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Abstract

This paper presents a new methodology to compute first-order Greeks for barrier options under
the framework of path-dependent payoff functions with European, Lookback, or Asian type
and with time-dependent trigger levels. In particular, we develop chain rules for Wiener path
integrals between two curves that arise in the computation of first-order Greeks for barrier
options. We also illustrate the effectiveness of our method through numerical examples.
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1. Introduction and main results

Barrier options are exotic options whose payoffs de-
pend on whether the underlying asset price reached cer-
tain barrier levels (also called trigger levels) prior to ma-
turity. Since barrier options are widely used financial
products, computation of their prices and Greeks is an
important issue in mathematical finance. Previous works
have treated computation of barrier options [1-5] and
their Greeks [6] under the framework of specific payoff
functions (e.g., European- or Lookback-type functions)
with constant trigger levels. This paper proposes a new
method for the computation of the Greeks for barrier op-
tions under the general framework. Our objective is to
compute first-order Greeks for barrier options under the
framework of general path-dependent payoff functions
with time-dependent option triggers.

The organization of this paper is as follows. This sec-
tion describes chain rules (CR) for Wiener path integrals
between two curves. In Section 2, we formulate the price
of double knock-out barrier options under the Black—
Scholes market model as Wiener path integrals between
two curves, and illustrate the effectiveness of our CR
method at computing first-order Greeks through Euro-
pean down-and-out call options. Section 3 concludes.

1.1 Case with two pinned edges

We borrow some notations from [7]. For a,b € R
and T > 0, let P, be the (one-dimensional) pinned
Wiener measure on C = C([0,T]) such that w(0) = a
and w(T) = b. We write w = {w(t);t € [0,T]} for w € C.
Let two functions g* € C be given and assume that g+
is strictly above ¢~ , namely, they satisfy the condition

9= () <g™(t), telo,T]. (1)
We consider
Clg™,g") ={weCig™(t) Sw(t) < g™ (t),t €[0,T]},
the space of all paths staying between g™ and g—. We
first discuss the chain rule for Wiener integrals with re-

spect to P, p, restricted on the set C(g™, g™).

To formulate our main result, we need to introduce
several additional notions. For 0 < r; < rp < T,
let P,%»" be the pinned Wiener measure on C™"2 =
C([r1,72]) such that w(r1) = a and w(ry) = b. We write
Coly® = {w € " w(r1) = a,w(rz) = b} to indicate
the boundary conditions a and b.

For a function g € C™"2, we consider C}'"*(g) =
{w e Cmw(t) < g(t),t € [r1,m2]} and CM"(g),
similarly defined by replacing the condition w(t) <
g(t) with w(t) > g(t). As well, C}*""*(g) and C""*(g)
are the spaces of all paths staying, respectively, below
or above the curve g on the interval [rq,rs]. We set
A" (g) = (—00,g(r1)) x (—00,g(r2)) and A" (g) =
(g(r1),00) x (g(ra),00). These are subsets of R? and
specify the classes of boundary conditions (a,b) for the
pinned Wiener measures.

If two functions g& € C"™" satisfying (1) for
t € [ri,re] are given, then we set C™"2(g~,g") =
CL" (g™ )NC " (g7) and A™"2 (g™, g%) = A" (g )N

A™"(g7). In particular, when 71 = 0 and

ro = T, we omit the superscripts and write
_ _ 0,7 -

Ca,ba C<g 7g+>a A(g 7g+) for Ca,b ) CO7T<g 7g+>7

A%T(g= g*), and so on. The conditional proba-
bilities P72 (1) = P.3"?(-|C™"2(g7,g")) and
Pryca(-) =Py (-[C(g)) of P,;™ on each path
space are defined for (a,b) € A™"2(g~, g*) for (a,b) €
A" (g), respectively, in the usual way, and then these
definitions can be naturally extended to (a,b) at the
boundaries of these sets (see [7, Section 2]).

