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KYBERNETIKA — VOLUME 51 (2015), NUMBER 3, PAGES 486-507

RATIONALITY PRINCIPLES FOR PREFERENCES
ON BELIEF FUNCTIONS

GIULIANELLA COLETTI, DAVIDE PETTURITI AND BARBARA VANTACGI

A generalized notion of lottery is considered, where the uncertainty is expressed by a belief
function. Given a partial preference relation on an arbitrary set of generalized lotteries all on
the same finite totally ordered set of prizes, conditions for the representability, either by a linear
utility or a Choquet expected utility are provided. Both the cases of a finite and an infinite set
of generalized lotteries are investigated.

Keywords: generalized lottery, preference relation, belief function, linear utility, Choquet
expected utility, rationality conditions

Classification: 91B06, 91B16

1. INTRODUCTION

The classical von Neumann—Morgenstern’s model for decision under risk refers to a total
preference relation on a suitable class of random quantities (also called lotteries) each
equipped with a probability distribution. In this setting, the aim is to find necessary and
sufficient conditions for the representability of a preference relation by a linear utility
[16, 28]. In particular, assuming some additional conditions on the class of lotteries the
linear utility can be expressed as an expected utility (EU) [28].

Nevertheless, in several situations uncertainty cannot be expressed through a prob-
ability but it is unavoidable to refer to non-additive uncertainty measures, such as
Dempster-Shafer belief functions [8, 23]. Recall that in some probabilistic inferential
problems belief functions can be obtained as lower envelopes of a family of probabilities
[6, (7, [8, 12, 19].

For the above motivation, decision models have been generalized in a way to express
decision maker’s uncertainty by a non-additive measure: the resulting models look for
a representation either by a linear utility (LU) [I7] or a Choquet expected utility (CEU)
which has to be maximized [2], 211 29} [30] B1].

In any case, the quoted models still refer to a total preference relation on a set
of objects (lotteries or their generalizations) closed with respect to suitable operations
(such as convex combination) and containing particular sub-classes (such as the class of
degenerate lotteries).
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In fact, to find the utility u the classical methods ask for comparisons between “lotter-
ies” and “certainty equivalent” or, anyway, comparisons among particular large classes
of lotteries (for a discussion in the EU framework see [18]). Hence, the decision maker
is often forced to provide comparisons which have little or nothing to do with the given
problem, having to choose between risky prospects and certainty.

On the other hand, in case of partial information (i.e., when the preference relation
is not total and is assessed on an arbitrary set of lotteries) it can be difficult to construct
the utility function, and even to test if the preferences agree with the model of reference.

In [5], referring to the EU model, a different approach (based on a “rationality prin-
ciple”) is proposed: it does not need all these non-natural comparisons but, instead,
it can work by considering only the (few) lotteries and comparisons of interest. The
mentioned “rationality principle” can be summarized as follows: it is not possible to
obtain the same lottery by combining in the same way two groups of lotteries, if every
lottery of the first group is not preferred to the corresponding one of the second group,
and at least a preference is strict.

Such a principle allows to assign a preference relation (3, <), just among some lot-
teries and it permits to check that the given relation does not contain inconsistencies,
in the sense that it guarantees the existence of a utility function w on the set of prizes
whose expected value agrees with (3, <).

In this paper we cope with a generalization of lotteries already introduced in [I7],
where a generalized lottery L (or g-lottery for short) is intended to be a random quantity
with a finite support X, endowed with a belief function Bely, [8,23, 26] (or, equivalently,
a basic assignment my,) defined on the power set p(Xp).

Our aim is to propose an approach similar to that in [5] for both the linear utility
model and the Choquet expected utility model.

The first “rationality principle” proposed here (namely, axiom (g-R)) is a direct
generalization of the “rationality principle” given in the case of probabilities, simply
obtained by changing “lotteries” with “generalized lotteries”. Given a preference rela-
tion on an arbitrary (possibly infinite) set of generalized lotteries £, this principle is a
necessary and sufficient condition for the existence, for every finite F C L, of a linear
utility representing the restriction of the preference relation to F.

Nevertheless this principle is only necessary for the representability of the preference
by a Choquet expected utility.

On the contrary, the “Choquet rationality principle” (namely, axiom (g-CR)) is
based on the following property of Choquet integral for belief functions defined on the
power set p(X) of a finite set X = {z1,...,x,} totally ordered as z; <* ... <* z,: for
every g-lottery L with support X; C X, the Choquet integral of any strictly increasing
utility function u : X — R, not only is a weighted average (as observed in [15]), but the
weights have a clear meaning. In fact, for the worst prize x; the weight is the sum of the
values of the basic assignment mj, on the events implied by the event {L = x;}, for x4
it is the sum of the values of mj, on the events implied by the event {L = x5} but not
by {L = 21}, and so on. This allows to map every g-lottery L to a “standard” lottery
whose probability distribution is constructed (following a pessimistic approach) through
the aggregated basic assignment My. We note that My, is, in some sense, a “pessimistic”
probability distribution on X induced by a belief function.
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Then axiom (g-CR) requires that it is not possible to obtain two g-lotteries L and
L', with M; = My, by combining in the same way the aggregated basic assignments
of two groups of g-lotteries, if every g-lottery of the first group is not preferred to the
corresponding one of the second group, and at least a preference is strict.

Given a preference relation on an arbitrary (possibly infinite) set of generalized lot-
teries £, axiom (g-CR) is a necessary and sufficient condition for the existence, for
every finite F C L, of a strictly increasing utility function uz whose CEU represents
the restriction of the preference relation to F.

Both rationality principles (g-R) and (g-CR) are not sufficient to assure repre-
sentability on an infinite set of generalized lotteries. However, if the preference relation
is total and assessed on the set of all belief functions on p(X) it is sufficient to add
an Archimedean axiom to (g-R) or (g-CR) in order to obtain, respectively, the repre-
sentability by a linear utility functional or a Choquet expected utility functional.

