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A FORMALISATION OF THE ARITHMETIC OF THE
ORDINALS LESS THAN ωω

H. P. WILLIAMS

Some of the results of ordinal arithmetic can be derived from a
multi-successor equation calculus. The initial functions are:

(i) the zero function N(#) =0
(ii) the identity function I (x) = x.

These two functions are implicit. In addition there are:

(iii) a countable number of successor functions So, S.l9 S2, . . . .

The successor functions are restricted by the axioms

A SμSγ = Sμ if μ > V

B SaSt. . . Sq = Sa'Sb< . . . S j '

with a < b < . . . < q and α! < V < . . . < q' if and only if a = ατ, b = δτ,
. . . <? = ̂ τ.

A function may be defined explicitly, or by recursion in the following
way

F(x,Ό) =a(x)
F(x,Sμy) = bμ(x,y,F(x,y))

from previously defined functions a(x) and bμ(x, y, z) (for all μ) if the bμ

obey the following identity imposed by A:

C bμ(x, Suy, bv(x, y, z)) = bμ(x, y9 z) if v < μ,

The rules of inference are the following schemata

s b Fix) = G(x)
F(A) = G(A)

5 b 2
 F(A) = F(B)
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A = B
T A = C

B = C

and the uniqueness rule

F(Sμx) = Hμ(x,F(x))
U F(x) = H*F(O) f o r a 1 1 ^

F, G, Hμ are recursive functions and A, B, C are recursive terms. Hxt is
defined by the primitive recursion H°t = t, H^* t = Hμ{x, Hxt). U may be
shown to be equivalent to the schema

/(0) = g(0)

u f{Sμx) = Hμ{x, f(x)) for all μ

ff(Sμ*) = Hμ(X9g{x))

f(χ)=g(χ)

Sμ0 is interpreted as ωμ ω° is understood to be 1 and So generates the
natural numbers starting with 0. Addition is defined by the following
recursion:

a + 0 = a, a + Sμb = Sμ(a + b) .

Predecessor functions Po, Pi, P2, are introduced by the following
definitions:

(i) Pμ0 = 0 for all μ
(ii) PμS^α = ?μa if v < μ

(iii) ?μSva =Sva if v> μ.

PμSμβ is defined by the following

(iv) PμSμO = O
(v) Pμ Sμ Sva = Pμ Sμa if v < μ

(vi) PμSμSμβ = Svu if v > μ

We must verify that these definitions obey the consistency condition C.
Consider PμSvSχα when v > λ

Case (1) μ < v
PμS^Sxα = S^Sλα by (ii)

= Sva
?μSva - Sva by (ii)

Case (2) μ = v
?μSpSλa = PμSμSλα = ?μSμa by (v)
PμSpa = PμSμα

Case (3) μ > v
PμSvSλtf = PμSλtf = Pμβ by (ίU)

P μ S v α = Pμβ by (iii)
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Subtraction is defined by the following recursions:

a - 0 =a, a - Sμb = (a - b) - ωμ, a - ωμ = ?μa

It must be verified that the functions in terms of which addition and
subtraction are defined obey the consistency condition C.

For addition

SμSv{a + b) = Sμ(a + b) if v < μ.

For subtraction it is first necessary to prove the following result,

(la) Pμ Pva = Pμa, v < μ

Let/(α) = PμP^α, g{a) = ?μa

/(0)= P μ Pv0= P μ 0 = £ (0)by (i)

If λ < v, f(Sλa) = PμPvSλa= ?μ ?va = f(a) by (iii)
g(S\a) = PμSλα = Pμα = f(a) by (iii)

If λ > v, f{Sλa) = Pμ P^Sλfl = PμSλ = g(Sλa) by (ii)

If λ = ι/, f{Sλa) = PμPvSva
g(Sλa) = PμSvα

hetp{a) =/(S λα), q(a) =g(Sλa).

