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THEORY OF PROCEDURES
I. SIMPLE CONDITIONALS

M. K. RENNIE

Introduction. The aim of this paper is to set up the beginnings of a
logical theory of procedures, one of the major uses of which will be as a
theory of computation. Much of the initial portion of the paper consists of a
generalization and re-setting of the theory developed in McCarthy [6]. (For
the translation of McCarthy’s theory into practice, see McCarthy et al. [7].)
In [9], Thiele has developed a similar theory, oriented especially toward
algorithmic languages such as are used in digital computer programming.
It is not to be thought that a theory of computability, such as is provided by
Turing machines or Markov algorithms1 is in any way a theory of computa-
tion or a general theory of procedures. In fact the latter is used repeatedly
in an informal fashion whenever one constructs Turing machines or Markov
algorithms.

In section 1, we describe informally the nature and structure of pro-
cedures, giving examples of procedures and of the way in which they may
be diagrammed and symbolized. The morphology of a formal theory for
procedures is set out in section 2, and in section 3 and section 4 interpre-
tations are given for the various parts of this formalism. In section 5, a
theorem on the eliminability of propositional operators within the theory is
proved. Then in section 6 we prove a normal form theorem, which yields a
sufficient condition for complete axiomatizations of procedure theory at
this first level, where only simple conditionals occur.

1. The Structure of Procedures. The treatment of procedures begins
from a different point from the theory of Turing machines or Markov
algorithms. In these theories, a space is assumed at the very start; for
Turing machines the space is the tape which the machine uses for reading,
shifting or printing, and for Markov algorithms the space is the alphabet
over which the algorithm operates. A Turing machine is assessed in terms
of its effect on the tape, in particular the ‘number’ which it writes on the
tape as its final output, and Markov algorithms are assessed in terms of
their effect on words drawn from their alphabet, in particular their
terminal production. In procedure theory we can assess procedures purely
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in terms of their internal structure, and not in terms of their effect on any
space external to them.?

Without pretending to give a formal definition, we can say that a
procedure consists of a coherent, interconnected set of steps, where each
step is either an operational step or a decision step or a structuval step.
Examples of each sort of step may be found in the homely realm of office
procedures. Some of the operational steps are: banking in cash, sending
out invoices, sending out account overdue notices. Some of the decision
steps are: checking whether a correspondent is already mentioned in our
files, checking whether an account is more than 60 days overdue, deter-
mining whether an amount ordered is held in stock. Structural steps are
not quite so easy to find; some examples are: taking a file to the credit
manager, returning unfilled orders to the orders file. Structural steps are
usually carried out on the basis of the result of decision steps, and their
effect is always internal to the procedure.

Inside the quadruples with which Turing machines are defined (see
e.g. Hermes [4] p. 31) we may also find examples of each sort of step. A
typical quadruple has the form

qiSjO0rq ;v

where ¢; and ¢;» denote internal states of the machine, s; denotes one of the
symbols which may appear on the tape, and o; denotes a machine operation,
which may be one of the symbols (for printing) or a shifting operation or a
halting operation. In such a quadruple, g;s; is a decision, since the
quadruple is active only if the machine is in state ¢; and scanning symbol
Sj: or is an operation, which is carried out on the basis of the decision:
and ¢;» causes a structural step, since it causes the machine to shift into
state ¢;i, which has no effect on anything external to the procedure.

As a sample of the way in which we may diagram a procedure, showing
the interconnection of the three basic sorts of steps, consider Figure 1,

Obtain (new)

form and fill Set Proceed to
° in (new) details N<-1 Dept. N for —@
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Figure 1. Enrollment Procedure
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Each operational step is represented by a rectangular box, each decision
step by an ovoid box and the two® possible paths leading away from it, and
the structural steps are represented by the passage from one occurrence of
a numbered connector? (in the small circles) to another.

Passage through the diagram is always from left to right, and from top
to bottom; when we come to a numbered connector with nothing following,
we pass to the other occurrence of a connector, with the same number,
from which we may progress either towards the right or towards the
bottom. Via the structural steps so defined, this procedure is iterative,
e.g. if any department does not grant course approval then, via connector
number 1, the procedure is iterated with a new form and new details.

In this first level of the theory of procedures, we will not treat
iterative procedures of this sort. The present theory is constructed for the
purposes of logical analysis of the properties of the simple conditional
effect on operational steps given by decision steps, and in it there will be a
minimum of structural steps. Indeed, there will be no explicit structural
steps, and the only structural steps will be those implicitly involved in
passing from one step in the procedure to another, or in ignoring a step if
the condition for carrying out that step is not satisfied.