2. PRELIMINARIES
2.1. Belief functions

Let X be a finite set and denote by p(X) the power set of X. We recall that a belief
function Bel [8,123],[26] on a field of subsets A C p(X) is a function such that Bel() = 0,
Bel(X) = 1 and satisfying the n-monotonicity property for every n > 2, i.e., for every
A,... A, €A,

Bel (OA,») > > (=pl*'Bel (ﬂ Ai>. (1)

PAIC{1,...,n} icl

Previous properties imply the monotonicity of Bel with respect to set inclusion C,
hence belief functions are particular normalized capacities [3].
A Dbelief function Bel on A is completely singled out by its Mdbius inverse defined
for every A € A as
m(A) = > (=1)"\PIBel(B).

BCA

Such a function, usually called basic (probability) assignment, is a function m : A — [0, 1]
satisfying m(f)) = 0 and }_ 4 , m(A) = 1, and is such that for every A € A

Bel(A) = Y m(B). (2)

BCA

A set Ain Ais a focal element for m (and so also for the corresponding Bel) whenever
m(A) > 0.

Let A be a field of subsets of a non-empty set X and ¢ : A — [0, 1] a normalized
capacity, the Choquet integral of an A-measurable function f: X — R is defined as

0 “+o0
frao= [ e swzm-na [ el s@zma @

0

where both integrals on the right-side are of Riemann type.
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If X ={z1,...,zp} and f(z1) < ... < f(zn) (see [9]), then
Frao=3" F@)oE) - (i)

where E; = {x;,...,x,} fori=1,...,n, and E, 1 = 0.

2.2. Classical linear utility model

In the classical von Neumann—Morgenstern theory [28] a total preference relation 3 on
a set L of lotteries is given, where a lottery L is a random quantity endowed with a
probability distribution Py, on X = {x1,...,x,} with support X C X.

The theory requires that the set of lotteries £ is a mixture set [10], i.e., for every
L,G € £ and a € [0, 1] the conver combination defined as

_ _ xl ... l‘n
al+(1-a)G ( aPp(z1) + (1 —a)Pg(x1) -+ aPr(a,) + (1 —a)Pa(zn) > @)
is a lottery belonging to L.

Remark 2.1. Every L € £ can simply be viewed as a vector (Pr(x1),...,Pr(z,)) €
[0,1]™, thus £ is a mixture set if and only if {(Pr(z1),...,Pr(z,)) €[0,1]" : L€ L} is
a convex subset of [0, 1]™.

The goal is to determine a set of axioms that the relation = has to satisfy in order
to have a linear utility function U : £ — R representing 3, i.e., such that for every
L GeL

L 3 G if and only if U(L) < U(G).

An axiom system characterizing the above representation is the following one:
(VM1) the preference relation 3 is a weak order;
(VM2) for every L,G,H € £ and A € [0,1], if L 3 G then
AL+ (1—=MNH I MG+ (1-MNH;
(VM3) for every L,G € Land 0 < 8 < a <1, if L < G then

aLl+ (1 —-a)G <L+ (1-P0)G,

(VM4) for every L,G, H € L such that L < G < H there exists an « €]0, 1] such that

al+(1-a)H ~G.

We recall that in the literature there are many other axiom systems equivalent to
(VM1)—-(VM4) as the one proposed in [I6]. In particular, axioms (VM1)-(VM4)
do not rely on the structure of the lotteries in £ but only on the fact that £ is a mixture
set.
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It is well-known that, denoting with §, the degenerate lottery assigning probability 1
toxe X, if Lo={0; : x € X} C Land X = {z1,...,2,}, then there exists u : X — R
such that u(z) = U(d,) for x € X, and for every L € £

U(L) = Zu x;)Pr(x;),
i=1

i.e., U can be expressed as an expected utility.

The classical expected utility theory has been object of many criticisms introduced
through famous paradoxes, where preferences assessed by means of human experiments
cannot be modelled through a linear functional of a utility function and a probability
measure. We consider the following example, inspired by the well-known Ellsberg’s
paradox [11], which will be developed in the rest of the paper.

Example 2.2. Consider the following hypothetical experiment. Let us take two urns,
U; and Us,, from which we draw a ball each. U; contains % of white (w) balls and
the remaining balls are black (b) and red (r), but in a ratio entirely unknown to us,
analogously, Us contains 1 of green (g) balls and the remaining balls are yellow (y) and
orange (0), but in a ratio entirely unknown to us.

In light of the given information, the composition of U; singles out a class of proba-

bility measures P* = { P} on the power set p(S5;) of S; = {w, b,r} such that

P'({w}) = 3 P"({b}) =0,P’({r}) = — ¥,

with 0 € [ , 3] Analogously, for the composition of Us consider the class P2 = {P*}
on (S3) with Sy = {g,y, 0} such that

PA({gh) = 7. PUuh) = A PA({oh) = § = A

with A € [0, 4]
Concerning the ball drawn from U; and the one drawn from Us, the following gambles
are considered:

‘ w b r
L, | 100€ 0€ 0€ ‘
Lo 0€ 0€ 100€
L3 0€ 100€ 100€
L, | 100€ 100€ 0€

g y o
Gy | 100€ 10€ 10€

Consider the strict preferences Ly < Ly, L4y < L3 assessed through a human experi-
ment. Since the given preferences involve only gambles related to the first urn, we can
restrict to the set of prizes {0,100}. It holds that for no value of 6 there exists a function
u : {0,100} — R such that its expected value on the L;’s with respect to P? represents
our preferences on the L;’s. Indeed, putting w; = u(0) and wy = w(100), both the
following inequalities must hold

1 2 1 2
§w1+9w1—|— <3—9)w2<3w2+9w1+<3—9)w1,
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1 2 1 2
3w2+9w2+(3—9>w1<3w1+0w2+(3—9)w27

from which, summing memberwise, we get wy + ws < wy + wo, i.e., a contradiction.

