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EXAMINATION OF THE AXIOMATIC FOUNDATIONS
OF A THEORY OF CHANGE. III

LAURENT LAROUCHE

THIRD PART*
§81-3

§1. Description of the deductive system. In the contemporary scientific
literature we can find many variations of the first-order predicate
calculus. It is then necessary to select one of these which shall serve to
derive our propositions from our axioms. We shall use the first-order
predicate calculus by H. Hermes in his ‘‘Einfilhrung in die mathematische
Logik’’ [13]. This calculus has the form of a calculus from assumptions.
Hermes describes a proof in his calculus as follows: ‘‘Ein Beweis im Sinne
eines Annahmenkalkiils besteht . . . aus einer endlichen Folge von Zeilen,
wobei jede Zeile aus endlich vielen Aussagen besteht, von denen die jeweils
letzte als die Behauptung und die vorangehenden als die Annahmen dieser
Zeile angesehen man von Ausgangszeilen (den Priamissen) Ubergehen kann
zu einer weiteren Zeile (der Conclusio)’’, [13], pp. 34-35.

In the following presentation of the system of deductive rules, we shall
use the Symbols ¢£p3), “G,,, “T”, and &‘a7” (‘b},’ “07!’ a.n.d (‘Q!7’ ‘(R,, as
variables respectively for expressions, and individuals (momentaneous
subjects or properties), and predicates.

(A) Rule of self-affirmation
pp

(Rule without premisses) The rule allows to write the sequence pp for any
expression p. ’

*The first and second parts of this paper appeared in Notve Dame Journal of
Formal Logic, vol. IX (1968), pp. 371-384, and vol. X (1969), pp. 277-284, respec-
tively. They will be referred to throughout the remaining parts, as (] and [II]. See
additional References given at the end of this part.

Received May 20, 1964
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(Ko) Rule for the introduction of the conjunctor

LT
---0
co===(Ta0)

Remark. The (eventually empty) beginning of sequences (or parts of their
beginning) will be reproduced symbolically by .. . respectively by - - -.
The order in which the beginnings of sequences forming the premisses of a
rule appear in the conclusion, is arbitrary. Furthermore, it is allowed in
the beginning of a sequence to repeat any number of times the expressions
which already appear in it.

(Ky) First rule for the elimination of the conjunctor

... (TA0)
T

(K;) Second rule for the elimination of the conjunctor

... (T A0)
.o

(E) Rule of exhaustion
... TO
- - =170
L-=--0
(W) Rule of contradiction

. T
---ar
.-=--0

(G) Rule for the elimination of the universal quantifier

...Vart
LT

(G, Rule for the introduction of the universal quantifier

- T
...Vat’

provided ¢ is not a free variable in . . . .

(57) Rule of substitution

LT
.o’
provided Subst . . . Tpa - - - 0.
(Subst . . . Tba - - - 0 shall mean that ¢ is the expression obtained

from 7 by substituting @ for b provided b is free for a in 7, and that every
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part of . . . corresponds to its respective part of - - - through substitution
of a for b.)
(1) First rule for identity a=a

(13) Second rule for identity

---7
--=-b=aco0’

provided Subst 7ba o.

(Ao) Rule for the pre-introduction of the disjunctor

...0p
.===-(ovT)p

(A;) First rule of weakening of the disjunctor

---0
---(ovT)

(Az) Second rule of weakening of the disjunctor

---0
--=-(1vo0)

(Io) Rule for the pre-introduction of the implicator

R [oo)

co===(c—=7p

(1,) Rule for the introduction of the implicator

-=-=-0T7
---(c—1

(P2) Rule for the introduction of the existential quantifier

---0
-~-=~3ac

(PZ) Rule for the pre-introduction of the existential quantifier

---07

- --3ao7’
provided a is neither free in 7 nor in - - -.

In order to lighten the proofs we want to add here the following derived
rules of inference.

(SW) Rule of self-refutation

---glo
- - =70
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(KS) Chain rule of the consequent

.0
---07
L= =T

(KP,) First rule of contraposition

~---07
- - =170

(EA) Rule for the introduction of an additional assumption
oTC

(ZA) Rule for the elimination of the conjunctor between parts of the ant
cedent

---(cAa7p
---07Tp

(VA) Rule for the introduction of the conjunctor between parts of tl
antecedent

---07p
--=-(ocaTp

(SR) Rule of symmetry for identity

a=b b=a

(TR) Rule of transitivity for identity

a=b b=c a=c"

(ER) First rule of substitution for identity
ar=ay...a =a, Pa,...a; Pa...a;
(B1) Rule for the elimination of the implicator

(o=
---07

(MP) Rule of Modus Ponens

o 0
---(e=1)
- =T

§2. List of the primitive notions and of the definitions together with t
axioms and propositions of the formalization.

Pn3.1. x~ y:x and y are simultaneous.
A3.11 x~x

A3.12 x~y—-y~x

A3.13 x~yAry~z—ox~2z
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Pn3.2. x < y:x and y are genidentical and x is earlier in time than y.

A3.2.1 1x<x

A322 x<y—y<x

A3.23 x<yry<z—ox<z

A3.2.4 x<z-—Ix <y<z)

A3.3 x<y—Tlx~Y

A3.4 %0 <1< %3 A Yo < Y2 AXo~ Yo AXz~ Yo =3y 1(¥o < 91 < Y2 A
X1~ Y1)

D3.1 X=Yy=px<yvx=y

D3.2 Gxy =pjx =yvy<x

A3.5 x1<yAx2<y—>Gx1x2

A3.6 x <Y1 A x <9y — Gyiys

S3.1 x <y — Gxy

S3.2.1 Gxx

S3.2.2 Gxy — Gyx

83.2.3 Gxy AGyz — Gxz

S3.3 GxyAax~Yy—>x=Yy

S3.4 x~3YyAalx =3y —1Gxy

S3.5 1Gxy A Gyz — 1Gxz

S3.6 x1<yAx2<yAx1~x2—>x1=xz

53.7 X< Y1AX<YPAY1™~ Y2 Y1 =02

Pn4.1. Axa:x is actual with regard to a.

A4.1 JoAxa

Pn5.1. Fxa:x is capable of a.

A5.1 Axa — Fxa

Ab.2 %1 < %2 A Fxsa — Fxya

D5.1 Pxa =p Fxa a TAxa

S5.1 Gx1x2 A Axya A Pxo — 1%y~ x5

S5.2 Axa A PxB—7a =8

S5.3 Pxa — 3(AxB A 1a = B)

S5.4 x1<x2 A TAx0 A Axya — Px,a

D5.2 V1920 =pf 91 < 2 A Apsa a Vy(y1 =y <y, — TAya)

$5.5 Vye0 = Gy1y.

$5.6 Vyoyza a Vyi3za — Gyon

85.7 Vygwaa & 30 <31 < y2 = Vyiyea

S5.8 Vyika — Py

Pn6.1. Mxya:x changes y to a.

