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A NEW POSTULATE-—SYSTEM FOR MODULAR LATTICES

BOLESEAW SOBOCINSKI

In [1], p. 384, Theorem 2, Milan Kolibiar has proved that the following
two formulas

Al  [abcdl:a,b,c,deA.D.(@Nd)Nc)U@nd) =((dNa)u(cnNd))Na
and

A2 |abl:a,beA.D.(@aU(®dNB)Nb=0b

constitute an adequate postulate-system for modular lattices. It remains

an open problem, cf., [1], p. 386, Remark, whether Kolibiar’s postulate-
system can be sustituted by a shorter one.*

In this note a positive answer will be given for this problem. Namely,
it will be proved:

(A) Any algebraic system
A=(4,u,nN)

where U and N ave two binary opevations defined on the carvviev set A, is a
modular lattice, if it satisfies the following two wmutually independent
postulates:

B1 [abcl:a,b,ceA.D.(anNd)U@nNc)=(cNa)u(bubd)nNa
B2 labcl:a,b,ceA.D.a=(cu(dua)Na

Proof:

1 1t is self-evident that B1 and B2 are provable formulas in the field of any
modular lattice. In order to prove the converse let us assume BI and B2.
Then:

B3 [acl:a,ceA.D.a=(@ana)U(anc) [B2, b/a, ¢/c N a; B1, b/a]
B4 [abcl:a,b,ce A.D.(@aNc)Nb=an (@anc)nb)
PR [abc]:Hp(1) .D.
@nonb=(@nau((@ncn@na)u@ncnb)n(@ncnb)
[1;B2,a/(anc)nb, b/lanc)n(@nc), c/anal

*See final remark, NB, at the end of this paper.
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=(@na)u@nc))N(@nc)nbd) [B3,a/anc, c/b]
=aN(f@aNc)Nbd) [B3]
[abc):a,b,ce A.D. (an(®Nb)U@Nc)=(cNa)ubd)nNa
[abc]:Hp(1) .D.
@n@nd))u@nc)=(cna)u ((dNduU(@®Nbd)) Na
[1; B1, b/ Nb]
=(cNa)ud)Na [B3, a/b, c/b]
labl:a,beA.D.ana=(@nd)) N(and)) U (@Na)
[ad]:Hp(1) .D.
aNa=(@Na)uf@nd)Na=@n(@nd)nN(@nd)))u(ena)
[1;, B3, ¢/b; B5,b/a Nb, c/a)
=(@nd)N{@nd))u(@na) [B4, ¢/b, b/a N b]
[@a]:aeA.D.anN@na)=anNa
[a]:Hp(1).D.
aN(@na)=(@aNa)u (@na)) N (@na) [1; B3, c/a]
=(@na)u (((a Na) N(@aNa)) U(ana))N(@na) [B6,b/a)
=aNa [B2,a/aNa,b/(aNa)n(@na), c/aNal
[a):aeA.D.(@nNa)N@Nna)=(@na)N(@na) U (aNa)N(aNa))
[a]l:Hp(1).D. )
(@ana)Nfana)=(((a Na)N(@na))u(ana))N(Na) [1; B6, b/a]
=(@na) N(l@na)N(ana)))u(l@na)n(ana)
[B5,a/aNa,b/aNa, c/aNa]l
=(@Na)N(@nNa) U(@na)N(ana)) [B7,a/aNal
[al:aeA.D. @na)N@na)=anNa

[a]:Hp(1).D.
(@na)n(ana)=(lana)Ni@na)ul(lnNa)n(ana)) [1; Bs]
= (((a Na) N (@ Na)) U ((ea Na) U(a Na))) N(a Na)
[B1,a/a Na,b/a Na,c/anal
=aNa [B2,a/aNa,b/ana,c/(aNa)N(ana)]
[a]:aeA.D.a=anNa
[a]:Hp(1).D.

a=(@Na)U(anNa)=(@na)N(@na)u(ana)n@na))
[1; B3, c/a; B9; B9]

=(@nNa)N(anNa)=ana [BS8; B9]
[al:aeA.D.a=ava [B3, c/a; B10; B10]
[abc):a,b,ceA.D. @nNbd)U(@nNc)=((c Na)ub)Na [B1;Bil,a/b]
[ad):a,beA.D.a=@BuUa)Na [B2, b/a, c/b; B11]