2.3. Linear utility model for belief functions

In [I7] a generalized notion of lottery L is given by assuming that a belief function Bely,
is assigned on the power set (X) of a finite set X,.

Definition 2.3. A generalized lottery, or g-lottery for short, on a finite set X, is
a pair L = (p(X1), Belr) where Bely, is a belief function on p(X7).

Let us notice that, a g-lottery L = (p(X), Bely) could be equivalently defined as
L = (p(XL),mr), where my, is the basic assignment associated to Bely. We stress
that this definition of g-lottery generalizes the classical one in which mp(A) = 0 for any
A€ p(Xp) with card A > 1.

For example, a g-lottery L on X = {x1,z2,23} can be expressed as

L:({xl} {z2} A{xs} {x1,22} {z1,23} {22,273} XL)
b{wl} b{ﬂﬂz} b{wz} b{ﬂh,wz} b{ﬂm,ws} b{wzwa} bx,,

where the belief function Bely, on p(Xy) is such that by = Bely(A) for every A €
p(Xr) \ {0}. Notice that since Bely(#) = mr (@) = 0, the empty set is not reported
in the tabular expression of L. An equivalent representation of previous g-lottery is
obtained through the basic assignment my, associated to Bely, (where m4 = my (A) for

every A € p(Xp) \ {0})
L—< {oi} {ze} Az} {zn 22} {z,23) {2223} Xp >

MYz} Mz} Mfas} Mzy,22} Mar,23} M az,zs} MXL

Given a set L of g-lotteries, let X = J{Xr : L € L£}. In the case X is a finite set,
any g-lottery L on X with belief function Bel; can be rewritten as a g-lottery on X
by defining a suitable extension Bel; of Bely,.

Proposition 2.4. Let L = (p(X1), Belr) be a g-lottery on X. Then, for any finite
X D X, there exists a unique belief function Bel, on p(X) with the same focal elements
as Bely, and such that Belp . = Bely.

Proof. The extension Bel} is defined through the corresponding m/ . For every
A € p(X) we put my(A) = mp(A) if A € p(Xr) and m;(A) = 0 otherwise. The
function m/; is easily seen to be a basic assignment on (X ), moreover, the corresponding
belief function Bel} on p(X) is an extension of Bel;, and has the same focal elements.

|

Given Ly,...,L; € L, all rewritten on X, and a real vector k = (ky,..., k) with
ki>0(G=1,...,t) and Zle k; = 1, the conver combination of Ly, ..., L; according
to k is the g-lottery on X

A
Kz ) = (g y FASN0). (5)

i—1 kimr,
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Since the convex combination of belief functions is a belief function, it immediately
follows that k(Ly,...,L;) is a g-lottery [17].

Remark 2.5. Every L € £ can simply be viewed as a vector (mp(A4) : A € p(X)) €
[0,1]2", thus £ is a mixture set if and only if {(m(A4) : A € p(X)) €[0,1]*" : L€ L}
is a convex subset of [0,1]2", for a finite set X = {x1,...,2,}.

For every A € p(X) \ {0}, there exists a degenerate g-lottery 64 on X such that
ms, (A) = 1, and, moreover, every g-lottery L with focal elements Ay,..., Ay can be
expressed as k(d4,,...,04,) with k = (mp(A1),...,mr(4k)).

For the above considerations, a set of g-lotteries £, all written on the same finite set
X, which is closed under convex combination, is again a mixture set. Hence, as proved
in [I7] by using results in [16], (VM1)—(VM4) are necessary and sufficient conditions
for the existence of a linear utility function LU : £ — R representing <. In particular,
if £&5={0p : B€ p(X)\{0}} C L then there exists v : p(X) — R such that for every
Lel

LU(L) = ) o(B)mL(B), (6)
Bep(X)
where LU(dg) = v(B), for every B € p(X) \ {0}.

A drawback of the above functional is that the “utility” v(B) with B € p(X) and
card B > 1 has not a clear semantic interpretation.

As already noticed in [I7], there is also a computational difficulty due to the number
of parameters to specify, which is 2¢2*4 X | since v must be assessed on p(X). This is why
in [I7] a more restrictive functional is proposed which is based only on the “best” and
“worst” alternatives in every set B € p(X), according to the relation on X obtained
restricting 3 on {dg,; : € X}. To get a representation with such a functional, the
axiom system has to be reinforced by introducing a further axiom of dominance [17].

Another possible choice for the function U is based on the Choquet expected utility
15, 24],
CEU(L) = %udBelL, (7)

where u : X — R is a utility function and CEU(0(,}) = u(x), for every x € X.

It is known [24] that CEU(L) coincides with a lower expected utility with respect to
the class Pg.;, of probabilities on P(X},) dominating Bel;, and so the maximization of
corresponds to the well-known maxzmin criterion of choice [14] [15].

In the following example we show that the preferences in Example are repre-
sentable both by a linear utility defined as in @ and by a Choquet expected utility
defined as in .

Example 2.6. (Example continued) Now take P! = min P! and P? = min P2,
where the minimum is intended pointwise on the elements of ©(.S1) and g(S2), obtaining:

p(S1) [0 {w} {b} {r} {wb} {wnr} {6727"} S1

PLJ0 5 0 0 3 3 3 1
p(S2) |0 {9} {y} {o} {9y} {90} {y.0} S
PP {0 ; 0 0 i i o 1
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It is easily verified that both P! and P? are belief functions giving rise to the following
g-lotteries

L — < {(2)} {120} {0,100} > L= ( {(;)} {100} {0,100} >

3 3 1 3 0 1

Ly— ( {g} {120} {0,100} ) Li— ( {8} {120} {0,100} )

3 3 1 3 1

G = ( {1§0} {120} {10,100} )

4 4 1

The preferences Ly < Ly, Ly < L3, are representable both by a linear utility and by
a Choquet expected utility. Again, since the given preferences involve only g-lotteries
L;’s, we can restrict to the set of prizes {0, 100}.

