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THE COSUBSTITUTION CONDITION

J. C. MUZIO

1. Introduction. Let n be a natural number, n ^ 2, and N = {l, 2, . . , n}.
Martin [3] showed in 1954 that necessary conditions for a two-place functor
to be a Sheffer function are that it should possess none of the properties of
proper closure, t-closure, proper substitution or cosubstitution. He proved
these conditions sufficient in the 3-valued case. Foxley [l] demonstrated
that, in the 3-valued case, any function which possessed the cosubstitution
property must also possess at least one of the properties of proper
closure, proper substitution or t-closure. We shall establish the cor-
responding result for n-valued logic. Initially we establish a necessary and
sufficient condition for a function to be t-closing. By investigating the
conditions implied by the cosubstitution property it will follow that if F
possesses the cosubstitution property for a decomposition of the n truth
values into less than n classes then it will also possess the proper sub-
stitution property for the same decomposition. In the remaining case of a
decomposition of the n truth values into exactly n classes it will be shown
that F will possess at least one of the properties of proper closure, proper
substitution or t-closure if it possesses the cosubstitution property for
such a decomposition.

Before proceeding any further we will introduce definitions of these
terms as given by Martin [3]. Suppose we have a decomposition of the n
marks into two or more disjoint, non-empty classes. Iia,beN we write
a ~ b to indicate that a and b are elements of the same class. Let ar, bτ,
cr, dr, er, f be logical constants taking the truth values α, b, c, d, e, f
respectively («, b, c, d, e,feN). A binary functor F satisfies the substitu-
tion law if, for any a, b, c, d, whenever a ~ c and b ~ d then e ~ f where
Fa'b* =r ef and Fc'd* ~τf\ If F is a binary functor such that whenever
e ~f and Farbr =τ e1', Fc'd* =τf

r then either a ~ c or b ~ d then F satisfies
the cosubstitution law. We say F has the proper substitution property if
there is a decomposition of the n truth values into less than n classes for
which F satisfies the substitution law. Similarly F has the cosubstitution
property if there is a decomposition of the n truth values for which F
satisfies the cosubstitution law.
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A one-place functor T is a t-functor if the following hold.

(I) Tna' =τa' for aliaeN
(II) for every i (1 ̂  i ^ w - 1) and a(aeN) T{ a* φτ a*

F is said to be t-closing if there is some ί-functor F such that for every
1, j there is a & such that FTιpTjp=τ Tkp. Finally F has the proper closure
property if some non-empty proper subset of the n marks is closed under F.

2. Notation and Definitions. We use the notation

{A,}, {A2}, . . . , {A,} C {B,}, {B2}, . . . , {Bh}

where A,-, Bj (1 ̂  i ^ g; 1 ̂  ^/z) represent sequences of symbols denoting
truth values, and for any sequence C, {C} is the class of truth values
denoted by the elements of C, to mean that there exists an integer j (= j (i))
such that {Aj} c {Bj} for each i = 1, 2, . . . , g. If the values j(l), j(2), . . . ,
j(g) are all necessarily distinct we shall write

{Ai; A2; . . . A j c t e ; ^ . . . Bh}.

If we have g2 sequences A t l ί 2 (1 ̂  i 1 ? z2 - g ) then

lA i i ! A 1 2 ! . . . I Ajgj A 2 i IA 22 I . . . I A 2 g5. . . ', Agi: Ag2" '. Agg) C \Bι\ B2] . . . ', B^}

is used to mean that there exists an integer j (= j(iι)) such that, for all
*2(1 - * 2 ̂ g), {Aili2} c {5; } with j(l), j(2), . . .j(g) necessarily all distinct.

Consider a decomposition D of the n truth values 1, 2, . . . ,n into m
non-empty classes (1 ̂  m ̂  n) where the zth class contains s, truth values
(£= 1, 2, . . . , m). If α', δ', c f, <if, β',/ f are logical constants assuming the
truth values a, b, c, d, e, /respectively {a, b, c, d, e,fe { 1 , 2 , . . . , n}) such
that Fa'b' =τ er and Fc'd' =τfr and the corresponding truth values e, f are
such that e ~ / in the decomposition D then we write Fa'br ~ Fcrd'.

The m classes of truth values will be denoted by

l#ll> #12> 9 # l s i h lβ21> β22> >#2s 2 /, . . . , \flml^ am2, . , (^msmj

where an, a12, . . . . . . . , amSm i s some r e a r r a n g e m e n t of 1, 2, . . . , n .