One semi-philosophical point is required before we proceed to the
logic of procedures, and this concerns the expression of operations within
operation steps. In general, we have to distinguish between an action itself,
the doing of the action, the proposition that the action is done, a command
or imperative that the action should be done, and the effect or result of the
action’s being done. Of these, we may rule out any consideration of effects
or results, since we are operating in abstraction from any particular class
of actions. We will use small Greek lettersa, 3, 9, 6, a'.... to refer to
actions, and these will be interpreted as gerundive phrases such as ‘“Your
shutting the door’’ or ‘‘the adding of x to y’’. We will write ‘Do’ for the
proposition that the action is done, or alternatively for the command ‘Do
a!’’, often written as ‘l@’. Although ‘Do’ and ‘!a’ must be clearly dis-
tinguished in general, they can be conflated for the purposes of procedure
theory. This is because one must assume, in setting up a procedure, that
just those actions which the procedure licenses or exhorts, and only those
actions, will be done. Again, exhortation and licensing, or obligation and
permission, coincide in procedure theory. Nothing is optional—there will
be no steps saying to the office worker or the computer ‘“You may do a
here if you feel like it’’. As a further remark on the equivalence of ‘Do’
and ‘! o’ for the purposes of procedure theory, we note that a procedure will
have precisely the same structure, as far as the relation of operational
steps and decision steps is concerned, when presented in the indicative
mood as when presented in the imperative mood. If we were describing an
office procedure to an outsider, we would use the indicative mood; if we
were setting it out to the office staff who have to operate under it we would
use the imperative mood, yet it would be precisely the same procedure in
each case. One often thinks in terms of the imperative mood when address-
ing a computer; however computers have a somewhat naturalistic ethic, and
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provided there are no technical difficulties, one has !a = Da for a com-
puter —they do what they are told and only what they are told.

We will also quite often conflate a and Da in procedure theory, and the
operator ‘D’ will often play little more part than a role as a punctuation
sign., This conflation will only provide us with grammatical worries at an
interpreted level; for purely manipulative reasons we will frequently con-
join and disjoin propositions and actions, where for ease of interpretation
we should conjoin or disjoin propositions with propositions to the effect
that an action is done.

2. Formalism for the fivst level of procedure theory.

Primitives

1. (a) The letters p, q, 7, s, p', . . . designated as propositional variables.
(o) 0 and 1 designated as propositional constants.
(c¢) —, &, v, D,= designated as propositional operators.

2. The letters a, B, v, 0, o', . . . designated as action variables.

3. (a) The letters Dand E
(b) The symbols C' for i = 2. (C? will mostly be written as C).

4, (,) for use as parentheses.

Formation Rules

1. (a) A propositional variable or constant standing alone is a well-formed
proposition (wfp).

(b) If P and Q are wips, then (P), (P & Q), (P v Q), (P> Q), (P=Q) are
wips. (Propositional operators are used autonomously in the meta-

language).

2, If A is an action variable then (DA)is a well-formed procedure expres-
sion at the first level (wfpel).

3. IfPy...P, are wips, and Y, ... Y, are wipel’s, then (C"P1Y P2 Y2, . .
P,Y,) is a wipel, for n >2.

4, If X and Y are wfpel’s, then (YX) is a wfpel (where juxtaposition in the
metalanguage denotes juxtaposition in the object language).

5. If X and Y are wipel’s, then XEY is a well-formed formula of procedure
theory at level 1 (wffl).

When writing wipel’s and wffl’s, we will conventionally drop outside
parentheses and others not needed to prevent ambiguity. Some sample
wipel’s, with some parentheses dropped, are

(i)  ((Da)(DB)) (Dy)
(ii)  (C°p(Da)g(DB)r(Dy))
(iii) (Da)(Cp((DB)(Dy))q(Dd))(Dd")
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(iv) CpDBlDy
(v)  Cp(Da)g(Cr(DB)s(Dy))

3. The interpretation of wfpel's. Each wfpel can be interpreted as a
description (or prescription) of a procedure. The (syntactical) order of
occurrence of wfpel’s within a larger wipel determines the order in which
each part is to be carried out. Thus (i) interprets as the simple uncondi-
tional procedure in which first @, then 8 and then y is done, or is to be
done. This can be represented by a simple flow-chart as in Figure 2.

