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Abstract

The new Lanczos-Phillips type algorithm for computing the LDU decompositions of non-
Hermitian Toeplitz matrices is presented by using Laurent biorthogonal polynomials. It can
be applied to computation of the Thron continued fractions which are related to two point
Padé approximations. We see that the new algorithm can compute the Thron continued
fractions faster and more stably than the FG algorithm does.
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1. Introduction

Discrete integrable systems have a deep relationship
with numerical algorithms, and many researchers have
studied to reveal the relationship between the two. For
example, it is known that the quotient difference (qd)
algorithm [1] is equivalent to the discrete Toda equa-
tion [2]. Some of recent studies aim to formulate new
numerical algorithms from discrete integrable systems.
The integrable singular value decomposition (I-SVD)
algorithm [3, 4] is formulated from the discrete Lotka-
Volterra system. Many algorithms based on discrete in-
tegrable systems have highly relative accuracy and relia-
bility due to a positivity of solutions. Moreover, some of
discrete integrable systems underlying these algorithms
have Hankel determinant solutions related to orthogonal
polynomials on the real line.
The Lanczos-Phillips algorithm [5] is designed by

Phillips to compute the Cholesky decomposition of Han-
kel matrices. Generally, computing the Cholesky decom-
position of a matrix needs O(n3) operations. This algo-
rithm, however, can compute the Cholesky decomposi-
tion of a Hankel matrix within O(n2) operations. Al-
though he derived the algorithm by using the Lanczos
procedure [6], we derived, in the previous letter [7], the
algorithm from a recurrence relation of orthogonal poly-
nomials on the real line. Let pi(x) (i = 0, 1, . . . ) be monic
orthogonal polynomials on the real line of degree i. Then
pi(x) (i = 0, 1, . . . ) satisfy a orthogonality relation with
a linear functional L[·]: L[pk(x)pl(x)] = vlδk,l (vl �= 0),
and satisfy a three-term recurrence relation [8]

p0(x) = 1, p1(x) = x− a0,

pi+1(x) = (x− ai)pi(x)− bipi−1(x) (i = 1, 2, . . . ),
(1)

where ai and bi are real numbers. Multiplying both sides
of the recurrence relation (1) by xj gives

xjpi+1(x) = xj+1pi(x)− aix
jpi(x)− bix

jpi−1(x).

Setting ri,j := L[xjpi(x)], we obtain a main recurrence
relation of the Lanczos-Phillips algorithm:

ri+1,j = ri,j+1 − airi,j − biri−1,j .

Thus, the Cholesky decomposition algorithm for Hankel
matrices can be regarded as being formulated from the
recurrence relation of orthogonal polynomials on the real
line. Other orthogonal polynomials are also expected to
play key roles in designing new matrix decomposition
algorithms. Based on this idea, we formulated in [7] a
new Lanczos-Phillips type algorithm for computing the
Cholesky decomposition of Hermitian Toeplitz matrices
from a recurrence relation of orthogonal polynomials on
the unit circle. Moreover, we can obtain a determinant
expression of general terms of the Lanczos-Phillips algo-
rithm easily because the orthogonal polynomials pi(x)
(i = 0, 1, . . . ) have a determinant expression. Therefore
the recurrence relation of the Lanczos-Phillips algorithm
is one of the discrete integrable systems in the sense of
that its general terms have a Hankel determinant ex-
pression [7].
This letter is organized as follows. In Section 2, we

present a new algorithm based on Laurent biorthogo-
nal polynomials (LBPs). The algorithm can compute
the LDU decompositions of non-Hermitian Toeplitz ma-
trices. In Section 3, we show that the new Lanczos-
Phillips type algorithm based on LBPs has an appli-
cation to computing continued fractions. It is shown in
[7] that computation of the Chebyshev continued frac-
tions by the Lanczos-Phillips algorithm is faster and in-
volves fewer divisions by zero than the qd algorithm.
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The new algorithm based on LBPs can also compute co-
efficients of the Thron continued fractions (T-fractions).
T-fractions are used for two point Padé approximations.
We compare the new algorithm with the FG algorithm
[9] in terms of computational time and the number of di-
visions by zero. The result indicates that our algorithm
is faster and divided by zero more rarely than the FG
algorithm. In Section 4, we give conclusions of this letter
and discuss the future work.

