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LES PROPRIETES DU FONCTEUR NICOD PAR RAPPORT
A LA RECIPROCITE ET CONJUNCTION. II

EUGEN MmAlLESCU

Theoreme 4.* Les formes du groupe B admettent la forme normale:

κ(D) = Rψnvγ(pzι1y-\Pζ-ιι2y-\ ..(/*,)•>., [π fei.ci,-^2^;:,

/Ci-iiC,-.. •^• l"3C-ί-1 • •^-'^"• 1ci, .PT1)"-]

K v mv-k+l-3 h, iu u-1 h j

Π Π κ*Tl Π / c + 1

+ 1 - ; Π Π^ i i + "<>>,v-i,...,>>-h> π #-*•" _,
h=2 ik=O « = 1 j=0^

mv-m + l 1 h=1 ; = 1 t=Q rmv_h+ι t
mu(vί...)v-h)~1 v i mv-l mv-ι~1 v

K 1 1 p m j . . . 1 1 p m j
y=0 ;=0 J

oώ ?2ows aυons:
hi+h-i v j

n = E M eί si = Σ Σ) wi - v -1

^ί ow ^o?̂ s aυons utilise les notations du Theoreme 3.

Nous demontrerons ce theoreme. D'apres du Theoreme 2 nous avons:
ml m2 v

ί = l /=1 i = l r

( mv \ I mv mv-ι \ ι mv

D"'-1 Π P ή [ κ D m v - i Π P i D " " ' - 1 - 1 Π /.Γ 1) U 2 β""" 1 Πi>;.ΰm"- r l

ί = l / \ ί = l 1=1 / \ 1=1
w ^ - l w?;_2 v i m v m3 .

π ppDmv-*-1 π />H (κ»-3
 D"1"-1 π p» .. D^-'Upή

ί=l 1=1 / \ ί=l ί=l /

( mv

 ml \

K"-lDm"-1Upi;...Dmi-1Up))
*La premiere part de cet article a paru en volume XIV(1973), de Notre Dame Jour-

nal of Formal Logic, pp. 527-535.
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~B!>-1i(iΓv-1iplvκplvp«mυ-ιi?p*uυplυ-ιpΐ,υ-2 . . . K^p^p^pU^1

Pv

mv... pi) [κ(Rm"->ip»mvκp:vpiv-xκ
2••p:vpϊo-ιpϊv.t . . . Kmv-3p»mv. . .

PsKZ Pmv ' ' 'Pl)\H ίPtnv-^Pmv-i-*1^ Pmv-iPmv-i-lPmv-i-2 ' ' '

K Pmv-ι * * Pa K Pmv-l ' ' ' P1 /]lK \ R IPmyKPrnyPrnv ' ' '

& Pmy P*K Pmv' ' ' Pl)\R ΪPtnv-iKPmv-iPmv-i-l ' ' '

rJnV-l-3 v-i v^np-i-1 v-1 uV-1\ (ΓfmV-2' ! JhV-2 TfhV-2 hV-2
K Pmv-l * * * P*K Pmv^ι - - - Pi )\K ΪPmv-zKPmv-rPmv^-l-'

κmv~2'3ρz2-2 pτ2κmv~2-ιp:22.. prή]... [KV-*(ITV'1IPZVKPZV

Plv^ . . . Kmv'*Kv. . . pvsKm^Pmv. . . pή. . . (R^-1 ipl3κpl3pl^ . . .

*T*-*plz. . . Plκm^pm3. . . pi)] [K">(RMV'1 IPIVKP:VPIV., . . .
K Pmv ' ' P*K Pmv Pi) \K J-Pm^Pm^mχ-1

K ρm3. . . ρ3κ ρmχ. . . ρ3)j
= C O .

Nous faisons les calculs des grandes parentheses:

( β l ) K{fv-'iplvKplXv.,plv.z . . . κm"-*plv . . . p l κ m υ - λ p i v . . . p ή
/ T H f - l - l 7 . f - l TyTj^V-1 , V - 1 Ύjr2.V-l .V-l jJV-l τ,

mV - 1~3 .V-1

\R IPmv-iKPmv-iPmv-l-lK Pmv-lPmv-i-lPmv-i-2 ' ' K Pmv-i *

P3 K ρmv_ι . . . pi )

Ώ m v m v - i - l ί v-i τf.v-1 jf2.v-l . v - l . v - l J/
nv-\.-$ .v-l

~H l\Pmv-iKPmv-i-lK Pmv-ιPmv-i-ίPmv±i-2 A Pmv-i ' ' '
.v-l j/nv-i-l . v-l j^v-Λ ί j ^ v rruV tV-1 TyΓ2 . v .v-l jjυ-l Tyr3 ,υ . v - l

p3 K Pmv-l ' ' 'Pi )\PmvKPmvPmv-lK PmvPmv-lPmv-1~1K PmvPmv-i
.V-l jΛ>-2 j^V-l"2 .v ftV-l LΛ)-lumv-l . v +.V-1 JΛV~Λ