Figure 2.

Concatenation interprets, implicitly, as ‘‘and then’’, and this operator
has intuitively the same formal properties as concatenation, namely as-
sociativity but not commutativity. If we take equivalence of procedures in
an intuitive sense of ‘having the same result’, then (Da)(DB) will not in
general be equivalent to (DB)(Da). To borrow an example of Russell’s, let a
be putting on one’s socks and  be putting on one’s boots. Then clearly
doing a then doing B, ¢.e. (Da)(DB), does not have the same result as doing 8
then doing a, i.e. (DB)(Da). For actions within a Turing machine, we could
let a be printing a ‘+’, and B be shifting right one square. Then (Da)(DB)
will cause a ‘+’ to be printed on the square to the left of that on which
(DB)(Da) will cause ‘+’ to be printed.

However, a sequence of simple D-expressions does associate; in fact
this is implicit in the lack of parentheses in Figure 2. Hence we are
justified in wusing juxtaposition (or, for formal syntactical purposes,
concatenation) to express the operation of direct passage from one step to
another in a procedure.

The symbols C'are our symbols for conditional expressions within the
procedure. They do not correspond directly with the ovoid boxes for
representing decision steps on flow-charts, nor are they to be confused
with material implication, for which we are using the ordinary Peano-
Russellian ‘©’. The interpretation of a Ci-expression is formally identical
to the interpretation of the ¢f . . . then . .. else . . . conditional statement-
form in ALGOL®, The general form C"P,YP:Ys...P,Y, is interpreted
as the procedure of doing Y, if P, is true, or if P, is not true then doing Y,
if P, is true, etc. In general, P; .&. /<\ P; is the condition under which Y;

i<j
will be done according to the conditional procedure expressed by the wipel:
C"P1Y1...P,Y,.

Under this interpretation, the question arises as to effect of such a

conditional procedure if none of the P;, for 1 <7 <u are true. In this case
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we say that the procedure is not evaluable and generally we will confine
our attention to ewvaluable procedures. We will apply these properties
ambiguously to procedures and the wfpel’s which express them: a C”-

expression C”P,Y: ... P,Y, is defined to be evaluable if V P; is true. Of
i=1
the evaluable C’-expressions, there will be a subgllass of logically evalu-

able C”-expressions, which are those for which V P; is logically true.
i=1
We will call a whole wfpel evaluable if and only if all the C”-expressions

contained in it are evaluable, and logically evaluable, or simply logical, if
and only if all the C”-expressions contained in it are logically evaluable.
Any procedure expressed by a wfpel containing only D-expressions, such
as our sample wfpel (i), will be logical and a fortiori evaluable.

To facilitate the expression of logical procedures, we will introduce
the symbol ‘0’, whose interpretation is, roughly, ‘otherwise’. Just as
‘otherwise’ expresses a definite condition only in context, so we cannot
give ‘0’ an explicit definition but instead we define it contextually. We
require that ‘¢’ can only occur in the P,-place of a C”-expression, and the
contextual definition is

rf-l
C"P1Y1. .+ o Py Y, ,0Y, =p; C"PiY:. . .P,,_IY,,_1<V P,-> Y,

i=1

It immediately follows that any C”-expression containing ‘6’ is logically

n-1 n-1
evaluable, since V P; . V P; is logically true.
i=1 i=1

In fact, ‘6’ could be replaced by ‘1’, and an equivalent procedure would
result. In either case, Y, will be done if and only if none of Y1... Y,_; are
done. Of course, any C”-expression containing a ‘1’ for any P;, in particu-
lar P,, will be logically evaluable, since 1 is a logical truth, and if p is a
logical truth then so is p v ¢. The point of using the ‘4’ symbol is that it
gives the condition under which Y, is done, which we would not have if we
used ‘1’ in place of ‘6’

With these remarks, we may now turn to a consideration of the
interpretation of the wfpel’s (ii)-(v). The wfpel (ii) interprets as the
conditional procedure of doing a if p is true, doing B if ¢ is true and p is
not true, and doing y if 7 is true and neither p nor q is true. As it stands,
this procedure is not logical, since p v ¢ v 7 is not a logical truth, It would
become logical if ¢’ were replaced by ‘6’, or if an extra action were added,
resulting in C*»DagDBrDy6Ds. The flow-chart for this procedure is shown
in Figure 3.