{A,} i s used to denote {flfl) «ί2> > ««,•} (1 — '̂ — w ) . We shal l wr i te {B^ }
(1 - i, j - m) to denote

{ F 6 n bjl9 Fbn bj2, . . . , F δ ϋ bjsj,Fbi2 bμ, Fbi2 bj2, . . . , . . . , F δ / s , δ ; s / }

w h e r e &n, ^ 1 2 ? . . . ? bmsm a r e logical constants taking t r u t h values an,
«i2> > «msw respect ive ly .

If Fδrt δ// =τ %7 where 1 ̂  i, j ^ m; 1 ̂  fe ̂  s, 1 ̂  Z ̂  5, and c j e {6 n ,
^12? 9 bmSm}then we use {C ί ; } t o denote

l c l l ? C 1 2 > j c l s > C 2 l 5 C 2 2 ? . . . , . . . , c s i s j i

and {£>*•/} to denote the class of truth values corresponding to the elements

of{Cί; }.
We write {Ay} ~ {A'//} to mean that there exists an integer k (k =

k(i,j), \ < k^m) such that {Df y}, {A'/'} £ {4j. A number of truth values
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are described as "similar" if they belong to the same class of the
decomposition. For i = 1, 2, . . . , m the ith "block row" is defined to be
m m

U {Dij}. Similarly for j = 1, 2, . . . , m the jth "block column" is ( J {Dy}.
7 = 1 ί = l

3. Conditions for t-closure. If Tp is a ί-function we define T°p = p and

τk+i p=TTkp ( ^ = O j i ? 2, . . .)•

The following theorem is stated in two forms, the proof of the second
following from that of the first by interchanging rows and columns in the
argument.

Theorem 3.1. (A) A functor F is t-closing if and only if there exist
integers i0, il9 . . . , in-x such that, for each j = 0, 1, . . . , n - 1, FpT^p =τ
T*ip where 0 ^ ij ^ n - 1.

(B) A functor F is t-closing if and only if there exist integers i0,
il9 . . . , in-ι such that, for each j = 0, 1, . . . , n - 1, FPpp =r T*ip where
O^ij ^ n- 1.

We prove the result in form A. Necessity of the condition follows from
the definition of t~closure. For sufficiency we must show, for all values of
k(0 — k — n- 1) and for all values of 1(0 — I — n - 1), that for some value of
j= j(k,l)FTkpTιp =TT>p.
(a) We have FTkpTkp = T ioTkp =τ T io+kp for each value of k,0 ^ k^ n- 1.
(b) Consider FTkpTιp, with k Φ I and 0 ^ k, I ̂  n - 1; define j = n+ I - k
(modulo n ) , 0 ^ j ^ n - 1. Then e i ther (I) j + k = I o r (II) j + k = n+ L
If (I) then FTkpTιp = τ FTkpTj+kp

=τT^T^p
= τ T*i+kp.

If (II) then FTkpTιp = τ FTkpTnTιp
=τFTkpTJ+kp
= τ τ*i+kp as above.

(c) For any general value of k we note that Tkp =τ Tk'p where k' = k (mod ft),
0 < k1 < ft- 1.

Consequently we have that for all a, b there exists an integer c such
that FTapTbp = τ T

cp, and the result follows.

4. The Co substitution Property.

Lemma 4.1. If F possesses the cosubstitution property then {Dn; D22; . . .

A B / J C {AI;A 2 ; . . . ;Am}.

Proof. If for some i, j (1 ^ e, j ^ m) Fbiubiv ~ FbjW bjX for any u, v, w, x
such that 1 ^u, v ^ Si and 1 ^ w, x ^ Sj then the cosubstitution property
implies that either a{u ~ ajW or aiV ~ ajX and, in both cases, this implies
1 - j. Consequently, since there are exactly m classes in the decomposition,
the lemma follows.

Theorem 4.2. If F possesses the cosubstitution property then either all the
entries in each block row are similar or all the entries in each block
column are similar.
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To establish this result it will be shown that either one or the other of

the following hold.

I {Dn: Dl2:..: Dlm;D21:D22:..:D2m;.. Dml:Dm2:..:Dmm}Q {Aλ\Az;.. ;Am]

II {Dn:D21:.. :Dml;D12 :D22 :..:Dm2;. .;Dlm:D2m : . . :DmM}c {Ai;A2;.. ;Am}.

In the truth table of F consider the α^-th row (for some Ui, 1 ^ ut . ^

Si,l^i ^m). Consider the entry in the α/W/ -th column (jΦi, some Uj,

1 < W;. < SJ, 1 ^j ^m). We have FbiuibjUj = Γ c
%jiu] and let the truth value

corresponding to c j ^ b e denoted by of.

