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Abstract

This paper presents analytic solutions of the shape derivatives (Fréchet derivatives with re-
spect to domain variation) for singular points of cost functions in shape-optimization prob-
lems for the domain in which the boundary value problem of a partial differential equation is
defined. A design variable is given by a domain mapping. Cost functions are defined as func-
tionals of the design variable and the solution to the boundary value problem. The analytic
solutions for singular points such as crack tips and boundary points of the mixed boundary
conditions on a smooth boundary are obtained by using the generalized J integral.
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1. Introduction

Determining the optimum shape of the domain in
which a boundary value problem of a partial differential
equation is defined is called a shape-optimization prob-
lem. One way to formulate this problem is to choose
the domain mapping as the design variable. Cost func-
tions are defined as functionals of the design variable and
the solution to the boundary value problem. The shape
derivatives, which are defined as the Fréchet deriva-
tives with respect to domain variation, of the cost func-
tions can be evaluated assuming appropriate regularity
in the boundary value problem. Solution using the shape
derivative is presented in [1].

On the other hand, in research of evaluating the sin-
gularity of a crack, the generalized J integral was pro-
posed [2], and its relation to the shape derivative of a
cost function has been presented [3-5]. However, the an-
alytic solution at the singular point has not been shown.

The present paper is dedicated to obtaining the ana-
lytic solutions of the shape derivatives for singular points
such as crack tips and boundary points of the mixed
boundary conditions on a smooth boundary by the use
of the generalized J integral.

2. Set of design variable

Let € depicted in Fig. 1 be a two-dimensional
bounded domain, where the boundary 9y consists of
Dirichlet boundary I'pg C 9929 and Neumann boundary
I'no = 090 \ T'po.

For j € On = {1,...,]|O]}, let xjo (note, x1o is
hidden in Fig. 1) be corner points on I'yg having con-
cave angles of ag; € (m,27]. In the same manner, for
jE€Op = {|@N| +1,..., ‘®N| + |@D|}, let o be corner
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Fig. 1. Varying 2-dimensional domain with corner points.

points inside of I'ng with ag; € (m,2n]. Moreover, for
j € Om = {[On|+[Op|+1,....]On|+[Op| + [Om]},
let ;o be corner points on the boundary of the mixed
boundary conditions having an opening angle of ag; €
(m/2,2x]. In the present paper, we call these points the
singular points, and define the set of their indexes as
O = Oy U Op U Oy. The remaining part of the bound-
ary is assumed to be sufficiently smooth.

We define design variable in a shape optimization
problem by domain variation ¢, with which a varied
domain is created by continuous one-to-one mapping
i+¢: Q — R as Q(¢p) = {(i+¢)(z)| e}
The symbol 2 is used as the identity mapping in
the present paper. The notation (-)(¢) is used as
{@+¢)(x)]| =€ ()} for domains and boundaries. To
keep continuous one-to-one mapping property, we define
the admissible set of ¢ as

D={¢cY [|olly <o}, (1)

where Y is defined by W (R?;R?), and o > 0 is cho-
sen such that (¢ 4+ ¢) is a bijection [4, Proposition 1.39].
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The domain of ¢ is extended to R? by Calderén’s ex-
tension theorem [6]. In the present paper, Y is used as
the Banach space for the perturbation ¢ of ¢ in order
to define the Fréchet derivatives as shown later.

3. Main problem

For simplicity, we use the Poisson problem as the main
problem. The solution to the main problem is called the
state variable in the shape optimization problem. We
denote the outer unit normal by v, and 9, = v - V.

Problem 1 (Main problem) Let b : R?> — R be a
function not depending on ¢ that is sufficiently smooth.
For a given ¢ € D, find u(¢) : Q(¢p) — R such that

_Au(g)=b nQ(),
du(p)=0 onTn(o),
u(p)=0 onlp(e).

If b is given appropriately, the weak solution u (¢) to
Problem 1 lies within U = H' (Q(¢);R). The domain
of u (¢) can be extended to R? by Calderén’s extension
theorem. Moreover, in the present paper, we define the
admissible set of the state variable u (¢) by

S =W (R%;R) (2)

for some ¢ > 2. In [1], u(¢) € S is used as a necessary
condition in order to obtain the domain variation in Y
without singular points by the H! gradient method. In
the present paper, we clarify the conditions for singular
points in order that u (¢) is included in S.

