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INFINITARY PROPOSITIONAL INTUITIONISTIC LOGIC

CRAIG KALICKI

In the first two chapters of his book, Fitting [3] gives an elegant
presentation of the semantics and proof theory of propositional intui-
tionistic logic. The semantics used is based on a notion of intuitionistic
models due to Kripke [5], which in the finitary case is shown to be
equivalent to the model theory of pseudo-Boolean algebras. The proof
theory is essentially the method of tableaus due to Beth [1], with modifica-
tions as presented in Smullyan [9]. The purpose of this paper* is to
generalize propositional intuitionistic logic to the infinitary language in
which we allow conjunctions and disjunctions over countable collections of
formulas.

Section 1 presents our semantics, which is that of complete pseudo-
Boolean algebras and homomorphisms. In the infinitary case, it is easy to
show that this semantics is not equivalent to the natural generalization of
the Kripke models. In 2, we present our proof theory, which we believe
combines the best features of the tableau system of Fitting [3] and the
system of block tableaus of Smullyan [9]. A proof is an ordered finite
branch tree in which a given point may have infinitely many immediate
successors. In 3, we first assign countable ordinals to proofs in a
straightforward way, and then use induction on the ordinal of a proof to
show that the proof theory is correct; i.e., that theorems are valid.
Section 4 shows the completeness of the system, using the infinitary
version of the Lindenbaum algebra. We show that the collection of
theorems is closed under modus ponens by proving a tableau version of
Gentzen’s Hauptsatz. The latter is accomplished by combining elements of
the finitary classical proof in [9] with the infinitary proof for classical
Gentzen systems due to Feferman [2]. Once the Hauptsatz is obtained, it is
easy to generalize the completeness results of Rasiowa and Sikorski [7] to
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of Notre Dame in December 1976. Special thanks are due to Professor Mark Nadel, who provided
much of the direction for this work.
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the infinitary case. In the concluding remarks, we point out some problems
of interest for further investigations.

1 Semantics The language Z that we use consists of the following
symbols: (i) An arbitrary collection of atomic formulas, which we denote
by A, B, C, . . ., and (ii) the connectives v, a, ~, and —.

Definition 1.1 The formulas of Z are the members of the least class F
such that

(i) AeJ for each atomic formula A

(ii) if XeJ, then ~XeF~

(iii) if Xe J and Ye F, then X — YeF

(iv) if ® is a nonempty finite or countably infinite subset of &, then
VdeF and Ade &

From this point on, we use the term ¢‘‘countable’’ to mean either
nonempty finite or countably infinite. We frequently use the symbols VX;
for V& and AX; for A® when no confusion results.

Definition 1.2 Let XeJ . We define Sub(X), the collection of sub-
formulas of X, inductively in the usual manner. We also define Subp (X),
the collection of proper subformulas of x, to be Sub (X) - {X}.

We note that to prove all formulas of & have a property P, it suffices
to show that the collection of formulas satisfying P is closed under (i)-(iv)
of Definition 1.1. The following propositions are immediate:

Proposition 1.1 For any Xe F, Sub(X) is countable.

Proposition 1.2 Let Xe F and let X, Xy, Xz, - . . be a sequence in
Sub(X) such that for each i 2 0, X;,, e Subp(X;). Then, the given sequence is
finite.

The previous result simply says that the relation Xe Subp(Y) is well-
founded.
We now turn to a description of the semantics we will use.

Definition 1.3 A pseudo-Boolean algebra is an ordered pair (&, <),
where (& is a nonempty set and < is a partial ordering on &, such that for
any a, be &, the following elements of & exist:

(i) the least upper bound av b

(ii) the greatest lower bound a b

(iii) the pseudo-complement of a relative to b, a =>b; i.e., the largest
Xed such that aanx < b

(iv) the zero element 0.

For any ae &, we denote the pseudo-complement of @ by ¢~ = a=0,
and the unit element of & by 1 = 0. With few exceptions, all of the
properties of pseudo-Boolean algebras which we shall use are contained in
[7], pp. 58-62. Pseudo-Boolean algebras are also referred to in the
literature as Heyting algebras.
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Definition 1.4 We call a pseudo-Boolean algebra & complete if for
every countable subset ¢ of &£, C has a least upper bound and a greatest
lower bound in (2.