Then p(0) = Pμ Pv Sv0 = Pμ0 = 0
q(0) = PμS^O = 0

If k> v p(Ska) = PμPpSvSka = PμS^αby (vi)
Φkd) = PμSvSka = PμSka by (iii)

If k< v p{Ska) = P μ P ^ α = PμSvSva = P{a)by (v)
q(Ska) = PμSpSka = PμSka by (iii)

= Pμα by (iii)
= PμS^α by (iii)
= q(a)

We will now prove the following

(lb) PμP^α = Pμα, v < μ

Let/(a) = PvPμa,g{a) = Pμa
/ ( 0 ) = P I / P μ O = P^0 = 0

^•(0)= PμO = O

Case (1) λ < v < μ
/(Sλ a) = P

v
 P

μ
 S

λ
a = P

v
 P

μ
a = f(a) by (ii)

g{S\a) = PμSχa = P
μ
a = g(a) by (ii)

Case (2) v < λ < μ

/(Sλβ) = PvPμSλΛ = P^Pμα =f{a) by (ii)
5 (Sλ«) = PμSλα = Pμa =g(a) by (ii)
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Case (3) v < μ < λ
f{S\a) = PvPμSλa = PvSλa = Sλα by (iii)
g(Sχa) = PμSλa = S λαby (iii)

Case (4) v < μ = λ

f(S\a) = PvPμSμa= m(a)
g(Sχa) = PμSμa = n(a).

If δ < μ, m(Sda) = ?v ?μ SμSδa = ?v ?μ Sμa = m(a) by (v)
n(Ssa) = PμSμS8a = PμSμa =n(a) by (v)

If δ > jLi, m(S§α) = P v P μ S μ Sδα = PVS§« = Sgα by (vi) and (iii)
n(Ssa) = PμSμSδa= S$a by (vi)

We can combine (la) and (lb) to give

(1) PμPv« = PvPμCl

The consistency of the defining equations

a -i Sμb = (a - δ) - ωμ

can now be proved s ince

a ± SμSvb = (a * S^δ) ̂  a)** = ((α •• 6) * co1') * c ^

= Pμ Py(« - b) = Pμ(« ~ b) if 1/ < μ
= (a •* δ) - c ^
= α - Sμ5

The degree function d. The function tΛox(x, y) on the natural numbers
is taken as defined. Then the degree function d defined on the ordinals but
having values only among the natural numbers is defined by the following
recursion.

d(0) = 0
d(Sμα) = Mαx(d(α), μ) .

The consistency condition is satisfied since

Mαx(Mαx(d(α),i/), μ) = Mαx(d(α), μ) if v < μ .

Multiplication is defined by the following recursions.

a 0 = 0
a . SQb = a ' b + a
a - Sμb =a b + a . ωμ μ > 0

0 ωf = 0
Sva . ωμ = comαχ(d(β)^)+^

The consistency of the defining equations for a ω^ follows from the
identity

Mαx(Mαx(d(α),λ),ι/) = Mαx(d(α),ι/) if λ < v.
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To prove the consistency of the defining equations for a b it is first
necessary to prove the following results.

(2) ωv + ωμ = ωμ if v < μ
ωv + ωμ = SvO + S μ 0 = SμCS^O + 0)
= SμS^O = S μ 0 = ωμ

(3) a . ωv + a ωμ = a . ωμ if v < μ
0 ωv + 0 ωμ = 0
0 co^ = 0

Sλa ω^ + Sλa - ωμ = ωMαx(d(*),λ>^ + ω^x(ά(a),λ)+μ

= ωMαx(d(β),λ)+μ by (2) if v < μ

= S λ β ω^

The consistency can now be proved for

a - Svb + a - ωμ = a b + a ωμ + a ωμ

= a b + a ωV if v < μ

Some results concerning the function d are now proved.

(4) d(ω") = v
d(SvO) = Mαx(d(0),i/) = I/.