A6.1 Mxya — 3x,(x3~ 9 A x < xy)

AB.2 Mxya — Jyolx ~ 30 A yo < y)

S6.1 Mxya —1x ~ y

$6.2 Mxya a 9o <91 <Y A Yo~ x = Am(xm~ y1 4 x <x1)

S6.3 Mxyaa x <x;<Xs A X3~ = Iy(x~ 1Ay, <)

AB.3 Mxya — Aya

A6.4 Mxya ax ~yo=<y,<y —TAy

A6.5 Mx1ya A Mxgya — Gxx,

S6.4 Mxya — Jyolx ~ yo A Vyeya)

$6.5 Mxysa a x ~ 31 <Yz = Viea
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56.6 Mxya o Axa — 1Gxy

AG6.6 Mxyaax <x~ 9<y = Mx,ya

S6.7 Mxya A x < x; ~ 91 < Y5 = Vy,9,0

A6.T  Vyiya—3x3y W~y Ay =y <y;aMxyz0a)

56.8 Vo0 <> 3x 3y (01~ Y140 90=9; <Yz A Mx 1,0 2
Vy(g=y < 3, = 1Aya))

Pn7.1. Bxya:x has at most as large a share in a as y.

AT.1 B xxa

AT.2 Bxya A Byza — Bxza

D7.1 Wxya =p; Bxya a 1Byxa

D7.2 lxya =p; Bxya o Byxa

S7.1 TWxxa

S7.2 Wxya —TWyxa

S17.3 Wxya A Wyza — Wxza

A7.3 Pxa » Aya — Wxya

AT.4 Axa r Aya — lxya

AT.5 Mxya A Aza — Bzxa

S7.4 Mxyo A Pza — Wzxa

S17.5 Mxya — 1Pxa

S7.6 Mxya —1Gxy

S7.7 Mxya0a x;<x ~y <3y;—1Gxy

S7.8 Mxiyidax;=x~y <y;— Wyxa

S7.9 V1920 =3xIp(x~y A 1= y< 35 A Mxy22 A 1Gxy5)

§3. Proofs of the propositions. We want to point out that in writing the
proofs we shall 1) treat the axioms, the definitions and the propositions as
if they were schemata, 2) use the definitions as follows:

---D - --D,

- _.-D, or ---D,
where Dl =pf D2.
S3.1 x< y—Gxy
Proof
1. x <y x <y (A)
2. x <y x<yvx =y (Ay, 1)
3. x <y X<y (D3.1, 2)
4, x <y x=yvy<x (Ay, 3)
5. x <y Gxy (D3.2, 4)
6. x <y — Gxy (I3, 5)
S3.2.1 Gxx
Proof
1. X =x I
2. X <X VX =X (Az, 1)

3. x=<x (D3.1, 2)
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4, X =x
5. Guxx
S3.2.2 Gxy - Gyx
Proof
1. Gxy Gxy
2 Gxy x=y
3 x <y x <y
4. x <y y=x
5. X =Yy y =x
6 X =y y <x
7 x =9 y=x
8. x =Yy Yy =x
9. x<yvx =y Yy =x
10. X=y x=<y
11. X=y x <y
12. XxX=y y=x
13. y<x y<x
14, y<x y<x
15. y<x y=x
16. y<x y=x
17. x=yvy<x y=x
18. Gxy y=x
19. Gxy Gyx
20. Gxy — Gyx
$3.2.3 Gxy A Gyx — Gxz
Proof
1 x <y x <y
2 y<z y<z
3 x<y y<=z x <Yy
4. x<yry<z-—ox<z
5. x<y y<z x <z
6 y= x<y x <2z
7 x<y y<zvy=2z x <z
8 x <z —Gxz
9. x<y y<zvy=2z Gxz
10. z2<y 2 <y
11. x<y z2<Yy x Yy
12. x<yaraz<y—-0xz
13. x<y z2<y Guxz
14. x<y y<z2vy=zvz<y
Gxz

15. x=y y<z x <z
16. x=y y<z Gxz
17. XxX=y y=2 X =2z

CHANGE

vy <x

vy <x
vx <y
vy =x

vx <y
vx <y

vx =Yy
vx Yy

vy=x
vx <y

vx <y
vx Yy

Ay oz

ANZY
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<A1’ 3)
(D3.2, 4)

(A)

(D3.2, 1)
(A)

<A2> 3)
(SR)

(A2, 5)
(D3.1, 6)
<A1’ 7>
<A0’ 4’ 8>
(A)

(D3.1, 10)
(Ks, 11, 9)
(A

(A, 13)
(D3.1, 14)
(A4, 15)
<A0’ 127 16>
(KS, 2, 17)
(D3.2, 18)
1y, 19)

(A

(A)

<KO’ 1, 2>
(A3.2.3)
(MP, 3, 4)
(ERy)

<A0’ 5’ 6>
{83.1)
(MP, 7, 8)
(A

Ko, 1, 10)
(A3.5)
(MP, 11, 12)

(Ao, 9, 13)
(ERyp
(MP, 15, 8)
(TR)
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18.
19.
20.
21.
22,
23.
24,
25.
26.
217.
28.

29.
30.
31.
32.
33.
34,
35.
36.
317.
38.
39.
40.

41.
42.

43.
44,
45.
46.
417.
48.
49.
50.
51.
52.

53.
54.
55.
56.
517.

LAURENT LAROUCHE

x=y 9y=2 x<2vx=2
Xx=y y=z XxX=2z
x=y y=2 x<zvz<x
x=y Y=z Guxz
x=y 2<y 2 x
2<x —Gzx
x=y 2<Yy Gzx
Gzx — Gxz
x=9y 2y Gxz
x=y y<zvy=z Gxz
x=y y<z2vy=2vaz<y
Gxz
y<x y<x
y<x y<z y<xay<z
y<xry<z—Gxz
y<x y<z Guxz
y=z2 y<x 2<%
y<x z2<y 2<yry<x
z2<yAry<x—z2<x
y<x z2<y z2<x
y<x y=zvzy 2 X
y<x y=2zvz<y Gzx
y<x y=zvzy Guxz
y<x y<zvy=2va<y
Gxz
x<yvx=y y<z2vy=2vaza<y
Gxz
x<yvx=yvy<x y<2vy=2valy
Gxz
Gxy Gxy
Gxy X=Yyvy<«x
xX=Y x=y
xX=9 XxX<yvx=Yy
x=y x<Yyvx=yvy<x
y<x y< x
y<x X< yvx=yYvy<x
x=yvy<lx X< yvx=yvy<x
Gxy x<yvx=yvy<x

Gxy y<zazvy=zvaza<ly

Gyz
Gyz
=2z
y=2z
y=z

Gxz

Gyz

y<=zZvay

Y=z

y<zvy=2
Yy<2vy=2vzazLy

(As, 17T)
(D3.1, 18)
(A, 19)
(D3.2, 20)
(ERp

(s3.1)

(MP, 22, 23)
(53.2.2)
(MP, 24, 25)
(A, 16, 21)

(Ao, 27, 26)
(A)

(Ko, 29, 2)
(A3.6)
(MP, 30, 31)
(ERyp

<K0, 29’ 10>
(A3.2.3)
(MP, 34, 35)
(Ao, 33, 36)
(MP, 37, 23)
(MP, 38, 25)

(Ao, 32, 39)
(Ao, 14, 28)

(A, 41, 40)
(A)

(D3.2, 43)
(A)

(D3.1, 45)
<A1, 46>

(A)

<A27 48>
(Ag, 417, 49)
(KS, 44, 50)

(KS, 51, 42)
(A)

(D3.2, 53)
(A)

(D3.1, 55)
(A,, 56)



58.
59.
60.
61.
62.
63.
64.