For the first representation, any function v : p({0,100}) — R satisfying

20({0,100}) < v({0}) + v({100}),

is such that the weighted average LU of v on p({0, 100}) with weights given by my,, i =
1,...,4, represents the given preferences. Indeed, denoting with ¢; = v(0), ¢2 = v({0}),
gs = v({100}) and g4 = v({0,100}) we have

2 1 1 2 1 2 1 2
LU(Ly) == —q3, LU(Ly) = = —qq, LU(L3) = = —q3, LU(Ly) = = -
(L1) 30+ 3% (L2) 502t 3%, (L3) 502t 503, (La) 303+ 304
thus LU(L2) < LU(Ly) and LU(Ly4) < LU(L3) hold whenever 2q4 < ¢z + ¢3.
For the second representation, instead, any strictly increasing function « : {0,100} —
R is such that the Choquet integral of u with respect to Belr,, i = 1,...,4, represents
our preferences. Indeed, denoting wy = u(0) and wy = u(100) we get

2 1 1 2
CEU(Ll) = CEU(L4> = gwl + gwg, CEU(LQ) = wq, CEU(L3) = gwl + ng,

thus CEU(Lz) < CEU(L;) and CEU(L4) < CEU(L3) hold whenever w; < ws.

3. PREFERENCES OVER A SET OF GENERALIZED LOTTERIES

Consider a set £ of g-lotteries with X = (J{Xy : L € L}. Assume that X is totally
ordered and denote by <* this relation. Let <* be the total strict order on X induced
by <*. The assumption that X is totally ordered is quite natural when the elements
of X are real numbers (e.g., when they are money payoffs) and in this case <* simply
coincides with the usual total order < on R. Furthermore, such condition is acceptable
also in the case X is composed of arbitrary objects. In this case, since X is a set of prizes,
the elicitation of the relation <* (and so of <*) amounts to ask to the decision maker to
rank the elements of X by their strict desirability, assuming he/she could receive them
with certainty. In the particular interpretation of X as a set of money rewards, this
encodes the economic idea of “more money is better”.
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In what follows the set X is always assumed to be finite, i.e., X = {z1,...,2z,}
with 1 <* ... <* z,. Under previous assumption, we can define the aggregated basic
assignment of a g-lottery L, for every x; € X, as

My (z;) = Z mp(B), (8)

{z:}CBCE;

where E; = {z;,...,x,} fori=1,...,n.

Note that My (z;) > 0 for every z; € X and Z?zl My (z;) = 1, thus M}, determines
a probability distribution on X.

Let R be a partial binary relation on L. For every (L,L') € R denote by L 3 L'
the assertion L is not preferred to L'. The assertion L is indifferent to L', denoted
by L ~ L', summarizes the two assertions L X L’ and L’ 3 L, so R determines the
symmetric relation Z = {(L,L') € R : (L',L) € R}. An additional strict preference
relation R’ can be elicited by assertions such as L’ is strictly preferred to L, denoted
by L < L. Let R* be the asymmetric relation formally deduced from R, namely
R*=R\ZI.

Since the pair of relations (R, R’) represents the opinion of the decision maker, it is
natural to have R’ C R*: in fact, it is possible that, in the first approach to the decision
problem, the decision maker is not able to evaluate yet whether L < L’ or L ~ L’ and
he/she expresses his/her opinion only by L 3 L'.

Obviously, if R is total on the set of g-lotteries £ then R’ = R* and for every
LL'efl: L<L oL <LorL~L.

We call a pair (R,R’), denoted in the following by (3, <), a strengthened preference
relation if ) # R’ C R and ZNR' = 0.

Since the set X is totally ordered by <*, it is natural to require that the partial
preference relation (3, <) agrees with <* on degenerate g-lotteries 0y, for z € X, that
correspond to decisions under certainty. For this the preference (=, <) is asked to satisfy
the following assumption

(A0) L contains the set of degenerate g-lotteries on singletons Lo = {0} : € X} and
if x <* 2’ then 0(4y < dypry, for z,2" € X.

Note that the decision maker is not required to provide comparisons between degener-
ate g-lotteries and non-degenerate g-lotteries, but just to accept the (natural) preferences
considered in condition (AO0).

We say that a function U : £L — R represents (or agrees with) (3, <) if, for every
L L'eL

L3I =UL)<ULYand L<L = U(L) <U(L). (9)

In the following we consider two different functionals for the utility U representing
the preference (3, <): a linear utility LU (as proposed in [I7]) and a Choquet expected
utility CEU (as proposed in [2] 24} 25]).

Since our main interest is to manage a finite set £ of g-lotteries with a possibly partial
preference relation (3, <), in analogy with [5], we search for a necessary and sufficient
condition for the existence of either a linear utility function on £ representing (3, <) or
a utility function u : X — R such that its Choquet expected value represents (3, <).
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3.1. Rationality conditions for g-lotteries

The first axiom of rationality we introduce is formally equal to the one given in [5]: it
requires that it is not possible to obtain the same g-lottery, by combining in the same
way two groups of g-lotteries, if each g-lottery in the first group is not preferred to the
corresponding one in the second group, and at least a preference is strict.

Definition 3.1. A strengthened preference relation (=, <) on a set £ of g-lotteries is
said to be rational if it satisfies the following condition:

(g-R) Forall he Nand L;, L} € L with L; S L} (i=1,...,h), if
k(Ly,...,Ly) =k(L},...,L})

with k = (ky,....k ) i >0(G=1,...,h), and Z?:l k; = 1, then it cannot be
L; <L foranyi=1,...,h.

We stress that the convex combination referred to in condition (g-R) involves belief
functions (or, equivalently, the corresponding basic assignments).

The second axiom requires that it is not possible to obtain the same probability
distribution on X, by combining in the same way the aggregated basic assignments
of two groups of g-lotteries, if each g-lottery in the first group is not preferred to the
corresponding one in the second group, and at least a preference is strict.