Pmv-i-lKv-l-Z ' ' K PmvPmv-x ' Ps K PmvPmv-i ' ' 'Pi ) '

&PmvPmv-lK PmvPmv-lPmv-l-lK PmvPmv-lPmv-lPmv - \Pmυ- r l Λ PmvPmV'l
jΛ>-l u.v-1 f*v-l τ/nv-1"1 , v .v +>v-l -^- l Tsmv+l v j.v

Pmv-iPmv-i-lVmv-ΓΊ ' * ' A PmvPmv-l-Pmv-l * ' ' Ps A PmpPmvΊ
LV—1 . y-l\ / iv-2 . V j^V—1 . f-2 γr3 » V j^V v j^V—1 iv-4 -v uV ^V

Pmv-l ' ' 'Pi ){K PmvPmv-iPmv-*K PmvPmv-lPmυ-2pmv-lK PmvPmυ-lPmv-1
hV-l frV-1 jT-mv-l'l .y .y ,y +P-l jΛJ-1 jrmV^ v υ y

Vmv-iPmv-i-l ' Λ PmvPmυ-lPmv-2Pmv-i - ' Ps Λ PmvPmv-lPmv-2
.v-l uV-l u>v-ί\ I' Tjr

mv-3 y v v mv-2 v uV . v - l

Pmv-2pmv-1 'Pi ) ' ' ' \ K PmyPmyl ' ' P^K Pmv ' ' ' P*Pmv-i

κmv'ιPiv.. -PlPZliPiti-i - - 'Kmv+mv'ι-*Pvmυ - - -PlPlti

priIr+-»-ι->pvmv.. .pvpZίi.. .pή(κm^P:v.. . Λ x . . . .
uV .V-l Tr-mV+1 ,y ^Vj^V-1 u.V-1 Tjr

mV+mV-l~3 y y .V-l

PlPmv-iK Pmy ' ' 'PlPmy-iPmv-i-1 K Pmv ' ' 'PlPmv-Y ' ' '
.v-lTr

mv+mv-l~ι^v j^v.v-1 tf-l\

Ps K Pm . . .Plpmυ_λ .pi )
1

Ώ m v m v - i - l Ί y v-i T\(KjV-i v-i K2 .v-i .v-i jjnv-i-* .v-i

~ Λ IPmvPmv-x W \KPmv-iPmv-i-iK Pmv-iPmv-i-2 ' * * K Pmυ-i ' ' '
,mv-3 mv_1-3 iι i2 .

.v-i κmy-i-1 y-i y-i\ [ TT T] κ h+i2+
1 TT hv Π .v-l )

P3 K Pmv-i- Pl )\U0 l}0

 K Y^rny-i^Pmy-i-i)
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(
mv-3 ii mv_ι-l \ /mv_ι-3 i2 mv-\ \

5'"-"HA-- Π *£,-,)( Π ί'-ΠC'-ΠK-J

(a2) K \K Kp^Kp^pn^K PmvPmv-lPmv-2 K pmy . . . p3K

.V j^υ\ I rtmV-l - 1 -ιuV-1 τs-jΛ)-\. LV-\ T/*2 ιΛ) - 1 -. Λ^.V-2

Pmv ' i > l j ^ IPmv-yKPmv-iPmv-i-lK Pmy^'^my^^

K Pmv-ι 'PsK Ptnv-Ί ' ' 'Pi ) \ H 1Pmv-2KPmυ_2

jAJ-2 Tjr2.V-2 .V-2 uV-2 ry»£>-2""3 . V-2 uV-2 τSnV-2~1

Pmv-2-lK Pmv-2Pmv-2-lPmv-2-2 K Pmv-2 ' ' Ps K
. V-2 ±.V-2\

Pmv-2 ' ' ' P i )

Ώ m v m v - ι τ n v _ 2 - l Ί / . v - 2 τ^>,^-2 J^V-2 τ ^ 2 ^ t ; - 2 Hv-2 ^v-2
~ n L\rmv_2

J^Pmv_2Pmv_2-lJX Pmv_2Pmv_2-lPmv_2-2

τsmV-2-3.v-2 .V-2v

mv-2^1.v-2 hv~2\ Γ -hv Tfhv -hv~2 K2 -hv Uv~2

& Pmv-2 Ps K Pmv-2 ' ' 'Pi ) [Pmv

KPmvPmv-2K PmυPmv-2

Pmv~2~1 PτnvPmυ-2Pmv-2-ιPmυ-2-2 Λ PmvPtnv-2Pmv-2 ' ' '

. V-2 jjny-2 . V jV-2 . V-21 Γ γr.V j~V jj-2 ,V LV UV-2 Ύr3 .V ^V

P3 K pmυpmv_2 • . -pi. \\Kpmυpmv-iK Pmvpmv-iPmv_2K pmvpmυ-i

Pmv-2-1- • K PmυPmv-lPmv-i • Pa K PmvPtnv Pmv-i Pl J

. . . [KT-'P^ .. .pv

3κ
mv-2κv.. .pϊPZl^p^ .. -PϊPZljZl^

• • • iΓ^-^'pϊPZir • • • pVκ"V*°'υ-l~*Plv • PΪPZ-r • • •

p\-ικTυ-ιPZ • • -P1K">PZ • • -PΪPZ-^PZ • • -PΊPZ^PZ1-^ • • •

κm«+m"-^piυ. . .plpz1., • • •P71κm"+n^-ι

P:v. . .pipzi, .PT1]

