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BASIC BOUNDS OF FRECHET CLASSES

JAROSLAV SKRIVANEK

Algebraic bounds of Fréchet classes of copulas can be derived from the fundamental at-
tributes of the associated copulas. A minimal system of algebraic bounds and related basic
bounds can be defined using properties of pointed convex polyhedral cones and their rela-
tionship with non-negative solutions of systems of linear homogeneous Diophantine equations,
largely studied in Combinatorics. The basic bounds are an algebraic improving of the Fréchet—
Hoeffding bounds. We provide conditions of compatibility and propose tools for an explicit
description of the basic bounds of simple Fréchet classes.
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1. INTRODUCTION

A copula can be regarded as an abstract structure which fully represents relationship
of random variables. As mentioned in [5], there are two main reasons to be interested
in copulas. Firstly, it is a way of studying scale-free measures of dependence. Secondly,
copulas are starting points for constructing families of multivariate distributions, some-
times with a view to simulation (see e.g. [2]). Recent interest in copulas was prompted
by applicability in finance and insurance.

Let R and N represent the sets of all real and all natural numbers (including 0). Let
a=(ay,...,a,) and b= (by,...,b,) be members of R™ and ¢ C [n] = {1,2,...,n}. We

a; ifi e C
{ biif i ¢
selgy 33 ((0, 0.2, 0.5), (0.4, 0.3, 1)) = (0, 0.3, 0.5). For an n-copula C' and a,b € (0,1)",
a < b in component-wise ordering, the C-volume of an n-boz (a,b) = [[\_, (a;,b;)
(Cartesian product) is given by

Vo((a,b) = Y (1)1 C (sel(a, b)) (1)

¢Cln]

will denote sel¢(a, b) a vector (c1,...,¢,) such that ¢; = . For example,

where |(] is the cardinality of the set (.
An n-copula is fully determined by its performance on (0,1)". So, we can consider
the n-copula as a function C : (0,1)" — (0,1) endowed with the next properties:

DOI: [10.14736 /kyb-2014-1-0095


http://doi.org/10.14736/kyb-2014-1-0095

96 J. SKRIVANEK

(i) C(x) = 0 whenever z = (z1,...,2,) € (0,1)" has at least one component equal
to 0 (C is grounded),

(ii) C(x) = x), whenever all components of & € (0,1)" are equal to 1 except for the
kth one (uniformity of 1-margins),

(iii) Vo({a,b)) >0 for all @ and b from (0,1)" such that a < b (C is n-increasing).

Any k-margin of a copula is again a k-copula. For a nonempty set v = {j1,j2,...,
Jr} C [n] with j1 < ja < ... < ji and an n-copula C, a v-margin of C' is its k-margin
C, : (0,1)" = (0,1), defined by C,(x,,) = C (sel,(x, 1,)) where @, = (z;,,Tj,,...,T;,)
and 1,, € R™ is the row vector of ones. Let us broaden the definition to Cyx = 1. We
will call the set v, associated with C,, the determinative set of the copula C,,.

Let S be a system of subsets of [n]. The Fréchet class F,,({Cy; v € S}) is the set
of all n-copulas C(z) with given v-margin C,(x,) equal to C,(x,) for each v € S.
We call the set {C\; v € S} of copulas compatible if F,({Cy; v € S}) # &. Because
given margins must be identical on common parts of the determinative sets, the set {C,;
v € S} will further be expected to satisfy

Ce (selmn(mg, 1|<|)) =Cn (selmn(:cn, llnl)) forany (,n € S (2)

in context of Fréchet classes. For any family S C P ([n]) (power set of [n]), we call the
system AS = {¢( € P([n]); |¢| < 1or (Ine S): ¢ C n} the downward closure of S in
P ([n]) (ordered by inclusion). Together with given margins C,, their margins and all
1-margins are in fact fixed too. If the set {C,,; v € S} is compatible then, in addition to
defining all v-margins C,, for v € S, there are also clearly identified all (-margins C; for
¢ € AS. For example, in the Fréchet class F4(Cyy 2,33, C{2,3,4}), all four 1-margins are
uniform by definition of copula and {1,2}-, {1,3}-, {2,3}-, {2,4}- and {3,4}-margins
are also uniquely given.

