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THE COMPLETENESS OF COMBINATORY LOGIC
WITH DISCRIMINATORS

JOHN T. KEARNS

1.0 In [2] I introduced a system of combinatory logic with discriminators.
Basically this is a system like those presented in [l], modified by the
addition of discriminators, or discrimination functions. In this system, the
reduction relation > is somewhat different from the reduction relations
considered in [1]. The relation > is characterized by transitivity and left
monotony—i.e.,

(r) AΊ > X2, X2 > X3 — XL > X3

(v) Xλ>X2~* XλY> X2Y.

In addition, there is a basic schema for > corresponding to each basic
combinator.

1.1 Pure Combinators. The pure combinators are the same as those
studied in [l]; these are the combinators which do not involve discrimina-
tors. The basic pure combinators and their reduction schemata are:

IX >X WXY>XYY
BXYλ Y2 > X( Y1Y2) SX1X2 Y > Xy Y(X2Y)
CXYλ Y2 > XY2 Yx φXX, X2Y > X(Xλ Y)(X2 Y)

KXY> X ψX1X2Y1Y2 > Xί(X2Y1)(X2Y2)

Here, as in [l] and [2], parentheses associated to the left are omitted, so
that X1X2 . . ,Xn is an abbreviation for (. . . (X1X2) Xn)-

It is unnecessary to adopt so many basic pure combinators. For S, K,
and C provide a sufficient basis for constructing the rest, as shown below:

/ = SKS φ = BBBSB
B = S(KS)K ψ Ξ B {B[BW(BC)] B}{BB)

W =S(CI)

1.2 Some Definitions. A regular combinator is one whose reduction leaves
its first argument unchanged. All of the basic pure combinators are
regular. It is sometimes desirable to employ combinators which leave
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their first n arguments unchanged. These are deferred combinators the
number of arguments left unchanged is one greater than the numerical
subscript enclosed in parentheses. Thus, for any regular combinator X,
X{n) is a deferred combinator which operates like X. For instance, C{n)

reduces as illustrated:

C(n)XθXl Xn Y\ *2 ^XoX\ XnYϊYl

For any regular combinator X, the deferred combinator is constructed

There are two other combinators related to C which have numerical
subscripts enclosed in square brackets. These combinators and their
reductions are illustrated:

C[n]XYo Yn ̂  XYnYo Yψi-l
c[n]χγ0. . . γn >XYX . . . ywy0.

Their constructions are given in [2].
For any combinators X, Y, the abbreviation 'X Y' is defined by

X Y =BXY. This can be extended to Xx X2 -X3 = (X1 X2) X3, and so
on. This gives rise to1

X° = I
X1 =X
Xn=X X . . . 'X

n

Combinatory numbers will be designated by ordinary numerals which
are underlined. These numbers are constructed:

O=K1
n+ 1 = SBn

1.3 Discriminators. The basic discriminator is Z. Its reduction is
illustrated:2

ZXfgY > fY, if X is the same as Y

> gY, if X i s not the same as Y

With Z i t is possible to construct Zn which reduces

ZnXfgΎ0 . . . Yn >fY0 . . . Yn> if -X"is the same as Yn

>gY0 . . . Yn, if X i s not the same as Yn

1. The numerical superscripts do not have this significance with the discriminators
z> z ( )

2. For X to be the same as Y, X and Y must either be the same simple symbol, or
they must both be complex combinations constructed in the same manner from
the same simple components.
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(It is important to note that numerical superscripts attached to discrimina-
tors have a different significance than is given by the definition in 1.2.)
The construction of Znis given in [2].

A second discriminator that will be taken as basic is Z(). It reduces

Zo fgX > fX, if X is a complex combination
gX, if X is a simple symbol

A combinator Z(

w> can be constructed, which reduces

ZJt) fgX0 Xn > fX0 ' Xn, if Xn IS COmplβX
gX0 . . . Xn, if Xn is simple

The combinator Zo need not be adopted as basic if the "supply" of basic
combinators and simple non-combinatory symbols is fixed (and finite).