53.3
Proof

ey

© 09D Uk W

bt et b
W N = O

14.
15.
16.
117.
18.
19.
20.
21.
22.
23.
24.
25.

S3.4
Proof

DLW N
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z<y z2<y
z2 <y y<zvy=zvz<y
y=zvz<y y<zvy=zvz<y
Gyz y<zvy=2vz<y
Gxy Gyz Gxz
Gxy A Gyz Gxz
Gxy A Gyz — Gxz
Gxy aAx~y —x=9
x<y-—-Tlx~Yy
x <y Ax~y
X~y X~
x<y x~Yy x =Y
y<x—=y~x
y<x Ty ~x
X~y oy~x
X~y Yy~ X%
y<x x~y x =Y
X =y x =Y
xX=y x~Yy X =Yy
x<yvx =y x~Y x =Y
x<yvx=yvy<x x~Y
x =Y
Gxy Gxy
Gxy x=yvy<x
X=y XxX=y
X=y x<yvx=Yy
x=y x<yvx=yvy<x
y <x y <x
y<x x<yvx=yvy<x
x=yvy<x X<Yvx=yvy<x
Gxy x<yvx=yvy<x
Gxy x~y x=9
Gxy ax~y x=Yy
Gxyax~y—>x=y
x~yAalx =y —1Gxy
Gxyax~y—ox=9%
Gxyax~y x =9
x~3y Gxy x=y
X~y dx =y 1Gxy
X~yAlx =Yy 1Gxy

x~3yAalx =y —1Gxy
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(A)

(A, 58)
(Ao, 51, 59)
(KS, 54, 60)
(KS, 52, 61)
(VA, 62)
(I, 63)

(A3.3)
(BI, 1)
(A)

W, 2, 3)
(A3.3)
(BI, 5)
(A3.1.2)
(BI, 7
W, 6, 8)
(A)

(EA, 10)
(Ao, 4, 11)

(Ao, 12, 9)
(A

(D3.2, 14)
(A

(D3.1, 16)
(Ay, 17)

(A)

(Az, 19)
(Ao, 18, 20)
(KS, 15, 21)
(KS, 22, 13)
(VA, 23)
(h, 24)

(53.3)
(BI, 1)
(ZA, 2)

(KPy, 3)
(VA, 4)
(I, 5
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S3.5 1Gxy A Gyz — 1Gxz
Proof

1. Gxz - Gax
2. Gxz Gzx

3. Gyz AGzx — Gyx
4, Gyz A Gzx Gyx

5. Gyz Gzx Gyx

6. Gyx — Gxy

7. Gyz Gxz Gyx
8. Gyz Gxz Gxy
9. Gyz Gxy 1Gxz
10. 1Gxy A Gyz 1Gxz
11. 1Gxy » Gyz —»1Gxz
S3.6 X1 <YANX< Y AXL™ Xg = X = Xy
Proof

1. %<y ax%2<Y—Gx1%
2. X1 <Y Ax <Yy Gxyx,
3. 1<y %<y Gxyxp
4. X1~ X2 X1~ X2
5. X1<Y %<3y X1~ X2
Gxixe Ax1~ x2
6. GXXa AX1~ X3 = X1 = Xy
7. 1<y %2<y X1~ X2
X1 = X3

8. X1 <YAX <Y AXL~ X X=X
9. 1< Y AX< Y AXL™ X = X = Xp

S3.7 X< P1AX< YA Y1~ V2N =Y

Proof

1. x<y1Ax<92—Gy,19,
2, X< y1Ax<Y2 Gyiy2
3. x<y1 x <Y Gyiy2
4. Y1~ Y2 Y1~ Y2
5. x<y1 x<3y2 Y1~ )2

Gyiyz A1~ 2

6. Gyi1y2 A Y1~ Y2 = Y1 =2
7. Xx<y1 <Yz Y1~ Vs

Y=Yz
8. X< Y1 Ax <Yz A Y1~ Y2 YV1=Y2
9. X< Y1 AX < YA Y1~ Y2 V1=
85.1 Gxyxo n Ao an Pxyo — 15, ~ %,
Proof

1. lengx1~x2-—>x1=x2

(s3.2.2)
(BI, 1)
(s3.2.3)
(BI, 3)
(ZA, 4)
(83.2.2)
(KS, 2, 5)
(MP, 17, 6)
(KP,, 8)
(VA, 9)
{1,, 10}

(A3.5)

(BI, 1)
(ZA, 2)
(A)

<K0, 3’ 4>
(83.3)

(MP, 5, 6)
(VA, D
<|1) 8>

(A3.6)

(BI, 1)
(ZA, 2)
(A)

<K0’ 3; 4>
(3.3)

(MP, 5, 6)

(VA, D)
<lly 8>

(S3.3)
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11.
12.

S55.2
Proof

© 00 -IJO0 Ul B WN M-

[9)]
o
o

Gx1Xs AX1~ Xg
Gx1x2 X1~ X2
x=%2 Ax,a
Gxixz Ax,a
Px,a
Px,a
Px,a
Gxixa Ax,a

Gxix, Ax,a
Gxixz A Ax 0 A

A THEORY OF CHANGE

X1™ X2

Px,a

Px,a
PX2a

X1 =%y
X1 =Xy

Ax,a

Ax,a

Px,a

Fx,a A TAx,a
-leZa

X1~ X2

'Ix1~ xz
-|x1~ xz
AX1~ X3

Gxixs A Axya A Pxya —0x, ~ x,

Axa nPxB—Ta=8

Axa

Pxp

Pxp

PxB

a=3 Axa

Axa PxB a=8
Axa PxpB
Axa A Pxp

Axa

Px B

FxB A1Axp
TAx B

Axp

Ja =8

Ja =8

Ja =8

Axa r PxB—1a=0

Pxa — 3B8(Ax B A 1a = B)

AxBaAPxa—1a=8

AxB A Pxa
AxB Pxa
Ax B

Pxa Axp
Pxa Ax§B
Pxa 3BAxB
Pxa

Ta =8

Ja =8

Ax B
AxBala=8
I8(Ax B A Ta = B)
I8(Ax B Ala = B)
IBAx B

18(A xB A Ta =)

Pxa — 3B(Ax B A 1o = B)

x1< X2 A-lela A sza i lea

x1<x2

sza
x1<xs Axxa

X1 <x2

Ax,a — Fx,a

Fx,a
x,<xz A Fxya

X1< X2 A FX2a_’ Fxla
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Bl, 1)
(ZA, 2)
(ERyp
(KS, 3, 4)
(A)
(D5.1, 6)
Kz, T

(W, 5, 8)
(SW, 9)
(VA, 10)
{1y, 11)

(A

(A
(D5.1, 2)
Kz, 3)
(ERp
(W, 4, 5
(SW, 6)
(VA, T)
<'1, 8>

(85.2)
(BI, 1)
(ZA, 2)

(A)
<K0y 4, 3)

(Pg, 5)
(P, 6)
(A4.1)

(Ks, 8, 7)
<'1, 9>

(A)
(A5.1)
(BI, 2)

<K0; 1’ 3>
(A5.2)
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D ol B W

S5.6
Proof

© 3O U WN

11.
12,
13.