2. Algorithm based on Laurent biorthog-

onal polynomials

Let T be a Toeplitz matrix of order n,

T = [tj−i]1≤i,j≤n. (2)

Assume that all the leading principal minors of T are
nonzero, then T is uniquely decomposed into LDU ,
where L is unit lower triangular, D is diagonal and U is
unit upper triangular. The decomposition is called LDU
decomposition. As is mentioned in the previous section,
the original Lanczos-Phillips algorithm is derived from a
three-term recurrence relation of orthogonal polynomials
on the real line. In this section, we formulate an LDU de-
composition algorithm for non-Hermitian Toeplitz ma-
trices by using LBPs. This is main topic in this letter.
Let C[z, z−1] be the set of whole Laurent polynomials

in z, and let Φi(z) and Ψi(z) (i = 0, 1, . . . ) be monic
polynomials of degree i. When Φk(z) and Ψl(z) sat-
isfy a biorthogonality relation L[Φk(z)Ψl(z

−1)] = wlδk,l
(wl �= 0) with a linear functional L : C[z, z−1] → C, then
Φi(z) and Ψi(z) (i = 0, 1, . . . ) are Laurent biorthogo-
nal polynomials [9]. Moreover, tk, k ∈ Z are defined by
tk := L[zk], then Φi(z) and Ψi(z) are expressed as

Φi(z) =
1

Ti

∣∣∣∣∣∣∣∣∣∣∣

t0 t1 . . . ti
t−1 t0 . . . ti−1

...
...

...
t−i+1 t−i+2 . . . t1
1 z . . . zi

∣∣∣∣∣∣∣∣∣∣∣
,

Ψi(z) =
1

Ti

∣∣∣∣∣∣∣∣∣∣∣

t0 t−1 . . . t−i

t1 t0 . . . t−i+1

...
...

...
ti−1 ti−2 . . . t−1

1 z1 . . . zi

∣∣∣∣∣∣∣∣∣∣∣
,

T0 = 1, Tj = |tl−k|1≤k,l≤j . (3)

When tk = t−k: Φi(z) = Ψi(z), the LBPs are called “or-
thogonal polynomials on the unit circle” [10]. The set of
orthogonal polynomials on the unit circle is a reduction
of that of LBPs, and we derive in [7] the Cholesky de-
composition algorithm for Hermitian Toeplitz matrices
by orthogonal polynomials on the unit circle.
As with orthogonal polynomials on the real line, LBPs

satisfy the following three-term recurrence relations

Φi+1(z) = (z + ci)Φi(z)− dizΦi−1(z), (4)

Ψi+1(z
−1) = (z−1 + ei)Ψi(z

−1)− fiz
−1Ψi−1(z

−1),
(5)

where

ci = −TiT̂i+1

Ti+1T̂i

, di = −Ti−1T̂i+1

TiT̂i

, (6)

ei = −TiT̃i+1

Ti+1T̃i

, fi = −Ti−1T̃i+1

TiT̃i

, (7)

(T̂i = |tl−k+1|1≤k,l≤i, T̃i = |tl−k−1|1≤k,l≤i).

Multiplying both sides of the recurrence relation (4) by
z−j and (5) by zj gives

z−jΦi+1(z) = (z + ci)z
−jΦi(z)− diz

−j+1Φi−1(z),

zjΨi+1(z
−1) = (z−1 + ei)z

jΨi(z
−1)− fiz

j−1Ψi−1(z
−1).

