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Abstract

Lyapunov exponent is commonly used as a measure of chaos. Chaos Degree is propsed as
another measure of chaos based on information theory. The advantage of Chaos Degree is
that it is calculable from data. However, there is a difference between Chaos Degree and
Lyapunov exponent and determination of chaos requires caution by using Chaos Degree. In
this paper, we find out information-theoretic interpretation of the difference between Chaos
Degree and Lyapunov exponent for asymmetric tent maps.
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1. Introduction

Lyapunov exponent is commonly used as a measure of
chaos. However, It is difficult to calculate Lyapunov ex-
ponents if equations of dynamical systems are not given.
On the other hand, Entropic Chaos Degree (Chaos De-
gree) [1] is proposed as another measure of chaos which
can be directly calculated from data. In order to apply
Chaos Degree to analyze actual data, however, the re-
lationship between Chaos Degree and other measures of
chaos such as Lyapunov exponent or Kolmogorov-Sinai
entropy (KS entropy) shoud be clarified.

Relations among Chaos Degree, Lyapunov exponent
and KS entropy are discussed in [2]. Previous research
[3] analytically shows that Chaos Degree in the limit that
partition number approaches to infinity is greater than
Lyapunov exponent, and suggests that the difference be-
tween Chaos Degree and Lyapunov exponent depends
on the choice of partition. In many cases, Chaos Degree
is greater than Lyapunov exponent and we should be
careful to determine chaos by using Chaos Degree. For
example, preceding studies [4,5] show that Chaos De-
gree is positive for quasi-periodic orbits and it is hard to
distinguish chaotic orbits from quasi-periodic orbits.

This paper reports on an analytical investigation of
the difference between Chaos Degree and Lyapunov ex-
ponent for asymmetric tent maps.

2. Definition of Chaos Degree

The definition of Chaos Degree in difference equations
is as below.

We assume that the difference equation is determined
by amap f: I — I (= [a,b]? C R%a,b € R,d € N),
ie, Tpi1 = f(zn) (n = 0,1,...). Let 29 be an initial

chaos, Chaos Degree, Lyapunov exponent

value, and A = {4;} be a finit partition of I such that
N

I=JAr AinA;=0 (i#j).

k=1

The probability distribution p( )( M) at the time m is
given as

1 m+M-—1
P (M >o1
k=m

and the joint probability distribution p(m erl)(M ) be-

T,
tween the time m and m + 1 is given as

m+M-—1

- 2!

Then Chaos Degree DM (A f) for the orbit {z}} is
defined by

(m, m+1)

pl,J7 J;k lA (Ik+1).

i al ( +1 p(ﬁ)( M)

D(MM) A f) = m}‘“ M)log ——2— .

ept piya ()
In this paper, we simplify p( )(M) = p(i) and

pggﬁnﬂ)(M) = p(i,7), then Chaos Degree Hep is cal-
culated as:
ton =330t 2)

i=1 j=1

N

:_gp Z

i) log p(jli), (1)

where the conditional probability p(j|)

= p(i,5)/p(i).
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3. Asymmetric tent map

Let Tx(x) be a tent map with the peak at x = 1/k
(k € N, k > 2) such that

) kx 0<zx
T’“”‘{kfl(l—x) d<e

If k = 2 then Ty (x) is a symmetric tent map, else Ty (x)
is an asymmetric tent map.

We try to find out how partitions affect the difference
between Chaos Degree and Lyapunov exponent, focusing
on asymmetric tent map Ty (z) because its shape is sim-
ple so that it is easy to calculate both theoritical values
of Chaos Degree and Lyapunov exponents.

4. Investigation prosedure

First, we calculate Chaos Degree of an asymmetric
tent map Ty (x). Next, we claculate a difference between
Chaos Degree and Lyapunov Exponent (Hep — A) and
try to interpret what the difference means.

5. Calculation of Chaos Degree

Let {A;} be an equipartition with partition number
N such that N = nk (n € N). For example, the case
k =4 and n = 2 is shown in Fig. 1.

There are two kinds of repeating patterns in 0 < z <
1/k and 1/k < z < 1. In Fig. 1, each pattern is colored
red or green. Each of these patterns appears n times.

If (A;, Aj) such that z,, € A; and z,,41 € A; does
not belong to any patterns, then p(j|i) = 0 and Chaos
Degree is not affected. Therefore, we consider the two
patterns in calculation of Chaos Degree below.

In case 0 < z < 1/k, as shown in Fig. 2 (a), Ti(4;,)
intersects with just k components, therefore conditional
probability is

1 . . . .
o) x U =J102, k)
1) = . 3

p(ilin) {0 (otherwise) ®)
In case 1/k < x < 1, as shown in Fig. 2 (b), each of
Ti(A;,) (w=1,2,...k—1) intersects with just two com-
ponents. Suppose the index numbers of the two compo-
nents are vy and vs, then

% (.] = jm)
pUlin) = ¢ 554 (G =Juw) - (4)
0 (otherwise)

Futher, Ty (x) has the uniform invariant probability
density, therefore

. 1 1
p(i) = N ok (5)
From equations (1), (3), (4) and (5), we obtain

1

Xn+1

0 l/k . 1
n

Fig. 1. Example of an asymmetric tent map Tj(z) and an nk
equipartition for k =4 and n = 2.
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Fig. 2. Schematic picture of two kinds of repeating patterns and

conditional probability p(j|¢). In pattern (b), p(j]¢) = 0 is omit-
ted.