Then, in view of the above lemma, there exist θ, k such that a ~ θ and

θ e {Dkk}, (1 ^ k ^ m). Hence, we have Fbiuib^ ~ Fbkukbkvk for all uk, vk such

that 1 — uk, Vk— Sk- Then the cosubstitution property implies that either

&iui ~ Ukuk o r ajuj ~ ^ ^ giving either i = k or j = k. Consequently if ae {Ay}

then there exists θ such that a ~ θ and

0 e {Da} or 0 € {£;7}. (1)

We now show that if a, βe {D,*/} (̂  * j) then it is not possible for a ~ γ

and β ~ δ where y, δ are the truth values corresponding to the values of

Fbiwibixi, Fbjwjbjxj respectively for any wi9 xi9 Wj, Xj (1 ^ w{, ΛΓ, ^ Si 1 ^ w7-,

Suppose for some w, Uj, Vi, Vj (1 — U{, V{ — s, ; 1 — w; , ι>/ — s ; )

that Fbiuίbjuj - Fbiwibixi (2)

and i ^ v A ^ ~Fbjwjbjxj. (3)

Consider Fbjujbivi\ by (1) either (a) Fbjujbivi ~ FbiyίbiZi for some y,-,

*,- (1 ^ yf , *, ^ sf ) or (b) Fbjujbίvi - FbίyjbiZj for some yy, >ε; (1 ^ y; , ^ ; ^ Sj).

In case (a), since FbiyibiZi ~ FbjWibixi (by lemma 4.1), we have, by (2),

that FbjujbiVi ~ FbiUib^ and the cosubstitution property implies that either

djuj ~ aim or <kvi ~ ajuj both of which lead to i = j . Case (b) follows similarly

to (a), by interchanging rows and columns and using (3) instead of (2).

Consequently we must have either

{Dί; } ~ {DH} or {A 7 } - {Djj}. (4)

In particular either {D12} ~ {Dn} or {2)i2} ~ {D22}. We assume {Di2} ~

{Dn} and deduce alternative I of the result. Alternative II follows similarly

using the other assumption. The proof will be completed in three stages,

namely by showing:

(a) {A/} - {Dn} for each j, 3 ^ j * m.

(b) {Dn} - {Da} for each i, 2 ^ z ^ m.

(c) {A/} ~ {AΪ} fort, j such that 2 ^ ; ^ m ; 2 ^ ^ m .

(a) Consider {D1; }, 3 ^ j ^ m . By (4) either {Diy} - {Dn} or {D1; } ~

{D/7}. If {D1; } ~ {%} then either {Dn} ~ {Dy; } ~ {D1; }L i.e.,_ {Dyi} ~ {D1; } which

contradicts the cosubstitution property for j * 1; or {D;1} ~ {On} ~ {̂ i2}> i e.,

{i);1} ^ {^i2} which contradicts the cosubstitution property for j Φ 1. Hence

{Z) iy} ~ {Dn}.

(b) By (4) e i t h e r \p{1} ~ {Du} o r {Dn} ~ {Du} ( 2 S j < OT). if {Dn} ~ { D U }
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then, since {Ai} ~ {A2} we have {Dn} ~ {D12} which contradicts the cosub-
stitution property for i Φ 1. Hence {D^} ~ {Aϊ} a n c* consequently {z>n; Z>2i?
• ? A«1J ^ YM> ^ 2 > 5 ^wz/

(c) Suppose there exist i, j (2 ^ i, j ^ m, i Φ j) such that {A/} ~ {•£>//}.
By (b) {Dμ} ~ {Djj}. Hence {A/} ~ {z>7 χ} which contradicts the cosubstitution
property if j Φ 1, j Φ ί. This completes the proof of the theorem.

It is now necessary to distinguish between a decomposition of the n
truth values into less than n classes and one into n classes. The former
case is easily disposed of and this is done in theorem 4.3. In the latter
case, however, it will be seen that a considerably more detailed examina-
tion is required.

Theorem 4.3. If F possesses the cosubstitution property for any decom-
position of the n truth values into less than n classes then F also possesses
the proper substitution property.

The conditions which must be satisfied if F is to possess the proper
substitution property with respect to the same decomposition as that for
which it possesses the cosubstitution property are that for each value of i, j
there exists some k (k = k(i, j), 1 < ^ <w) such that {A/} c{4^}. However
these conditions are immediately satisfied: following by the results proved
in the previous theorem. Hence F possesses the proper substitution
property.