Another combinator to be taken as basic which is related to discrim-
inators is R.3 This reduces

RX(Y,Y2) > XY,Y2

RXY > XY, if F is simple

The combinator R can be constructed under the same conditions as Zo.

1.4 Symbolic Systems. A symbolic system consists of the basic combina-
tors, a finite number of simple non-combinatory symbols, and combinations
constructed from these by application. In the symbolic system(s) con-
sidered in this paper, the following three non-combinatory symbols will be
employed: #, 1, 2. These symbols are dispensible, and could be replaced
by complex combinations formed from basic combinators.

1.5 The Combinators Xft. These combinators are related to the basic pure
combinators, but they can operate on an arbitrary number of arguments.
For these combinators, '# ' serves as a termination symbol. The combina-
tors , and their reductions are given:

BnXY1 . . . Yn# >X(Yi . . . Fw#), where none of F x , . . . , Yn is <#'
WrrXY1 . . .Yn§ >XYι . . . Yn§Yi . . . Fw#, where none of Y19 . . . , Yn is Ψ
CrfXY1 . . . Yn#Y[ . . . Ym# >XY[ . . . YUYi . . ^n#, where none of Yl9 . . . ,
Yn-> ^ i > ? Ym IS ' # '

KftXY1 . . . Fw# >X, where none of Yl9 . . . , Yn is <#'

SrtXιX2Y1 ...Yn# >X1Y1 . . . Yn#X2Yi . . Yn#, where none of X2, Yl9 . . . Fw

is 4# ?

φ ^ X X ^ F i . . . . 7n# > XXiFi . . . Yn#X2Yi .. Yn#, where none of X2, Yλ, . . . ,
Fw is f # '
ψ ' ^ ^ F i . . . Yn#Y[ . . . F^# > XiX 2 F x . . . FW#Z2F{ . . . Y^ΰ, where none

oiX2, Yu . . . , Yn, Fί, . . . , F ^ i s <§>

3. For ^i?' the numerical superscript has the sense given in 1.2. So that

Rn = R - R - . . . • R

n
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R "X{Yι . . . FW#F{ . . . Yn)>X(Y1 . . . Yn)#Y[ . . .Ym, where none of Y[, . . . ,

YL is Ψ

The construction of these combinators can be found in [2].4

2. Completeness of the System Without Discriminators. In (1), combinatory
completeness is explained as follows. Let £ be a combination containing 0
or more occurrences of the simple, non-combinatory symbol x. Then,
using the simple symbols occurring in 3E (other than x) and the basic
combinators, it is possible to construct a combinator X such that Xx > 3Γ.
The combinator X is the #-abstract of X, and is sometimes written ([χ]. 3E.'
In [l] it is shown that several different algorithms can be used to produce
an ΛΓ-abstract of a combination. In this section, I will show that the system
of basic pure combinators (i.e., without discriminators) is combinatorily
complete. The addition of discrimination functions does not alter this
completeness; but they are not needed to provide completeness.

In [l] (pp. 190-1) there is a list of specifications given that provides
the basis for different abstraction algorithms. This list can be adapted to
the present system; the modified list is below. Each specification in the
list is such that [x] . * has the form XI, and XYx reduces XYx > YX for all
Y. When [x] .2=XI9 '[x]~! .2' will designate X. (In the list below it is
understood that italic capitals do not contain occurrences of x )

(a') [x].X = C(BK)XI

(bθ [x].x=II
(cθ [*]. Xx = CBXI
(df) [x]. Xx H2 = C{B2X2B)XJ, where X, = [x]"1. »2

(ef) [x]. HλX2 = C(BC(BXίB))X2Iy where X, = [x]'1 . ^
(f 0 [x]. «! «2 = B(B(BW(BX2))X1)BIy where Xx = [x]'1 . l u X2 = [x]'1. *2

Lemma 1. Let x be a simple symbol that is not a combinator. Let ϊ be a
combination containing at most one occurrence of x. Then the algorithm
(a'), (d')> (e')> (b')5 will produce a combination XI not containing x such that
XIx > X and XYx > Y% for all Y.