Definition 3.2. A strengthened preference relation (=, <) on a set £ of g-lotteries is
said to be Choquet rational if it satisfies the following condition:

g- or a € N an i, L, € L wit Ly (e=1,...,n),1
CR) F IheNand L;, L, € L with L; I L} (i=1 h), if

k(MLla-..,MLh) = k(MLllﬂ"WML;L)

with k = (k1,...,kn), ki >0 (i =1,...,h) and Z?:l k; = 1, then it cannot be
L; <L foranyi=1,...,h.

Note that the convex combination referred to in condition (g-CR) is the usual one
involving probability distributions on X, since aggregated basic assignments are proba-
bility distributions on X.

It is easily proven that if k(Lq,...,L) = k(L},..., L)) then k(My,,..., Mg, ) =
k(M Ly Mgy ), but the converse is generally not true, as shown in next example (so
condition (g-CR) strictly implies condition (g-R)).

Example 3.3. Let X = {x1, 22} with 21 <* x5 and consider the g-lotteries

I :< o} {2} {9016362} )7L/1 :( o} a2} {»’316902} >7

4 4 3 3

L :< {Jé)l} {3%2} (o, 2} ),L; _ ( {3;)1} {9%2} {w, 2} >’

3 1
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with the preferences Ly 3 L} and Ly 3 LY. There is no k € [0, 1] such that kL, + (1 —
k)Ly = EL} + (1 — k) LY, indeed, the following system

ki =k
k§+(1—k)§:k§l+(1—k)g
(1-k)i=0-k);

has not solution. Nevertheless, considering the aggregated basic assignments of Ly, L}, Lo, L,
we have

1 T2 Tr1 X2 1 T2 1 T2
ML1:<1 §>’ML1:<; z)vMLz:(; z>vML’2:(1 ;)7
1 1 3 3 3 3 1 1

for which we have My, + My, = %ML’I + %ML/Q.
The following Propositions and have a straightforward proof.

Proposition 3.4. Let £ be a set of g-lotteries on a finite set X totally ordered by <*,
and (3, <) a strengthened preference relation on £ satisfying (A0). If (3, <) satisfies
(g-R) then it satisfies the following properties:

(1) (Z,=) has no intransitive cycles, that is: if L; X L; and L; 3 Ly then it cannot
be Ly < L; and similarly if L; < L; and L; 3 Ly it cannot be Ly 3 L;;

(i) for every L;, L;, Ly € £ and X € [0, 1], if L; 3 L; then it cannot be

/\Lj + (1 — )\)Lk < AL; + (1 - )\)Lk-,

(ii1) for every L;,L; € L and 0 <o < § <1if L; < L; then it cannot be

ﬁL]‘ + (1 - B)LZ :5 OéL]' + (1 - Oé)Li.

Proposition 3.5. Let £ be a set of g-lotteries on a finite set X totally ordered by <*,
and (3, <) a strengthened preference relation on £ satisfying (A0). If (3, <) satisfies
(g-CR) then it satisfies conditions (i), (ii), (iit) and the following:

(iv) if My, = My, it cannot be L; < Lj or L;j < L;.
We stress that conditions (i)-(7ii) are equivalent to axioms (VM1)-(VMS3) in the
case (3, <) is a total preference relation defined on the set of all g-lotteries on X.

4. REPRESENTABILITY OF RATIONAL PREFERENCE RELATIONS

In this section we study representability of a strengthened preference relation (3, <) on
a set of g-lotteries £ all having support on a finite set X totally ordered by <*. In detail,
we investigate the consequences of axioms (g-R) and (g-CR), respectively, both when
L is finite and when £ is infinite.
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4.1. Representability of rational preference relations on finite sets of g-
lotteries

We first consider the representability by a linear utility of a strengthened preference
relation (3, <) on a finite set of g-lotteries.

Theorem 4.1. Let £ be a finite set of g-lotteries, X = |J{X : L € L} a finite set
totally ordered by <*, and (3, <) a strengthened preference relation on L satisfying
(AO0). The following statements are equivalent:

(i) (3, =) satisfies (g-R) condition;
(#) there exists a linear utility function LU : £ — R representing (3, <);

(#11) there exists a utility function v : p(X) — R such that, for z,2’ € X, if & <* 2/
then v({z}) < v({z'}) and the function LU on L, defined for every L € L as

LU(L) = 3 o(B)me(B)

Bep(X)

represents (3, <).

Proof. Equivalence between (%) and (iii) has been essentially proved in [I7]. We prove
the equivalence between (3) and (iii). Let X = {x1,...,2,} with 23 <* ... <* x,, and
assume all g-lotteries in £ are rewritten on X. Introduce the collections S = {(L;, L) :
Lj = L, Lj, L € L} and R = {(Gn, G},) : G 3 G}, G, G}, € L} with s = card S and
r = card R.

(i4i) = (i). Let us consider the events A; € p(X) with ¢ = 1,...,2". Condition
(i) is equivalent to the existence of a (2" x 1) column vector q, Wlth q; = v(4;), for

i=1,...,2" which is a solution of the following system
Aq>0
S: Bq>0
q=>0

where A = (a’) and B = (b") are, respectively, (s x 2™) and (r x 2") real matrices with
rows al = mp, —mr, for j =1,...,s, and b = me; — ma, for h =1,...,r. Notice
that in S we can restnct to a non- negatwe q because of the homogenelty of first two
constraints.

By a well-known alternative theorem (see, e. g., [I3]) the solvability of S is equivalent
to the non-solvability of the following system

yA+zB <0
S y,z>0
y#0
where y and z are, respectively, (1 x s) and (1 x r) unknown row vectors. Since the

system &' is homogeneous, it is solvable if and only if it admits a solution (y,z) with L*-
norm equal to 1. By taking into account that a convex combination of basic assignments
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is a basic assignment and that for two basic assignment vectors mj and m¢g one has
myp < mg if and only if my = mg, system &’ is solvable if and only if the following
system S” is solvable

yA+zB=0
>0
S - Y,z =
y#0
Iy, z)llh = 1.