S5.7
Proof

© 0o -3 O U B W

10.

LAURENT LAROUCHE

x1 < % Axya F xa
1A x,a TA %0
1<% TAxia Ax,0 Fxiaal1Axa
x1< % TAx;a Axsa Puxa
x1<xz2ATAx10 A Axza  Pxa
%, < % ATAx 0 A Axya — Pxja

Vyi1v:0 = Gy,

Vyi1yza V y13.0
V y1y20 1< y2 A AYsa A
Vy(y=y<y:— 1Aya)
Vy1y2Q Y1 < Y2
Y1 < ¥2 = Gy1:
Vyi1y:0 G212

Vyiy:0 = Gy
Ve y20 AV Y120 — GV ¥,

V yoy20 V ¥ ¥,0
V ¥oy20 — G Y2
V yoy22 G Yo 2
V y1¥s2 V iy
V1322 = Gy1y:
V y13s Gy1y.
Gy1¥: = Gy
V y1¥:Q Gy
Viyeyza Vyiy.a Gyoy: A Gy
Gyovz A G291 =G yoy:
V ¥y V¥iya Gyon
V yoyza A V3130 G yoy:

V Yoy2a A VY1Y20 = G Yoy
VoY A Yo < V1< V2 = VY1320

V yoy20 V 30 y2 0
V yoy22 Yo < ¥z A Ay A
Vyi(yo = y1 < ¥2 = TA Y1)

V 30920 Vi o = ¥1 < Y2 — 1A Y,Q)
V yoy22 Yo= 1< ¥ — 1Ay
Voy20 Yo =91 < Yz TA 0
y1=3 ¥o<Nn Yo < y'
Y=Y Yo< Vo< Y'v Y=y

Yo <Y1 Ay1 < Y = 90 <)’
Vo< y1Aay1< Yy Yo < 3

<y i<y Yo < '

(MP, 4, 5)
(A

<K07 6, 7)
(D5.1, 8)
(VA, 9)
(I, 10)

(A)

(D5.2, 1)
Ky, 1)
(s3.1)

(MP, 3, 4)
{1, 5

(A)

(85.5)
(MP, 1, 2)
(A)

(85.5)
(MP, 4, 5)
(83.2.2)
(MP, 6, 7)
(Ko, 3, 8)
(3.2.3)
(MP, 9, 10)
(VA, 11)
<|1’ 2>

(A)

(D5.2, 1)
Ks, 2)
(G,3)
(BI, 4)
(ERy
<A1) 6>
(A3.2.3)
(Bl, 8)
(ZA, 9)
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12.
13.
14.
15.
16.
17.
18.

19.
20.

21.

22.
23.
24.
25.
26.
21.
28.

29.
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Yo<y1 ¥, <y Yo<P' vY¥o=3'
Vo<1 P1<P' vy =Y Yo<Y vIo=Y'
YVo<yr 1<Y'v¥1=3" Yo=y'

yi=y' Y1 =9
Y=y Y1i<y' vy =y
Yo<Yy1 Yi=Yy' Yo=y'
y' <2 y'<y2

Yo<y1 y1=y' ' <2
YVo=y'A Y <2

Vyodead yo=3'< s TAy'a

Vyoyz0 yo<¥1 V1= ¥'<¥:

1Ay a
Vyoya@ yo<y1 n=y' <yz
TAy'a
Vyoyza o< M Y1=y'<y:— TAy'a
Vyoeya0 3o <y: vyl (y1=y'<y,—TAy'a)
Vyoey20a Yo <Yz A Ay
Vyoyaa Ay,o
Vi1 <y2 y1<yz
Vyoyea 3, <, Y1 < 2 A Aysa

Vyedead 9o<¥1 1< %
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(A;, 10)
<A0: 7a 11>
(D3.1, 12)

(A)

(D3.1, 14)
(KS, 15, 13)
(A)

Ko, 16, 17)
Sy, 5

(KS, 18, 19)

(VA, 20)
(I, 21)
(Gyr, 22)
Ky, 2)

<K2’ 24>
(A)

<K0, 26, 25>

Y1<V2 AAY0 A VY (31=y'<y2— TAy'a) (Ko, 27, 23)

Vyoyed yo< 3 ¥1<Y2
Vyiysza
Vyoyea A 3o < 91 < ¥z Vi1
Vyoy2a a Yo <y1<¥z2—=Vy13:Q

Vyiy.a — Py,a

Vyiy.a Vyiyza

Vyiy.a Y1<¥2 A Ayzaa
Vy(y:=y <3 —TAya)

V y13:0 VY =3y<y:—1Aya)

V 31320 1= 9<y2—1Aya

Vyiysa y1=9 < 1A ya
Vyidea  91=31< Y TA Y0
Vnya y1=y1 301< 92

1Ay,

Y1=M

Y1<YivIi=

1=
Vyiyea 31 <y, 1A y,0
V320 y1< 92 A Aysa
Vyiy:a Ay
Vyi¥:a V1< e

Ay,a = Fy,a

(D3.2, 28)
(VA, 29)
<|1, 30>

(A)

(D5.2, 1)
<K2’ 2>
(G, 3)
(BI, 4)
(833, 5)

(ZA, 6)

"

(A, 8
(D3.1, 9)
{KS, 10, 7)
<K17 2>
(Ks, 12)
<K1) 12>
(A5.1)
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Vyiya0 Fy.a

Y1 <92 A Fy,a = Fy,a
Vyiya22 Y1 <92 A Fyz0
V y1y.a Fy,a
Vyiya0 T1Ay;a
Vyi1y20 Fy,an1Ay,a
Vyiyaa Py,a

Vyiy:0 — Pya
Mxya —=1x~y

X< Xy Tx~x,

x <X Ax ~ %,
X1~y X1~y
X~y —>Yy~X
X~y y~x
X1~y X~y Xy~ YAY~X
Xy~ YAY~X 22X~V X
X1~y X~y Xy~ X
X1~ X=X~ X,
X1~y X~y X~ Xy
X1~y x<% x~3y dx~y
X1~y X <X Ix ~ 9y
X1~ Y Ax <X Ax~y
Ix(x,~ 9 A x < x,) Ux~y