In the following work we shall be considering a decomposition of the n
truth values into n classes. Consequently we can omit the second subscript
when writing both truth values and logical constants, since it is always 1.
This is done throughout the following theorem.

Initially from Theorem 4.2 the truth table of Fpq will either contain n
identical entries in each row and n different entries in each column or vice
versa. We assume the former, i.e., for 1 ^ j ^n

Fbjbk =τ bjt where j ' = j'(j), 1 ^ j ' ^ n and bj, ΦT bp unless j = Z. (5)

The result will then be proved, making use of Theorem 3.1(A). It will
follow for the other case by interchanging rows and columns and using
Theorem 3.1(B).

We define the one-place functor G by Gb1 =τ bjt for j = 1, 2, . . . , n and
we note that, for all k = 1, 2, . . . , n and 1 < j < w

Fbjbk=τGbj. (6)

Theorem 4.4. If F possesses the cosubstitution property for any decom-
position of the n truth values into n classes then F possesses at least one of
the properties of proper closure, proper substitution or t-closure.

The result will be established in three parts:

I. // Gbj =τ bj for some j , 1 ^ j ^ n, then F has the proper closure
property.

II. // I is not satisfied and Gpbj =τ bj, for some j , 1 ^ j ^ n, and some p,
1 < p < ny then F has the proper substitution property.
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III. // I and II are not satisfied then we show that F possesses the t-closure

property.

I. If Gbj =τ bj for some j, 1 ^j ^ n , then by (6) Fbjbj =τ bj and consequently
possesses the proper closure property.
II. If Gpbj =τ bj for some j , 1 ^j ^n and some p, 1 < p < n. Let k be the
least such p, Kk^p<n so that Gkbj =r fy 1 < k < n, but Gιbj ΦΊ bj for
any I, 1 ^ I < k. Initially we have, for 1 ^i ^k - 1,

GkG%j =r G%, but GιG% ΦT G% for 1 < Z < &. (7)

This follows since GkG% = τ G
{Gkbj =τ G%, but if GιG% =τ G{bj for some

I, 1 ^ I < k, then G^G^bj =τ G^'G'bj =τ Gkbj = τ 6, and G^G^bj =τ

GιGkbj =τ Gιbj so that G76/ =τ bj, I ^ l< k, which contradicts our assump-
tion of k being the least such value.

We shall denote by a\ the truth value corresponding to GJbj (1 <&' < n,
; = 0, 1,2, . . .). If

aU{a°j, a), . . . , df ^ (8)

for some i, 1 — z — n (at least one such α° must exist since k <. ή) then we
prove, by induction on r, that for any q, 0 ~ q ~ k - 1

Grδz * τ G% . (9)

For r = 0 the result follows immediately from (8). Assume the result
for some nonnegative integral r.

C o n s i d e r Gr+% = τ G% f o r s o m e q , 0 ^ q ^ k - 1 , t h e n GGrb{ = r GGq~λbj
(if # = 0 then GG r^ = τ GGk~ιbj). If Grδ, = τ &x (say) and Gq'ιbj = τ δy (say)
then by the induction hypothesis δ* Φτ by. However Gbx =τ Gby, which by (6)
implies that bxι =τ byι, which, by (5), is only true if x = y, which contradicts
the induction hypothesis. Consequently Grb{ Φr Gqbj q = 0, 1, . . . , k - 1; r =
0, 1, 2, . . . We now show that, for any i, 1 ^ i ^ n, b{ =τ Gkίb{ for some ki,
1 ^ ki ^n, and if k{ is the least possible such value, then

a°i, a), . . . , af'1 are all distinct. (10)

Consider {a°, a], . . . , a"}. Since there are only n different truth values
we must have, for some P, q, Q - p < q —n, Gpbi =τ Gqb(. Suppose p is the
least possible such value and assume p Φ 0. Then we have Gp"1bi Φτ G

q~ιb{.
If Gp~% =τ bx (say) and Gq~% = τ by (say) then Gbx =τ Gby, but bx Φτby which
contradicts (5). Hence the least possible value for p is p = 0,i.e.,δz ~rGkibi
for some ki, 1 ^ &, ^ w. Further if k{ is the least possible such value then
a*-, a), . . . , α / " 1 are all distinct, since otherwise Gpb{ =τ Gqbί for some
p, q, 0 ^ p < q <k{ and this implies either b{ =τ Gq'pb{ with 0 < q - p < k,
which contradicts k{ being the least such value, or Gxb{ =τ Gyb{ for some
x, y such that p - x = q - y and 0 < x < p; 0 < y < q, and Gx~ιb; Φτ Gy'1bi,
which, as above, contradicts (5). We are now able to start defining a
decomposition of the truth values with respect to which it will be shown that
F possesses the proper substitution property.