4. Shape optimization problem

Using the design variable ¢ € D and the state variable
u=u(¢p) €S, we define cost functions as

fi (o) = /Q LG@uvndiie @)

for i € {0,1,...,m}, where ¢; and their derivatives are
sufficiently smooth, and cg, ..., ¢, are given constants.
Among the m+1 cost functions, fj is called an objective
function, and f1,..., f; are called constraint functions.

Using the cost functions fy,..., fin, we define the
shape optimization problem as follows.

Problem 2 (Shape optimization) Let D and S be
given by (1) and (2), respectively, and fo,..., fm be as
defined in (3). Find Q (@) with ¢ such that

¢ = ariel"gin{fo (p,u) | fi(¢,u) <0
forie{l,...,m}, ueS, Problem 1}.

5. Shape derivative of cost functions

For ¢ € {1,...,m}, the Fréchet derivatives (we fol-
low [4, Definition 1.8]) with respect to arbitrary domain
variation ¢ € Y of f; are obtained in [1] as

(g;,p) = / [Vu- (V(pTVvi) + Vo, - (VgoTVu)
Qo)

+ (Gigp (@, u, Vu) +v;Vb) -
+ (G — Vu - Vo +bo;) V - pldz. (4)

Here, v; € U is called the adjoint variable for f;, and is
given as the weak solution of the following problem.

Problem 3 (Adjoint problem for f;) For a given
¢ € D, let u be the solution to Problem 1 and (; be
the function in (3). Find v; : Q(¢) — R such that

- Avi (d)) = Ciu (d)? u, V’LL) + A\ <iVu (¢7 u, VU)

i (@) =0 onIn(e),
v; () =0 onTp ().

In [1], it is shown that if u and v; are in S, g; belongs
to L7 (2 (¢) ; R?), and the domain variation obtained by
the H! gradient method belongs to Y without singular
points.

In the present paper, we pay attention to the range of
the opening angles for singular points in order that v and
v; are included in S, and obtain the analytic solutions
of the shape derivative at the crack tip and the bound-
ary point of the mixed boundary conditions on smooth
boundary.

6. Regularity of v and v; at corner

For the regularities of u and v;, the following results
have been known [7-9].

We suppose that 02 (@) \ {z; (¢)},¢ is sufficiently
smooth in the following argument. If we let B (x; (¢) , €)
be the disc of radius e centered at x; (¢), then u has the
expression for a point z—x; (¢) = re!? € B (x; (¢),€)N

Q(¢) of

u (re?) = k; (¢) 7% cos —— 0 +up  for j € O,
(re'’) = k; () a; (9) R J = BN
(5)
u (rei®) = k; ()75 ® sin — @ +ug for j € Op,
(%) =y (0T 0o <0
(6)
0y _ . @ g T for j
u(re) kj(o)r 51n2aj(¢)9+uR or j € O,

(7)
where k; (¢) are constants, and ugr stands for the term
in B2 (B (1 () ,€) 1 © () ; R).

A derivative of u = 7y () behaves as a finite
sum of functions r*~14 (0), where v () and ¢ €
0> ([0, ;] ;R). The p-th power of 7~ 14)(8) is integrable
in B (x; (¢),e)NQ(¢) iff p(w — 1)+1 > —1. This means

u€ WP(B(zj(¢),e) NQ(p);R) forw > 1—;27. (8)

We now obtain the following.

Theorem 4 (Regularity of v and v; at corner)
For j € Oy U Op, the weak solutions u and v; to Prob-
lem 1 and Problem 3, respectively, come into lie within
S if aj (¢) € (0,2m). For j € O, the weak solutions u
and v; come into lie within S if a; (¢p) € (0, 7).

The case a; (¢) = 27 in j € On U Op corresponds to
the crack. The case a; (¢) = 7 in j € Oy corresponds
to the boundary point of the mixed boundary conditions
on smooth boundary, which we call the smooth mixed
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boundary. In the next section, we shall show how to
evaluate the shape derivative g, in these cases.