Proof. If X does not contain x, then (a') produces an appropriate XL If 3E
contains an occurrence of x, the lemma is proved by induction on the
structure of 3£.

The next lemma is a consequence of the specifications (a'), (d f), (e')>
(b') and the nature of the reduction relation.

4. The combinator Rn is not given in [2]. It can be constructed

R" = WI{B2 R[Z3#(KI)(WI)]}

5. When the specification {a') is used for a combination X not containing x, it will be
used just once for the whole combination, and not for the simple components of 3E.
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Lemma 2. Let x, y be distinct simple symbols which are not combinators.
Let ϊ be a combination containing at most one occurrence of x, and let 3E'
be obtained from ϊ by replacing x by y. Let [x]. $ = XI be obtained by (a'),
(d')> (e'), (b') Then Xly > *' and XYy > Ylf for all Y. And if 3' contains
an occurrence of y just where H contains x {i.e., S' contains no additional
occurrences of y), then [y]. £' = [x]. 3£ = XL

Theorem 1. Let x be a simple symbol that is not a combinator. Let H be a
combination containing n occurrences (n^O)ofx. Ifn^l, the algorithm
(a'), (d')> (e')> flb') WM produce a combination XI not containing x such that
XIx> 3E. If K n, the algorithm (a'), (d')> (er)> (b') can be used on each
occurrence of x to produce a combination XI not containing x such that
Wn~\XI)x> 3L

Proof. If n ̂  1, the theorem is established by Lemma 1. Suppose n= 2.
Select a simple symbol y not occurring in ϊ . Let £.' result from X by
replacing the first occurrence of x by y. By Lemma l,the algorithm (a'),
(d')> (e')> (b') will produce a combination XfI not containing y such that
X'ly > S'. By Lemma 2,

XΊx> S.

By Lemma 1, the algorithm will produce a combinator X" not containing x
such that XnIx > X'l. By (v),X"Ixx>XΊx. By (T) and (i),

X'Ίxx > Έ.

But W1(XrrI)x > XnIxx. The general case is proved by induction on n.
There are other algorithms which can be used to perform abstraction.

The algorithm (P), (a'), (bf) can be used on a combination I directly,
avoiding the necessity of treating each occurrence of x separately. The
more cumbersome procedure in Theorem 1 is presented in view of the
result to be obtained in section 3.

3.0 Completeness with Discriminators. The presence of discriminators
does not change the completeness results of the preceding section, but
these functions are so powerful that one would expect a stronger sort of
completeness in a system containing them. It seems plausible to claim that
any effective calculation can be represented (expressed?) m a system
containing pure combinators and discriminators. But it is difficult to form
a precise statement of a stronger completeness; a statement that would be
susceptible of proof.

In [2 ] it is shown that Turing machines can be modelled by combinatory
logic with discriminators. So every computable function is expressible
with (pure) combinators, discriminators, and various other simple symbols.
This does not require that non-numerical symbols be coded as numbers;
combinatory logic with discriminators can incorporate any symbols.