(5) d(« + 6) = Mαx(d(«),d(δ))
ό(a+ 0) =d(α)

Mαx(d(«),d(0)) = Mαx(d(α),0) = 6(a)
d(α+ Sμb) = ό(Sμ{a +b)) = Mαx(d(α +δ),μ)
Mαx(d(α),d(Sμ6)) = Mαx(d(α),Mαx(d(δ),μ))

= Mαx(Mαx(d(α),d(δ)),μ)

The result follows by U2

(6) ό(Sμa Svb) = ό(Sμa) + d{Svb)
ό(Sμa S^O) = ό(Sμa - ωv) = d(ω d ( V ) + ι O

= ό(Sμa) + z/by (4)
= d(S μ β) π-dίS^O)

d(Sμ<2 . Sv Sλδ) = ό(Sμa S λ δ + Sμa - ωv)
= Mαχ(d(S μ α S λ δ), d(S μ α ω1"))
= Mαx(d(Sμα Sχb),ά(5μa) + v)

d(Sμβ) + d(Sv Sλ5) = ό{Sμa) + Mαχ(d(Sλα),i/)
= Mαx(d(Sμα) + d(Sλα), 6{Sμa) + y)

The result follows by Ui.

Some results of elementary ordinal arithmetic are now proved.

Associativity of addition

(7) (a + b) + c = a + {b + c)

(a+b) + 0=a+b
a + (b + Q)=a+b



82 H. P. WILLIAMS

(a + b) + Sμc = Sμ((a + b) + c)

a + (b + Sμc) = a + Sμ(b + c) = Sμ(α + (b + c))

The result follows by U i

The left distributive law

(8) a (b + c) = a b + a c

a . (b + 0) = a - b

a'b+a-0=a-b+0=a b

a . (b + Sμc) = a Sμ(b + c) = a (b + c) + a ωμ

a b + a Sμc = a-b + {a c + a. ωμ)

= (a - b + a c) + a ωμ by (7)

The result follows by Ui.

Before proving the associativity of multiplication the following less

general result is proved.

(9) a (b . ωμ) = (a b) α/

a . (0 . uΛ =α . 0 = 0

(α 0) ω^ = 0 . ωμ = 0
Λ (S^δ ω^) = α ωMαχ(d(ft),ι/)+μ

= β . cθd(Sι/^)+μ

(α - S^δ) . ω
μ
 = (a 6 + a - ω

v
) ω

μ

It is necessary to prove

a . ω
d
(S^)+μ = (

a
 . 5 +

 β
 .

 ω
v) .

 ω
μ

0 . ω
ά
^
b)+μ

= 0

(0 b + 0 ω
17
) ω

μ
 = 0

S
λ
α ω

ό(S
"

b)+μ
=

 ω
<*(

s
λ<t)+<KSvb)

+
μ

(S
λ
a δ + S

λ
« ω

v
) ω^ = (S

λ
α b + ω

6(S
^

a)+v
) ω^

= Sd(Sλ*>fv(Sλα *
 δ
) * ω

μ

= ω
Mαx(d(Sλ«,6),d(Sλβ)+v)+μ

It remains to show

d(Sλα) + d(S^6) + μ = Mαχ(d(Sλα δ),d(Sλα) + v) + μ

d(Sλβ)+d(S1/O) = d(Sλα) + i;

Mαx(d(Sλβ O),d(Sλfl) + v) = Mαx(0,d(Sλβ) + 1;)

= d(Sλβ) + v

Mαx(d(Sλβ . Sδδ),d(Sλα) + v)

= Mαχ(d(Sλα) + d(Sδb),ό(Sλa) + 1;) by (6)

= 6(Sλa) + Mαx(d(Sδ6),ι;)

= d(Sλ«) + d(S,Sδδ)

Hence the result.

Associativity of Multiplication

(10) a- (b c) = (a - b) c
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a- {b 0) =a 0 = 0

(a b) 0 = 0

a - (b Sμc) = a (b c + b . o)μ)

= β (6 c) + a- (b - ωμ)

(a b) Sμc = {a- b) . c+ (a- b) . ωμ

= {a b) c+ a (b ωμ) by (9)

The result follows by Ui

(11) 0 +a =a

0 + 0 = 0

0 + Sμa = Sμ(0 +a)

Component Functions These are defined by the following equations

Cμ(0) = 0
CμCS^α) = Cμ(a) if v < μ

Cμ(Sμβ) = S0Cμ(α)

Cμ(Svβ) = 0 if v > μ .