The non-solvability of S” implies that for every k = (y,z) > 0 with ||k||; = 1 and k; > 0
for at least one index i € {1,...,s} it holds

K(Li,...,Ls,G1,...,Gy) #k(L},..., L., G,,...,GL),

and this implies condition (g-R) is satisfied.

(i) = (iii). Suppose (g-R) holds. In this case, considering a convex combination
k(Ly,...,Ls,Gy,...,Gy) = k(L},...,L,,GY,...,G)) where some of the k;’s can be 0,
it must be that k; = 0 for 4 = 1,...,s, thus system §” cannot have solution, while S
has solution q. Moreover, assumption (AO0) assures that, for z,2’ € X, if z <* 2’ then

v({z}) <v({z'}). 0

Remark 4.2. Notice that the utility function v in condition (%) is not unique up to a
positive linear transformation. Indeed, there can exist a utility function v' = ¢(v) still
satisfying condition (i), where ¢ is a strictly increasing non-linear transformation as
the following trivial Example [£.3] shows. Every utility function v induces a weak order
on the convex closure of the set £ which is the same induced by v' = ¢(v) only when ¢
is a positive linear transformation.

Example 4.3. Let X = {21, 22, 23} withz; <* 20 <* 2z3and £ = {0(4,},0(z,},0{as}, L}
where L = (p(X), Belp) with Belg({z;}) = 3 for i = 1,2,3. Consider the preferences
(5{z1} < 5{12} < 6{13}, 5{11} < L=< (5{1,3}.

The functions v; and vz on p(X) defined as vy ({z1}) = 0, v1({z2}) = 3, vi({z3}) = 1,
and vy ({z1}) = 0, va({w2}) = 7, va({w3}) = 1 and zero otherwise, are such that vy = v{.

The LU functional corresponding to vy and that corresponding to vy both represent
the given preferences. Denote 3, and 3, the weak orders induced by v; and vy through
the corresponding LU functional, respectively, on the convex closure of £, for which it
holds that .,y ~v, L while dy,,} <y, L.

Notice that introducing vs = v3 we obtain a weak order =,, which coincides with

=, on L, while the same does not hold on the whole convex closure of L.

~U2

Consider now the representability of (3, <) by a CEU. The following theorem (already
proved in [4]) shows that (g-CR) is a necessary and sufficient condition for the existence
of a strictly increasing utility function w on X whose Choquet expected value represents
(3, <), moreover its proof provides a procedure to compute such a u.

Theorem 4.4. Let £ be a finite set of g-lotteries, X = (| J{X : L € L} a finite set
totally ordered by <*, and (3, <) a strengthened preference relation on L satisfying
(A0). The following statements are equivalent:
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(i) (Z,<) satisfies (g-CR) condition;

(#i) there exists a strictly increasing utility function u : X — R whose Choquet ex-
pected value on £ represents (3, <).

Proof. Let X = {z1,...,z,} with 27 < ... <z} and assume all g-lotteries in £ are
rewritten on X. Introduce the collections S = {(L;, L) : L; < L}, L;, L € L} and
R ={(Gn,G}) : Gr 3 G),,Gh, G}, € L} with s = card S and r = card R.

(i1) = (i). Condition (%) holds if and only if there are n real numbers w; = u(z;),
with wy < ... <wy, s.t. for all (L;, L) € S we have CEU(L;) < CEU(L}), and for all
(Gh,G),) € R we have CEU(G),) < CEU(GY,). Setting E; = {z;,...,z,} (1 =1,...,n)
and E, 1 = 0, for every g-lottery L € L it holds

CEU(L) = zn:wi [Belr(E;) — Bely(Eit1)]

_ sz S B Y mu(B)| = Y wihi(e)

BCE; BCE;i41

Hence, condition (7) is equivalent to the existence of an (n x 1) column vector w which
is solution of the following system

Aw >0
S: Bw >0
w>0

where A = (a/) and B = (b") are, respectively, (s x n) and (r x n) real matrices with
rows af = ML/ My, for j=1,...,s, and b = Mg, — Mg, for h =1,...,r. Notice
that in S we can restrlct to a non- neg‘atlve w because of the homogenelty of first two
constraints.

By the same alternative theorem (see, e.g., [I3]) and taking into account the same
considerations made in the proof of Theorem [4.1] the solvability of S is equivalent to the
non-solvability of the following system

yA+zB=0
>0
SN: Y7Z_
y#0
II(y,2)[l1 =1

where y and z are, respectively, (1 x s) and (1 x r) unknown row vectors.
The non-solvability of §” implies that for every k = (y,z) > 0 with ||k||; = 1 and
k; > 0 for at least one index i € {1,...,s} it holds

k(ML17"'7ML57MG17"'7MGT)#k(MLlla'"7ML{§7MG,17"'7MG;‘)7

and this implies condition (g-CR) is satisfied.
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(i) = (ii). Suppose (g-CR) holds. In this case, considering a convex combination
k(Mp,,...,Mp ,Mg,,...,Mg,) =k(Mp;,...,Mp,, Mg, ..., Mg:) where some of the
ki’s can be 0, it must be that k; = 0for¢ =1,..., s, thus system S” cannot have solution,
while S has solution w. Assumption (A0) assures that wy < ... < wy,, thus, u(z;) = w;,
i =1,...,n, is a strictly increasing utility function on X whose CEU represents (3, <).

|

Analogous considerations as those in Remark and the relevant Example hold
for the CEU representation.

The following example shows a relation that violates both (g-CR) and (g-R), and
so admits neither a CEU representation nor a LU representation.

Example 4.5. (Example continued) Counsider again Example and suppose
to toss a fair coin and to choose among L; and G; depending on the result of the toss.
In analogy, suppose to choose among Lo and G with a totally similar experiment. Let
us denote with F} and F the results of the two experiments.