Setting li,j := L[z−jΦi(z)] and ui,j := L[zjΨi(z
−1)], we

obtain recurrence relations{
li+1,j = li,j−1 + cili,j − dili−1,j−1

ui+1,j = ui,j−1 + eiui,j − fiui−1,j−1

. (8)

We can obtain the general term of recurrence relations
(8) by the determinant expression of LBPs (3):

li,j =
Ti,j

Ti−1,i−1
, ui,j =

T̄i,j

T̄i−1,i−1
, (9)

where T−1,−1 := 1, T0,j := t−j , T̄−1,−1 := 1, T̄0,j := tj ,

Ti,j :=

∣∣∣∣∣∣∣∣∣∣∣

t0 t1 . . . ti
t−1 t0 . . . ti−1

...
...

...
t−i+1 t−i+2 . . . t1
t−j t−j+1 . . . t−j+i

∣∣∣∣∣∣∣∣∣∣∣
,

T̄i,j :=

∣∣∣∣∣∣∣∣∣∣∣

t0 t−1 . . . t−i

t1 t0 . . . t−i+1

...
...

...
ti−1 ti−2 . . . t−1

tj tj−1 . . . tj−i

∣∣∣∣∣∣∣∣∣∣∣
.

We show that the LDU decomposition can be computed
by the recurrence relations (9). Let A be a matrix of
order n. If A = [ai,j ]1≤i,j≤n has the LDU decomposition
A = LADAUA, then elements of LA, DA and UA are
expressed by some determinants:

(LA)i,j =
Aj,i

Aj,j
, (DA)i,i =

Ai,i

Ai−1,i−1
, (UA)i,j =

Āi,j

Āi,i
,

(10)
where A0,0 := 1, A1,j := aj,1, Ā0,0 := 1, Ā1,j := a1,j ,

Ai,j :=

∣∣∣∣∣∣∣∣∣∣∣

a1,1 a1,2 . . . a1,i
a2,1 a2,2 . . . a2,i
...

...
...

ai−1,1 ai−1,2 . . . ai−1,i

aj,1 aj,2 . . . aj,i

∣∣∣∣∣∣∣∣∣∣∣
,

Āi,j :=

∣∣∣∣∣∣∣∣∣∣∣

a1,1 a2,1 . . . ai,1
a1,2 a2,2 . . . ai,2
...

...
...

a1,i−1 a2,i−1 . . . ai,i−1

a1,j a2,j . . . ai,j

∣∣∣∣∣∣∣∣∣∣∣
.
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Using the determinant expression (9) and the determi-
nant expression of general LDU decompositions (10), if
the Toeplitz matrix (2) can be decomposed as T = LDU ,
the following equality hols

(L)i,j =
lj−1,i−1

lj−1,j−1
, (D)i,i = li−1,i−1, (U)i,j =

ui−1,j−1

ui−1,i−1
.

Therefore we can compute LDU decompositions of
Toeplitz matrices using the recurrence relations (8). Us-
ing determinant expressions (6) and (7), auxiliary vari-
ables ci, di, ei, fi are represented by li,j and ui,j , namely,

ci =
li−1,i−1li,−1

li,ili−1,−1
, di =

li,−1

li−1,−1
,

ei =
ui−1,i−1ui,−1

ui,iui−1,−1
, fi =

ui,−1

ui−1,−1

because T̂i = (−1)i−1Ti−1,−1 and T̃i = (−1)i−1T̄i−1,−1.
Furthermore, initial values of the recurrence relations (8)
are determined as follows

l0,j = t−j , c0 =
l0,−1

l0,0
, d0 = 0,

u0,j = tj , e0 =
u0,−1

u0,0
, f0 = 0.

In summary, we obtain the following algorithm.

Algorithm 1 (LDU decomposition algorithm based on
LBPs)

0) For the Toeplitz matrix (2), set

l0,j = t−j , u0,j = tj (j = −n+ 1, . . . , n− 1),

c0 = − l0,−1

l0,0
, d0 = 0, e0 = −u0,−1

u0,0
, f0 = 0.