For 0 <7y <7y <T and g € Wh2H([ry,m3]), we set
71,725+
1,72 _ 2la — ] E"ws [My, 7, (£9)]
Congi(9) = Pz (2)
o 2= Eres My, (£9)]
for o, B > 0, where Wh2t ([rq,rg]) = Up>2 WP ([ry,ra])
with the usual Sobolev spaces WP ([ry,73]) on [rq,m2],

and P! = P18 stands for the distribution of the
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three-dimensional Bessel bridge {w(t) > 0;¢ € [r1,72]}
such that w(r1) = a and w(re) = B for a, f > 0 (see [7,
Proposition 3.1]). The random variables M, ,,(f) are
Cameron-Martin densities determined by

Moy nlo) = exo ([ g ant) — 5 [y )

Note that the integrals f” '(t)dw(t) with ¢ €
L2 ([ry,7ms]) = Upso LP([r1,72]) are defined as the
stochastic integrals (of Wiener type) relative to w(t).
See [7, Section 8], particularly for those under P”’Tz’+
(with « or 8 =0).

We further set, for 0 < r < T and ¢ € R,
p(ra a, C)p(T -G b)

VT
B 2nr(T — 1)
(a=0? (a—c? (c=b)?
XeXp( o  2r _2(Tr)>’

where p(r,a,c) = e’(“’c)2/2r/\/27rr.
We are now able to state the first main result of
this paper under basic assumptions on the curves g[i/\] :

[0,7] — R and the functionals Fiy : Cap — R (A € A),

where A is an open subset of R. The following are the

conditions for {g[iA]}AeA = {g[;],gfg\]})\e,\:

[gl] For A € A, two curves g[j;] = {g[j;] (t) }tefo,m) belong
to Wh2+([0,T7]), and satisfy (1).

g2 For t € [0,7), gi(t) = {5 (®her be
long to CY(A). In addition, for X € A,
89?)[\]/8)\ = {8g[%\} (t)/OA}tepo,r) belong to the class

whZE ([0, 7).
The following are the conditions for {Fjy}aea:
[F1] For w € Cap, Fij(w) = {Fjy(w)}rea is a

function from A to R, and belongs to C!(A).
We denote the derivative of Fiyj(w) with respect
to A by O0Fp(w)/0X, and write OFpy(-)/0N =
{0F\(w)/ 0N bwec, -

[F2] For A € A, Fiy(-) and OFy(-)/0X are bounded con-
tinuous functlonals onCqpNC ( 19 >\]>

For 0 <r; <ry <T and g € C, the expression g|[T17T2] S
C™ "2 gives the restriction of g on interval [rq, r3].
Theorem 1 Assume that A := QAGAA(Q[;\],QF;\]) # ()
and (a,b) € A. Then, the Wiener path integral
Dy p(A) = Fix(w)Pap(dw) (A€ A)
€l

is differentiable with respect to A € A, and we have

S Bas) = Lo(N) + B, = By (A€ A, ()

where

0
Ia,b()\):/ 8/\F[>\]( w) Py p(dw),
Clap ,g

BE0 = [ ;;gﬁ;]() (7)

Bl 1 (wljo,, wlrp)ldr,

and the expectations E in the right-hand side are
found under the product of the conditional probabilities
0,r r, T
’ _ ® P -
aag[:i](r)?gp\]:g[t] g[i,:\] (T)7b§g[)\]agft\]
for w = (w

+
I/a,b(’/‘)

1
= 5]9(7"7 a, b; g[j):\] (T))

wl( 1)), respectively, and for r € (0,T)

~0,r + 0,r/ F
X8 gx @10 T Polgt g, O
—r, T + TT rT, F
X Co - g[i;](T)\;i(gP\]) L), b,gm,i(CﬂF {gi5)-