Xj/mv-\-Z.v-\κ.V-\ .V-2 τf2hV-l .v-2 hV-2 τr3 hV-\ LΛ>-2 ιΛJ-2 hV-2

\K pv.ιKpmv_ιpmv_2K Pmv_xPmv_2Pmv^2-^ Pmv.1Pmv-2pmv^2'iPmv-2-2

• ••κmv-2~2PZ1-2 • • •pr2κmv-2KtxPZ2-2 • • -rt-2] [ t f / C i * X i χ - i

foV-l fζ3fiV-l foV-l uV-2 jΛJ-2 mυ-2-l foV-1 ^V-l ,v-2 t>V~Λ

*mv-2 ^mv-i"mv-l~ί*mv-2"mv-2~ί ' ' ' *τny -\*mv_γ- llrmv_2 F3 J

[ r^mv^2+1 .V-l jJV-1 j^V-2 uV-2τf2 uV-\ .V-\ V~1 T^3UV-1 V-1

& Pmv^1Pmv_1-lPmv^2 - - -Pi & Pmv^1Pmυ^1-lPmv^1-2^ Pmv.1Pmv^1-l
.f-1 τs4.V-l ιV-1 ft

V
~
l
 h

V
~
2
 ft

V
~
2
 r^

m
V-2 uV-l h

V
~l h

V
~
1

Pwv-21^ Pmv^\PmV-\-\Pmv^\~2Pmv_2Pmυ_2-\ . . A PτnV-\PmV-\-lPmv-\-2

Pmv-2 ' ' * P* K Pmυ-1Pmv^ι-lPmv_1-2pmv_2 Pi J

Γ κ m υ - ι - 3 v-i V-\κmυ-i-2 Vmml v_γ v - 2 r^v-l'l .v-1

lK Pmv-1 P3 A Pmv-X ' ' P3 Pmv-2K PfΠy-! ' ' '

uV-1 LV-2 LV-2 T r m v - l + m V - 2 ~ 5 . V-l .V-l.V-2 .V-2 τJ
nv-l+mV-2~3

Ps PmV-2Pmv-2-l ' ' ' K Pmv-i - Ps Pτnv_2 ' ' ' P* K

Pmυ-\ * * Pmv-i - -Ps Pmυ-2 ' ' ' Pi \\_K Pmv^ι P\

κmv-ιpv-1 . . .plp"-2 κmv-γ+ιρv-1 . . .ρTιρv-2 ρv'2 . ! . . .

τ/mv- i+mv-2- 3 . v - l . f - l . f - 2 .v-2 Tjr
mv-l+mv-2~l , v - l j.v Ί .v~2

K Pmv-X Pi Pmv-2 ' ' P* K Pmv-1 ' ' ' Pi Pmv-2

,V-2~\ Γ ,V TS-uV uV-1 Tr2 ,V LV-1 ΊS-2 JV LV-1 JV-1 Tr
mV-l~2

• Pi J \_PmvKpmvpmv_1K PmyPmy-^ PmvPmv^ίPmv.1-l K
.V jV-1 jV-1 TS^V-I .V .V-l ιV-ϊ\ Γ TS-t^V .V τs-Ί JJJ ̂ v i~υ' ~ Ί

PmvPmv-l P3 * PmvPmv-l ' ' ' Pi J \^PmvPmv.^ PmPmv^Pmv-l
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. ι ; - l v - r n v l ~ l jV ,v jJJ-1 j.v-lτr
mv-l~*~1 .v ,v +V-1 +V-1]

Pmv-γ-l Λ PmvPmv-lPmv-1 />3 Λ PmvPmv-lPmv-ι - - - Pi J

[i r 2 * v * v Λ V z^3 * v **v *>v +y~γ τr* .κv -hv JhP 4¥~^ +>v~ι

Λ pmvpmv-ιPmv-2& PmvPmv-lPmv-2pmv^ι^ PmvPmv-lPmv-2 Pmv^1Pmv.1-l

T/KV-I .V .V +P-2 jyV-l .V-ίLr
mV-l+2

 Lr
mV~l+2 .V jV j.f-2 jJ'-l

Λ PmvPmv-lPmv-2Pmv^1 . . P3 Λ Λ PmvPmv-lPmv-2Pmv-ι ' '

ίτ ι]... [tf—x... ί&f' '-p:,,... Λ C ^ - X ...
PϊPmv-xPmv-ί-lK Pmv' ft Pmy^Pm^^l Pmv-X-2 • A Pmv ' - -

P3pmv.1 p3 K pmv. . . PsPmv_1 - ' - Pi ] [K Pmv-

PlK Pmv ' ' PlPmv-ιK Pmv ' ' PlPmv^1Pmv-1-l > - K Pmv ' ' '