The portion above the dotted line is the original procedure, and the
whole flow-chart is the procedure as made logical by the addition of ‘0D&’
Notice that we need add no decision step for ‘6’: the effect is the same as
if ‘1’ were written in place of ‘9’ and it is clearly otiose to ask if 1 is true.
It is not otiose in general to ask if @ v ¢ v 7) is true, but given that we are
only in a position to ask the question if neither p,nor g, nor # is true then
the question becomes otiose.



THEORY OF PROCEDURES 103
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Figure 3.

The wifpel’s (iii), (iv) and (v) may be interpreted in a similar fashion,
and represented by a flow-chart, (iv) is logical, but (iii) and (v) are not
logical as they stand. (v) illustrates the point that the ¥;’s in a C™expres-
sion do not have to be simple D -expressions or concatenations of them, but
may themselves be C”-expressions. In terms of the procedure expressed
by such a wfpel, this means that some decision steps may be followed by
further decision steps rather than by an operational step.

4, The interpretation of wffl’s. We now turn to the interpretation of
wifl’s, which are formed by infixing an ‘E’ between two wfpel’s. The
intuitive interpretation of ‘E’ is as a proposition-forming operator on
procedures; thus ‘XEY’ is read as ‘‘Procedure X is equivalent to procedure
Y’. Now ‘... is equivalent to ...” is an explicandum which requires
explication: the first step towards an explicatum® is to spell the explican-
dum out into ‘“. . . has the same results under the same conditions as. . .”,
and this in turn may be spelled out to . . . causes (or prescribes) the same
actions to be done, in the same order, for the same truth-values of the
conditional propositions, as...”” This latter form motivates the following
precise definition of evaluation and equivalence.

Firstly, we give evaluation rules for wipel’s in primitive notation, i.e.
with all occurrences of ‘6’ removed by contextual definition, These are set
up so that any C” -expression C”"P,Y,...P,Y, which is not logically
evaluable is treated as if it were C""'P,¥, ... P, Y, 0(Day) where ap is the
null action, Z.e. the action of doing nothing. A wfpel is evaluated with
respect to a standard truth-tabular matrix, formed from all the distinct
propositional variables appearing in P-places within the wfpel. If the wfpel
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contains no C”-expressions, it has a one-row evaluation. For each row of
the matrix, we evaluate a wfpel according to the prescriptions:

1. The evaluation of (XY) is the evaluation of X followed by the evaluation
of Y.

2. The evaluation of C"P,Y; ... P,Y, is the evaluation of the first Y;, for
1< i<wn, for which P; is true for the particular row of the matrix, and is
nil if there is no such P;. If any P; is a compound proposition, an ordinary
truth-tabular calculation will be needed to determine its truth-value.

3. The evaluation of DA is carried out by writing A in the row of the
matrix beneath its occurrence in the wfpel.

These rules are obviously effective, in that at any stage during the
evaluation of a wfpel, the rule to be used is fully determined, and whenever
the evaluation of a compound wfpel requires the evaluation of another
wfpel, the second wfpel is shorter syntactically than the first and so the
procedure must terminate. The evaluation procedure is itself a recursive
procedure (or algorithm), of a type which cannot be expressed by a wipel
(obut which can be expressed at a more advanced level of procedure theory).
Some sample evaluations are:

Da DB Dy » | (CoDapDB)Dy
a B vy 1 a Y
0

B v
p | q | CpDagDB(p & q)Dy P | q I CpDap(CqDBgDy)
1(1 a 1)1 a
110 o 110 a
01 B 011 B
0l0 v 010 v

Now the evaluation of a wfpel sets out what actions are done (or pre-
scribed) under all logically possible states of the conditional propositions
within the wfpel. In evaluation rule 3, it is required that the action
variable A should be written in the row of the evaluation beneath its oc-
currence in the wipel: hence the order of occurrence of the actions on any
row of the evaluation will be the same as the order in which the actions are
done within the procedure. Hence we may use the evaluation of wfpel’s to
define their equivalence.

We will define XEY to be true if and only if each row of the evaluation
of X contains the same action variables in the same order as the corre-
sponding row of the evaluation of ¥, where X and Y are evaluated with
respect to a matrix formed for the distinct propositional variables
occurring either in X or in Y. This definition is the explicatum of our
original explicandum ‘‘X is an equivalent procedure to Y’’. An example of
a true wifl is

(C® pDagDB6Dy) E(CpDadCqDBODy),

as may be seen by checking the last two sample evaluations,
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In the following sections we will assert that various wffl’s are true
without supplying any proof: in each case the proof is a routine matter
using the evaluation rules of this section.