Definition 1.5 A homomorphism h is a function h:F — &, where & is a
complete pseudo-Boolean algebra, satisfying the following:

(i) h(V®) = V{r(X)|Xed}
(i) 2(A®) = AMR(X)|X e}
(iii) 2(~X) = (X))~

iv) k(X - Y) = h(X) = h(Y).

It should be clear from (i)-(iv) that a homomorphism % is completely
determined by its values on atomic formulas.

Definition 1.6 A model is an ordered triple (&, <, h), where (&, <) is a
complete pseudo-Boolean algebra and % is a homomorphism from & into
. For a given Xe J , we say X is valid in (&, <, h) it h(X) = 1. We say
X is valid if X is valid in all models.

In a given model (&, <, k) we will usually denote %2(X) by [|X || when no
confusion will result. We call || X the value of X in @.

2 Proof theory We now present our proof theory, which is a direct
generalization of the tableau systems of Fitting [3] and Smullyan [9]. The
reduction rules that we use are basically the same as the corresponding
finitary rules, with the exception of a special treatment of the infinitary
conjunction. Proofs may be infinite trees, allowing for application of
reduction rules to infinitary formulas, but we require that the finite branch
property holds, i.e., a tree may not contain an infinite sequence of
immediate successors.

Definition 2.1 A signed formula is an expression TX or FX for Xe & .
A block is a finite set of signed formulas.

We most frequently use the symbols S, U, S;, or U; for blocks. We also
find it convenient to use the symbol {S, H} in place of SU {H}, where H is a
signed formula.

Definition 2.2 1f S is a block, let 87 = {7X|Tx¢S}and S¥ = {Fx|FxeS).
Definition 2.3 The following eight rules are the reduction rules:

Tv: 18, Tve}/{{s, TX} X ®}.

Fv: {S,Fv&}/{8, FX}for any X¢ &.

TA: {S, TA®}/{S,TX}for any X ¢ ®.

FA: (@) {S, FA®}/{{S, FX}X e} if & is finite.
(b) {S, FA®}/{{ST, FX}|X¢®} if ® is infinite.

T~: {S, T~X}/{8, FX}.
F~: {8, F~x}/{sT, Tx}.
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T—: {8, T(x —Y)}/{{S,FX}, {8, TY}}.
F—: {S,F(x — 1)}/{87, TX, FY}.

The intuition behind the rules in Definition 2.3 is well-documented, a
possible exception being rule FA(D). The reason for rule FA(b) is a direct
result of the semantics we have chosen, and an explanation is given in the
concluding remarks to this paper.

Definition 2.4 Let U be a block. We say a rule R applies to U if by
appropriate choice of its members, we can write U as the block preceding
the line in the statement of rule R. By an application of a rule R to U, we
mean the following: R applies to U, and by writing U as the block preceding
the line, we proceed according to one of the following two cases:

Case 1. If R is FV, TA, T~, F~, or F—, we adjoin to U as its sole
immediate successor the block following the line in the statement of rule R.

Case 2. If R is TV, FA, or T—, we adjoin to U an ordered sequence of
immediate successors comprised of all the blocks following the line in the
statement of rule R.

Example 2.1: Suppose U = {TX, FY, TV®}. To apply rule TVto U, we may
choose any sequence (Z; li < Wy, where y is finite or u = w, for the members
of &, and then write the diagram

{TX, FY, TV®}

{rx, rY, 72,} {TX, FY, T2} {TX, FY, TZ.}. ...

When a rule R has been applied to a block U, we say that U has been
veduced by rule R. We note that the notation U = {8, H} is not meant to
exclude consideration of H as a member of 8. Thus, applying rule T~ to
{TX, FY, T~Z}, for example, we may adjoin either {TX, FY, FZ} or
{TX, FY, T~Z,6FZ} as the immediate successor. Hence, duplication rules
are not necessary.

Definition 2.5 Let S be a block. By a tableau for S we mean an ordered
finite branch tree T such that

(i) the origin of T is 8

(ii) the points of T are blocks

(iii) for any point U of T which is not an end point, the immediate
successors of U in T are the results of applying a reduction rule
R to U.