Mxya — 3x,(x, ~ ¥ 4 x < xy)
Axy(x1~ ¥ A x < xy)
Ax ~ y

Mxya —=1x~y

Mxya
Mxya

Mxya a 9o <y <Y A Yo~ x = 3x3(x1~ Y1 A X < Xy)

X~ Y =Y~ X2

X2~ Y Yy~ X3
x <Xz x < Xz
X2~ Y X< X Y~y Ax < Xy

Vo< Y1 <YAYo~ X Vo<V <YAYo~ X
Vo< Y1 <IAX <X AP~ XAY~ X5 —
Ix,(x <%y <X A Yy~ xq)

Vo< P1<YAYo~x X2~9) x< Xz

(MP, 13, 15)
(A5.2)
14, 16)
18, 17)
{KS, 14, 11)
(Ko, 19, 20)

(D5.1, 21)

(11, 22)

(KO;
(MP,

(A3.3)
(BI, 1)

(A)
(A3.1.2)
(BI, 4)

Ko, 3, 5
(A3.1.3)
(MP, 6, 7)
(A3.1.2)
(MP, 8, 9)
(W, 2, 10)
(SW, 11)
(VA, 12)
(PY, 13)
(A6.1)

(BI, 15)
(KS, 16, 14)
(I, 17)

(A3.1.2)
(BI, 1)
(A)

(Ko, 2, 3)
(A

(A3.4)

Vo< Y1 < YAV~ X AY~ X2Ax < X2

Xog~DY X <X
Ixilx < 21 < x2 A Y1~ x1)
XX < XA Y1~ %

x < x1< X3

Vo< Y1 <YA Yo~ X

X <Xy < Xg MY~ Xy
¥ <x1<Xa A Y1~ X1

<K05 5, 4)

(MP, 1, 6)
)
<K17 9)
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x <1< XAV~ %, x < Xy (K, 10)
x <Xy <Xy APy~ Xy Vi~ % Kz, 9)
Vi~ X1 X1~ Yy (A3.1.2)
X< X< Xp A Yr~ Xy X1~ Y1 (MP, 12, 13)
x < x1< Xa A Y1~ X3 Xy~ Y ax < Xy (Ko, 14, 11)
X <X < XAV~ X3 Fxy(xy~ Y1ax < x)) <P:r1; 15)
Fxy(x < X1 < X2 A Y1~ %)
sy~ Y1 ax < xy) <P'x'p 16)
Vo<Nn<PAY~x X~y x<4x
w1~ Y1 A x < xy) (Ks, 8, 17)
Vo<V <YAYo~X% 2~ Y Ax <X
Axa(xr~ y1 4 x < xy) (VA, 18)
Vo< y1< YAy~ K Fxplxa~ Y A x < Xp)
Ax(x1~ 91 A x < %1) (P, 19)
Mxya — x,(x, ~ ¥ A X < X) (A6.1)
Mxya Ax(x2~ Y A X < Xp) (BI, 21)
Mxya yo<y:1 <y Ay~ x
Ixixr~ y1 4 x < x1) (Ks, 22, 20)
Mxyo a 3o <Y1 <y A Yo~ X
x4y~ 91 A X < Xy) (VA, 23)
Mxya A yo <3, <y AYo~ x—
Axi(x1~ y1ax < xy) <'1, 24)
Mxyo ax <xy<xzax2~ 9= 3901~ y; 49, <)
%~ Yo X~ Yo (A)
Vo <Y Yo <Y (A)
X~V Vo< X~ Yo AV <Y Ko, 1, 2)
X <% <XgAXp~ Y X< X1 <XzAX2~ ) (A)
X <X <X A Xg~) X~ Yo <Y
X <X <X AKX~ Y AX~ Yo AP <Y
<K07 43 3>
X <X <KX AP <Y AX~ Yo AXg™~ Yy —
391 <91 <y A~ Y1) (A3.4)
X< x1<XgAX2~) X~V Po< Y
Ipipo < m <y Ax1~ Y1) (MP, 5, 6)
Yo <Y1 <Y AKX~ Yy Vo< P11 <Y AXL~ Py (A)
Vo<yi<yaxi~y; Yo <Y1 <Y <K1,8>
Vo< Y1 <Y AKX~ Y Y1 <Y Ke, 9
Vo< Y1 <Y AXI~ Y, X1~ Y1 Kz, 8
Vo< P <Y AX~ Yy Xy~ 1Ay <y (Ko, 11, 10)
Vo< Y1 <Y AX1~ Y, Ayy(x1~ Y14y, <) <P;'1’ 12)
391(po <Y1 <Y A X1~ Y1)
‘ Ay~ 91 49 <) <P;/'1, 13)
X <x1<XaAXg~ Y X ~Yo Vo<
Jyilxs~ v 49, <Y) (KS, 1, 14)
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x <X1<X2AX2~ ) X~ YoAYo<Y

Ay (e~ 3180 3. <) (VA, 15)
x<x1<%2a%2~y Tyolx ~ 304 ¥ < Y)
yixy~ y1 4 Y1 <) (P;,'o, 16)
Mxya — 3y4(x ~ 3o A Yo < 3) (A6.2)
Mxya 3yo(x ~ Yo A Yo < ) (BI, 18)
Mxye x<x,<X3AX3~Y
Iyixy~ y148 1, <Y) (KS, 19, 17)
Mxyaax <x; <XygAXa~Yy
i1~ y1 A 91 <) (VA, 20)
Mxyaarx <x3<x2aXxz~ Y= 3)(x1~ 3149, <) (I, 21)
Mxya— Jyolx ~ yo A Vyoya)
Mxyaax~y,=y, <y — 1Ay 0 (A6.4)
Mxyaarx~9y,=<y,<y TAya (BI, 1)
Mxya x~ 3 yo=31<Y
1Ay,a (ZA, 2)
Mxya x~ 3,
Vo= 9. <y — 1Ay, (1, 3)
Mxya x~ yo Vyi(yo = 31 <y — 1Ay;0) Gy, ¥
Mxya — Aya (A6.3)
Mxya Ava (BI, 6)
Mxya x~ Aya A Vy(yo=91<y—1AYy,0)
<K0a 7: 5)
Vo< Y Vo< Y (A)
Mxya x~39 20<) Yo<yAAYEAVY(o=y:<y —
—IAyla) <K0> 9? 8)
Mxya x~23 <y VI ya (D5.2, 10)
X~ Yo X~ Yo (A)
Mxya x~23 <Y X~ Yo Vioya Ko, 11, 12)
Mxya x~9 90<¥ 3yox~ 3o Vyoya) (P}, 13)
Mxya x~ 349 <y 3y(x~ 3o A VYo Q) (VA, 14)
Mxya  3yolx ~ Yo A Yo < 3)
3yo(x ~ Yo & Vyoya) (Pyps 15)
Mxya — 3yolx ~ yo A Yo < V) (A6.2)
Mxya 3yo(x ~ Yo A Yo < ¥) (BI, 17)
Mxya Ayo(x ~ 3o A VIova) (KS, 18, 16)
Mxya — 3yolx ~ 3o A VIova) (1, 19)
Mxy.0 A x ~ 9, <32 = Vy19.0
V yoy20 V Yoy (A)
V yoy20 Yo < Y2 A Aysaa
Vy(y05y<y2—'*'lAya) <D5.2, 1)
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X~ Y1 X~