5. The eliminability of propositional opevators. In this section we
prove that for every logical wfpel there exists an equivalent wfpel which
contains no propositional operators.

For the proof of this proposition, we note two preliminary results.
Firstly, we note that every C”-expression is equivalent to a wfpel contain-
ing only C*-expressions. This follows by a generalization of

(C® pDagDBvDy) E(C* Da6(C%gDB6Dy)),
which may be readily established by a truth-tabular evaluation. In general
(C"P\Y1...P,Y,)EC?P,\Y10C?PsY20 . ..0CP,_,Y, P, Y,)

where the right-hand wfpel contains n-1 C*expressions.

Secondly, we note that every logical CZ%expression of the form
C?P,Y.P.Y; is equivalent to C?P,Y16Y2. (It does not follow from this that
6 = P3). Putting these two facts together gives the result that every
logical C"-expression is equivalent to an expression all of whose well-
formed parts are of the form C?P,Y,6 V.

Hence, to establish the required result that every logical wifpe is
equivalent to a wfpel containing no propositional operators, it suffices to
show that all the propositional operators in a wipe of the form C2P,Y10Y>
may be eliminated, and to show that it suffices to show that we may
eliminate the ‘—’ from C?pY;0Y2 and the ‘&’ from C*(p & q)Y:6Y2. These
latter eliminations are carried out using the equivalences

(C*P Y16 Y2)E(C? Y20 Y1)
(CHp&q) Y16 Y2) E(CH(CqY10Y2)0 Ya),

and hence the required result is established.”

We do not retain this result if we insist that the wfpel should be in
primitive notation and contain no propositional operators. We can however
assert, on the basis of the proof just given, that for every wipel there is a
wipel in primitive notation containing no dyadic propositional operators.
This follows since in each case where we expand a ‘6’ into primitive nota-
tion, we will introduce a negation operator, but no dyadic operators.

6. Normal Forms and a sufficient condition for complete axiomatiza-
tions. In this section we define explicit-conditional normal forms (ecnf’s),
and perfect explicit-conditional normal forms (pecnf’s), and use them to
derive a sufficient condition for complete axiomatizations of this level of
procedure theory.

A wipel is defined to be in explicit-conditional normal form iff either
(a) it contains no C”-expressions or (b) if it contains any C”-expressions,
then it contains just one, and this is the main operator of the wfpel, so that
it is of the form C"Q.Y:...Q,Y,; and furthermore in this case each
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Y; for 1<si<n (all of which are D-expressions or concatenations of them)
is done if Q; is true.

A wipel is defined to be in perfect explicit-conditional normal form if
it is in ecnf and moreover each @; for 1<i<# has the form of a state-
description (see [2] p. 9) in all the propositional variables occurring in the
wipel.

We require to prove that for every wipel there is an equivalent wipel
which is in pecnf (and hence in ecnf). The first result we need is that for
every C”-expression of the form C"P,Y, ... P,Y, there is an equivalent
C”-expression of the form C"QY ... @Q,Y,, in the evaluation of which each
Y; is evaluated if the corresponding Q; is true. The rule for construction
is: foreach i, 1<i<n put @ = P; .&. /<\ P;. In particular, @, = P; and

1<t

7n-1

Q. = P, .&. ]/<> P =P, .&. /\—/1 P, by DeMorgan’s Law, so that if P, = 6
so does Q.

To show that (C"P,Y;...P,Y,)E(C"@.Y:...Q,Y,) we use an ap-
propriate generalization of (CpDagDB)E(CpDalq &p)DB), which may be
established in truth-tabular fashion. To show that for 1<si<wn, Y; is
evaluated if @; is true, we see that this will be so if

(Vj)1<j<i.D.Q DQ),

since if this holds then if @; is true, no ¥; for 1< j< iwill be evaluated,
and so Y; will be evaluated. Now by definition

QiD/\ﬁi

i<i
and also
I_’,‘ DQI’
and hence
Qi O /\ Qj
j<i

and hence the required condition holds. We call this the condition of
explicitness, which we may express using the Scheffer stroke function thus

(Vi)Vi)G6 <nm & j<m.&i+j:D:Q(Q)).

Whenever this holds we will write C*@,Y; . . . @.,Y, as C2@,Y; . . . .Y, the
subscript ‘e’ indicating that the conditional wfpel is explicit. Since plf, we
always have CZ2ZP.Y160Y2 as a particular case of explicit conditional
expressions.