1.2 Case with one pinned edge and one free edge

We next consider the case where w(T) can move
freely. For 0 < ry < ryg < T, let P/ be the Wiener
measure on C;v"™ = {w € C™"2,w(ry) = a}. For
0<r<Tandg,g* eCT, weset B} (g9) = (—o0,g(r)),
B’ (9) = (9(r),00) and B"(g7,9%) = (97 (r),g"(r)).
These subsets of R specify the classes of boundary con-
ditions a for P;*"™ at r = ri. When r; = 0,7y = T
or r = 0, we drop the superscripts and write P,,C,,
B(g=,g*%) for POT COT BY%g~,g%), and so on. In
this subsection, we discuss the chain rule for integrals
with respect to P, restricted on the set C(g~,¢g"). For
g €C™2 and gt € C"v satisfying (1), the conditional
probabilities P7'-" () = P;"2(-[C"2 (g™, 7)) and
P;lg’ri( ) = Pglh ( |C2"(g)) of PI*"2 are defined for
a € B" (g™, g") fora € B} (g), respectively, in the usual
way, and again these definitions can be extended to a
at the boundaries of these sets (see [7, Section 5]). For
0<r; <7y <Tand g € Wh2([ry,r3]), we set

_ 2 ry,ro5t
dy(g) = | ————FE" M, ., (£g9)], (5
+ (g> 71_(7,2 77,1) [ 1, 2( g)] ( )
where Pl1r2it = PT1 Ti stands for the distribution of

the Brownian meander {w( ) > 0;t € [r1,r2]} such that
w(ry) = a > 0. See Proposition 5.4 for d*"(g) and Sec-
tion 8 in [7] for the stochastic integrals.

We now state the second main result of this paper.
We assume that the curves {g[j;}}xe/\ = {g[_)\],g[t\}})\e,\

satisfy the conditions [gl] and [g2]. The following are
the condition for the functionals {Fjy }aea:

[F3] For A € A, the conditions [F1] and [F2] are satisfied
for almost every b € B (g[j\}, g[';]). It holds that

— —

My,(N) = eSSSUDye (g gt ) Mup(N) <0 (A €A,

)

where

Map(N) = e, bﬂbggf ) (IF w)| v ‘me D
Theorem 2 Assume that B := ﬂ,\EAB( N g Y £ D
and a € B. Then,
B = [ Fin (w)Pa(dw) (A€ A)
Clap9ain)
1s differentiable with respect to A € A, and we have

D g, = L)+ BY ) - B () (A€ h), (6)

a
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where

0
L(\) = / 2 F(w) Paldw),
C(Qu]v.‘][}])

T
9 r
BEON= | 5o (00 () Py ol .l )l
and the expectations E"F in the right-hand side are

found under the product of the conditional probabilities
0,r r,T
N0~ oF £ (o= ot
ayg[)\](r)7g[)\]7g[>\] g[A](TLg[)\],gm

Jor w = (wljo,], Wi 77), respectively, and for r € (0,T)

1
chlt (T) = 5])(7’7 a, g[j):\] (T))
_0,r + 0,r 0,ry/ F
la—g75,(0)].05% (g[)‘]) a.935) (7')%-‘5’[ixldt(cjF <g[>\]>)

T, + r, T r,T
Xdi (g[k])Pg[jf\](r);g[jf\],:l:(C:F <g[:'):\]>)

1.3 Related results

Integration by parts formulas (IbPFs) for Wiener mea-
sures on a path space between two curves are established
in [7]. As well, Theorems 1 and 2 give the CRs for Wiener
path integrals between two curves. The approaches for
both proofs are based on the classical polygonal approx-
imations for the Brownian motions, which reduce the
IbPF's and the CRs to those on finite-dimensional spaces.
Note that BE,(\) and BF(\) are quite similar to the
boundary term of IbPFs in [7].