7. Evaluation of g, by generalized J-
integral

To evaluate the shape derivative g, in the cases that
a; (¢)=2mrinj € ONUBOp and a; (¢p) =7 in j € Oy,
we use the generalized J integral. The generalized J in-
tegral is defined in terms of the solution to an elliptic
boundary value problem and domain variation. Here,
using the solution u = w(¢) € U to Problem 1 and
domain variation ¢ € Y, and following [3-5], we define
the generalized J integral as

S (2(P),p,u)
= Z(0),p,u) + Z(Q2(P),p,u),  (9)

where

P (092() , p,u)

_ / [1 (Vu-Vu)v-p—d,uVu - LP} dvy (10)
o0(¢)L2

% (Q(P), e, u)
- 7/ [qu = Vu- (Ve Vu)
Q(e)

i % (Vu-Vu) V- 4 d. (11)

For ¢, the following properties have been obtained [3].

Theorem 5 (Properties of gen. J-integral) For
¢ €D, let 7 (Q2(P),p,u) be defined in (9) with the
weak solution u € U to Problem 1 and domain variation
wpeY. Forall p €Y, the following hold.

(1) % (2 (), p,u) has finite value for u € U.
(2) For a Lipschitz domain ¥ C R?, if Ulsnop) @ of
class H?, then
S (ENQ(e),p,u)=0 (12)
holds.

(3) Let ¥ C R? be separated into ¥y and Xy such that
1Ny =0 and ¥ =3, UZs. If u is of class H?
on neighborhood of 0%, and 0%s, then

S ENQUP) @, u) = F (E1NQ(B), ¢,u)

+ /(22 ﬂQ(d)),cp,u)
(13)

holds.

Let us rewrite g; using the properties in Theorem 5.
The partial Fréchet derivatives of & and Z with respect
to arbitrary variation v; € U of u can be written as

— 24 (09(9), p,u) [vi]
= / (Vu-Vou)v-@—0,uVuy; -
()
—0,v;Vu - 4,9} d~y
K (2(9) ;1) [vi]

= —/ [bVv; - — Vu- (Vo Vo)
Q(e)

(14)

Fig. 2. Path for the boundary integral of Z7,,.

— Vv, - (VgoTVu)

+ (Vu-Vv;) V- pl|da. (15)
Here, by comparing (4) and (15), we have
<gi7 ‘P> = R, (Q (d)) » P u) [Uz] + <giR7 (10> ) (16)

where

(Gir> P) =/ boiv - pdy
00(¢)

Qo) an
17

Moreover, denoting the e-neighborhood of the singular
points by Be = U;ce B (i (@), ¢), separating ()
into Q (¢) \ Be and Q (¢) N Be, and applying the prop-
erties of (ii) and (iii) in Theorem 5, we have
=—2.(0(2(9) \ Bo) , ¢, u) [vi]
+ Y R (B(i(8),6) NS, p,u) [vi]. (18)
JjEO

The dotted line in Fig. 2 shows the path for the boundary
integral of &, around the boundary point of the mixed
boundary conditions on the smooth boundary (¢; (¢) =
7). Here, when ¢ — 0, the second term on the right-

hand side of (18) converges to 0. The first term on the
right-hand side of (18) can be written as

_yu (89 (¢) ’ 907u) ['Ui] + Z <gij7 (p> ’ (19)
j€O
where
(9:5-0) N
:11_{%*/0 {(Vu-Vuv)v-e

— 0, uVv; - — 0yv;Vu - pledd.
(20)

Hence, if the right-hand side of (20) converges, we have

<gia 90> =—Py (89 (¢) ) QO,U) [vl] + Z <gij7 <p>

j€EO

+ (gir, #) - (21)

8. g; at crack tip and smooth mixed
boundary

Based on the result in (21), we show the analytic so-
lutions of g,; in two cases as follows.
One case is that of a crack tip on I'y (¢)UT'p (¢), i.e.,
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x; of a; (¢p) = 2m for j € Ox U Op. In a neighborhood
of the point, we have the solution u to Problem 1 by (5)
and the solution v; to Problem 3 by

i0 Eres) 7T
v; (re!”) =1 (d) ri® cos 0 + v;R, 22
(re”) = Li; () eI
were [;; (¢) is a constant, and v;g is the term in
H? (B (z; (¢),e) NQ(¢)). In the following, we neglect
the regular terms of ug and v;r by taking a sufficiently
small e. Here, putting r = ¢, a; (¢) = 27, and calculat-
ing the derivatives of (5) and (22), we have
cos&g—sme,@ ki (cos (&
Vu= (G0l e ) u= % (e ld)). e
2

sm@m—i— =2 55 23

G (4 y
Ui = 5 (sm( V) (24)
From these results, we have
kilis
Vu Vo, = L9, 25
u- Vv i (25)
Then, for all ¢ = (p1, <p2)T € R?,
2w
f/ (Vu-Vu)v-pedd
0
2w kjlij )
= 1 (p1cosf + pasinf)dd =0 (26)
0
holds. Moreover, we have
Y )
Ou=v-Vu= kl 0989 : C.OS(3>
92¢3 \ —siné sin (5)
L cos( > (27)
€2