Hence, since for any C"-expression there is an equivalent C” -expres-
sion, if we now show how any wfpel may be transformed into an equivalent
C” -expression if it contains any C™-expression, then we will have given a
procedure for placing any wif into ecnf.

Theorem: For any wfpel there is an equivalent wfpel containing at most
one C"-expression wheve that C" is the main opevator.



THEORY OF PROCEDURES 107

Proof: The proof is by induction and the basis established immediately
since DA contains no C” -expression if A is an action variable. Next, we
make the inductive hypothesis that each Y; contains at most one C” -ex-
pression, and consider C"PiYi...P,Y,. Let ¥;, 1<j<un, be the first ¥;
in this C"-expression to contain a C™"-expression (if there is no such Yj,
then clearly there is nothing to prove). Let ¥;=C"RiZ:...RnZn, for
from the inductive hypothesis, if ¥; contains a C™-expression then that C”
is its main operator. Now consider the C’-expression, where » = n-1+m:

C'PiYy...(P;&R\)Z(P; &R2)Z2 ... (Pj&Rpn)Zn « .+ . Pn¥n;

this C7-expression results from the C"”-expression by substituting
(Pi&R1)Z1...(P;&Rn)Zn for P;jY;. We require to show that this expres-
sion is equivalent to C"P,Y1...P;(C"RiZy...RyZyp)...P,Y,. Now so
far as the pairs P;Y;, for i+ j, are concerned, the C’-expression is
identical to the C”-expression, so we need consider only the pairs oc-
curring in the jth to (j+m - 1)th positions of the C"-expression, and show
this portion equivalent to the jth pair of the C"”-expression. The required
equivalence holds here because of an appropriate generalization of the
equivalence

(C*pDagq(CrDBsDy) p* Da* )E(C*pDalg & ¥)DB(q & s) Dy p'Da'),

and hence we have shown that the C"-expression is equivalent to the C” -
expression and contains one less C”-expression. By repeating the forma-
tion of such C" -expressions, we may remove all C”-expressions from the
C” -expression, except the final C" -expression which constitutes the main
operator. Hence this inductive step is established.

Next we prove two lemmas, to be used in establishing the inductive
step for concatenation, The first lemma states that if a C. -expression
CiQ.1Y1...Q,Y, satisfies the distinctness condition

(Vi)vi)(A<i,j<n.& . i#j:D: Y #Y;),

then Q;Y; pairs may be permuted within that C.-expression: Z.e. given the
distinctness condition then

(CeQ1Y1...Q;Y;...Q;Y;...Q,Y,)E(CIQ1Y1...Q;Y;...Q;Y;...Q,Y,)

This is immediate once we observe that in a C.-expression satisfying the
distinctness condition, Y; will be evaluated if and only if @; is true, so that
the position in which @;Y; appears is immaterial to the evaluation of the
expression,

The second lemma states that for any C7-expression, there is an
equivalent C,-expression satisfying the distinctness condition, To prove
this, let ¥; = ¥; for some 7 < jin Cc@1Y1...@Q,Y,. Then we have

(C2Q1Y1...QnYy)E(CIT'Q1Y1. .. (QivQ)Y;+ .. @, Yj_1Q; 1Y iy - Q0 Yy),

and on the right-hand side of this equivalence, ¥; no longer appears and so
does not cause the expression to fail the distinctness condition. If n = 2,
then we use the equivalence (C2Q.Y:1Q:Y1)E(CZ1Y,0Da'), where o' is an
action-variable appearing nowhere else in the expression,
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Now we may make the inductive hypothesis, that X and Y are in ecnf,
and consider (XY). We may assume that both X and Y contain just one
C-expression each, since we can use the equivalence (Da)E(CIDaODa'),
where o' is an active-variable occurring nowhere else in X or Y, to
introduce artificially a C-expression if one of them does not already con-
tain one. (If neither X nor Y contains a C-expression, there is nothing to
prove). Further, we may assume that each of these C-expressions is
explicit, and then by the second lemma we may assume that each of them
satisfies the distinctness condition as well. Under these assumptions, we
set

X=ClQiY1...Q.Yy, Y=CIQiYi...Qn Y
Now, for 1sisnand 1<j<m, put
Qi = Q: &Q)), Y =(nY))
Now consider the C™”-expression
CP”" Q1uY11Q12Y12+ « « Qun YinQ@21Y21 + + « Qun Yom ©

According to the inductive hypothesis, each Yj; contains no C-expressions,
and hence the C™"-expression obeys the required conditions. We require
to show that it is equivalent to (XY) to establish the inductive step.