We note that in a tableau T, a block may have infinitely many immedi-
ate successors, as in Example 2.1. The finite branch requirement,
however, means that any sequence U,, U,, U,, . . . in T, where each U, is
an immediate successor of U;, must be finite. This property allows us to
assign countable ordinals to tableaus in a natural way and thus provides us
with the basis for induction proofs.
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Definition 2.6 A block S is closed if for some Xe 4, both TXe S and
FXeS. A tableau T is closed if each end point of T is a cloged block. A
block S is inconsistent if there exists a closed tableau for §. If no closed
tableau for § exists, S is comsistent. X is a theovem if the block {FX}is
inconsistent. If X is a theorem, we write mX. A closed tableau for {Fx}is
called a proof of X.

We now present an example of an infinitary proof, where some obvious
simplifications have been made. (See Example 2.2 on facing page.)

3 Correctness To show that the tableau system of proof in 2 is correct
in the sense that only valid formulas are theorems, we must first establish
a basis for induction on tableaus.

Definition 3.1 Let T be a tableau for S, and let U be a block in T'. By
the subtableau of U in T', we mean the subtree of 7" whose origin is U.

It is clear from Definition 2.5 that the subtableau of U in T is a tableau
for U, and if T is closed, the subtableau of U in T is closed.

The following definition is due essentially to Feferman [2], where he
introduces it for infinitary classical Gentzen systems.

Definition 3.2 Let T be a tableau for S. We define Od(T), the ovder of
T, as follows. Suppose U is a block in 7. Then,

(i) if U is an end point of 7, U is the subtableau of U in T, so we let
0d(U) = 1.
(ii) if U is not an end point of T, let T’ be the subtableau of U in T,
(U;li <u) the sequence consisting of the immediate successors of
Uin T, and for each i <y, T* the subtableau of U, in 7. Then, we
let
0d(T") = sup(0d(T’) + 1).
i<u
Clearly, for any tableau T, Od(T) is a countable ordinal, and if T’ is a
proper subtableau of T, Od(T’) < 0d(T). As examples, if T is the tableau
of Example 2.2, 0d(T) = 9.
We now recall Definition 1.6, where we defined a model (&, <, ). In
what follows, we denote 2 (X) by |X | for each Xe .

Definition 3.3 Let (@, <, | I) be a model. Then, for any block S =
{rx,, ..., TX,, FY,, ... FY,}, we define

sl = Alx;l =>,Q/n” vl .

i<m

Now, in the proof of the following theorem, assume that (@, <, || | is
an arbitrary model.

Theorem 3.1 If - X, then X is valid.
Proof: Suppose that +X, and let T be a closed tableau for { FX}. The proof
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is by induction on Od(T). We show that for each block U in 7, Ull=1,
where 1 is the unit of &. Then, in particular, we have

{rx}il=1=lxll=1
and hence, |[X| = 1.

(i) Suppose U = {TX,, ..., TX,, FY,, ..., FY,} is an end point of 7.
Then, U is closed, so for some ¢, 1 <¢ < m, and some j, 1 <j <#n, we have
X;=Y; = Z. Thus,

lull = Alx;Il= vyl
i<m i<n
> |zll= vyl
j<n
> Izl=lz|
=1,
and so, |U] = 1.

(ii) There are nine cases to consider, one for each of the reduction
rules of Definition 2.3. Since each rule has the form

U/l <

when applied, we must show that if [[U;| = 1 for each ¢ <y, then [|Ull = 1.
We provide proofs for three of the cases, the others being similar.

Case 1. U-={S, TvXx;}

Then, |{S, 7X;}| = 1 for each i

— 8T allx; = lISFll = 1 for each i
— [I8T Allx; |l < I8¥| for each i

- \i/(lISTll Alx:l) < sl

— lIsTla vix;l < sl

— 18T A llvx;ll < ISF]
— IS8Tl allvx; = lsFll =1
— s, Tvx; = 1.

Case 2a. U={S, F(X,rX,)}.

Then, [{S,FX;}H=1fori=1,2

— ST =|sFlviix;ll=1fori=1,2
— [IsT| < IsFlivix;lfori=1,2

— IS8T < (ISFlvix, Iy A (ISFlvIx. 1)
— [ISTIl < lISFllv (llx, [Iallx1)

— 8T < ISFllvilx,a X,

— 8T =lsFllviix,a X,ll =1

— {8, F(X,a X)} = 1.

Case 2b. U ={S, FAX;}, where FAX; is infinitary.