Fréchet classes are studied largely in context of construction of multivariate distri-
butions. The most frequent are questions of uniqueness, subfamilies with desirable
properties, boundaries and their nature (see e.g. [4]). We strive after description of
special upper and lower bounds of general Fréchet classes, providing results of the paper
[7] in detail.

Let C be an n-copula and & € (0,1)". The requirement of non-negativity of C-volume
leads to a series of inequalities

Ve ((sele(0n, @), sele(x, 1)) = Y (~1)<HC, () > 0 (3)

n2¢
nC[n]
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for all ¢ C [n]. For example, any 3-copula C' must satisfy

97

1 —r1 —T2 —I3 +O{1)2} +C{1,3} +C{2’3} -C >0
x1 —Cri2y —Crizy +C >0
T2 —0{1’2} —0{2’3} +C >0
T3 70{1,3} 70{273} +C >0 (4)
C{LQ} -C>0
0{1,3} —-C>0
0{2’3} —-C>0
c>0

where C¢ represents everywhere C¢(x¢). A non-negative combination of these inequali-
ties, which eliminate free proper margins of C € Fn({Cy; v € 8}), form a bound of the
Fréchet class. For example, Cy; 33 and Cyp 3y are free proper margins in a Fréchet class
.7:3(0{1’2}). We get
1—23-Cpa+C >0 (5)
by adding the first three inequalities corresponding to which provides the lower
bound —1 + z3 + C(y 2; for this class.
This is just the type of boundaries of Fréchet classes that are studied in this article.

2. ALGEBRAIC BOUNDS

In the following, we repeatedly use the identities

{oeP(n]);10)=i & nCOCvC[n} = (VI—nI)

i— [n]
Z(l)(’“) - {(1)

where 7 C v C [n]. Let us denote geq.(C)(x) the C-volume Z@C(—l)K'*‘"‘C’T,(wn) in
for any n-copula C, € (0,1)" and ¢ C [n]. Relationship between these geq-volumes
and margins can be expressed in matrix form by

for k>0

6
for k=0 (6)

(geag (O)(@)) = G (Cel@e)) ey @
where ¢l
) _ I
G™ = (9¢n)cncmy > 9n = { 0 otherwise, ®

is a matrix with Boolean indexed entries and (geq.(C)(x)) and (C¢ (‘BC))QC[n] are

¢Cln]
considered as column vectors. The matrix G[™ is regular and the relationship can be
reversed

(C<($c))gg[n] =Hl" . (geqC(C’)(af:))an] (9)

where
1 for ( Cn,

[n] — =
H" = (hCﬁ)gmg[n]7 hCn - { 0 otherwise, (10)
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is the inverse matrix of GI"l and the elements of G . HI" = (k) cnCln) A€

1 for{=n .
ke = X ocn) 9cohon = { 0 otherwise U508 (H) for ¢ Cn.

Let us consider relation

Y acgeac(@)(x) = D acCe(x) (11)
¢Cln] ¢Cln]
for some row vector a = (a )’ with non-negative components and & = «a - Gl =
¢J¢Cn)
(@C)?g[n] accordin% to , where T' denotes transposition. We call the corresponding
function > cag %Cg(acc) the algebraic bound of the Fréchet class F,,({Cy; v € S})
if and only if &}, # 0 and a¢ = 0 for each ¢ € P([n])\ (AS U {[n]}) on the right side of
. In this case,
Z O_ZCCC(LEg) + d[n]C(CE) >0 (12)
CEAS

is the associated inequality as C; = C¢ for C € F,({Cy; v € S}) and ¢ € AS. This
bound is lower algebraic bound if &p,) > 0 and upper algebraic bound if oy, < 0.

The analogue of the following lemma is shown in the paper [7].

Lemma 2.1. Let S C P([n]) be a family of subsets of [n]. If {Cy; v € S} is a compatible
set of copulas then each function of the form C, (z,) is an upper algebraic bound for any
v € AS, each function of the form >_.", Cy, (€,,) — |m| 4+ 1 is a lower algebraic bound
for any partition {v1,va,..., vy} of [n] with v; € AS and 0 is also a lower algebraic
bound of F,({C,; v € S}).