1 — k—u k—u

- 771 - —1 .

+ E: < g o log — > (6)
Note that Hop does not depend on n.

6. Calculation of the difference between
Chaos Degree and Lyapunov Expo-
nent

Lyapunov exponent A is given as

1 1 -1 -1
A:—%lgg—%logkk . (7)
Chaos Degree Hep for k > 2 and Lyapunov exponent A
is shown in Fig. 3. The horizontal axis a is the peak of
Ty (z) i.e. a = 1/k. As can be seen from the figure, when
k=2 (a=1/2; Ti(z) is a symmetric tent map), Chaos
Degree equals Lyapunov exponent, and in other cases,
Chaos Degree is greater than Lyapunov exponent.

Theorem 1 Let Ti(x) be an asymmetric tent map
which is given by equation (2) and {A;} be an nk
equipartition of I = [0, 1], then we have

HCD > Aa

where Hop is Chaos Degree and A is Lyapunov expo-

—- 62 —



JSIAM Letters Vol. 11 (2019) pp.61-64

Tomoyuki Mao et al.

1.0—
0.8+ o ® °
0.61
0.2+

® Chaos Degree Hcp
— Lyapunov exponent A

0.0 L L L Il L L L Il L L L Il L L L Il L L L
0.0 0.2 0.4 0.6 0.8 1.0

a

Fig. 3. Chaos Degree and Lyapunov exponent of asymmetric
tent map Ty ().
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Fig. 4. The difference between Chaos Degree and Lyapunov ex-
ponent (Hep — A) with the line —a + 1/2.

nent.

Proof From equations (6) and (7), the difference be-
tween Chaos Degree and Lyapunov exponent can be cal-
culated as follows:

u — k—u
HCD_)‘_k:Z( plosg — e )

k
1 k— k—u
kz_:<_10gk—l 3 logk )
(8)

Thus, we have Hop — A > 0, i.e. Hop > A. The equality
holds for k = 2 (symmetric tent map case).

(QED)

The difference between Chaos Degree and Lyapunov
Exponent is shown in Fig. 4. The horizontal axis a is
the peak of Ty (z) i.e. a = 1/k. When a = 0, although
Lyapunov exponent A = 0, the difference Hop — A is
maximum. This shows that it is difficult to determine
chaos for weak chaos by using Chaos Degree Hop.

Fig. 4 also shows that values of the difference Hop — A
are close to the line —a + 1/2. We can understand this
behavior as below. From equation (8),

1 U k—u k—u
HCD_A_I@E( Ing B Ing—l)

1\2 A U u 1
—2(1- - S| .
( k:) Z( klogkl)kl

u=1

For sufficiently large k,

1
Hep—A~2 (1 - 2) / (—xlogx)dx
0

1
=—a-+ —.
2

7. Interpretation of the difference
Theorem 2 Suppose that Ty () is an asymmetric tent
map and {A;} is an nk equipartition of I = [0,1]. The
difference between Chaos Degree and Lyapunov exponent
Hep — X can be calculated as an average of some kind
of information —logq(i, j), where q(i,j) is defined as
o def [|TR(A) N A
q(isj) = —5
1451l
Proof Since {A;} is an nk equipartition,
1
Aill=A=—
l4d=a=1
In case 0 < a < 1/k,
A5l
[ A;ll

In case 1/k < x <1, as shown in Fig. 5,

(i=1,2,...,N).

q(iv, j) = =1 (j=J1,J2 - Jr)-

&

(.] = jv1)
1 (j = jvg)
(otherwise)

T
§H

Q(iuyj) =

S

Therefore, the difference Hop — A is calculated as:

k—1
1 k—u. k-
Hep — A= - <—“10g a1 “)

k k k—1 k k-1

u=1
P(Joy |iw) 108 q(iu, Jo, )

lnz

—P(Jua i) 108 (0w, Juy))
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Fig. 5. Figure of intersection between Ty (A;,) and two compo-
nents Ajv1 , Ajvz‘

k
— in (Zp(jvliu){—IOgQ(iuvjv)}>
1 N N
— ?Z > p(ili){—logq(i, 5)}

= (i) > p(li){~loga(ii )} (9)

(QED)

If we regard —log ¢(i, j) as an amount of information,
equation (9) is intuitively interpreted as below. When
we assume that Ty maps A;, Chaos Degree is calculated
by entropy of conditional probability p(j|i), then Chaos
Degree is the same value in the case that the output is
uniformly distributed in the whole of A; and is greater
than Lyapunov exponent. This difference is owing to
lack of consideration about how output is distributed
in each A;. An actual distribution of output is limited
in Ty, (A;) NA; and entropy should be less than the value
in the case that output is distributed in whole of A;.
We can assume that this is because the entropy is added
with —log (4, j), which is an amount of information nec-
essary to know that output is in Tj(A;) N A;.

8. Conclusion

We try to interpret the difference between Chaos
Degree and Lyapunov exponent for asymmetric tent
maps and find out that the difference Hop — A can be
calculated as an average of some kind of information
—log q(i, ) and thus be non-negative. It is assumed that
information — log ¢(i, j) is related to intersection of map-
ping T (z) and components of partition {A;}.

It is left for a future work to generalize the interpre-
tation to other one-dimensional maps.
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