Then, {87, FX;}| = 1 for each i
— 8Tl =>|ix; |l = 1 for each i
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— IsTll < I x;| for each i
— 8T < ?“Xi”

— 8Tl < Iax:]

— 8Tl < ISFllviax;l

— 8T =sFllviax;ll=1
— {s, FAX;}I = 1.

Case 3. U-={S, F~X}

Then, [{ST, Tx}l =1

— IsTlAalxll=0=1

— STl Allxll=0

— [IsTll < lIxl- = [~x]l
— 8T < Is¥llv I ~x|l

— [IsTl=|sflvii~xl=1
— |{s, F~x} = 1.

We may thus show that Ul = 1 for each block U in T, and so [ X || = 1. QED

N

N

4 Completeness To prove the completeness of our proof theory, we
first establish that the class of theorems is closed under modus ponens:
i.e., f mX and+X — Y, then -Y. We accomplish this by proving a tableau
version of Gentzen’s Hauptsatz. More specifically, we show that for any
block S and any X e &, if both {§, X} and {S, FX}are inconsistent, then §
is inconsistent. The proof is constructive in nature and does not use any
semantical notions.

For any block U, we say U closes if U is inconsistent; i.e., if there is a
closed tableau for U. We say U closes via H if there exists a closed tableau
T for U in which He U is the first member to which a reduction rule R is
applied. We say U closes with Od = y if there exists a closed tableau T for
U with Od(T) = v.

Now, it is well-known that for any countable ordinal y, we may write
uniquely

e e
Y=l + w0%n .. F 0k

where e, > e, > .. . > ¢ = 0 and each n; is finite. This expression is
referred to as the normal expansion of v. The following definition is due to
Feferman [2].

Definition 4.1 Let ¥ and 6 be countable ordinals. Then, using the normal
expansions, we define the linear sum of y and 6 to be

Y @6 =wn +my) + w20y + M) + ...+ 0kR(ny + my)
where either n; # 0 or m; # O for 1 <j < k.

The linear sum is easily seen to be commutative and an increasing
function of either argument. These facts are important for the proof of
Theorem 4.1.

Definition 4.2 Let U, and U, be blocks. Suppose that U, closes with
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Od =y and U, closes with Od = 6, and let @ =y @ 6. Then, we say that U,
and U, close with combined ovder a. Let Xe<J and let a be a countable
ordinal. We say that X is a-eliminable if for any block S, if {8, 7X} and
{S, FX} close with combined order a, then S closes. We say that X is
eliminable if X is a-eliminable for all a.

We now prove the Hauptsatz in the following form:
Theorem 4.1 For every Xe &, X is eliminable.

Proof: Let Xe< and let a be a countable ordinal. We prove that X is
a-eliminable by a double induction argument on formulas and on a. The
induction hypothesis is as follows:

(A) For each Ye Subp(X), Y is eliminable
(B) For each B <a, X is B-eliminable.

Now suppose that for some block S, {S, TX} closes with 0d = v, {8, FX}
closes with Od = 6, and v ® 6 = a. We must show that S closes.

Suppose either {8, TX} or {8, FX} is closed (i.e., y=1 or 6 =1.) If
{8, TX} is closed, then either S is closed or FXe$, in which case
{S, FX}=8 and S closes. The argument is the same for {S, FX}.

The body of the proof consists of exhausting the cases in which either
{8, TX} or {S, FX} closes via He S, and, then, those in which {S, TX} closes
via TX and {S, FX} closes via FX. Since the argumen'ts in many of these
cases are virtually identical, we include only a few representative cases
here.

Case 1. {8, TX} closes via H = TVX;.

Suppose that {S,TX} closes via H. Then, for each i, {S,TX,, TX}
closes with Od <vy. But {S, TX;, FX} closes with Od < & for each ¢, so by
(B), {S, TX,} closes for each i. Thus, S closes via H.

Case 2. {8, TX} closes via H = F ~Y and {S, FX} closes via FX.

Subcase 2.1. X = VX,. Suppose that {S,7TVX;} closes via HeS, and
{8, FVX,} closes via FVX;. Then, {ST, TY, TVX;} closes with Od <y and
for some 7, {S, FVX;, FX;}closes with Od < 6.