In order to express F; and F, we need to properly combine L, Ly and G and for
this we have to rewrite them on the same set of prizes {0, 10,100}

({0} {10} {100} {0,10} {0,100} {10,100} {0,10,100}
n=( O ; ),

I _({0} {10} {100} {0,10} {0,100} {10,100} {0,10,100})
RN S 0 3 1 0 1 ’

o _({0} {10} {100} {0,10} {0,100} {10,100} {0,10,100})
Sl U S S 1 )

L1, Ly and G7 can be simply regarded as belief functions on the same field, thus Fy
and F5 can be defined as the convex combinations F} = %Ll + %Gl and Fy = %Lng %Gl,
obtaining

F_({o} {10} {100} {0,10} {0,100} {10,100} {0710,100}>
1= 38 9 7 17 15 16 1 ’

24 24 24 24 24 24

(0} {10} {100} {0,10} {0,100} {10,100} {010,100}
o= "4 "o "3 13 15 12 ! :
24 24 24 24 24 24

Taking into account assumption (AO0), it is easily proven that for every strictly in-
creasing u : {0,10,100} — R the strict preferences Lo < L1, Ly < Lg, are represented
by a CEU functional. Analogously, the above preferences are representable also by a LU
functional for every v : ©({0,10,100}) — R such that v({0}) < v({10}) < v({100}) and
20({0,100}) < v({0}) + v({100}).

Nevertheless, by considering the further strict preference F; < Fb, there is neither
a LU nor a CEU functional on £ = {Ly, Lo, L3, Ly, G1, Fy, F»} representing the given
preferences. Indeed, by Propositions [3.4] and in order to have such representations
Lo < Ly implies that it cannot be F; = %Ll + %Gl =< %LQ + %Gl = F.
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4.2. Representability of rational preference relations on infinite sets
of g-lotteries

Consider a strengthened preference relation (X, <) on an infinite set £ of g-lotteries with
support on a finite set X totally ordered by <*. Our aim is to study its representability
under either (g-R) or (g-CR) conditions. For that, for every finite F C £ let Xz =
U{ XL : L € F}, and denote by (37, <#) the restriction of (3, <) to F.

As a direct consequence of Theorem the following result holds.

Theorem 4.6. Let £ be an arbitrary set of g-lotteries with support on a finite set X
totally ordered by <*, and (3, <) a strengthened preference relation on L satisfying
(A0). The following statements are equivalent:

(i) (Z, <) satisfies (g-R) condition;

(ii) for every finite F C L, there exists a linear utility function LUx : F — R repre-
senting (7, <7);

(i) for every finite F C L, there exists a utility function vz : p(X#) — R such that,
for z,2' € Xz, if & <* 2’ then v({z}) < v({z'}) and the function LUz on F,
defined for every L € F as

LUF(L) = Z vF(B)my(B)
Bep(XF)
represents (3z, <z).

Remark 4.7. For every finite subsets F, G of £ such that F C G C L, the set of utility
functions {vg,(x,} is contained in {vz}. Since the set {vs} can be empty when £
is infinite, as the following example shows, condition (g-R) is not sufficient for the
existence of a linear utility function LU on the whole set £ representing (3, <).

Example 4.8. Take X = {x1, 29,23} with 7 <* x2 <* x5 and consider the following
infinite set of g-lotteries

L= {Ll = (5{;81},.[/2 = 5{962},113 = 5{%},04[/1 + (1 — Oz)Lg e} G]O, 1[},
together with the preference relation on £ satisfying (A0)
Ly <Ly < L3, ali+(1—a)Ls <Ly forevery a€]0,1].

For every finite subset F of £ we can find a linear utility function LUz on F rep-
resenting (Z7,<z). By virtue of Remark we can restrict to subfamilies of the
form

F = {Ll,LQ,Lg,Oéle + (]. - O[j)Lg : _] = 1, . ,n}.

For that, taking into account that L; is a degenerate g-lottery and so LUxz(L;) =
vr({z;}), for i = 1,2, 3, and that

LUx(ajL1 + (1 — ay)L3) = ajur({z1}) + (1 — aj)ve({z3}),
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for j = 1,...,n, it is sufficient to consider any function vz on p(Xx) with Xz = X
satisfying the constraints

vr({z1}) <vr({z2}) <vr({zs}),

.....

Hence, from Theorem [4.6 (X, <) satisfies (g-R).

On the other hand, there is no linear utility function representing (<, <) on £. In
fact, for every choice of LU(L;) < LU(L2) < LU(L3) there exists an « €]0,1[ such
that «LU(L;) + (1 — @)LU(L3) > LU(L2) and so it should be Ly % aL; + (1 — «)Ls,
contradicting the given preferences.

It is clear that what is lacking in previous example is an Archimedean condition for
(Z,=<). In fact such a condition is not implied by (g-R). The following Theorem
shows that it is sufficient to add to (g-R) condition (VM4) to obtain representability
when we consider the (infinite) set of all g-lotteries over a finite set X.

Theorem 4.9. Let £ be the set of all g-lotteries with support on a finite set X totally
ordered by <* and 3 a total preference relation on £ satisfying (A0). The following
statements are equivalent:

(i) = satisfies condition (g-R) and (VM4);
(ii) there exists a linear utility function LU : £ — R representing =;

(iii) there exists a utility function v : p(X) — R such that, for z,2’ € X, if © <* 2/
then v({z}) < v({2’}) and the function LU on £ defined for every L € L as

LU(L) = Y w(B)mL(B),

Bep(X)
represents <.

Moreover, LU is unique up to a positive linear transformation.