P\t£_x... ί T ^ ^ - 1 " 1 ^ . . . ^rc,-, ^r1]
τJnvmv~ιmv-2~ι

 Ί , v uV-l jV-2 (zr+v-i .v-i τ<r2 j^v~i ^v~^ +V-*
~ Λ J-PmvPmv-ιPmv-2\KPmv-i Pmv-i-V^ Pmv-i Pmv-i-lPmv-i-2

K wiκ-3 mf-i-3 mj - 2 " 1

Π Π Π ^'1+ί2+'3+2

z2 ί'3 \ /mv-3 iι mv-i~l mv-2~1

K mv-l~3 Ϊ2 mv-\ mυ-2~x \ /̂ f-2~3

TT Lri2+mv+mv_2 TT . t -l TT . ^ TT . v-2 ) ί TT
ί'3 Wf-1 wz^-i-1 \ / mv-l

i^mv+mv_1T
:T υ_2 TΊ v TT χ \ I Kmv+mv.l+mv^2-X TT 7

Π Pmlί^j Π PmZl2-j)
;=0 7=0 /

Et gdn^ralement:

{ah.ύκh-ι(Rmv-1ip«υκpivplυ.ικ
2plvp^v.ιp^a. . .κmv-3pv

mv...p
v

3

mv-l v v \ / mv-h-l ηhv~h τrtf-h .v-h K2 .v-h uV-h

K Pmv Pi) [R 1Pmv-hK*>mυ-hKv-hΓlK ^mv-h'^vh"2 ' ' '

K Pmv-h - Ps K pmv_h . . . Pi )

h

Ώmvmv-ιmv-2'-'mυ-h~1

 Ί^p JΛJ-1 .v-h TT / 'κ^v-i .p-i ^2 .v-i

~ R 1PmvPmv^ι ' ' 'Pmv-h*^ \KPmv-i Pmv-i-lK Pmv-i~l
p-i p-i τ,mv-i"3 v-i y-i mp-i-i p-i ^ - M

Pmv-i-lPmp-i-2 - - K pmy^i . p3 K prfly^i . . . pi )

( mp-1 mp-χ-1 ™v_h-\ *1 i2 ^

my-3 *l mp-l~l nip-h'1 \

TT τ<rh+mp-i+mp-2+...+mv-hT\ .v TT .v-l . TΊ jV-h )

(
mp-i-3 12 ntp-l mp-2"1

TT rri2+mp+mp-2+...+mp-h I T -hv~l • TT Hv • TT Hv~2

mp-h"1 \ I *3 3̂ mp-ι

TT /.ί'-A l l T T ^ - 2

 ir*'2+«t>+OTf/-l+«f/-3+. ..+«f;-ATT Λι/-2 I T Λ^

}i ^-A-/Λfi^-2-/^ μ^-2-/ }i />-,-;
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n>v-l-1 mv-3-l mv-h-1 \ I *h i h

11 ^ ^ - 1=1 £mt,_3-7 . . . 11 /»«^Λ-//\l=lΛ Uo

mv-h~ι \

π «;'-»-,)
D'apres ces relations, nous deduisons la forme normale N4(Z>).

Theoreme 5. Sz α βsί une forme du groupe, c'est-a-dire:

a = Dv~1a1a2 . . , av

Oil

ah = Dp\κp\ . . . Dph

mh.2Dph

mh_xp
h

m}ι (h = 1, 2, . . . , υ)

alors a admet la forme normale:

us(D) =Λ«(/>ϊ)"(/»irlrι (p2ΰ2(p\) [ίl(κpipiκ2pipϊpi.. .κmί-ιpip 2...

)
ί " ]Γ v /mv-k + ι-3 v mi-l v i v mv-k+l~3 v

Π Π x Π Π / , ; + 1 ... Π Π K Π
Π/>; + 1 . . . ( Π Π * Π Π / > ; J ... Π Π

ίy rntivyv-l) h w r - ; + l - 3

^ ^ - . ( ^ - D π ^ ; ( + 1 Π p'k

ι' > - » . . . U Π
fe=o & = i Λ y = i t y = o

»'y ^(/', ! '-i v . .r4) -i

Π Π ^^+" (^ >

1) Π /,^^s... J

i>(^^w- i + +Wi-1

; = i i ; =0 ib=l * \

mv mι v - i

«z;̂ c Ẑ s notations du Theoreme 3 et

i' i 2

3l = Σ Σ rrn+v- 1, φ = Σ*« + l>
7 = 1 r = l « = 1

Λ /•

9t = Σ) ί« +/z - 1, @ = Σ) iu +v -\
U-l U-l

D'apres les Theoremes 1 et 2 et le lemme du Theoreme 3, nous avons:

v l V2 rfi+l

/fV1"1Π< ?ί
1Λ" ί"1Π7j

2...Λ I 1*+ 1"1 Π qliV
'1=1 ' 2 = 1 *Λ+1 = 1
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v\ V2 ^/l+l