Y1 < Y2 V1< Y2

X~ Yo Yo~ X

X~ Yo Yo~ X
X~ % xXx~)) Yo~ X AX~ Yy

Yo~ X ANX~ V1Yo~ s

X~ Y X~ ) Yo~ V1

Vyoysa Yo < V2
Vyoyzo 1< D2 Vo< Yz Ay < V2

x~31 31<¥2 X~ ¥ VYo¥20

Vo< Y2 AY1< Y2 A Yo~ Y1

Yo <Y2AYP1<Y2AJo~ N —

Yo =%
X~y y1<¥2 Xx~3 V3oy:a
Yo=JY1
Vyoy22 Yo =91 Vy1y:0
x~y; Y1<¥2 X~ VIoy:Q
Vyi1yz0
X~y Y1<¥s X~ YoAVyeysa
Vyiy:0
x~y1 ¥1<¥2 Fyolx ~ yo A Vyoy:0)
Vyi1y20
Mxy,a = 3yox ~ Yo A VYo¥2a)
Mxy.a Iye(x ~ Yo A VYoya0t)
Mxyza x~y; 9:1<J2
Vyiy.0a
Mxy,a A x ~ Y, < Ys Vyi19.0

Mxysa a x ~ 9; <y — V9,0
Mxya A Axa — 1Gxy

Vyeya — Pysa

Vyoya Pyoa
Vyeya Fyoa A 1Ay,a
Vyoyva TAYy,a
Vyoya — Gyoy
Vyoya Gyoy
Gyoy — Gyyo
Vyoya Gyyo
Gxy Gxy
Vyoya Gxy Gxy A Gy,
Gxy a Gyyo — Gxyo
Vyoya Gxy Gxyo
X~ Yo X~ Yo

x~% Vyeya Gxy  Gxyoax~ Y,
nyo AX ~Yo—X =99

401

(A)

(A)
(A3.1.2)
(BI, 5)
(Ko, 6, 3)
(A3.1.3)
(MP, 1, 8)
Ky, 2)
<K0, 10) 4>

(Ko, 11, 9)
(83.6)

(MP, 12, 13)
3, 1

(KS, 14, 15)
(VA, 16)

Py, 17)

(S6.4)
(BI, 19)

(KS, 20, 18)
(VA, 21)
(I, 22)

(S3.8)

Bl, 1)
(D5.1, 2)
<K2, 3>
(85.5)

(BI, 5)
(83.2.2)
(MP, 6, T)
(A)

<K07 87 9)
(S3.2.3)
(MP, 10, 11)
(A)

Ko, 12, 13)
(83.3)
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16. ¥~3% Vyya Gxy x=3
17. X =3 Ay TAxa
18. X=% V3ygya TAxa
19. x~3 Vyyva Gxy 1Axa
20. Axa Axa
21. Axa x~19, Vyya Gxy
1Gxy
22, Axa x~9y Vyya 1Gxy
23. Axa x ~ yo AVyeya 1Gxy
24, Axa  3yolx ~ yo A Vyoya)
1Gxy
25. Mxya = 3yo(x ~ yo A V 3050)
26. Mxya Iyo(x ~ 3o A VYo ¥Q)
27. Mxya Axa 1G xy
28. Mxya A Axa 1Gxy
29, Mxya A Axa — 1Gxy
S$6.7 Mayea A x < %1~ Y1 < Yo — VY1920
Proof
1. Mxysa a x < %1~ 9, < Yp —
Mx;y,a
2. Mxysa n x < x1~ 91 < Yq
Mx,y,a
3. Mxy.a x <% xi~y1 1<
Mx 1y
4, X1~ Y1 X1~ Y1
5, V1< Y2 . Y1 <Y
6. X1~ Y1 1< Y2 X1~ Y1 < Y2
7. Mxy.a x<x; x1~v1 1< ¥
Mx v, A X3~ ;< 9,
8. Mx1p2a A X1~ 93 < Y2 = VIi13e2
9. Mxy:a x <x; xi~y; <2
V19,0
10, Mxyaa A x < Xy~ ¥, < Yy V190
11, Mxya a x < %y~ P1 < Y3 —
V19,
S6.8 Vyovaa <> 3x,3y(% ~ 9, A 9= ¥, < Y2 A Mx133a A
Vy(yo=y <y —~Aya))
Proof
I
1, V ¥oyz0 V Yo Ya0
2. V yoy2a Vo< V2 A Ayya A
V(¥ =9 <y;— TAya)
3. V 90920 Vy(¥o=3y <y —1Aya)

(MP, 14, 15)
(ERp

(KS, 4, 17)
(KS, 16, 18)
(A)

(W, 19, 20)
(sw, 21)
(VA, 22)
(P, 23)

(S6.4)
(BI, 25)

(KS, 26, 24)

(VA, 27)
(I, 28)

(A6.6)
(BI, 1)
(2ZA, 2)
(A)

(A)

<K0’ 4, 5>

<K0> 3’ 6>
(S6.5)

(MP, 7, 8)
(VA, 9)

<|1’ 10>

(A)

(D5.2, 1)
<K2; 2)
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~M V1AY== < Y2 A Mxlyza
~ 31 AYe= 1< Y2 AMxyy,0 (AY
V3oy2@ %1~ Y1 MY =3 <3’2 AMxy,0
X1~ Y1 AY0= Y1 < Y2 A Mx1y:04
Vy(3o=y<y:—T1Aya) Ko, 3, 4)
Vyoy20  x1~ Y1 A% =y < Y2 AMx190
IyiX1~ Y1 A Y= 91 < Y2 AMX1 Y20 A
Vy(yo=y <2 —1Ay0a) (P3,, 5)
V30y20 X1~ V1A Vo= 3:1< Y2 A Mx 350
Ix1391(%1~ Y1 A Yo = 91 < Y2 A Mx1y,04
V(90 =y < y2 = 1Ap0)) (P, 6
Vo0 39X~ 18 90 = 31 < Y2 A Mx19:0)
3x139:(x1~ Y14 90 = 91 < Y2 A Mx 9,04
V3(30= 9 <y = TAYQ)) Py, 7
Vyoyae  3x139,(X1~ 91 A Y0 =91 < Y2 A Mx,y50)
3,391~ Y14 Y0 = 91 < Y2 A Mx 94
Vy(yo=y <y, — TAya)) (P¥y 8
Vyoyea — 3%:139:1(x1~ Y1 4 90 = 91 < Y2 A Mx19,0)
(A6.7)
V yoya0 3x33y3(x1~ 91 A Yo = 91 < Y2 A Mx1300)
(BI, 10)
Vyoya0 3x,3Y3(X1~ Y1 A Vo = < Vo A M Y50 A
Vy(3o=y <y:—TAya)) (Ks, 11, 9)
Vyeyea — Ax,39(X1~ ¥1 A Vo= 91 < Y2 A Mx 1920 A