Define Eλ = {αj, a\, . . . , ^i1"1}, where kλ is the least positive value
such that Gklbλ = τ bx.
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We have either bλ =τ G
qbj for some q, 0 — q < k, in which case kγ~k

by (7), or bλ Φτ G
qbj for any q, 0 ^ q < k, in which case since α°, a\, ,

ai1"1 are all distinct (by (10)) and there are a maximum of n - k truth

values which can be taken by Gqb1 (for any q, 0 ^ q < k) (by (9)) we have

kx ^ n - k. Consequently in both cases kλ < n.

Define r x = 1, Rλ = 1, and for each value of j = 2, 3, . . . , n:
Rj-i

(I) if αjV U £ s then r, = R ^ + 1 and Erj = {a*, a), . . . , α*'""1} where ife; is

the least positive integer for which Gk'bj =τ bj , otherwise, i.e., if tfe U Es,
s = l

then there exists a unique integer s, I ^ s ^ R^λ such that a*-e Es and we

define r ; = s, (s is unique by note (a) below).

(II) Rf = ma x (r, ) (1 ^ i ^ j ) .

We note that

(a) By (9) we cannot have α°e £ s and α^e £«, s Φ u, for any i, I ^ i ^ n.

(b) For any i, 1 — i ^ n, there exists an s such that α°e E s , viz. s = r*.

Consequently we have a decomposition of the n truth values <z°, α£, . . . , α«

into m disjoint classes where m= β«. It remains to prove that F possesses

the proper substitution property with respect to this decomposition.

S u p p o s e a,j ~ aι, j Φl, 1 ^ j , I ^n. T h e n for s o m e rs, 1 ^ rs ^ Rn, a,j,

aι e Ers. Consequently for some p, 1 — p — ks

bj =τ G
pbs (11)

and for some q, 1 — q —ks

h=τ G% (12)

and suppose p < q. Also, from the definition of ks ((i) above),

bs=TG
ksbs. (13)

Hence, by (11), (12), 6, = τ G% =τ G ^ G ^ S = τ G
? Λ 7 and 1 ^ q - p ^ ks and

by (11), (12), (13) bj = τ G
pbs =τ G

pGksbs = τ G
ks"qGpG% =τ G

ks'qJrpbt and 1 ^ ks -

q + p - ks. Hence 6/ =τ Ĝ δy and 6y =τ G%ι for some w, 2;, 1 ^ w, f ^ ̂ s .

We now show that if a,j ~ cti and ax ~ ay then Fbjbx ~ Fbιby. Suppose α ; ,

α/ e JTrs and αx, αye Erz (1 ̂  r s , r z < βΛ).

We have that there exist p, ̂  (1 ̂  p ^ ^ s ; 1 ^ (7 < fe2) such that Fbfiy =τ

FGpbjG% = τ G^4"1^- by (6) and a^+1eErs.

But Fbjbx=τGbj by (6) and a)eErs. Hence Fbjbx ~Fbtby and i?

possesses the proper substitution property for this decomposition. This

concludes II.

III. If

Gfy * r bj (14)

for any j , 1 < j < n, and any />, 1 ̂  p ^n - 1, then we show initially that

Gwft; =τ δ/ for each j , 1 ^j ^ n. Consider {αy, αy, . . . , a"}. Since there are
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only n different truth values we must have either Gnbj =τ bj or Gqbj =τ G
pbj

for some p, q, 1 ^ p < q ^ n, in which case Gq'p(Gpbj) =τ G
pbh 0 < q - p < n

which contradicts (14). Consequently Gnbj =τ bj, 1 ^j ^ n, and so G is a

t- function.

Similarly α°, a), . . . , anfι must all be distinct to avoid contradicting

(14). Hence a], a}, . . . , a]'1 is just a rearrangement of α£, «£>•••> αίj.

Now, by (6), FbjGpbj =τ Gbi for each 7 = 1 , 2 , . . . , n and all p, 0 ^ /> ̂  n - 1.

Hence, by Theorem 3.1(A), F possesses ί-closure. This concludes III and

consequently completes the theorem.

Combining the last two theorems we have established the following

result.

Theorem. If'F possesses the cosubstitution property then it also possesses

at least one of the properties of proper substitution, proper closure or

t-closure.
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