On the other hand, let a function C’(m) be n-increasing on (0,1)", bounded above by
each function of the form

F(x) = Cy(x,) for some v € S or F(x) = x; for some i ¢ US (13)
and bounded below by each function of the form
G(x) = Cy(xy) —n+ |v| + sz for some v € S or G(x) =0 (14)
i¢v

on (0,1)". Then C € F,,({Cy; v € S}).

Proof. The following identities are consequence of the identity C,, = ZCDU geqc(é)7
as a component of @ For any v € AS, Cy(x,) is an upper algebraic bound of F,, ({Cy;
v € S}) because

0< Z geqc(é’) =C,-C
(=13
¢%l[nl

for any C' € F,,({Cy; v € 8}). For any partition {v1,vs,...,vm} of [n] with members
from AS, >, C,, — |m| + 1 is a lower algebraic bound as

0< Z geqC(C’) + Z geqC(C’) + Z geqC(C’) +...
¢DviNug ¢D(v1Uvz)Nug (2D (v1UvaUvug)Nug
(Rv1, (Ru2 (Rv1Uvs, (Rus ¢Rv1UvaUvg, (Pus
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+ Z geqe () + Z geqe(C)
CDU"”;Z Vi NUm—1 {DU”LEI VMU
U205, CDUm—1 U vs CRUm

= |:1 - évl - é?)z + OU1UUQ:| + |:1 - CU1UU2 - 01)3 + élengvJ

+ {1 - CU1U'U2U'U3 - év4 + éUlUUQUUgUU4:| + ...

1= Gty = Comor + Gty | + [1 = Cpaty, = Com + €]

z\m\—l—iC’vi—Fé’

i=1

for any C € F,,({Cy; v € S}). On account of

0 < geqp,(C) = C,

the function 0 is also a lower algebraic bound of F,,({C\; v € S}).

On the other hand, let a function C'(x) be n-increasing on (0,1)" and G < C' < F on
(0,1)" for any G of the form and any F of the form (13). The values of C are inside
(0,1) as any value of a function of is less than 1 and the functions contain
0. To show that C is a copula from F,,({C,; v € S}), we are going to prove that C is
grounded, its 1-margins are uniform and its v-margin is C,, for any v € S.

Let the kth component zj of € (0,1)" be 0. As the union of determinative sets of
all given margins of (13) including the 1-margins) is [n], k belongs to the determinative
set v of some F' of the form . But since F' is an v-copula and k € v then 0 =
F(x,) > C(x) >0 and C is grounded.

Let k € [n] and all components of x, except for the kth one, be equal to 1. As k belongs
to the determinative set 7 of some F then C(x) < F(z,) = z. On the other hand, let
G = Cy—n+|v|+3 ¢, i be of the form (14) for some v € S. If k € v then Cy (@) = xy,
and G(z) = Cy(xy) — n—|—|v\+zl¢vxl = ack—n—|—|v|—|—n |v] =z (as x; = 1 for i ¢ v).
Ifk ¢ v, we get G(x) = Cp(xy) — n+|v\+21¢vxz =1l—-n+v|+n—|v|—1+z, = zp.
Consequently, 2, = G(z) < C(x) and thus C(x) = rg. So, {k}-margin of C is uniform.

In the last step, we will prove that v-margin of C is identical to C, for each v € S.
For any « € (0,1)" and y = sel,(x, 1,,), one has C(y) < Cy(y,) = Cy(z,) and C(y) >
C (Yy) —n+ v+ 24,4 = Co(xy) —n + [v] +n — [v] = Cy(xy) as Cy comes from
andC —n+|v|+ZZ¢UC{}from. O

We use knowledge about non-negative solutions of a system of linear homogeneous
Diophantine equations as a tool of the following investigation. A linear half-space of R™
is a subset of R™ of the form {a € R™; cia1 + coag + ... +¢pmay, > 0} for some fixed
nonzero vector (¢1,ca,...,¢m) € R™. A convex polyhedral cone Cy, in R™ is defined to
be the intersection of finitely many half-spaces. We say that such a cone C,, is pointed
if it does not contain a line. In the following, we will always mean a pointed convex
polyhedral cone, when we mention a cone. A one-dimensional face of the cone is called
an extreme ray. A cone C,, has only finitely many extreme rays ri,rs,...,r; and is the
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convex hull of its extreme rays. Thus, for given nonzero members 3; € r;, each point
a € Cp, can be expressed in the form o = ¢18; + c2B8y5 + ... +c1By, where ¢; > 0 for
every i = 1,2,...,k. We call such a set {3;,8,,...,8:} basis of the cone C,,. Each
extreme ray can be expressed as r; = {a8,; a is non-negative}. Any other basis has the
form {a18,a28s,...,arB} where a1, as,..., ai are positive. The basis of the cone
C is & minimal (in ordering by inclusion) such subset B of C,, that every element of
Cy, can be expressed (not necessarily uniquely) as a linear combination of elements of B
with non-negative combination coefficients.