_kjlij 0\ (cos (%)
= — . 2
0,uVv; = i cos (2> (sin (g) (28)
Then, for all ¢ = (¢1,p2)" € R,

2

d,uVuv; - pedb

0
= 27r8 v; Vu - do = —% ) (29)
- 0 v (PG - 4 O @2

holds. From these results, the analytic solution at the
crack tip can be obtained by

kil (7w (e
2 \0 p2)

We can confirm that g,;; points to the crack plane.

The other one is the case of the boundary point of the
mixed boundary conditions on smooth boundary, i.e.,
xz; of a; (¢p) = 7 for j € Oy. In a neighborhood of
the point, using (7) for u (re'?), and (22) for v; (re'?) in
which cos and «; (¢) are replaced by sin and 2¢; (¢),
we use

(9ij.0) = (30)

/ kilij (p1cosb + pasind)df = 5
0

4

instead of (26). Moreover, we have

/8Uqui~goed9=/ d,v;Vu-pedl
0 0

_ k‘jl,’j ™ . ¥1
8 \—2 2

instead of (29). Then, the analytic solution at the bound-
ary point can be obtained as

(o) = 25 (7) ().

From the equations above, we have the following.

(31)

Theorem 6 (g, at crack tip and s. mixed bound.)

If o (¢) = 21 at x; (¢p) for j € O U Op, g; defined
by (4) is given by (21), where g;; is given by (30). If
a; (@) =7 at x; (¢p) for j € Om, g; defined by (4) is
given by (21), where g,; is given by (31).

From the calculation above, it becomes clear that the
shape derivative is not evaluated in the case of an open-
ing angle greater than 7 for the boundary point of the
mixed boundary conditions, because g;; — oo as € — 0.

9. Conclusions
In the present paper, we showed the following.

(1) If the assumption in Theorem 4 is satisfied, then
the solutions to the main problem and the adjoint
problem are included in the admissible set of state
variable S in (2).

(2) The shape derivatives at the crack tip and the
boundary point of the mixed boundary conditions
on a smooth boundary are obtained as stated in
Theorem 6.

Acknowledgments

The present study was supported by JSPS KAKENHI
(23540258-1).

References

[1] H. Azegami, Regularized solution to shape optimization prob-
lem (in Japanese), Trans. JSIAM, 24 (2014), 83-138.

[2] K. Ohtsuka, Generalized J-integral and its applications I —
Basic theory—, Japan J. Appl. Math., 2 (1985), 329-350.

[3] K. Ohtsuka and A. Khludnev, Generalized J-integral method
for sensitivity analysis of static shape design, Control and Cy-
bernetics, 29 (2000), 513-533.

[4] M. Kimura, Shape derivative of minimum potential energy:
abstract theory and applications, in: Proc of Jindfich Necas
Center for Mathematical Modeling Lecture notes Volume IV,
Topics in Mathematical Modeling, M. Benes and E. Feireisl
eds., pp. 1-38, Matfyzpress, Prague, 2008.

[5] M. Kimura and I. Wakano, Shape derivative of potential energy
and energy release rate in fracture mechanics, J. Math-for-
Industry, 3 (2011), 21-31.

[6] R. A. Adams and J. J. F. Fournier, Sobolev Spaces, 2nd ed.,
Academic Press, Amsterdam, 2003.

[7] R. S. Lehman, Developments at an analytic corner of solu-
tions of elliptic partial differential equations, J. Math. Mech.,
8 (1959), 727-760.

[8] G. Strang and G. J. Fix, An Analysis of the Finite Element
Method, Prentice-Hall, Englewood Cliffs, N.J., 1973.

[9] P.Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman
Advanced Pub. Program, Boston, 1985.

- 32 —