These definitions obey the consistency condition C since

(12) Cμ(S,Sλα) = C μ (S λ β )

= C μ ( S v α ) if λ < i/ < μ

CμίS^Sλfl) = 0
= C^(Sve) if i; > μ, λ < v

CμίSμS^β) = S0Cμ(Sl/«)
= S0Cμ(α)

= Cμ(Sμβ) if V < μ .

Before Cantor's Normal Form theorem is proved a number of results are
required.

(13) ωv -Cv{a) + ωμ = ωμ if v < μ

ωv - C ( 0 ) + ω'* = ω v 0 + ω^

= ω^by (11)

cov C^Sλβ) + cô  = ωv C^(α) + μ if λ < v

υ)v - Cv{Sva) + ωμ = ωv S0Qv{a) + ω^

= (ωv C^fo) +ω v ) +ωμ

= ωu C ( « ) + {ωv + ωμ) by (7)

= ωι/ Cv{a) +ωμbγ (2)
ω1' C ^ ί S ^ ) + 0)^ = 0 ) ^ - 0 + 0)^

= o)^ if λ > i^by (1).

The r e s u l t follows by Ui.

(14) β + ω λ = ωλ - Cλ(a) + o)λ if λ > ό(a)
0 + o)λ = ωλ

ωλ Cχ(O) + ωλ = o)λ 0 + ωλ

= α)λ



84 H. P. WILLIAMS

Sμα + coλ = SχSμa
= S\a if μ < λ
= a + ωλ

ω λ C\(Sμa) + ωλ = ωλC\(a) + ωλ if μ < λ
Sχa + ωλ = (a + ωλ) + ωλ

ωλ C\(Sχa) + ωλ. = ω λ S0Cχ(α) + ω λ

= (ωλ Cλ(a) + ωλ) + ωλ if μ> λ and d(Sμα) > λ.

The result follows by Ui.

n

The Sum Function Given any recursive function/(ΛΓ) the function Yjf(x) is
o

defined on the natural numbers by the following recursions

$/(*)=/(0)

2/(*)=/(Sβ«)+Σ/W
0 0

Cantor's Normal Form Theorem

(15) a= Σω^ Cx{a)
o

Let the right hand side be f(a)

/(o) = o
d(Sλβ)

/(Sλβ)= Σ ωx Cx(Sλα)
0

Case (i) λ > d(α) d(Sλα) = Mαx(d(«),λ) = λ.

Hence/(S λ β)=Σ>* Cx(Sλa)
o

= ωλ Cλ(Sλα)+ Σ ω* Cx(Sλα)
0

= ω λ S0Cλ(β) + 0
= ωλ C\(a) + ω λ.
= a + ωλ

= Sλa by (14)

Case (ii) λ < d(«), d(Sλα) = Mαχ(d(«),λ) = d(α)

d(β)

/(Sλβ) = Σ ^ ' Cx(Sλa)
0

d(β)-i-λ λ
= Σ ωλ+*+* . C λ + 1 + X (Sλα) + Σ ^ C,(Sλβ)

0 0

d(β)-i-λ λ-l

= E ωλ+i+- . C λ + 1 + X (α) + ω λ Cλ(Sλα) + 2 ωx Cx(Sλα)
O 0

= ( β ^ 1 " λ α Λ + 1 + * C λ + I + X (α) + ω λ S0C λ(β)
0
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d(Λ)-i-λ

= Σ ωλ+1+x Cχ+i+x(a) + coλ C λ (α) + coλ

0

d(*)-l-λ λ

= Σ ωλ+i+^ Cλ+1+X (a) + Σ ωx Cχ(a) + coλ by (13)
0 0

= Sλ/(fl)

The theorem follows by Ui.