Let us observe firstly that the C™*” -expression is explicit if both the
C” and the C™ -expressions are explicit, To show that the C™*” -expression
is explicit, we have to show that the distinct @;;’s are incompatible, i.e.,

ik wej#l:DQi |Qu

By definition, this becomesi# k2 .v.j# 1:5:Q,&Q; .|. @ &Q]
By hypothesis i+k.D.Q; @

and i+1.2.Q}lQ],

hence itk w.j+1.20.Q1Q v.Q1Q].
Also, plg wv.rls oip&r .. q&s

is a tautology, and by substitution we have
QiR v.Q/1QI :0: Qi &Q] .1.Q &Q,

and hence by syllogism we have the required result.

Further, the C™” -expression will also satisfy the distinctness condi-
tion if both X and ¥ do. Hence in the C™™ -expression, the order of writing
the @;; ¥;; pairs is immaterial, and Yj; will be evaluated if and only if @;; is
true, that is, iff @; and Q,’ are true. That is, ¥; and then Y}-' will be evalu-
ated iff @; and Q} are true. But this is precisely the case for (XY), which
is

((CZQ1Y1 o0 Qn Yn)(CZIQ;YI' o Qr'n Yr:t )),

and hence the required equivalence holds.
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Hence we have completed the proof that for every wfpel there is an
equivalent wfpel in ecnf. In order to perfect an ecnf we simply note the
result from propositional calculus that every truth-function,® ¢(ps, . . . , p,)

say, may be expressed as a disjunction v s;, where each s;is a state-

description in the # propositional variablels pi, -« .+, Pn. Inany ecnf, we
replace each propositional function by such a disjunction, and then we apply
repeatedly the equivalence® (C.(pvq)Da0DB)E(C.pDagDab6DB) in order to
derive a pecnf, For any logical wfpel, its pecnf will be a Czn—expression,
where 7 is the number of propositional variables occurring in the wipel.
(Appendix A contains a full-scale worked example of reduction of a wfpel to
pecnf.)

Perfect explicit-conditional normal forms mirror the evaluation of a
wfpel in much the same way as perfect disjunctive normal forms in
propositional calculus mirror the ordinary truth-tables. Both pecnf and an
evaluation set out the actions which are done under the conditions given by
a state-description in the propositional variables concerned. From this it
follows that if XEY, then the pecnf of X is identical (within the order of the
terms, and this may be made unequivocal by a suitable lexicographic con-
vention) to the pecnf of Y.

Hence any formal system whose wff’s are our wifl’s, and whose
axioms and rules of derivation are sufficient to ensure that E is an RST
relation and that the pecnf metatheorem holds with respect to the system,
will be complete with respect to the set of true wifl’s as determined by the
evaluation procedure. For, if XEY, then the pecnf’s are identical. We then
express the (identical) pecnfs by a wiff of the formal system, A say. Then
AEA is a theorem of the system if E is reflexive. Then we apply the pecnf
procedure to each side of this equivalence, but in reverse, so that we
transform A on one side into a wif, X', expressing X, and on the other side
into a wff, Y', expressing Y. If E is RST, then X'EY ' will be a theorem of
the system, and hence the system is complete.

This then is our sufficient condition for completeness of axiom sets
for procedure theory at level 1. Such an axiom set will also be decidable,
for similar reasons. Any number of axiom sets will satisfy the condition:
the simplest but least elegant way is to take as axiom schemata the general
principles such as

(Cngyl L) Qn Yn)(Cg’Q]YYI' L) Qr'n Yr;z )E(Cnxm QllYll LI Qnm Ymn)

which were needed in our informal pecnf proof. Or else we can take
restricted versions of these, and prove the more general schemata using
induction in the metalanguage. The choice of axiom sets depends upon our
purpose, in particular whether the formal system is to be used for
deriving theorems or for metatheoretic investigations. Since we are going
to do neither of these in this paper, we leave open the choice of any
particular set of axioms.
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APPENDIX A

Take the wipel:
¥ = C(pCqD a6 DP)(C(vCqD adDy)(6(CHD adD &) (CsDa'9D ")) .
Write ¥ as
¥ = Cp(CqDa 6DpB) (CrA 0 B)
Remove 6’s, and we get
¥ =Cp (CqDagDB) B(CYAYB) .