[ab]:a,beA.D.anb=an(and)
[ad]:Hp(1).D.

anNb=(@ana)u@nd)) N(and) [1; B13,a/a Nb,b/a Na)
= (((d Na) ua) Na) N(a NDd) [B12,b/a, c/b]
=g N(a Nb) [B13,b/b Nal
[ab]:a,beA.D.a=au(@nNb) [B3, ¢/b; B10]

[ab):a,beA.D.a=@nb)ua

[ab]:Hp(1).D.

a=aNa=(@Na)u@nd))Na [1; B10; B3, ¢/b]
=@N@nd)ufenNa)=@ndb)ua [BI12,b/anb,c/a; Bl4; B10]
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[ab)l:a,beA . D.anb=bNa

[ab] :Hp(1).D.

anb=(@nbdu(@nd)=((dbnayub)Na [1;BIl, a/anb; B12, c/b]
=bNa [B16, a/b, b/a]

[ab):a,beA.D.a=(aub)Na

[ab] :Hp(1).D.

a=(@nNdua=(@Nd)U(@na) [1; B16; B10]
=(@Na)udb)Na=(@aubd)Na [B12, c/a; B10]
[abl:a,be A.D.a=an(@aub) [B18; B17, a/a U b, b/a]

[abl:a,beA.D.aub=bua
[ad]:Hp(1).D.

aUb=(bua)Na)u (bua)Nb) [1; B13; B18, a/b, b/a]
=(((dbN(duUa)ua)N(dU a) [B12, a/b U a, b/a, c/b)
=(bua)N(bua)=bua . [B19, a/b, b/a; B10, a/bu da]

[ab]l:a,beA.aub=b.D.aNb=a [B19]

[abl:a,beA.anNb=a.D.aub=0> [B17; B16, a/b, b/a]

[abl~a,be A.D:a<b .=.anb=a
[ab]a,beA.D:a<b.=.aub=0D [b1; B21; B22]
[ab]l:a,beA.a<sb.b<a.D.a=b [D1; B10]
[abcl:a,b,ceA.a<sb.asc.D.a<sbnNe
[abec] :Hp(3).D.
aub=0b. [1; 2; B23]
aNc=a. [1; 3; D1, b/c]
au(dNec)y=(@nNc)udnc)=(cNa)u(cNb)
[1; 5; B17,b/c; B17,a/b, b/c]
=(cNbd)u(cnNa)=(@anc)ud)nc
[B20, a/cNa, b/c Nb; B11, a/c, c/a]
=(@audbNc=>bnNe. [5; 4]
a<bne : [1; B23, b/b N c; 6]
[abcl:a,b,ceA.asc.bsc.D.aubsc
[abc] :Hp(3).D.

aNc=a. [1; 2; D1, b/c]
bNc=b». [1; 3; D1, a/b, b/c]
(@ub)Nec=@BUa)Nc=((bNc)ua)Nec [1; B2o; 5]

=(cNa)u(cubd) [B12, a/c, b/a, c/b]

=(@anNc)u(duc)=aubd. [B17, b/c; B17, a/c; 4; 5]
aub<c [1; D1, a/a v b, b/c; 6]
[abl:a,beA.D.aNb<a [B16; B23, a/a N b, b/a)
[ab]:a,beA.D.anNb<b [B27, a/b, b/a; B17]
[ab):a,beA.D.asaUb [B19; D1, b/a U b]
[ab):a,be A.D.a<sbua [B29; B20]
[abcl:a,b,ce A.D. c<saU (bU c)

[abc] :Hp(1).D.
cN(a@au(duc)=(@u(duc)nc=c.