- Λ " 1 ^ - ^ 1 " 1 Π Π . . . Π K'qϊq? . . .q[h

+V

Et c'est ainsi, nous avons la formule suivante:

(1) ar-Rυ'x lavKavav-ιK2avav^av.2 . . .Kv~3avav^ι . . . a3K
v~1avav,1 . . . ax

Utilisant le Theoreme 2 et le lemme ci-dessous, nous faisons le calcul
pour la forme:

a =Dh~1avav-1 . . . av-h

Nous avons:

(2) aυ = Λ " - 1 ipϊκplplκ2plpϊpl. . . ir^'pϊpζ . . . P ^ K " 1 " - 1 p l p l ...plv

(3) *•«„<*„_! = κ{κp\κp\. . . KPΪ^KPI^PZJ) (xpζ-'KpΓ1. . .
κPmv-1-2 K-Pmυ-1-iPmy-i)

~ κ{f»-χipχκplplκ*pχplpl. . . f'plpζ. . . p^x*"-1PlPl. . . Pi)

{R"'-ι'1ipΐίκpυrpT1κ2pVpl-ιpl-1.. .^-^PVPV • • Pΐvir,)

κmv-Γ1
 PΪPΪ . . . PZ\X

- H " " " - 1 ' 1 i(pΐκpϊpζκ*pϊj>ϊp! . . . xT^plpl • • • Plυ-*iί"rlPΪPΪ • • • Pυ

mv)

Pi Kp1 p2 K pi p2 p3 K p\ pi p3 . . . K Pi p2 • •

PZU-^-^PVPV • ..p^) [{Kp ipVK'plpr'pVK'pΪpr'pT1

K3PΪPVPΓPV • • • ET^plpVpr1 • • • PvC.ι-2Kmv-1pϊpT1pT1 • • •

Pmv-l)\K Pip2pl K pipipl p2 Pi K plpzpl p 2 Pi •••

K P1P2P1 P2 • • • p m v _ 1 - 2 K P1P2P1 P2 • • • Pmv.x)

(κ*pυiPlplpυi-χκ*pvpυpvpVpV • • • K^'1plplplpV'pVPV • P^-2

κv-^plplplpVpV • • • /CO if^plpl. . . p»nv-2Pv-χκυ-'

PlPl • • • Plv-2P\-Xp7xκm»p\pl. . . Pv

mυ-2PVpV • . • κn^mv-^p\pl .

Pv

mv-2PVC'PV • • • /Ci-**""*" 1 " 1 " 3 *?/* P^PT'PΓ1 • / C i )

{K^p ipt. . . K^VK^plpl. . . PlvPT'pVK^pϊpl. . . pv

mυpTι

P2 P3 K prf2 . . . PmvPl P2 . . - P m v - ^ K

P1P2 PmvPl P2 . . - Pmv_ι) J
jfiymv-^1 / p-x v-χ v-ι v-i mv-ι-3 υ_x v_1 υ_χ mv_x-2

~ K l\Pι Kpγ p2 Pz . . . A Pi P2 . . ' Pmv-i-2&

K Pi P2 ' - Pmv-ι) \PlKPlP2K P1P2P3 K P1P2 Pmv-2

/mv-3 mv-ι-3 iγ i2 \ Γ imv-3
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UPj+ί Π p ήi Π K^UPTΛU Pj+1) ^ - " - - ι

mv ™v-\ \

Vip' Wf-Λ

(4) K2avaυ.iav.t = K2 ( R ^ 1 iplKplpζK2p^p" . . . K*^*pϊfi! . . . p»v.2

κmv"pϊpl. . . pzυ) (Rm"-'-ιipvrκprιpΓικ2p<(-1p'fip»-ί. . .

K P1P2 . . Pmv-^K P1P2 Pmv) (R IPl KPl P2

τf2.v-2hv-2.v-2 τ/nv-2-* .v-2 ,v-2 v~2 r/nV-2"x . v-2 ,V~2 v~2 \

& Pi P2 P3 K P\ P2 Pmv-2-
2K P1 P2 ' ' 'Pmv-2/

Γ v
~K J-P1P2 Pz -1-1 ( A P l P 2 A PIP2P3K P1P2P3P4 ' ' '

\_i=v-2 V
~| Γ /mv~3 mv-\-3 mv-2~ι

κmi-3pίpϊ . . . pi^K"-1 p[pi . . . O ( Π Π Π κiί+h+i3+2

h *2 h \ Imv-Ί iγ my-χ-1 mv-2-1 \~|

Π ^ Π ^ l Π ^ ϊ j f Uκ^m^+m^UpJ+1 Π PTΛ Π p'ΓΛjl
j=0 ' ;=0 ' 1=0 ' I \ iγ-Q) j=0 ' y=0 ' 7=0 ' / J