V¥(po=2 < 32— 1Aya)) (13, 12)
II

Vo<V A< P —Y< Y2 (A3.2.3)
Vo< Y1 AY1< Y2 Yo < Y2 (BI, 1)
Yo<¥1 ¥:1<Ds Vo< Y2 (ZA, 2)
Yo=Y1 Y1<Y2 Yo < Y2 (ERy)

Yo<V1VvYo=Y1 Y1<Y2
Vo< Y2 (Ao, 3, 4)
Vo= Yo=Y1 (A)
Vo= Y1 Vo< N VYo=31 (D3.1, 6)
Yo=y1 Y1<)2 Yo < Yz (Ks, 1, 5
Yo=3y1<Y2 Yo < Y2 (VA, 8)
Vy(yo=y <y~ 1Aya) Vy(yo=y <y, TAya) (A)
Mx,y,a — Ay,a (A6.3)
Mx,y.a Ay,a (BI, 11)

Mx,y,0  Vy(yo =9 <y — 1Apa)
Ayra A Vy(yo= y<y2—TAyQ)
(Ko, 12, 10}
Yo=y1<¥2 Mux1y:0 Vy(yo=y <y:—TAya)
Vo< Y2 AAY0 AVY(Vo=Y < 32—
1Ay a) (Ko, 9, 13)
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15. Yo=y<y: Mxiye Vy(yos=y<y:—TAya)
V 3 50 (D5.2, 14)
16. X1~ Y1 Ye=91<%2 Mxiya Vy(y,=y <y~ TAya)
V3yoyaa (EA, 15)
17. X1~ Y1AP=91< Y2 AMx130 A VY(¥o=Y <y, = TAyQ)
V_yoyza (VA, 16)
18. 3y~ V1A Yo =91 < P2 AMX1Y2 A VY(¥o=3 <y:— TAyQ))
Vyoyza <Py1, 17)
19. 3x%,3y,01 ~ 1A Yo = 1< Y2 A MX120 4 V(D= y <y, — TAY@))
Vo0 <P:’:1, 18)
20. 313911~ V1A Y0 = 91 < Y2 A MX1D,0 A VY(9o =9 <Yy —
1A y2)) = V¥, 1, 19)
III
1. Vyoye@ <> 3x;39:1(x1~ y1 4 Yo =91 < Y2 A Mx 1950 A
Vy(ye=1y <y:—1Ay,)) a, m
S7.1 MWxxa
Proof
1. Wxya Waxya (A)
2. Wxya Bxyaa 1Byxa (D17.1, 1)
3. Wxya Bxya Ky, 2)
4, Waxxa Bxxa (s, 3)
5. Wxya IByxa K, 2)
6. Wxxa 1Bxxa (83, 5
7. Wxxa IWxx o (W, 4, 6)
8. IWxxa SW, T
S7.2 Wxya— TWyxa
Proof
1. Wxya Wxya (A)
2. Wxya Bxyas 1Byxa (D7.1, 1)
3. Wxya 1Byxa Kz, 2)
4. Wyxa Wyx o (A
5. Wiyxa Byxaa 1Bxya (D7.1, 4)
6. Wyxa Byxa Ky, 5
. Wxya Wyxa IWyxa (W, 3, 6)
8. Waxya IWyxa (SW, T
9. Wxya — IWyxa {,, 8
S7.3 Wxyaan Wyza — Wxza
Proof
1. Wxya Wxya (A)
2, Wxya Bxya s 1Byxa (D7.1, 1)

3. Wyza Wyza (A)
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Wyza Byzaa IBzya

Wxya Bxya

Wyza Byza

Wxya Wyza Bxya an Byza
Bxyar Byza — Bxza

Wxya Wyza Bxza

Bzxa Bzxa

Wxya Bzxa Bzxaa Bxya
Bzxaa Bxya — Bzya

Wxya Bzxa Bzya

Wyza 1Bzya

Wxya Wyza Bzxa 1Bzxa

Wxya Wyza 1Bzx a

Wxya Wyza Bxza a 1B zxa

Wxya Wyza Wxza

Wxyaa Wyza Wxza

Wxyaar Wyza— Wxza

Mxya A Pza — Wzxa

Mxya rn Aza — Bzxa

Mxya a Aza Bzxa
Mxya Aza Bzxa
Mxya Aya Byxa
Pxaar Aya - Wxya
Pxana Aya Wxya
Pxa Aya Wxya
Pza Aya Wzya
Pza Aya B zya A 1Byz a
Pza Aya 1Byz a
Bxz a Bxz a
Mxya Aya Bzxza Byxa r Bxza
Byxa ar Bxza —Byza
Mxya Aya Bxza Byza
Mxya Pza Aya Bxza
IBxza
Mxya Pza Aya 1Bxz a
Pza Aya B zya
Mxya Pza Aya B zya A B yxa
B zya s Byxa — Bzxa
Mxya Pza Aya Bzx a
Mxya Pza Aya B zxa A 1Bxz a
Mxya Pza Aya Wzxa
Mxya — A ya
Mxy a Aya
Mxya Pza Wzxa

405

(D1.1, 3)
Ky, 2)

Ky, 4)
Ko, 5, 6
(A7.2)
(MP, 7, 8)
(A)

(Ko, 10, 5)
(A7.2)
(MP, 11, 12)
Ks, 4)

(W, 13, 14)
(SW, 15)
Ko, 9, 16)
(D7.1, 17)
(VA, 18)
(I, 19)

(A7.5)
(BI, 1)
(ZA, 2)
(s2, 3)
(A7.3)
(BI, 5)
(ZA, 6)
83, M
(D1.1, 8
Kz, 9)
(A)

Ko, 4, 11)
(A7.2)
(MP, 12, 13)

(W, 10, 14)
(SW, 15)
Ky, 9)

Ko, 4, 17)
(A7.2)
(MP, 18, 19)
Ko, 20, 16)
(D7.1, 21)
(A6.3)

(BI, 23)
(KS, 24, 22)
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Mxya » Pza Wzxa
Mxya s Pza — Wazxa

Mxya — 1P xa

Mxya A Pza — W zxa

Mxya A Pza Wzxa
Mxya Pzea Wzxa
Mxya Pxa W xxa
IWxxa
Mxya Pxa AP xa
Mxya AP xa

Mxya — 1P xa
Mxya — 1Gxy

Mxya A Pza — W zxa

Mxya » Pza W zxa
Mxya Pza Wzxa
Mxya Py,a W yoxa
Vyeya — Pya
Vyeya P .0
Mxya Viysya Wyexa