The set of all non-negative solutions of a system of linear homogeneous equations
is a cone since every equation can be interpreted as a conjunction of two inequalities.
Works [6] and [8] indicate that, if the system is in addition Diophantine then there is
a basis of all non-negative solutions such that each member of this basis consists of
natural components (N-solution) and its support (set of indices of nonzero components)
is minimal. Of course, the members of such a basis are minimal in the set of all nonzero
N-solutions. Some algorithms to search for such basis are presented, e.g., in papers [I]
and [9].

Algebraic bounds are defined through non-negative linear combinations of geq-volumes
which eliminate coefficient @, at such C; in the relation that ¢ € P([n])\ (AS U {[n]}).
So, all the coefficients o = (O‘C)?ep([n}) of such a combination are defined as a non-
negative real solution of the system of linear homogeneous Diophantine equations

] _
a-Gg' = 0p(u)\(ASU{[n]})] (15)

written in matrix form where G[S"] is the submatrix of G formed just by those (¢,7)-
entries for which 5 € P ([n])\ (AS U {[n]}). Let Bg be a basis of all solutions of (5]

For an element 3 € Bg and 8 = 8- G, the inequality

Z BeCe(me) + By Cx) > 0 (16)

CEAS

of the type is associated with either a lower or an upper algebraic bound or it is just
a necessary compatibility condition of the set {Cy; v € S}, depending on whether the
coefficient B[n} at C’(a:) is positive, negative or zero. Let g, be the [n]-column of G,
As B[n] = -9y, the finite basis Bgs can be expressed as the union of three disjoint parts
Br ={B € Bs; B-g},) > 0}, Bu = {B € Bs; B-g},) <0} and By = {8 € Bs; B-gp,) = 0}
separated by the hyperplane

Let us define the function
b(e) = max{ 3 20 (xc); B e By (18)
cens Pm

as the basic lower bound and the function

bufw) =min{ S X (ae); B e By (19)
CeEAS [n]
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as the basic upper bound of the Fréchet class F,,({Cy; v € S}). It is obvious that these
functions are not dependent on the choice of the basis Bg and they are bounds of the
Fréchet class F,,({Cy; v € S}) if this is nonempty.

The following necessary conditions for compatibility are the result of the previous
arguments.

Lemma 2.2. Let the set {C,; v € S} of copulas be compatible, Bg = By, UByUBy be a
basis of all solutions of and € (0,1)". Then each of the following three conditions
is valid

(4) (selmn(mc, 1i¢))) = Cn (selery(@y, 1)) for any ¢,n € S
(i4) geAS (a& ~ B ) ¢(x¢) for any o € By, and B € By (20)
(i1) 0< 3 BcCelac) for any B € By.

CEAS

Proof.

(i) The margins of any Fréchet class must be identical on common parts of the deter-
minative sets.

(i1) Foralla € By and B € By, Y ccns %C@(xc) is a lower bound of the ?orrespond—
ing Fréchet class and thus is smaller than the upper bound . cxg %Cc(mg).

(i) > cens BeCelze) = 2 ocCn ngeqC(CN')(w) > 0 for any B € By and C € F,({C.;
veS}. 0

Lemma 2.3. Let {Cy(x,); v € S} be a set of copulas satisfying all three conditions
([20). Let by (x) and by (x) be the corresponding basic bounds defined by and (19).
Then by, () > G(x) for each lower algebraic bound G and by (x) < F(x) for each upper
algebraic bound F of the Fréchet class F,,({Cy; v € S}) and x € (0,1)".

Proof. Theset {Cc} ,g is well defined due to (4) in . Let Bs = BL UByUBy =

{B*,B%,...,8"} be a basis of all solutions of and H(x) = deAS F <C¢(x¢) be an

algebraic bound of the corresponding Fréchet class, where & - H" = a0 = ¢18' + o 8% +
o+ ck,Bk for some non-negative cy,ca,...,cx. For any « € 0,1)", let y be such that
br(z) <y < by(x) and consequently - o g B¢ Cc (¢ )+ 5],y = 0 for each 8 € BLUBy.