Π ^ 2 + w ^ - 2 Π ^ ; ; Π ^ + 1 Π Pi?M\( ΓT K ^ ^ . ,
L\ /2

=0 ;=0 7=° /=1 / J L\ ι3=o
i 3 % - l OT^-i-1 \~l / rnv-ι mv-2~ι \

7 = 0 ' 7 = 0 y 7=0 ' I λ \ 7=0 7 7=0 ' I

Γ ?7 /
- Λ -̂ PlPl Pi .±L_2\ftPlp2K P1P2P3 - Λ. p L P 2 . . . p W j -2

) 3 w , ; 4 + i " 3 l y ^ ί " 1 / 3 wy-y+i-s

Π Π L f . Π Π ^ ; + 1 Π Π
^ = 1 //fe = 0 J i = V-2 ;=0 y \ / = l «y=0

y^=0 zfe = l « / \ 7 = 0 '

oiϊ nous avons

» = Σ ^ + 2
et

si j = 1, m(VjV-1)V-2) = mυ-γ + m r _ 2

si j = 2, ra(7V,-ijr_2) = m y + mv-2

s i j = 3, w ( ί ; > l ^ 1 > Γ . 2 ) = mv +nιv-1

et

/ ( ? ' j Γ - l ? ? ' - 2 ) mV-l Wv-2

si 7 = 1, Π = Π /Γ1 Π p p
A = i k = ι k k--i F k

tU'^v-l^v-2) mv mv-2

sij = 2, Π = Π ί ; Π f
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t(v9v-l9v-2) mv

 mv-\

sij = 3, Π =Upv

kU PΓ
fe=l k=l k=l

Et ge'ne'ralement:

Kh~1avav-1 . . . av-h

-R^^-^-^ipϊprpΓ2... PΓH \iliκPipiκ*pipipi,.. κmί-*PiPi
li=v-h \

\ Ί Γ h /mυ-k+Γ3 v mi~l \Ί

...pLi.2κ
mi-1pίpi...piι)\\U{ Π J t f Π Π p ϋ

Π Π ^ ' ' + ^ ' ^ > π ^ ; ί + 1 Π /,;«»>•••.-*>)

y=i ί ; =o ife=o ife=i ' J

^..Λmv-hγl JJ , 2 Π x
7=1 7 ; = l 7 7 7=1 7

oύ nous avons

* = Σ iu + h-1, S = Σ +v - 1
et

si = 1, mu{v^t^v-h) = w,-i + . . . + rn^.A
si j = 2, mu{Vjm^v-h) = niv + mv-s + . . . + mv-h

si j = h, mu{Vyaβm}V-h) = Wv-i + + Wi -A-i

et
mt(v9..,fv-h) Mv-1 tnp-2 Mp-h

si j = i, Π ^ s - v .̂ > = Π PV Π />Γ2 Π c A

mt(v ,9v-h) rnv mv-3 ™v-h

si j = 2, Π ^<^-V..,-A. β π ^ π c 3 Π C λ

mt(v9...ίv-h) mv ™v-ι mv-h-l

sij = k, Π p^,"-',-,^ = Π ^ Π PΓ1 Π c*" 1

D'apres ces relations,nous avons avec les notations derivees precedemment:

a~R*iv(p'ίnprr~1... (p\)z(ρi)[U (KPΓpiκ2pipipi... κmi~3p[pί...

m v mv-k + l~3 v mi-l \ J v mv-k+l

π π x .π UpU...iμ π
κ«π uPύ ...(π π K Π Π J π π

ί; ™t(v}v-l) \ I h mv-j-l-3

κ*i+»uiv,v-i) Ylpv-i+i ΓT p'iv>"-l)). . . ( Π Π κii+au(v>->v-h)

k=0 jfe = l Λ / \ / = l iy=0

V mt(v9,,.,v-h) \ I v mv-i + l tj

Tlpu

kιi
+1 Π p'k

iv>->v-h)) • • . ( Π Π ϊ ' i * " " . - . " - 1 1 ! ! ^ 1
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Π p?«">->*)\(K

m^m^K^+m^'''+m^YlpV. . .Tip))

Theoreme 6. Ckaque forme a du group D, c'est-a-dire:

mi m2 m3 mp-2

α = DD"1'1Π/.}i3D"2"1Π/.?7)D"3"1Π/»? . . . DD^" 2 ' 1 Π # " 2

ί = l /=1 /=1 ί = l
m v - l τnυ

DDmv-ι~l Π ^ - 1 i ί ^ " 1 Π ^

admet la forme normale:

Nβw = *«(/>^(/42)"-1... (C-OIC-O'Wfίί (fiPίA-i

K ' p L i p L i - i P ' m ^ • Kmi'3p'mip'mi.x. . . ρiκmi'γp^pi^ . . . p{\'

Π Π ... Π ί-Π^-y Π^ 2 . 7 . . . Π Kυ-Λ
ί'l = l 12=0 ;„=<> ; = 0 X ; = 0 2 ;=0 V Ί