{1; B17,a/c, b/au (b U ¢); B2, a/c, c/a)
c<sau (uec) [1; D1, a/c, b/a v (bU c); 2]
[abcl:a,b,ceA.D.b<saU(bUc) [B31, b/c, ¢/b; B20, a/c, c/b]
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[abcl:a,b,ceA.D.as (@ub)Uc

[B32, a/c, b/a, c/b; B20, a/c, b/a L b]
[abcl:a,b,ceA.D. b<s(@aUb)Uc [B33, a/b, b/a; B20)
[abcl:a,b,ceA.D. (@Ub)Uc=aU (bUc)
[abc]:Hp(1).D.
aubsau(uc). [1; B26, c/a U (b U c); B29, b/b U c; B32]
(@audb)ucsau(buc). [1;B26,a/aub,b/c,c/au (buUc);2; B3]
bUcs(aubd)uUec.

, [1; B26, a/b, b/c, ¢/(a U b) U ¢; B34; B30, a/c, b/a U b]
auBuc)s@ubd)uc. [1; B26, b/b U ¢, ¢/(a U b) U c; B33; 4]
@ub)Uc=auU(dUc) [1; B24, a/(@u d) U c, b/au (bU c); 3; 4]
labcl:a,b,ceA.asb.b<sc.D.as<c
[adc]:Hp(3).D.

aub=b. [1; B23; 2]
bUc=c. [1; B23, a/b, b/c; 3]
aUc=aU(BUc)=(@UbUc=bUc=c. [1; 5; B35; 4; 5]
asc [1; B23, b/c; 6]

[abcl:a,b,ce A.D. (@and)Nc=an(bNc)
[abc]:Hp(1).D.
@nd)Ncs<a. ,
[1; B36,a/@nb)ne, b/anb, c/a; B27, afa N'b, b/c; B27)
(@nd)nNcs<hb.
[1; B36,a/(@anb) Nc, b/anb, ¢c/b; B27, a/aNb, b/c; B2S]

(@nd)ne<sbne. [1; B25,a/(@anbd) Nc; 3; B28, a/anb, b/c]
(@and)Nc<an(nc). [1; B25,a/(@nb) Ne, b/a, c/bNc; 2; 4]
anN(Nec)<b.

[1; B36,a/an(bnc), b/bNc, c/b; B28, b/b N c; B27, a/b, b/c)

an(dbnc) sc.

[1; B36,a/an(dnc), b/bNc; B2, b/bNc; B28, a/b, b/c]
andnc)<sandb. [1;B25 alan(bNc),b/a, c/b; B27, b/b N c; 6]
anN(®nNe)<(@nd)nec. [1; B25,a/an (b Nc), b/anb;8;1T]
(@nd)ynNc=an(bnc) [1; B24,a/(anb) Ne, b/an (bNc); 5; 9]
[abc]:a,b,ceA.a<c.D.au(dNc)=(@audb)nNc
[abe]:Hp(2).D. _
aNc=a. [1; D1, b/c; 2]
au(bnNec)=(@nc)u(dnc)=(cNa)u (cNbd)

[1; 3; B17,b/c; B17,a/b,b/c]
=(cNb)U(cNa) [B20,a/cna, b/cnb]

=(@anc)ud)Ne=(@ud)ne [B12, a/c, c/a; 3]

Since formulas BI11, B10, B20, B17, B35, B37, B15, B19, and B38 are

the consequences of BI and B2, it is proved that axioms BI and B2 can be
accepted as a postulate-system for modular lattices.

2 The mutual independence of axioms BI and B2 is established by using the
following algebraic tables:
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Nle 8 ula 8 Nle B ula B
M al|la B ala a ; #2 aja a ajla «a
Bla B Bla a Bla B Bla a

which are given by Kolibiar in [1], pp. 385-386.

Namely:
(@) 1 verifies B2 but falsifies BI for a/B, b/8, and ¢/B: (i) (BNB)U
BNP=BUB=a, () (BNBUEBUR)NB=(BUA) NB=aNnB= 4.
(b) M2 verifies BI, but falsifies B2 for a/B, b/B, and c¢/B: (i) B =5,
(i) Bu@BuUB)NB=(BUa)NB=aNB=a.

Thus, the proof of (A) is complete.

NB After this paper was composed I learned that Kolibiar’s problem had
already been solved by J. Rie¢an, cf,, [2], who proved that formulas
Bi2 and B2, given above, constitute an adequate postulate-system for

modular lattices. It should be noted that Riecan’s system is shorter
than mine.
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