?‘here is always such‘ a number because of (i) in 1) Moreover, > -cas 5:204 (zc) +
Bl,y = 0 for each B € By on account of (4ii) in l) Therefore, - cngBCc(xc) +
B[in]y > 0 for each 8" € Bs and Zf:l Ci (deAs 8204(9%) + B[in]y) =2 ceas % Cc(zc)
+ @y > 0. It means that y > H(x) if H is a lower algebraic bound, respectively
y < H(x) if H is an upper algebraic bound. a

The following theorem is immediate consequence of Lemmas [2:2 and 23]
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Theorem 2.4. The set {C,; v € S} of copulas is compatible if and only if all conditions
of (20) are satisfied and there exists such n-increasing function C(x) that by (x) <
C(z) < by(x) for each = € (0,1)".

3. EXPLICIT DESCRIPTION OF BASIC BOUNDS

In this section we offer a tool that could facilitate the explicit expression of basic bounds
of simple Fréchet classes.

Lemma 3.1. Let S be a family of sets over [n], a = (an)fc[n] be a row vector with

non-negative components and & = « - GI" where G[" is defined by . Then the next
two propositions are equivalent

(i) (Vv € P(In)\(ASU{[n]})) : =0
(i) (Vv € P([n)\ (AS U{[n]})) :

=3 ( 3 (- Inl-HCH-l) ac. (21)

CEAS n¢AS
¢Cv (CnCv

Proof. As &V—EC MHC'“C @, = 0 if and only if
a, =Y (1), (22)
(v

for nonempty v.
Let &, = 0 for each v € P([n])\ (AS U{[n]}). This direction of the proof will be
performed by structural induction over members of P([n])\ (AS U {[n]}).

L Let v ¢ ASU{[n]} and ¢ € AS for each ¢ & v. In terms (22), there is oz,, =
(=) WIHCH o As {n ¢ AS; ( CnCuv}={v}, itis Just the identity (2

II. Now, let v ¢ AS U {[n]} and for each such 6§ ¢ v that 6§ ¢ AS, is met, i.e.
Qg =D cens (Z ngAS (—1)’7“4'“) ac. Then, starting with ,
¢co

¢CnCo
ay = S (D) g = ST )ty ST (e,
= & =
= 30 (cMH I, 4 Z DI S S (plabeicig
ceas 608 CEAS ngAS
¢Cv v ¢CO ¢(CnCo
N L P e N S ) (L s R
ceas ceas 9 AS n¢AS

(Cv (Cv CCOGY (CnCo
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— Z V|+\C|+1a<_|_ Z Z Z |n|+\<\+\l/|+\9|

€AS €EAS ngAS
‘& ‘o S S
[v]—-1
@ Z( )|V|+\<\+1 ||+\<| |V\+z lv| — |77|
= ac+ Y D (IS (-
Ceas CEAS ngAS i=In| i=[n]
(Cv CCv ¢CnGr
@ |+l pyla+C1
(-1) ¢+ o
CeAS CEAS neAS
¢Cr (Cv ¢CnGr
1
=3 S ()R
CEAS ngAS
(Cv ¢CnCv

On the other hand, let hold for each v € P([n])\ (AS U{[n]}). Then

Gy = S () = S (m1)P g, 4 Z 1)l

(Cv CeEAS
(Crv
_ + +l6 +HCl+1,,
= 3 (), + Z el 5 Z 1)+
ceas CEAS ngAS
¢cCv CV ¢CO ¢CnCo
= S )+ ST Y (e,
ceas CEAS 0¢AS ngAS
(Cv (Cr (COCY ¢CnCo
1 6
= S ) TN Z LYWLl 16l g
CeAs CEAS n¢AS 6C[n
CCV CCV CCnCVnCQCU
vl
(6) _
S () 4 3T (ki ST OS (C |n|+l<z_7|7|>a<
CeAS CeAS n¢AS i=|n| K
v ¢cv ¢CnCr
@ S () 4 ST (—nleHd g g,
CeAS CEAS
(Cv ¢Cv

O

The previous lemma indicates that the cone of non-negative solutions of the equation
(15) is isomorphic to a cone in some lower dimensional space.