(
v mh-3 ij mt(l,2)t..Jh)~1 \

β π «'"•"•' "ΠA-, π ,.«'&•.•':„)
^8 Π pi^ Π ̂ 2 -! . . . Π ^ J

ou nous avons:

v j v h

S» = Σ ) Σ ) w f + v - 1 , 9 » = Σ ^ + z ; - 1

> 2 = Σ m i + h - l

;=1 /=1 ; = 1 ί = l

et

si j = 1, m 8 ( l j 2 A) - m2 + m3 + . . . + mh

s i j = 2, ra«(ij2,...,A) = m i + m 3 + + mh
et

βϋ = i, Π K(;('Γ,v;. i > = Θ Λ.-' Π A,-t Π z^.,
mt(l,2,...,h) ml^1 m3-l mfr

sϋ = 2) π P:%z;?tU = π ̂  π Aι.t Up^
W / ( l 2 . A ) ' " I " 1 OT2"1 ^ Λ - l " 1

si j = h, n" PΪlte-^-i = Π Pit-! Π /*a- .. Π PΪ\\.i

D'apres le Theoreme 2 nous avons:

m\ τn\ ni2 ml

a~Rv-ιlKmi-1l[p1

iKKmi-ιΠpϊKma-1Upϊκ!iKmι-inp1

i
ί = l j = l ί' = l 1 = 1
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m2 W3 m\ τn2

i ί" ! 2" 1Π^ifM 3" 1Πp\ . . . K'-'K"1-1 Πp\K m ^I[p) . . .
i-l i=l i-l i-l

mv-2 mi m2 mv

K^-*-1 Π pv^κv-'κm^Vip\κm^Vip\ . ..κmv-ιXlpl
i-X i-l i-l i-l

D'apres le Theoreme 2 et le lemme du Theoreme 3 nous avons les
relations suivantes:

(1) D-^Upl^R^ip^Kp^p^.^p^pi^p^. . . K^pl^. . .

p\κmι-χp]nymι.ι...P\pip\.

ntl m 2

(2) KDmi-lY[p\DMa-lY[p)
ί~l i-l

- K[R lpmiKpmipmi-1K pmiPm1-lPm1-2 K pmχ . . . p3 K pmi . . .

PΪ) (R^iP^Kpl^.^p^pl^ . . . κm^pl2 . . . plκm*-ιpί2.. .p*)

-R^'^ip^Kp^^p^^ . ..K-^p1^.. .plK^p^...

PlPm1Kpnl2pm2-1K pm2Pm2-ιpm2-2 K Pm2 ' ' P*K Pm2 - - Pi)

[(KplPlt^plPltPΪt-i^p^pltP^-iPΪt^ . κm2~2Plγρ
2m2ρ

2m2-ι...
u2 Tr

m2 .1 .2 .2 . 2 \ / r ^ 2 . 1 . 1 .2 Γ ^ 3 . 1 , 1 ,2 .2

PsK pmiPm2Pm2-Ί > -Pi) [K PmλPmλ-lPm2K Pm^Pm^lPm^Pm^l
2 ^ W 2 + 1 . 1 . 1 .2 .2 .2\ / τ ^ 3 . 1 . 1 . 1 .2 ^ 4 . 1 . 1 . 1

P 3 ^ Pm1Pm1-iPm2Pm2-l P l j \^ PmιPm1-ipm1-2pm2K Pm1pm1Ίpm1-2
*>2 H2 τr™2 H1 Λ,1 Λ 1 Λ 2 Λ 2 τi2 Λ 2 ^ ^ 2 " 1 " 2 ^ 1 v^1 Λ 1

Pm2Pm2-l . Λ PmίPmι-lPmι-2Pm2Pm2-lPm2-2 *P2^ Pm^Pmy-lPm1-2

Pm2Pm2-l - - -Pl)\ * * [ ^ Pm^m^-l PzPm2K pm^m^-i .

Plp2m2Pl2-l . ^ " 1 " + 2 " 5 ^ 1 P 4 1 - 1 K ^ - l P\plp2m2-l p's)
ίT^

ml.l .1 . 1 . 2 r ^ w l + 1 . l .2 .2 7 ^ ^ 1 + W 2 ~ 3 . 1

^ pmχPnn-1 PlPm2K pmχ . . . pm2Pm2-l Λ /)OTl . . .
Aίί«i2 ί 3 ^ A»! PlPm2 - ί i y j

2

r Wĵ -3 W22-3 / ί'l ί2 w j^-3

^ PmiPmi-1 ' P l ) \ i J - 1 A l ^ lip,,,-; I !/)„-,• 11 K
1 1 / L ί'i=O ί'2=0 \ ;=O X ;=0 2 ^ = 0

*1 W 2 - 1 W22-3 z'2 wzj-1 \ ~ j

π ^ r l η Λi_, π x'̂ Π/,1,., π ίi J
;=0 1 ;=0 2 ί2

=0 1-° 1-° 2 / J

( 'mι-m2-l , A 1 - * 2 ^ 2 \

^ / > « ! • • . / > l ί m 2 . / > l j
W2]^ W 2 WZ 3

(3) Λ-2β" ι-1TT/»ix>-1-1Πp ίJD
>"1-1Π/,ί-

1=1 ί=l i-l

~K \R lpmιKpmipmi-ιK pmipmi-ιpmί-2 - - -K Pmi > P3K Pmx
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. . ./>i) (Rm*~1!P%aKplaP%a-itf'PamiP
ama-iPlt-2 .. . K"2~s/£2/£a-1. . .