In this section, I will show that the addition of discriminators to the
pure combinators makes it possible to construct a combinator λ, so that for
a simple symbol y that is not a combinator and a combination Y, λ;yΓ> [y] .
F, where [y] .7 is formed as in Theorem 1.
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3.1 Some Definitions. The combinators constructed in this section will be
used in the construction of λ. The combinator Φ; reduces

fyXYi . . . YiX > XxY1 . . . YiX

It is constructed

The reduction and construction of 3f* are given

9iX0 . . . XifgY, . . . YmHm > Xo . . . Xi(fY1 . . . Ym*)(gYx . . . Ym#) (##),
where none of Yi9 Yi+1 are #, (##)
8, S W[^+ 4#k ( / + 2 )[^+ 4(##)(A7)(PF/)]}{^ ( / + 2 )(W/)}]

fi is given

SXF? . . . γ$0#γ\. . . r j / . . . # r r . . . O(##) > -Xw[y? O l (##),
where none of YJ = #, and no F / Ξ (##)
β = WI{B3B"[Z*(##)[K(CI)] {C[BB(WI)] (SB)}]} 0

And finally $ t is given

Φ. Xo . . . ^ F x . . . Fw#(##) > X 0 . Xi(Yι . . ί«#) (##), where none of Xh

X / + 1 a r e # , (##)
^ = W/ [β;; + 5 )Z

ί < + 3(##) (ΛΓ/) (W/)]

3.2 Γ/ze Combinator λ.

Theorem 2. Z,β£ y be a simple symbol that is not a combinator. Let Y be a
combination {containing 0 or more occurrences of y). Then there is a
combinator X such that \yY > [y] . Y, where [y] . F is as described in
Theorem 1, except that Wn"1 is replaced by (n - Ϊ)W.

The proof of this theorem is the construction of λ. I will not show here
that the construction given is adequate, for showing this is a straightfor-
ward but quite lengthy task.

λ Ξ CI3]{5?6)5?4)JB(2)JBCΔ(W)52Δ fj}Δ' f(^/)#

XyY reduces

λyY > Δ{ Wl[B2(ά!ly) λ"(WI)]}Y#.

If Y = y, Δ C T >//. If F is a simple symbol distinct from y, Δ C T >
C{BK)YL If F is complex,

ΔXF# >X#x\ . . .x$fi . . . #ΛΓΓ - <L#(##)Si . Sw#(##)#

Here S1? . . . , Sw are the simple symbols occurring in F, in the order of
their occurrence. The position of Sz in F is given the n-tuples of Ί ' s and
<2's, x[ . . . x£r The construction of Δ is given

Δ = Z1 Γ Γ
Γ, s C(8I{B[R(8)(W/Γ3)]}#1#2#(##)#(##)

T2^K(β)R(3)K(2)R
2

(iyK
2

(1) $ιayKwRιιtK[CltiZ[κW] {C[C(BK)]l}]}
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Γt =B3W "(ΓβΓΊ)
rB ^ B'('2)[z3m)rsτ9]
Γβ s B"{R«)C{1)B"[B\'Ϊ)R{CI2)] 1}
Γ7 = %$,0R{X)

Γ8 s K^SofRC,,,)

When F is complex

Δ{M[£2(Δ'2y)Δ"(W/)]}Γ# >

Δf Jy [Δ'f(W/){W/[J32(Δfiv)Δ'f(W7)]}]#^i < ί # ( # # ) 5 1 . . . Sw#(##)#

And

Δ'lyX#x\ . . . . ^ # ( # # ) S 1 . . . Sw#(##)# >

X##l . . . . xξβ(**)iβ1 . . . Sw#(##)l#, where S, = 3̂  and S, ^3^ for all j <i
X#x\ . . . . ^ # ( # # ) S ! . . . SOT#(##)#, where S, ^ 3; for 1 ^ i ^ m

Δ' is constructed

Δ' = ^(W/Σi)

Σ l Ξ $ 7 ^ ( Λ ) Σ 2 / Σ 3 ( M )

Σ 3 Ξ φ 5 [5(Φ 6 /^)Z 5 ]Σ 4 Σ 5

Σ 4 Ξ K(1)C[S](K(3)X2C[2]I1)

When the reduction of Δ' is completed, the resulting combination begins

Δ"(W7) { ^ ( Δ ' ^ Δ ' ^ M ) }

This reduces

Δ f '(M) {B2{Δ!ly)Δ"{W)}#x\ . . . . xξJ{M)iS1 . . . SW2#(##)1 . . . 1# >

r

Δ{W[5 2 (Δ f ^)Δ r ' (M)]} F Ί . . . 1#, where Yr is the ^-abstract for the
first occurrence of y in the formula analyzed by Δ in the preceding
stage.