1) Compute repeatedly from i = 1 to n− 1

li,i = ui,i = li−1,i−1 + ci−1li−1,i−1 − di−1li−2,i−2,

li,j = li−1,j−1 + ci−1li−1,j − di−1li−2,j−1,

ui,j = ui−1,j−1 + ei−1ui−1,j − fi−1ui−2,j−1

(j = −n+ i+ 1, . . . ,−1, i+ 1, i+ 2, . . . , n− 1),

di =
li,−1

li−1,−1
, ci = di

li−1,i−1

li,i
(i �= n− 1),

fi =
ui,−1

ui−1,−1
, ei = fi

ui−1,i−1

ui,i
(i �= n− 1).

2) Set

(D)i,i = li−1,i−1 (i = 1, . . . , n),

(L)i,j = δi,j (i ≤ j), (L)i,j =
lj−1,i−1

lj−1,j−1
(i > j),

(U)i,j = δi,j (i ≥ j), (U)i,j =
ui−1,j−1

ui−1,i−1
(i < j).

Generally, matrices have O(n2) degrees of freedom, and
their LDU decompositions can be computed within
O(n3) operations. However, Toeplitz matrices have only
O(n) degree of freedom which is, in fact, just suitable in
relating to orthogonal polynomials, hence this algorithm
can compute their LDU decompositions within O(n2)
operations.

Numerical example 1

Let us consider the following matrix:

T =

⎡
⎣ 7 6 4

5 7 6
3 5 7

⎤
⎦ .

The first step is to set the initial values

l0,−2 = u0,2 = 4, l0,−1 = u0,1 = 6, l0,0 = u0,0 = 7,

l0,1 = u0,−1 = 5, l0,2 = u0,−2 = 3, d0 = f0 = 0,

c0 = − l0,−1

l0,0
= − 6

7 , e0 = −u0,−1

u0,0
= − 5

7 .

When i = 1,

l1,−1 = l0,−2 + c0l0,−1 = − 8
7 , l1,1 = l0,0 + c0l0,1 = 19

7 ,

l1,2 = l0,1 + c0l0,2 = 17
7 , d1 =

l1,−1

l0,−1
= − 4

21 ,

c1 =
d1l0,0
l1,1

= − 28
57 , u1,−1 = u0,−2 + e0u0,−1 = − 4

7 ,

u1,1 = u0,0 + e0u0,1 = 19
7 , u1,2 = u0,1 + e0u0,2 = 22

7 ,

f1 =
u1,−1

u0,−1
= − 4

35 , e1 =
f1u0,0

u1,1
= − 28

95 .

When i = 2,

l2,2 = u2,2 = l1,1 + c1l1,2 − d1l0,1 = 47
19 .

Therefore T is decomposed as T = LDU :

T =

⎡
⎣ 1 0 0

5
7 1 0
3
7

17
19 1

⎤
⎦
⎡
⎣ 7 0 0

0 19
7 0

0 0 47
19

⎤
⎦
⎡
⎣ 1 6

7
4
7

0 1 22
19

0 0 1

⎤
⎦ .

3. Application to the T-fractions

The original Lanczos-Phillips algorithm can compute
the Chebyshev continued fractions. The algorithm is
faster and involves fewer zero divisions than the qd al-
gorithm, which can compute the Chebyshev continued
fractions. Moreover, the Lanczos-Phillips type algorithm
based on orthogonal polynomials on the unit circle can
compute the Perron continued fractions and it is faster
than the discrete Schur flow, which can compute the
Perron continued fractions [7]. Algorithm 1 also has an
application to continued fractions.
Let G(z) be a complex function. If G(z) is expressed

as expansion at zero and infinity{
G(z) = −t1z − t2z

2 − t3z
3 − . . .

G(z) = t0 +
t−1

z1 + t−2

z2 + . . .
, (11)

and the coefficients t−n+1, . . . , t−1, t0, t1, . . . , tn are al-
ready obtained, then G(z) can be approximated by the
Thron continued fraction (T-fraction)

Ĝ(z) =
−t1z

1 + c0z − d1z

1 + c1z − . . . − dn−1z

1 + cn−1z

, (12)

ci = −TiT̂i+1

Ti+1T̂i

, di = −Ti−1T̂i+1

TiT̂i

.