PlK^-'p^pl^ . . ./>*) (R^^ipl.Kpl^-^pl.pl^pl^ . . .

K-^Pi.Pi^ . . .p\κm^piym^ . . .p*)Rm^n*-χi

[Ufa.Kpl.p^.^p^pL -iPL^ • • • κmi'x-pi.pl. . . .p\κmi"ιp'mi

1 Γ/ W i" 3 m2~3 mz~3 h h h \

>•>->• • *0Jl ί l δ flK'^""Ψ -<Ϊ!^-'I!^-')
(

mι-3 iγ W2-1 m3~ι \ /^2~ 3 *2

TT ^ iι+m2+m3 T-r , TT o TT 3 ] ( f [ « i 2 + »i+»3 Γf f t 2
11 & lYpm- 11 Pw9-/ 11 Pm,- I \ 1 * Λ. LLpm

n=o /=o L 7=o 2 7=o 3 / \ ί'2=o 7=o 2

Π ή,., Π riw)( Π K " « ' - Πriw Π ri,., Π K,.,)

3

~ & ^ 1 1 \PmiKPmiPmi-lK Pmi P mi-lP mi-2 K PmiPmi-l '

/mi~3 w 2 - 3 W3-3 i2 Ϊ2 h

PΪK^PUPI^ ...PMU Π Π * il+'2+<3+2 Π ί i H Π Λ , . , Π
1 / \ Z 1 =o ί 2

= o *'3= o /=o y=° /=o

\ Γ 3 mh-2 ij mt(i9293)~ι j mx-\ m2-1

Λ s W ) π π Ki'+ra"(i'2'3) Πίifc., π (jf-^»+--1 π />:,.,- π
/ LA = i 7 = 1 /=o Λ 7=0 \ 7=o ;=o

W 3 ~ X \~j

oύ nous avons:

s i j = 1, w«(1 > 2 > 3) = m2 +m3

sij = 2, m t f U ) 2 j 3 ) = m L + m 3

s i j = 3, m«(1>2>θ) = mι +m2

et

W / ( 1 5 2 3 ) " 1 W 2 " 1 ^ S " 1

si j = l, Π />^(f'2

3>

3)-« = Π i>2

2-1 Π pi,.,

mtil^^)'1 ml~1 m3~λ

W/d^jS)"1 '" l" 1 W2-l

En general, si j = fe, alors

w^ /w2

 m h - ^

(4) K^K'"'-1 TίpjK"'2-1 I b 2 . . .^raΛ Π /,/~jR

mi'"2-mA+/'-1
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Γ h

iPm^faiKpLipLi-i^PivPLi-iPii-z - .κm'3pi

mip
t

m.1 . . .pi

/c r a - ικ,./»;,..,.../>•;) ( π π ... J T j f Π p L ι . , Π r i 1 . / . . .
I / J L V ί ^ o ι2=o ih=o 7=0 * 7=0 2

/A \/hmh-3 ij «/U,2,...,Λ)-l \ - |

oύ nous avons note:

h u

m=Σij+h-l et S = E wί, - 1

et

sij = 1, ̂ tt(i?2j...,/ι) = m 2 + m 3 + . . . +»iA
s i j = 2, mβ ( 1 '2 ' v β # ) 'A) =mλ +m3 + . . . +mh

sij =h, mU(ι,2,...,h) =Wi + m 2 + . . . +m / ι _ 1

et

"2/(1,2,...,A)-1 « 2 - l OT3-1

s i , = i, π ^?Λ2;2 ; : i>- ' = H ̂ - ' H *,-<

si; = 2, Π «'2-'\-'- = Π P\.i Π />!,., . . Π pϊ^
mt(l929...9h)~ι ml~1 m2"1 mh-l~ι

^=h> Po « λ v Λ » - = G ̂ - G *.-' G ^--'

D'apres ces relations, la forme a admet la forme normale:

a-R'l^ptffay-1. . •{Plt)2{pυ

mv)\^i{κpi

m Pit- ιK*p'mi PU- I/>U .

^ X K,-, - .PίK^Pl PL -r .ίί)Ί( Π Π . . . Π JfΠ
I I ' J \ ί=i ι2=o ί=i 7=0

ί'2 iy \ / t; «A-3 ij mtd929...9v>

»i.-< grfrl B A-')(H Π !*—Λ ..^ Π A., Π

K' »2j_-l W 2 - 1 mv"ί \

7/ί π J TT Λ2 . TT Λ^ •]A 11 pmι-ι I I p m 2 - ί . . . 11 Pmv-ιJ
OU

w 7 f t;

91 = ΣJ JJ MJ + v - 1, 2» = Σ) ί/ + ̂  - 1, et 8 = Σ) ra, - 1
; = 1 1=1 ;=1 ί = l

c'est-a-dire la forme normale N6(Z>).
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