Now, suppose first that 6 > 2. Then, {S, FVX;, TX,} closes
with 0d = 2 < 6. But {8, TVX;, TX;} closes with 0Od <y so by (B),
{8, TX;} closes. Also, {S, TVX;, FX;} closes with Od <y, so again by (B),
{8, FX;} closes. Since we have that both {8, 7X;} and {8, FX;} close, it
follows from (A) that S closes.

Finally, suppose that & = 2. Then, {S, FVX;, FX;}is closed. We must
have TX;eS. But then, TX; eS8, so {ST, TY, FVX,} closes with Od = &.
Thus, by (B), {87, TY} closes, and so S closes via H.

Subcase 2.2 X = AX;, finitary. It suffices to assume X = X, A X,. Suppose
that {S, T(X, A X,)} closes via He S, and {S, F(X,X,)} closes via F(X,1 X,).
Then, {ST, TY, T(X,rX,)} closes with 0d < v, and {S, F(X, a X,), FX;}
closes with Od < 6 fori =1, 2.
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Now, suppose first that & >2. Then, {S, F(X,rX,), TX,, TX,} closes
with Od = 2 < 6. Since {S, T(X,rX,), TX,, TX,} closes with Od <y, we
have by (B) that {8, 7X,, TX,} closes. Also, {S, T(X,r X,), FX;} closes with
O0d <y fori=1, 2, so{S, FX;} closes for i = 1, 2 by (B). Now, since
{8, FX,} closes, {S, FX,, TX,} closes, so by (A), {8, TX,} closes. But
{8, FX,}closes, so again by (A), it follows that S closes.

Finally, suppose 6 = 2. Then, {8, F (X, X3), FXi} is closed for 7 = 1, 2.
We must have TX, ¢S and TX,e S, so TX, e ST and TX,e S”. Then,
{87, TY, F(X,AX,)} closes with Od = 5. Recalling that {87, TY, T(X,rX,)}
closes with Od <y, we have by (B) that {S?, TY} closes. Hence, S closes
via H.

Subcase 2.3 X = AX;, infinitary. Suppose that{S, TAX;} closes via He S,
and {S, FAX,} closes via FAX;. We have then that {S™, 7Y, TAX;} closes
with 0d < v, and {S7, FX,} closes with Od <& for each i. But clearly,
{87, TY, FAX;} closes with Od < 5, so by (B), {ST, TY} closes. Thus, S
closes via H.

Case 3. {8, TX } closes via TX and {S, FX} closes via FX.

Subcase 3.1 X =Y — Z. Suppose that {S, T(Y — Z)} closes via T(Y — Z),
and {8, F(Y — Z)} closes via F(Y — Z). Then, both {S, T(Y — Z), FY} and
{8, T(Y - 2), TZ} close with Od <y, and {ST, TY, FZ} closes with 0d < 6.

First, we note that {S, F(Y — Z), FY} closes with Od < 6, so by (B),
{S, FY}closes. But also, {S, F(Y — Z), TZ} closes with Od < &, so again
by (B), {S, TZ} closes. Now, since {S?, TY, FZ} closes, {S, TY, FZ}
closes, and since {S, TZ} closes, {S, TY, TZ} closes. Hence, by (A),
{S, TY} closes. But we already know {S, FY} closes, so again by (A), S
must close.

Subcase 3.2 X = AX;, infinitary. Suppose that {S, TAX;} closes via
TAX;, and {8, FAX,} closes via FAX;. Then, {S, TAX;, TX;} closes with
0d <7y for some j, and {87, FX;} closes with Od < 6 for each i. Now, {S,
FAX;, TX;} closes with Od < y, so by (B), {S, TX,} closes. But also,
{S, FX;} closes, since {S, FX;} does. Thus, by (), S closes.

We may thus show that, in any case, S closes. QED
The next result follows from Theorem 4.1 by exactly the same
argument as [9], p. 115, for the finitary classical version.

Corollary 4.1 (Modus Ponens) If - X and vX — Y, then FY.

It is now a straightforward matter to show that our tableau system is
complete. It is well-known that the Lindenbaum algebra &, of finitary
intuitionistic logic is a pseudo-Boolean algebra, and that —X if and only if
|X| =1, the unit element of 2, (see [7], IX, 2.2). We may define &, for the
collection of theorems in J in the same manner as in [7] and use the
argument there to show that &£, is a pseudo-Boolean algebra. Since by
Corollary 4.1, the class of theorems is closed under wmodus ponens, we
have the following exactly as in the finitary case:
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Theorem 4.2 =X if and only if |X|=11in &,.