The rational function Ĝ(z) gives a two point Padé ap-
proximation of G(z). Because ci and di have the same
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Table 1. Computation environment condition.

CPU 1.7 GHz Intel Core i7

Memory 8 GB 1600 MHz DDR3
OS Linux Ubuntu (ver 16.04)
Programing language C++

Table 2. Computational time (sec.).

Size n Algorithm 1 FG algorithm

103 0.00477 0.0117
5× 103 0.131 0.293

104 0.577 1.13

Table 3. Percentage of zero divisions (%).

Algorithm 1 FG algorithm

0.007 3.814

determinant expression as (6), Algorithm 1 can compute
the coefficients of the T-fraction (12). In this case, the
coefficients of the expansion (11) are initial values for
the computing. We need to compute cn−1 and dn−1 in
Algorithm 1, while we don’t need ui,j , ei and fi.
It is known that the FG algorithm can also compute

the coefficients of the T-fraction for G(z) [9]. The FG
algorithm is illustrated as follows.

Algorithm 2 (FG algorithm)

0) When the coefficients t−n+1, . . . , t0, . . . , tn of G(z)
(11) are given, set

F
(0)
j = 0, G

(0)
j = − tj+1

tj
(j = −n+1, . . . , n−1).

1) Compute repeatedly from i = 0 to n− 2

F
(i+1)
j = F

(i)
j+1 +G

(i)
j+1 −G

(i)
j

(j = −n+ i+ 1, . . . , 0, . . . , n− i− 2),

G
(i+1)
j =

F
(i+1)
j

F
(i+1)
j−1

G
(i)
j−1

(j = −n+ i+ 2, . . . , 0, . . . , n− i− 2).

2) Set

c0 = G
(0)
0 , ci = G

(i)
0 ,

di = −F
(i)
0 (i = 1, . . . , n− 1).

First we compare Algorithm 1 with the FG algorithm
in terms of computational time. Randomly generated
numbers tj in the range (0, 1] are given to Algorithms 1
and the FG algorithm as their initial values. Table 1
shows our computation environment condition. Table
2 is the result of experiments. Algorithm 1 can com-
pute faster than the FG algorithm. This is because Al-
gorithm 1 has fewer divisions than the FG algorithm.
Although the FG algorithm has O(n2) divisions, Algo-
rithm 1 has O(n) divisions. Generally, division has the
largest time complexity among the four arithmetic op-
erations.
Next, let us compare two algorithms in terms of reli-

ability. Because Algorithm 1 has fewer divisions, it may
behave well even in a near-breakdown situation. Ran-
domly generated 103 numbers in the range (0, 1] are

given to each algorithm, and we count the number of
zero divisions in 106 trials. Table 3 is the result of experi-
ments. The percentages are the number of zero divisions
divided by the number of trials. Fewer zero divisions
occur in Algorithm 1 than those in the FG algorithm.
This result suggests that Algorithm 1 is a more reliable
numerical algorithm.

4. Conclusions

In this letter, we obtain a new algorithm for LDU de-
compositions of non-Hermitian Toeplitz matrices (Algo-
rithm 1). Moreover, we show that Algorithm 1 can com-
pute the T-fractions and it is faster and involves fewer
zero divisions than the FG algorithm. Algorithm 1 can
be regarded as an extension of the Lanczos-Phillips algo-
rithm to the LBPs. Considering that many discrete inte-
grable systems have Hankel or Toeplitz determinant so-
lutions, we regard the recurrence relation of the Lanczos-
Phillips algorithm and Algorithm 1 as discrete integrable
systems in the sense in which the general term of their
recurrence relations has some determinant expressions.
In that case, it is expected that the Lanczos-Phillips type
algorithm is a numerical algorithm which has a better
reliability than the existing algorithms.
We plan, in the future work, to associate other orthog-

onal polynomials with matrix decompositions along the
line similar to formulating Algorithm 1 to other orthogo-
nal polynomials and reveal unexpected relationships be-
tween the Lanczos-Phillips type algorithms and discrete
integrable systems.
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