Now we have an instance of the case in the first inductive step. We ‘‘distribute’’ p and
P according to the formula there, and derive

YE C*p &q)Da(p &7) DR(P & ¥)B
Now B = (CpDa 6 D6) (CsD a'6D 6") = (CpD apD8S) (CsD a'sDS")
This is now an instance of the case in the second inductive step. We put
Y, = (DaDa'), Yy, = (DaDs"), Yy =(DéDa'), Ya =(D6DS")
and
Q11 =P &5,Q12 = &5),Qz2, =(P &Ss),Q20 = (P &5)
Then B is equivalent to
cZX2 Qll Yll QIZ Y12 Q21 Y2l Q22 Y22
ie.
c*(p &s)(DaDa) (p &5) (D aD6") (P &s)(DéDa) (B &5) (D6DS)

Now we put this for B in ¥, and A = CgD a6 D+, and then we use the method of the first
inductive step again. Expanding over A first we have

YECAp&q)Dp &9) DR(B &7 & q) DaF &v &9 DY(P&7)B
Then by expanding over B
YECp&q)Dalp &§)DAP &Y &q) DB &7 &7)DY(P &7 & p & s)(DaDa')
(P&7 &p &sS)DaD6") (p&¥ &P &s)DO6Da") (P& &P &s5)(D6DSY
Now we remove a couple of terms with contradictory expressions in P-place, and get
VECp & q) Da(p & q) DB(P &7 & q) Do(Pp & v & PDy(p&7 & s)(D6Da)(P&7 &5)
(D& Db
We now have obtained an ecnf for ¥, since it may be checked that the wipel is an

explicit conditional. The perfection process yields

C® (p &q &7 &s) (D a)
(p &q &7 &3) (D)
(p &q &7 &s) (D)
(P &q &7 &) (Da)
(P &G &7 &s) (DB)
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(p &9 &7 &35) (DB)
(P &9 &7 &s) (DB)
(b &9 &7 &) (DB)
(P &g &7 &s) (Da)
(P &q &7 &3) (Da)
(P &q &7 &s) (Db6D )
(P &q &7 &3S) (D6DSY
(P &g &7 &s) (Dy)
(P &g &7 &3S) (Dy)
(P&q &7 &s) (DéDa")
(P&q &7 &s) (D6DS)

after a little re-arrangement, and this is the pecnf in systematic form. The wfpel ¥
is logical, containing as it does a liberal sprinkling of ‘4’’s, and hence its pecnf is a
" = c2* = ¢ -expression.

NOTES

1. For descriptions of Turing machines and Markov algorithms, see respectively
Hermes (4] and Markov [5].

2. That is, we will do this until we explicitly assume a result space, when we will be
able to assess procedures in terms of their external effects on this space. Result
spaces will not be introduced in this paper.

3. In general, there is no reason why there should be only two possible branches
from a decision. E.g. we could ask ‘““For what month is the procedure being
carried out?’’, and this would lead to a twelve-fold branch. However, all such
decisions could be carried out by means of a series of two-branch decisions, in
the sample case by a series of decisions beginning ‘‘Is this for January?’’ and
ending ‘‘Is this for November?’’, and two-branch decisions are obviously more
amenable to treatment by a logic of a propositional style.

4. For a general description of the use of this sort of diagram (‘flowchart’) in com-
puter programming, and for some history of computing lagriappe, see Goldstine
and von Neumann [3].

5. For which, see McCracken [8], or any commercial programming manual for
ALGOL.

6. These technical terms are, of course, Carnap’s. See, e.g. Carnap [1] pp. 1-8.

7. The normal form of a wfpel which results after all eliminations of propositional
operators have been carried out corresponds to McCarthy’s ‘‘canonical form for
generalized Boolean functions’’, McCarthy [6] p. 56. McCarthy does not define a
normal form corresponding to our explicit conditional normal form in section (4),
and does not discuss the question of completeness of hi¢ axiom set.

8. Provided it is not a contradiction, in which case it may be removed in virtue of
(C3pDaODBODY)E (CPD a6Dv), and similar equivalences and generalizations of
them.
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9. This equivalence is stated in terms of an explicit conditional, rather than any
C-expression, since for example the following two wipel’s are not equivalent

C%p v q)DagDBoDy, C*pD agD pgD 6Dy

For C.-expressions, it is immaterial where the two terms resulting from a
separation of a disjunction are placed, and this facilitates the systematic ar-
rangement of the terms in a pecnf.
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