Mxya Vyoya x=3, Waxxa
Gxyo AX~ Yo = %=

Gxyo rx~ ¥ X =%
Gxyo x~ Yo %= Yo
Mxya x~3, Vyoya Gxy
Wxxa
IWxxa
Mxya x~3, Vyya Gxy
1G %o
Mxya x~ 3 Vioya
1G xyo
Vyeya — Gyoy
Vyoyea Gy

Mxya x~ 73 Viyya
1Gxy0 A Gy
1Gxye A GYoy — 1Gxy
Mxya x~ 13, Vyya

1Gxy
Mxya x~ 354 Vyya

1Gxy
Mxya  3yo(x ~ 35 A VYo yQ)

1Gxy

Mxya — 39s(x ~ 3o A VoY a)

(VA, 25)
<|1) 26)

{S7.4)
(BI, 1)
(ZA, 2)
sz 3)

{87.1)

W, 4, 5
(SW, 6)
<l1’ 7>

(S7.4)
(BI, 1)
(ZA, 2)
(s32, 3)

(S5.8)
(BI, 5)

(KS, 6, 4)

135, T

(S3.3)
(BI, 9)

(ZA, 10)

(KS, 8, 11
(S7.1)

(W, 12, 13)
(SW, 14)
(85.5)

(BI, 16)

Ko, 15, 17)
(S3.5)

(MP, 18, 19)
(VA, 20)

(P, 21)
(S6.4)



24.
25.
26.

S7.7
Proof

PR

©

11.
12,

13.

S17.8
Proof
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Mxya 3yo(x ~ 3o A V yoyQ)
Mxya 1Gxy
Mxya — 1Gxy

Mxy0 A 2= x ~y <y, —1GxY

Mxiy;@ax;sx~y <y, —

Wyxa
Mxiyiaa x1=x~ 3y <y,
Woyxa
Mxivia6 x:<=x x~3y y< 3
Wiyxa
Mxiyi0 x=<x x~y y<y; x=Y
Waxxa
Gxyax~y—x=y
Gxyax~y X =Y
Gxy =x~y x=y
Mxy,0 x,=x x~3y y<y, Gxy
Waxxa
IWxxa
Mxiyie xi=x x~y y<y Gxy
1Gxy
Mxiyia x=x x~y Yy,
1Gxy
Mxinaax,=x~y <y,
1Gxy
Mxpaax,=x~y<y, —
1Gxy

Mxyaax;=x~y<y,—Wyxa

Mxyhanx; <x~y<y,—

Mxy,a
Mxipaax; <x~y <y

Mxy,a
Mxiya x:<x x~y <y

Mxy,a
X1=X bely]_a Mxyla

Mxiymae x . <xvxi=x x~y 3y

M xy,a
XK1= X X1=X
X1=x xX1<XVX1=X
Mx,y;0 x%=x x~9y y<»
Mxy,a

Mxy,a A Pza - Wzxa
Mxy.a o Pza Wzxa
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(BI, 23)
(KS, 24, 22)
<I19 25>

(87.8)
(BI, 1)
(ZA, 2)

a5, 3)

(83.3)
(BI, 5)
(ZA, 6)

(KS, 4, T
(s7.1)

<W’ 8’ 9>
(sW, 10)
(VA, 11)

(I, 12)

(A6.6)
(BI, 1)

(ZA, 2)
(ERy)

<A0’ 3; 4>
(A)
(D3.1, 6)

(KS, 1, 5)
(S7.4)
(BI, 9)
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11.
12.
13.
14.
15.
16.
117,
18.
19.

20.
21.

22.
23.

24.
25.

26.
21,
28.

S17.9
Proof

o o oo
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Mxy,a Pza Wzxa (ZA, 10)
Mxy,a  Pya Wiyxa (s2, 11
Mxiy.a x=x x~3y y<y, Pya
Wyxa (KsS, 8, 12)
Mxiyie ax; <x~y <y, —
Vyya {(86.7)
Mxiya ax; <x~y <y
Vyy,a <B'3 14)
Mxiyia % <x x~y y<y
Vyy,a (ZA, 15)
Mx 310 A 3~y <y, — VY0 (S6.5)
Mx1y10 A %1~ ¥ < ¥y Vyya (BI, 17)
Mxiyia %1~y y<mm
Vyy.@ (ZA, 18)
X1=% X~ X1~y (ERy)
Mxiyia x,=x% x~9 <,
Vyy,a (KS, 19, 20)
Mx 10 x;<xvxi=x x~3y y<I
Vyy,a (A, 16, 21)
Mxy0 x;=x x~3y y<n
Vyy:a (KS, 1, 22)
Vyy,a = Pya (85.8)
Mx,ya x=x x~y 3y,
Pya (MP, 23, 24)
Mx;yia x=x x~y y<m3
Wyxa (KS, 25, 13)
Mx,yaax,=x~y< Y,
Wyxa (VA, 26)
Mxy,aax,=x~y<y, —
Wixa (I, 27)

Vyiy.a = 3xIv(x ~ 9 Ay; =y < ¥z A Mxy,aa 1Gxy,)

Mxyza Mxy.a (A)

Mxy,a — 1Gxy, (S7.8)
Mxy,a G xy, (MP, 1, 2)
Mxy,a Mxyza A 1GxY; (Ko, 1, 3)
X~ YAy =y< Yy, X~ YAP=Y < Y, (A)

x~yay; =y <y Mxya

X~ Y AY; =9 <V A Mxysaa 1Gxy,

(Ko, 5, 4

x~yay=y<y: Mxya

Ip(x ~ y Ay, <y < Y2 A Mxy,a A 1Gxy,)
X~ yayy=y<y: Mxysa

IxIyx~ YAy =y <32 A Mxyza A

1Gxy,) (P, T)



10.

11.

12.

13.

14.

15.
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x~yay1=y<y2 A Mxyza
IxIyx~ y A 9=y <y, A Mxy,a a
1G xv5) (VA, 8)
Iy(x~ 9 Ay =9 < 32 A Mxy,0)
IxIy(x~ y A9, =9 < 92 A Mxya A
1Gxy2) Py, 9
Ix3y(x ~ 9 A 91 =9 < y2 A Mxy,0)
IxIp(x ~ yA Y1 =9 < 92 A Mxy,a A
1Gxy2) <P:, 10)
Vyiyea = 3xTy(x ~ y 4 ;=Y < ¥, 4 Mxy,a)
(A6.7)
Vyiy20a Axy(x ~ Yy A Y1 =9 < Y2 A Mxy,0)
(BI, 12)
Vy1 9.0 Axp(x ~ Y A y1= Y < Y2 A Mxy,a A
1Gxy,) (KS, 13, 11)
Vy1920 = 3x3y(x ~ 9 A 91 =9 < 92 A My, 4 1Gxy,)
(I, 14)
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