Theorem 3.2. Let S be a family of subsets of [n] not containing [n]. The mapping
proj : Cs — Cg, (O‘C)gTeP([n]) — (QC)ZGASU{[n]} is a linear one-to-one correspondence of

the cone Cg of all solutions o = (QC)?GP([n]) of the system

] _
a-Gg' = 0p(u)\(asu{[n]})] (23)
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meeting the condition

(V¢ € P([n])) : ac =0 (24)
and the cone Cj of all such vectors o’ = (QC)?EASU{[n]} that
M¢e ASU{[n]}):ar>0 & (25)

(v e P(\(ASU{[n}): > | D ()M T ac>o.
ceas \ neas
¢Cr \¢CnCv
Moreover, this mapping keeps correspondence of the vectors having all components
natural.

Proof. The function proj is an orthogonal projection, that is linear. The rest of the
claim is an immediate consequence of Lemma |3.1 g

According to Theorem the cones Cg and Cg are in some sense similar and they
correspond to each other in linear features. We will use this resemblance to give an
explicit description of the basic bounds of general Fréchet classes F,,(&). Use of this
technique appears promising for describing the basic bounds general Fréchet classes,
where AS consists of several 2-element subsets of [n]. Overall, similar investigations of
one higher full horizon AS = {v C [n]; |v| < 2} of given margins is technically difficult
without a computer. The cardinality of the basis Bg of the relevant cone is 69 for n = 4,
694 for n = 5 and steeply increases with n.

Theorem 3.3. (Fréchet—Hoeffding) If C is any n-copula, then
max{0,z1 + 2+ ...+, —n+ 1} < C(x) < min{zy,z9,...,2,} (26)
for every x € (0,1)".

Theorem 3.4. The basic bounds of Fréchet class F,, (@) are just the Fréchet-Hoeffding
bounds.

Proof. In our case, S = @, AS consist of the empty set and all singletons under [n]
and the condition takes the form

ap) 20 & (e P()\{[n}) Y agy > (v —1)ag (27)
jev
because of the identities @ First, we show that the set B = {ﬂll, LB A,

~™, §', €'} is a basis of the cone Cg while the @-, singleton and [n]-components of its
members are

Bi_{l for ¢ = {i} i {O for ¢ = {i} or ¢ = [n] (28)

¢T ) 0 otherwise ' €7 ) 1 otherwise, ’

n—1 for(=9
0 for¢c=gorll=1
d¢=4q n—2 for|¢|=1, 54_{1 forgzm] ‘
0 for ¢ = [n] .
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It is obvious that each vector of the set B’ satisfies the condition and thus is mem-
ber of Cs. Now we are going to demonstrate that every vector o’ = (O‘C)QTEASU{M} € Cq

is a non-negative linear combination o’ = biBY+ .+ b, 8"+ a4+ 4 ey
dd’ + e€’ of elements of B’. In addition, a combination with natural coefficients can be
found if all components of @’ are natural.

Any such combination must have e = ap, because the only vector from B’ that
is nonzero in the [n]-component is e. When investigating the combination, consider
simplifications 8’ = b18Y+ ...+ b,8" and v = 17" + ... + ¢,¥" with components

. S for ( =@
b; for (= i=1 .

g :{ b and =0 S frc=() . (9)
0 for ¢ = [n]

We distinguish two cases.

L Let >1" | agp < (n—1)ag. Then the other combination coefficients can be chosen
as

n
b =0, ¢j= Za{i} —agy — (n—2)ag for je[n]

i=1 n

and d=(n—1)ag — Za{i}

(all are non-negative on account of and the assumption of this case) as by 3"+
o 0B YV L+ Y™+ d + e€’ is equal to

0+ Z (Z agy —agy — (n— 2)%)

+<n—1 Oég-ZOé{}) (n—1) 40 = ay in the @-component,

n

0+Z<Za{i}—a{k} (n—2 ) (Za{}—a{J}—(n— ) )

