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SOME METHODS OF FORMAL PROOFS. Ill

JULIUSZ REICHBACH

In [1] I gave a characterization of the first order functional calculus by
means of a truncated definition of satisfiability; in [2] I gave a proof of
completeness of the functional calculus of an arbitrary order (without the
extensionality axiom and the definition axiom) in the non-standard sense.
So there appears a question about an analogical characterization—by means
of the truncated satisfiability definition—of the last calculus. This paper
gives an answer to the question, that is, it gives a characterization of
theses of the calculus of an arbitrary order by means of a truncated satis-
fiability definition.

We use the notation of [1] with the following:

Q(k) - a set of tables of rank k,
{iw(F)} - indices of free variables occurring in F,

w(F) - the number of free variables occurring in F,
p(F) - the number of apparent variables occurring in F,
n(F) = max {w(F) + p(F), ( M F ) Π .

A non-standard model is defined by means of a sequence M= <BU {Fq},
B2, {Gq}, B3, {Ήq},.. . > where Bι is a non-empty domain of arbitrary ele-
ments, B2 is an arbitrary non-empty domain of relations on Bι, B3 is a
non-empty domain of relations of a given type and order which contains
previously used relations of the type; and for each type there exists a
domain 5, such that B> is a non-empty domain of relations of the given type
including previously used relations of the type; and Wq) is a sequence of
relations from the domain B 2, {Gq} is a sequence of relations from the
domain B3, and analogously for each sequence of relations of a given type.
A model with finite domains is called a table; if domains of the table have k
elements then it is called a table of rank k.

/ - a function on domains of a table T with values in domains of a
model M.

Ak - a sample of k individuals and k relations of each type.
Vk - the set of all elements of each domain of a table in natural order.
P(B, Vk) means: B is a permutation of Vk.
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Mf/Ak means a non-standard table T = <BU {φq}, B2, \ψq}, . . . > of the
rank k such that the set of arguments of the function / is Ak9 values of/be-
long to suitable domains of M and for each relation Fm of the model M:
F m { f { s ι ) 9 . . . 9 f { s m ) ) . = . φ m ( S ι , . . . , s m ) , f o r e a c h s l 9 . - . . 9 s m e A k a n d / ( 0 m ) =
Fm (i.e., Fm corresponds to φm). For brevity we omit / and write simply
T = M/Ak.

D.I. TTJA . = . (T/A = T\/A).

In [2] we proved:

T.I A formula E is a thesis, iff it is true in the non-standard sense.

We give more details about the truncated characterization.

D.2. m(Q,k). = . Q(k) Λ (B)(T){P(B, Vk) A (TeQ) - (T/BtQ)}
D.3. N(Q, k) . = . m(Q, k) A {B1)(B2)(BZ){T1){T2){1TZ){(B1 \JB2ΌBZC Vk)

A(ΓX, T2eQ) Λ TιT2/B1

- (T3eQ) Λ Γ^s/Bi U 5 2 Λ {T2TjBx U B3)}
D.4. Q = M[fc] . ^ . (T)(3i4A){(TcQ).s. T = \λ/Ak }
D.5. R(M). = . (sjfea) {M/Sχ/ = M/s2/ - (sx = s2)}
D.6. TeQ\k\. = . (3w)(3T1)(3Λife){(n ^fe) A Q(n) A (Γχ€Q) A (Γ = T ^ ) }
L.I. 7/Q = hλ[k],then m(Q,k).
L.2. IfR(M)andQ = M[k],thenN(Q,k).
L.3. IfN(Q°, k)9 then Q° can be extended to such minimal Q that Q° c Q\k I

and N(Q, k+l).
LA. IfN(Q,n),k ^n and Q° = Q \k I, ^βw N(Q°,k).

Assuming Q(w) we give the finite interpretation of the general quanti-
fier:

(4d) V{Q, T9UaF}^l^Λi)(Tι){(i^n)Λ(T1eQ)^TT1/{iw(F)}^V{Qf TιF(xi/a)} =
1}.