2. Application of CRs to compute first-
order Greeks for barrier options

We formulate the price of double knock-out barrier op-
tions under the Black—Scholes market model as Wiener
path integrals between two curves. The security price
process S = {S; }o<i<7 is assumed to follow a stochastic
differential equation of the form

dSt = uStdt + aStdw(t)7

where T', Sp,0 > 0, p € R, and where w = {w(t) }+e[0,1)
is the standard one-dimensional Brownian motion de-
fined on the probability space (C®T, B(C%T), P). Let us
note that the value of a knock-out barrier option can be
expressed as the following form:

P = E[e_CTf(S)lc<ec— ,ec+>(S)]'

Here, T is a maturity of the option, f : C®T — R is
an option payoff function, and ¢ > 0 stands for the
risk-free interest rate. Moreover, G = {G*(t)}1e(0,7) €
WL2+([0,T]) satisfying (1) stand for trigger curves for
the logarithmic process X = {X; := logS; }o<i<r. We
define g* = {g*(t) reo.r) and F(-) = {F(w)}ucey by

gr(t): % [Gi(t) —log So — (u— U;) t} ,

F(w) = =T f({e=o"Dtow®)  r).

Note that g* are the triggers for w = {w(t)}iepo,7]-
Thus, it holds that 1¢(g- ¢+)(X) = le(g- g+ (w) and

- / F(w) Py (dw).
Cl{g~.9™")

)

Note that 8®/do and 09/0S, are Vega and Delta, re-
spectively, for this barrier option. Since dg*(t)/dc =
[—GE(t) +1og So + (n+ 0?/2)t] Jo?, dgE(t)/0Sy =
—1/(0Sp) hold for ¢ € [0,T], both [g1] and [g2] are sat-
isfied for g* with A = o or A = Sj.

2.1 FEuropean down-and-out call option

This subsection demonstrates the effectiveness of our
CR to compute first-order Greeks by using European
down-and-out call options whose Greeks can also be cal-
culated directly. The characteristic of this type of option
is that if the security price S = {S¢}o<i<T ever reaches
the lower trigger level ¢ ) = L € (0,8), then the
right of the European call option is extinguished. The
price of this option is given as the following expectation:

CBS o (S0) = / F(w) Po(duw),
c®T(g—)

where the payoff function F(w) is given as

F(w) = e~ (Speln=o"/AT+ou@) k)" e ¢y,
with a strike price K (> L). Using the joint distribu-
tion of w(T") and minyejo 7 w(t), the price of a European
down-and-out call option can be calculated as follows:

OB 50 = (50— () oms (2

where CP5(Sy) := E [e=“T(Sy — K)*] is the price of a
European call option (vanilla option). Note also that the
price of a European call option can be calculated as

CP3(Sp)=e T [e"T SoN (d1 (T, Xo)) — KN (da(T, Xo))],

where N'(z) == [*_n(z)dz, n(z) := e % /2/y/2r,

o0

1 o?
dy(t,z) = —= {x—logK—f— (u—i— 2> t} )

oVt
do(t,z) :=dy(t,x) — oVt (t>0, z € R).
Using (7), Vega and Delta of the European down-and-
out call option can be calculated directly as follows:
Vega(Direct)

0 s

Do Barrier (SO)

e—cT

(Kdln (dg) — euTSOdQ'n' (d1)>

g

So 1-2p/0° e(,u—c)T L2\ ~ -
1-2p/0® T - -
— (SO) ¢ Kdﬂ”&(dg)
L o
1—2u/0?
ﬂ & & —cT
+4<03><L> log(L>6

x [KN(&}) — e (gz) N (c’l})} : (8)

Delta(Direct)

850 Barrier

(So)

67CTK n(dQ)

B ()
I N () 4 T
¢ (1) ¢ SOU\/T

oVT

— 15 —
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Table 1. The results of Vega for p = £0.1, +0.3.
Vega
I Direct H CR ‘ Iy (o) By (o)
-0.3 2.02572 2.02592 2.03173  0.00580274
—0.1 11.8716 11.8716 14.2908 2.41917
0.1 7.2316 7.2316 29.7194 22.4877
0.3 —44.3372 || —44.3372 | 22.4359 66.7731