The only successor function in terms of which the component functions are
defined is So. This fact together with Cμ(0) = 0 shows that the component
functions only take values among the natural numbers. The degree function
also only has values among the natural numbers. Hence the above theorem
shows that every ordinal a less than coω can be uniquely expressed in the
form

a = ωQl βi + co°2 a2 + . . . + ωak au

where α 1 ? a2, . . . , cik a r e natural numbers and ah a2, . . . , o.^ is a decreas-
ing sequence of ordinal numbers.

The ordinal a given above can be written as

sfk sS|:j. . . sSϊ o

where s£/ is an abbreviation for Sαt Sai . . . Sα/

Oi

When this is done computation with ordinals written in normal form can be
performed by successive applications of the rules involving successor and
predecessor functions and other arithmetical functions, e.g.

(ω3 + co2 2 + co + 3) + (ω2 + 1) = SoSoSoS1S2S2S30 + S0S20

= SoίSoSoSoSiSaSaSsO + S20)

= S0[S2(SoSoSoS1S2SaS30 + 0)]

= SoSz- SoSoSoSiSaSzSaO

= S0S2S2S2S3O by application of axiom A

= ω3 + ω2 3 + 1.

(co2 + co 3) (ω3 + 1) = SxSiS^O S0S30

= S i S i S ^ O 0 + SxSxS^aO CO3 + S ^ S ^ O
= ^(SASjSaO)^ + S i S i S i s 2 o

= CO5 + SiSiSiSaO

= S50 + SiSiSiS.O

= s 1 s 1 s 1 s 2 s B o
= co5 + co2 + co 3

The addition defined above is not commutative. A new addition can there-
fore be defined by the following equation.

a(+)b - b + a.

A countable number of functions Tμ are defined by the following
equation.

Ίμa =a(+)ωμ.
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The following inference schema is proved.

f(0)=g(0)

u /(Tμfl) = Hμ(a,f(a))
g(Ίμa) = Hμ(a,g(α))

f(a) =g(a)

In the following proof, functions are introduced some of whose arguments
only take values among the natural numbers. The arithmetic of the natural
numbers is used intuitively and proofs using transfinite induction on the
natural numbers are permitted.

The function Gm(a,b) is defined by the following recursion.

Gμ

0(a,b) = b
GS0>>&) = HM ™ + ^QftAβM

μ and m are restricted to the natural numbers.

Gμ(a,f(a))=f(ωμ m + a)

This is now proved.

Gμ

0(aJ(a))=f(a)
f(ωμΌ + a)=f(a)

G^Jβj{a)) = Hμ(ωμ m +a,Gμ(a,f(a)))
f(ωμ . Som + a) = f((ωμ + ωμ m) + a)

= f(ωμ + (ω^ m + a))
= f(Tμ(ωμ - m+ a))
= Hμ(α^ m + aj{ωμ - m + a))

The result follows by Ui

The inference schema is proved by induction on the degree of a.
For finite a Toα = Soα. Also /(0) =#(0). The result is therefore true

for ό(a) = 0. Suppose f(a) =g(a) when ά{a) < n. Choose b so that

d(&) = 6{a) + 1
d(β)+i

b = Σ ux Cχ(6)
0

= ω d ( β ) + 1 C d ( β ) + 1 (δ) + Σ ω * Cx{b)

0

A( Yu, /6{a) / d ( ί Z ) \ \

/(&) = G&ftiiw(Σ ω* Cx(δ), f\Σ co* Cx(6)jj

by the result just proved
/d(β) \ /d(β) \

/ ( Σ ω*. Cx(δ)j =^ίΣω^ Cx(δ)j

by the inductive assumption. Hence f(b) =g(b) and the schema is proved.
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A number of results involving subtraction are now proved.