Δ!'{Wl){B2{ά!ly)b!r{Wl)}%x\ . . . . < I #(##)S 1 . . . Sw#(##)l . . . 1# >

r

C(BK)YI, iϊr = 0; [y] . F, as formed by algorithm (a'), (d')> (e f), (br) if
r = 1; and (r - ί) W(F7), if r > 1, where (F7) is produced as described
in Theorem 1.

Δ" is constructed

Δ" s ί(Z?,Π1Πa)(JBΔ)

Π2

 Ξ C [ 2 ] β ( ; β " [ 5 2 ( M Π 2 4 0 ) Π 2 5 ]
Π3 =Φ32:2J5(C['2]X/)(W/Π4)
Π4 = Φ 4 5 ( 5 ) 5[ 3 ) β

2

2 ) [Z32(MΠ5)(MΠ6)]
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π 5 ^R'('7)R(β)z
4m16(wιn17o)

Πβ = B%, £{i, R?3, [Z42Ώ,(WmS]
Π7 = A"(3,̂ <5) R'SΛ [Φ4(£68ΰti))-BΠ8Π10]
Π8 = S(io)C(s)£(s)S«)fi?β) [^β2Π13(M)](S5)
Π9 = C[8] {C[β] [£(7)C[5](β(7)C[5lβ(4)C)]}£β(βC)
Π1 0 s TW{R( 7 )Z

5(##)ΠU(W/)}

Πn = C[5)K(2)R(2)\&3lRf(2) Π12)
π12 sz4# {c,'βis (β)/[/f ίK i i , ^ j ϊ lXwr)
Π ^ ί j ί ί ^ f i ^ β*!! [a>6/β(β)(a>3JB«1)£JB(6))Π14]}

π ^ V f i ( S ) ( V f i | S ) π l s )
Π15 = CIβ)/R'(4)[Ct3l/R'(4)R(3)(M)]
Π 1 6=/f ( β,^ 8)ίί ', ' 8,R, 4,iί (3,β 28[Jl3βu)5Π 1 8]
Π w

 Ξ C(3)JB(3,R'(f6)fi(5)2[26lΠ2i(W)](Sβ)
Πlβ Ξ C(4) {C[β] [C[4] (^(γjClsjE^jCΠig)]^^ }
Π19 = Wl{RmZ5m)U2o(WI)}

Π20 Ξ ^151-^(2) ^ ( 2 ) 1 ^ 3 ^ (4)^(2) Π12J
Π21 = ̂ {#C10)^(10)βC6)^(5)£4 S [^6^(6)(^3 f f i(6)^(6))n22]}
Π 2 2 = Φ 2 / J B ( 5 ) ( Φ 5 / β ( 5 ) Π 2 3 )
Πa3

ΞCIβI/β f

(

f4)[Cl3]^( f4)β(3)(W/)]
Π24

 Ξ C(5 ( 3)B7 3 )β? 2 ){Z 32Π 2 6[^ 2 )(W/)]})(S5)
π 2 5 Ξ κ4{z*§ [κ3

(1){c [C(BK)]I}] [zHκHwm28o)]}
Π 2 6 = Λ f(f

5) β (4) #(4) ^ f(4) ΦBVSBBI Π 2 7 )

Π 2 7 Ξ 5 ( 5 ) C [ 3 ! J B ( 1 ) β"{Z 4 ( | | )(/ί/)[ΰ ( 3 ) C(M)0]}
Π 2 8 =C ( 2 ) 5 ( 2 ) 5 ( 5)[^ 6 #(Xt5)C t 2 ] i ί ( 1 ) W)(M)](S5)
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