; € Ism(U,&b2Z). Letk-—(2 icwyUl: w=<i€a). Let b: U U be such
that beh = k. Then b: @b(*(U)) = &b(*U) and b(rlQ(x)) =(xNZ)yNney® =
rl(*U ™) (x) (see Figure 4).

e

@b
\ l(a (k))

@&h(2U )
Figure 4.
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A
rlg rli(cU %))
b S
- d
Figure 5

Thus the diagram of Figure 5 commutes; that is
(13) A1 (beorly) =A1r(UW).

Now assume ri; & Is). Then (3y € A~{0}) ZNy=0.ThenQNy=y+#0
since QU Z = 1¥. Further *U® N y = 0. Thus b(rlg(y)) # 0 = ri(*UR) (),
contradicting (13). This proves rl; € Is). From this r/,: % — SbZ follows since
Z is zero dimensional in @b V. We have proved rl; € Ism(A,&bHZ).

Let B < %1, Then B = Sg®(x N Z}. Clearly, B € GwsS"™ < Gws™.
Let E £ *U® . We show that the conditions of Proposition 4.7 of [18] hold
for Q L2Fand G2 {Z N x}. Condition (i) trivially holds. Now y = Z N x). To
see (i), let fE€ y (thenw 1 fS2)and g =2. Let p € *U and T € ,« be arbi-
trary. Now f[I'/p] €y= (0w UT) 1 pS2e=¢q[I'/p] € y. Thus (ii) holds. Fur-
ther, y (= ZN x) is E-w small in Z. Now by Proposition 4.7(IT) of [18] (p. 190)
we have rlg: B > GbE. Thus, by U %z B e SbE, we have

(14) A% < SbE, C = SgS(E N x).
Next we prove
(15) (vyel)yn*w=+0.

LetgeyeC. Letbe W~ (3URgg). Then p,(E) = E, and thus by The-
orem [.3.1 of [18], p,: ©b(E) » &b(E). Therefore pp,(x N E)y =xNE =
Pp(¥) =y = ppog € y. Thus, by p, - g € *W, we have y N “W # 0.

Now by (14) and (15) (Vy € A) y N “W # 0. Thus rl(*W) € Is(Y).

By Claim 9.1 we have rl(°W) € Ism(U,Sb(“W)).

To see that Condition (V) fails, let i = 0 and D = (2 U A¥(x)) ~ {i}. Then
D=w~1Letq=(l:i€ D). Then g€ PWand g < h € x. Now, (Vf€xN
*W) q & f proves that Condition (V) is not satisfied by %, W, x, andi. ®

Proposition 10 Let W € Crs,, and Z € A. Then conditions (i)-(iii) below are
equivalent:
(i) rl; € Hom(%,&bZ)
(ii) ri; € HoYl
(iii) AZ = 0.

Proof: Immediate by Theorem 1 and Proposition 2 of [21]. u

Problems 11 Let o = w be fixed. Let k = 8 be two infinite cardinals.
(1) Let k = 219981 |5 ;Cs/e8 < 1, Csl8?
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(2) Let A € 4Csl8, k = ||t U (JA] N 2/2Y8l) Is then A subisomorphic to
some ,Cs/e8?

(3) Does there exist a cardinal v = 8 such that for every cardinal k = v we have
sCsi8 < 1,Cs58?

(4) Does there exist a cardinal v = @ such that (vcardinal x = y) (VY €
5 Cs:28) [U is sub-isomorphic to some ,Cs;%] ?

(5) Consider the logic L% as introduced on p. 36 of [1] with « variables where
« is a limit ordinal and Rgt C o. What are the exact cardinality conditions
of the upward Lowenheim-Skolem-Tarski property of .L%? For example,
let A be a model of .Lf with |4| = 8. Assume |#| <k, and k = |a|* U
212YBI s there an .L%-elementary extension B of ¥ with |B| = «? This is
not settled by I1.7.12(ii) of [18) because here (Vy € Rgt) v + w < «! That
is, the arity of each relation symbol is infinitely smaller than «. E.g. the ele-
ment in the cylindric algebra of 8B corresponding to a relation symbol r €
Dot should be t(r)-regular (with #(r) + w < «).
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