D.7. EeP{Q,n}. = . ( T ) { ( T € Q ) A Q(n) - V{Q9 T, E) = l } .

Z).5. £€Ptn}. = . (Q)MQ,w)-* EeP{Q,n}}.
D.9. EeP. = .EtP{n(E)}.

It can be proved:

L.5. Let E° result from E by replacing free variables with indices
iiuίE)} corresponding to free variables with indices {JW(E0)} (then E results

from E° by an inverse substitution). Let T, T°eQ9m(Q, k) and T°/{JW(E0)} =
T/{iw(E)}. Then

V{Q, TyE) = 1 . Ξ . 7{Q, T°, E°} = 1.

L.6\ Let m(Q9k+l)9 m(Q°, k), k >n(E), Q° = Q\k I, TeQ, T°eQ°and T° =
T/Vk. Then

7{Q, T, E} = l . s . F{Q°, T°,E} = 1

L.6. Lei iV(Q0, /?) αwrf let Q be of the rank k+l and let Q be the minimal ex-
tension of Q° respectively to the property N(Q°,k) (then according to L.3.
also N(Q, 6 + 1)). Let k >n(E), TeQ,T° = T/Vk. Then,
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V{Q, Γ, £} = 1. = . F{Q°, T°, E} = 1.

T.2. If E is a thesis, then E e P.
T.3. If E has Skolem's normal form for theses, FeC{E}, hλ{E} = 0, n ^n(E),
Q = M[n], Te Q. Then for a given function f:

If MlFCffex),. ,f(su<F)))} = 0, M/fisJ,.. . ,f(swiF))/ = T/sι,. . . ,swiF) /then
F{<?, 7 , ^ 1 = 0.

T.4. The formula E is a thesis if and only if E eP; in other ivords: the
formula E is true if and only if E e P.

For each z, n, Γ, F:

1/xi means, the first variable #Γ such that i ^n and F(xi/a) /Γ,

2/xi means the first variable x, such that i ^n and Xi does not belong to F.

The truncated satisfiability definition given above creates sequent proof
rules analogous to other cases; namely according to the interpretation E as
O and according to the truncated satisfiability definition to an arbitrary
formula is— called a top formula—and with n =n(E) we apply the following
proof rules:

<A) Ufr (κl tMf G

 (N) t f '
<"•' τwί&hΐ) ' -1 2 »
( Π 2 ) Γ\Γl9 F(x?/a)

where T{{iw(F)}) = Γiίfe'̂ F)}) and Γ(UΌHF)}) denotes the set of formulas with
variables of indices {iu<F)) The rule (K) creates two diagrams and we read
it: From Γ, (F + G) follows Γ, Ff or Γ, Gf; the rule (Π2) determines two last
lines.

Applying the above rules to a given formula E we receive a generalized
diagram. A generalized diagram is correct if and only if:
1. (UaF)f occurs in some column Γi of the diagram and Γ2 is another
column such that ΓI(1MF)1) = Γ2(fc(F)}), then {UaF)' occurs in Γ2; if we need
we add to Γ2 the formula (TiaF)'.
2. The set of last lines of the generalized diagram is closed under permu-
tation of its elements.
3. If Γiίίz'r}) = Γ2({zrl), then there exists a column Γ such that for each i and

j: Tiίir), i) = Γjiir}, i) and Γ({ir},j) = Γa(fer},;).

T.5. if for n =n(E) all lines of each column of a certain generalized and
correct diagram of a formula E are not fundamental, then E is not a thesis.

T.6. If a line of a certain column of each correct diagram is fundamental

for n = n(E), then E is a thesis.

T.7. A formula E is a thesis if and only if for n =n(E) each of its correct
diagrams has a fundamental line.
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The proofs of these lemmas and theorems are analogous to the proofs
given in [3] and [4]; e.g. the proof of T.5 is inductive on the length of the
formula E. The infinite character of these theorems lies in the property
N(Q, k), for in order to prove the property we must consider in general an
infinite number of relations of one argument. Examples are given in [4].
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