Table 2. The results of Delta for p = £0.1, +0.3.
Delta
u Direct | CR | Io(So) By (So)
—0.3 | 0.016236 | 0.0162332 | 0.00952157 —0.0067116
—0.1 | 0.205788 0.205789 0.108803 —0.096986
0.1 0.966049 0.966049 0.457254 —0.508795
0.3 2.10324 2.10324 0.932094 —1.17115

<50>1—2u/02 (1-24)CBs (g{)

L so

+ <SO>1 20/9% =T (L yn(dy) —e =T Kn(dy)
L S()O'\/>
So 1—2p/02 - L\ 2 _

where {di,cz-}izl,g are given as d; := d;(T,log Sp), d; =

In contrast, the CR formula (6) in Theorem 2 presents
a new method to compute the Greeks of barrier options
with time-dependent trigger levels and path-dependent
payoff functions. Thus, it is also meaningful to apply (6)
to compute Vega and Delta for a European down-and-
out call option, which is explained below. The derivatives
of the payoff function are given as

oF 2

8—0(10) = e T (=0T + w(T))Syel—F)THow() = (10)

oF _ ,—cT (u—%)T-&—o‘w(T)

95, (w)=e"“e ) (11)
for w € Cpy satisfying w(T) —V/Tdy(T, X;), and

(w)/aa = OF(w)/0Sy = 0 for w € Cy satisfy-

w(T) < —/Tdo(T, Xo). Thus, [F3] is satisfied for

/\ = o and A = Sp. Since g7 (t) = oo, it holds that

B (¢) = Bf (So) = 0. Therefore, using (6), we have
Vega(CR) = Io(0) ~ By (o) (0>0),  (12)
Delta(CR) = Io(So) — By (So) (S0 >0).  (13)

Using (10), (11), and the joint distribution of w(7T) and
min,epo, 7] w(t), we can compute Ip(o) and Io(So) as

Io(o) = =97 SV Tn (dy)

24
+ (£)1+“2 (=0T g,

So
. [bgfff/v@l) ~VTu(d), (1)
Io(S0) = - A (@) - (i)wig/\/@)}. (15)

Additionally, the definition of By (A) implies

B T@g_ _
= | S 5

“[F(wljo,, wlpa)]dr,

T B 97
Moreover, we can obtain the following equation by us-

ing the definition of v; (r) and the distribution of the
Brownian meander w|j. 1) = {w|p71(t) beepr,1):

vy (1) Ey ™ [F(wlio,m, wlir1)]

By (S0) = (v (r)Eg™ [F(wl (o, wlr,ry)]dr.

(T - T)%)n(lOg(SO/L) + /L\/;)

7
X[Ln+exp<%) N(d (T

xexp(—

—r,logL))

— 7)K%
2

where k4 := p/o £ o/2. Note that [5] obtained an ap-
proximation formula for the down-and-out barrier Eu-
ropean call option under the stochastic volatility model,
and their first-order coefficient function is similar to (12).

In the following, we set ¢ = 0, T = 0.75, Sp = 100,
K = 105, L = 95, and ¢ = 0.15. We examine four
patterns for p = +0.1,£0.3, and partition [0,7] into
100, 000 equal intervals to apply the trapezoidal rule to
compute the integrals of By (o) and By (Sp). Table 1
and Table 2 show the results of Vega in (8) and (12),
and Delta in (9) and (13), respectively. We can confirm
that our CR method can accurately calculate Delta and
Vega for the down-and-out barrier European call option.

—Kk_ exp((T )N(d2(T—7“,1OgL))},

3. Conclusion and discussions

We introduced our newly developed CR method to
compute first-order Greeks for barrier options under
the framework of path-dependent payoff functions with
time-dependent trigger levels. We also demonstrated
that our method can accurately compute first-order
Greeks, applying it to European down-and-out call op-
tions under the Black—Scholes market model. We are
currently investigating the CR formulas for computing
higher-order Greeks of barrier options under the general
market model. We hope to report more extensive and
challenging results in a future article.
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