( n—Dag — Za{z ) + 0 = ayj; in the {j}-component,

04040+ oy = ajy) in the [n]-component,
using simplifications (29)).
IL Let Y7 ; aqsp > (n— 1)ag. There exists a disjoint union £ U {k} U X = [n] such

that min{ag, agp} > ayg;y for all j € k and max{ag, agry} < agyy for all j € A
We also accept emptiness of k or A\. Appropriate coefficients are

bj =0, c¢j=ag—ay forjekr,
by = Z apy — |klag, o= Za{i} — (|g| = Dag,
ierU{k} i€n

bj =ag) —ag, c¢;=0forjel



106 J. SKRIVANEK

and d = 0. Note that b; — ¢; = ay;} — ag for each j € [n]. Consequently, b BY+
e 0BV Y+ L+ ey dE + eg! is equal to

0—1—2(@@ — agy) +Za{i} — (& = 1)ag +0+0=agy
IER 1€k

in the @-component,

bi+ Y (ap —ag) + Y ap — (& = Dag —¢; + 040 = ag+
1€ER i€k
+aygjy — ag = agjy in the {j}-component,

040+ 0+ o, = ) in the [n]-component.

In the next few lines we will show that that B’ is a minimal set of generators of the
cone Cg, i.e. none of its vector can be expressed as a linear combination of the others.

Because €’ is orthogonal to the other vectors of the set B, €’ cannot be expressed as
a linear combination of the others and also may not appear with positive coefficient in
their expression.

Expression of 3/ using the other generators fails because all its components except
one are zero, what would be broken by any positive multiple of another vector from B'.

Since the @-component of 47/ is nonzero, its expression would have to contain some
of the vectors &' or v for i # j. But each of them violates zero in the {j}-component
of ~7".

Finally, when

8 =08  + .. +b.BY +eyY +.. ey (30)

for some non-negative coefficients by, ..., by, ¢1,..., ¢, thenn—1=c;+...4+¢, in the @-
components of vectors on both sides of (30). Thus, the sum of all singleton components
of the combination on the right side of is at least (c; +...+cp)(n—1) = (n—1)?2
according to (29). But the sum of all singleton components of &’ is n(n — 2), which is
less than (n — 1)2.

The basis of the corresponding cone Cg is Bg = {,81, B A LA™, 8, e} For
¢ € P([n])\ (AS U{[n]}), the (-components of its members are

i i i |1 forie(
6C :Zﬂ{j} — (¢ =1) Bs { 0 otherwise
JEC
j ; ; 0 forie(
VéZZWEj}—(|C|—1)71g :{ 1 otherwise ’
JEC
6= 8ty — (=16 =n—[¢|—1,e =0
JEC

by . For the full definition of these vectors add the equations in .

We get the coefficients Bl, .. 8", AL, ..., 7™, 8, & from inequalities of type and
the inequalities themselves by multiplying the members of the base Bg by the matrix
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G on the right, which yields

Ny 1 for ¢ ={j} .
pl=4q -1 for(=[n] , z;-C(x)>0,
0 otherwise
, 1 for(=0
r_YZ: -1 fOI‘C:{]} ) 1—56']20,
0 otherwise
n—1 for(=9
= -1 for|¢|=1 = LA

0 otherwise

_ | 1 for ¢ =[n] =
= { 0 otherwise °’ Clx) 2 0.

So, Br, = {4, e} with by, (z) = max{-n+1+>1 2;,0} and By = {B',..., 8"} with
by(x) = min{xy, za,...,2,}. O

Let S1, S2 be subsets of P ([n]) such that AS; C AS,. Then the basic bounds of
Fn({Cy; v € S3}) are narrower than or equal to the basic bounds of F,({C\y; v € S1})
as the system for S = §7 contains all equations of the system for S = S5. So, the
Fréchet—Hoeffding bounds are the widest in this hierarchy.

4. CONCLUSION

In this article, we develop understanding of algebraic bounds of general Fréchet classes,
initiated by paper [7]. The basic bounds, narrowing the Fréchet—Hoeffding bounds of a
Fréchet class, can be starting point for constructions of more accurate boundaries using
analytical methods given by [4] and mentioned, e.g., in [7].

Several issues still arises from this text. It is questionable whether the fourth condition
of Theorem can be concluded from the previous three formulated in .

We have demonstrated a use of the tool from Theorem [3.4] for an explicit expression
of the basic bounds of simple Fréchet classes over @. It would be interesting to test the
efficiency of the method for classes over more complex sets {C,; v € S}.
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