(16) Pμa± b = Pμ(a * b)

P μa - 0 = Pμa

Pμ(a - 0) = Pμtf

Pμβ - S^δ = ?v(Pμa - b)

Pμ(a - S^δ) = P μ P^(α - b)

= PpPμ(a - b)by(l)

(17) (c^^cr^c)^

( α ^ δ ) - 0 = α ^ δ

( ^ 0 ) ^ 6 = 0 ^ 5

(a - δ ) - S μ c = P μ [ ( β - δ ) - c ]

( α - Sμc) - b = Pμ{a^- c) - b

= Pμ[(a- c)± b] by (17)

(18) a^a = 0

0 ^ - 0 = 0

Sμa - Sμa = Pμ(Sμa - a)

= PμSμβ -a by (17)

Let f{a) = Pμ Sμβ - a

/(0) = P'μSμO ^ 0 = 0 - 0 = 0

lί v < μ,f{Sva) = PμSμS^β^ Sva

= Pv(PμSμβ - « )

= Pv PμSμα - <2by (17)

= PμSμβ •=- a

= f(a)
If V = μ, f{Sva) = PμSμSμβ - Sμβ

= Pμ PμSμSμβ - α

= PμSμβ - αby (vi)

= f(a)
If v > μ, f(Sva)= PμSμSΊ,a- Sva

= Sva - Sva by (vi).

Hence we can prove Sμa - Sμa = 0 if we can prove Sva - Sva = 0 for all

sufficiently large p. Choose v > d(α).

Then Sva = ωv

ωv ^ ωv = P ^ O = 0.

The following result is sometimes useful.

(19) ΊμSva= SvTμa

TμSva = ωμ + (a + ωv)

= (ωμ+a) + ωv

= SvTμa.

The Difference Function

\a,b\ ={a± b) + (b --a).
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The following schema holds.

\a,b\ =0
a = b

Before proving this scheme the following result is proved.

(20) a - b = 0 if ό(b) >d(α)

If b - 0 ό(b) = 0 and the result holds vacuously

a - Sμb = Pμ(α - b)
Pμ0 = 0.

The schema is now proved.

If (a - b) + (b - a) = 0
Suppose d(β) > d(δ)
Then (α - δ) + (b - a) = a - b
Suppose d(&) > ό(a)
Then (a - b) + (b - a) = b - a.

We may therefore suppose in general

α - b = 0 and ό(a) > ό(b)

By Cantor's Normal Form theorem

_ ς«Oςwl ς" d ( Λ ) Π
« - D0 ^1 ^dίfl) U

0 = b 0 b i . . . b d ( & ) U

where n^a) > 0, nd(fc) > 0 and ft; > 0 for i < d(«)

and πii > 0 for z < d(δ)

n e n c e α - o - vQ v1 . . . κd( fe) b 0 . . . b d ( i ) υ

= pd(δ) So . . . S ^ ^ O by (16)

= Kd(6) sd(fe)+i bd(«) ϋ

# 0 d(α) > d(δ).

This is a contradiction. We may, therefore, suppose

d(α) = d(δ).

Suppose Cd(β)(α) ̂  C^a)(b).

We may suppose Cd ( β )(δ) < Cd(β)(«)

Thenα-ft^pg-^sgί^O

= sCd(β)(β)-Cd(Λ)(*)o
d(fl)

^ 0
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Hence C^a)(a) = Cd(*)(&)
We may next prove Cd(Λ)-i(«) = Cd(Λ)-i(δ)
and in general Ci{a) = Ci(b) i< d(a)
Hence a - b.

An extension of the for malts ation to ordinals greater than ωω

The ordinals less than ωω can be represented using successor functions
indexed by the natural numbers. In the development of the arithmetic it is
necessary to use some of the arithmetic of the natural numbers used in the
indexing. By taking more successor functions and using indices extending
into infinite ordinals it is possible to extend this formalisation to ordinals
greater than ωω. It is necessary, however, to use some of the arithmetic of
the indexing infinite ordinals. If the preceding formalisation of ordinals
less than ωω is accepted it is then possible to consider successor functions
indexed by such ordinals and to formalise ordinal arithmetic for ordinals
less than ωωω. This procedure can, of course, be repeated and even greater
ordinals considered.
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