It remains to show that: (i) &£, is nondegenerate, and (ii) £, is com-
plete. The former is trivial.

Theorem 4.3 A is nondegenerate.

Proof: Let A be any atomic formula of . Then, no closed tableau for
{FA} exists, so A is not a theorem. Hence |A| # 1 in @,. QED
Theorem 4.4 @y is a complete pseudo-Boolean algebva. For any

countable subset ® of F,

Vixllxe ®}=|vael
NMIXIIXe d}= [A®].

Proof: For convenience, we write V® = VX;. For any ¢, we have that
FX; — VX; by the following closed tableau:

{F(x; - vXx;)}

{Tx; FVX;}

{TX; FVX, FX,}.

Thus, |X;| <|vX;| for each ¢. Suppose now that |X;| <|v| for each 4.
Then, -X; — Y for each i, so there exists a closed tableau for {F(X; — Y¥)}
for each ¢, and hence, for {TX;, FY}. But consider VX; — Y. If we begin a
tableau as follows:

{F(vx; — 1)}
{TVvX; FY}
{TX,,Fr} {rx,, FY} {TX,, FY}

we see that {F(VX; — Y)} closes. Hence, +VX; — ¥, and so |VX;| <|Y]|.
But this gives us that

M

VIx;l= lvx;l

so countable least upper bounds exist in .
Now, consider A® = AX;. For any ¢, we have ~AX; — X, by the
following closed tableau:

{F(AX; — X))}
{TAX;, FX;}

{TAX,;, TX; FX;}.
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Thus, |AX;| <|X;| for each i. Suppose now that |Y|<|X;| for each i.
Then, Y — X; for each ¢, so there exists a closed tableau for {F (Y — X;)}
for each i, and hence, for {TY, FX;}. But consider Y — AX;. If we begin a
tableau as follows:

{F(Yy — AX;)}
{1y, FAX;}

{TY, FX,} {TY, FX,} {TY, FX,}

we see that {F(Y — AX;)} closes. Hence, +Y— AX;, and so |¥| < |AX;|.
But this gives us that

AX; = IAX; )

so countable greatest lower bounds exist in &,. Hence, &, is complete.
QED
It is now easy to see that we have a canonical homomorphism

hozi - @0

given by %4(X) = |X| for each Xe &, and so (@, <, k) is a model in the
sense of Definition 1.6. This gives us our final result:

Theorem 4.5 If X is valid, then +X.

Proof: Suppose X is not a theorem. Then, |X|+# 1 in @&o. But this means
X is not valid in &4, so X is not valid. QED

Hence, we see that, as in the finitary case, the Lindenbaum algebra &,
for our proof theory provides a countermodel for all nontheorems.

5 Concluding remarks There appear to be some directions in which
further investigation would prove interesting.

Fitting shows in [3] that in the finitary case, the algebraic semantics
and the Kripke semantics are equivalent. Hence, his tableau system is
shown to be complete for both semantics. In the infinitary case, however,
the reduction rules corresponding to the algebraic semantics we have used
are not the natural generalization of the reduction rules in Fitting.
Specifically, if we replaced the rule FA (b) in Definition 2.3 by the
following:

FAax: {8 FA®}/{{S, FX}IXed},

which is the infinitary version of the Fa rule in 3], we would get a stronger
proof system. It is not hard to construct a tableau proof of the formula

Y= AXvX;) =X v AX;
1 1

in this stronger system, but Y is not valid in the algebraic semantics since
the inequality

Aava) <av Aa
1 1
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does not, in general, hold in all pseudo-Boolean algebras. For a counter-
example, see [7], p. 135.

It is easy to show that the stronger system described above yields
theorems which are valid in the Kripke semantics for infinitary proposi-
tional logic. Hence, it would be interesting to generalize the construction
of a Hintikka collection, as in [3], to the infinitary case, and thus show the
stronger system is complete.

For the proof theory we have presented, it would likewise be interest-
ing to prove a stronger completeness theorem; i.e., to show that a countable
collection ® of formulas is consistent if and only if it has a model. This
would necessitate, it appears, construction of an appropriate topological
space whose open sets would provide the model.

Since the submission of this paper, the above directions have been
taken by Nadel [6], and the reader is referred to his results.
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