Proof. The set £ is a mixture set, moreover, since the preference relation = is total,
from Proposition we have that axioms (VM1)-(VM3) are satisfied. Hence the
validity of (VM1)—(VM3) and (VM4) is equivalent to (i) and (iii) (see [1T]), respec-
tively, and, moreover, LU is unique up to a positive linear transformation. In particular,
assumption (AO0) implies, for z, 2’ € X, if x <* 2’ then v({z}) < v({z'}). O

Next Theorems [£.10] and [£.12] are analogous to Theorems [£.6] and [£.9] for the CEU
representation and are direct consequences of Theorem

Theorem 4.10. Let £ be an arbitrary set of g-lotteries with support on a finite set
X totally ordered by <*, and (=, <) a strengthened preference relation on £ satisfying
(A0). The following statements are equivalent:
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(i) (Z,<) satisfies (g-CR) condition;

(ii) for every finite F C L, there exists a strictly increasing utility function ur : Xz —
R whose Choquet expected value on F represents (Zz, <x).

Nevertheless, also in this case, if £ is not finite, condition (g-CR) is not sufficient for
the existence of a strictly increasing u : X — R whose CEU on L represents the given
preferences.

Example 4.11. Consider the g-lotteries and preferences of Example For every
finite subset F of £ we can find a strictly increasing utility function uz on Xz such that
its Choquet expected value represents (S, <x). By analogous considerations of those
in Remark [£7] we can restrict to subfamilies of the form

F = {Ll,LQ,Lg,ale +(1 —Ozj')Lg 1] = 1,...,71}.

For that, taking into account that L; is a degenerate g-lottery and so CEUx(L;) =
ur(z;), for i = 1,2,3, and that CEUz(a; L1+ (1 —a;)L3) = ajur(z1)+ (1 —aj)ur(xs),
for j = 1,...,n, it is sufficient to consider any function ur on Xr = X satisfying the
constraints

ur(z1) < ur(ze) < ur(zs),

jff?.)in{aju}—(xl) + (1 —oj)ur(zrs)} < ur(ze) < ur(xs).

Hence, from Theorem [1.10] (3, <) satisfies (g-CR).

On the other hand, there is no utility function u on X whose Choquet expected value
represents (3, <) on L. In fact, for every choice of u(x1) < u(x2) < u(xs) there exists an
a €]0, 1[ such that cu(zq)+(1—a)u(zs) > u(zre) and so it should be Ly 3 aeL1+(1—a)Ls,
contradicting the given preferences.

Tt is clear that also in this case axiom (g-CR) must be reinforced by an Archimedean
condition to have representability of a total preference relation <X on the set of all g-
lotteries.

Theorem 4.12. Let £ be the set of all g-lotteries with support on a finite set X totally
ordered by <*, and let 3 be a total preference relation on L satisfying (A0). The
following statements are equivalent:

(i) = satisfies conditions (g-CR) and (VM4);

(#i) there exists a strictly increasing utility function v : X — R (unique up to a positive
linear transformation) whose Choquet expected value on £ represents <.

Proof. The set £ is a mixture set, moreover, since the preference relation = is total,
from Proposition we have that axioms (VM1)—(VM3) are satisfied together with
condition

(*) for every L, L’ € L, My = My, implies L ~ L'.



504 G. COLETTI, D. PETTURITI AND B. VANTAGGI

Define the relation =5; on £ as L =), L’ if and only if My = My, for every L, L' € L,
which is easily seen to be an equivalence relation, and consider the quotient set L=, .
Since £ contains all belief functions on p(X), in particular, it contains all probability
distributions on X, then for every g-lottery L € L there is a probabilistic g-lottery in
L having Mj, as probability distribution, that can be chosen as representative of the
corresponding equivalence class in £ /=, .

Let L7 be the set of probabilistic lotteries formed by the representatives of equivalence
classes in £/=,,. The set £ consists of all probability distributions on X and is,
therefore, a mixture set. Axioms (VM1)—(VM4) are necessary and sufficient for the
existence of a function v : X — R (unique up to a positive linear transformation) whose
expected value represents the restriction of < on £F. The assumption (A0) assures
that w is strictly increasing. The proof immediately follows by taking into account what
proved in Theorem i.e., CEU(L) = Y7 u(x;)Mp(x;), for every L € L. O

5. CONCLUSIONS

The paper copes with decisions under risk, where the uncertainty on consequences is
modelled by a pre-assigned (“objective” in the jargon by von Neumann—-Morgenstern)
belief function.

Two rationality principles (g-R) and (g-CR) for preference relations among random
quantities equipped with a belief function (g-lotteries) are introduced, following the line
of the rationality principle given in [5]. Such principles allow to handle representability
of preference relations when the set of random quantities is arbitrary (not necessarily
closed under convex combinations) and possibly finite. Note that the probabilistic case is
subsumed by both conditions (g-R) and (g-CR), which coincide in case of probabilistic
g-lotteries.

Concerning the probabilistic modelling of uncertainty, in the literature there are
proposals for removing the hypothesis of totality on the preference relation both in
the von Neumann—-Morgenstern [I0] and in the Anscombe-Aumann frameworks [20]. In
such proposals, even if the preference relation is not asked to be total, the considered
set of lotteries must possess a proper mathematical structure and the preference relation
must be assessed on proper subsets of lotteries. In particular, none of the existing models
allows to deal with partial preferences on finite arbitrary sets of lotteries.

At the same time, the possibility of dealing with possibly partial preference relations
assessed on arbitrary finite sets of g-lotteries is significant in real decision problems.

This paper assumes that the set X of prizes of g-lotteries is totally ordered and that
the preferences expressed by the decision maker agree with this order. This is quite
natural if X is a subset of R, for example when X is a set of money payoffs. Otherwise,
the total order on X can be elicited by asking to the decision maker to rank the elements
of X by their strict desirability, assuming he/she could receive them with certainty. The
assumption of a totally ordered set of prizes is not substantial and has been adopted in
favour of a simpler exposition of mathematical results. Such assumption can be relaxed
by requiring that X is only totally preordered, obtaining results in line of those in this
paper but with a little more complex presentation.

The principle (g-R) is a necessary and sufficient condition for the existence of a linear
functional (as in [I7]), determined by a utility function defined on all the elements of the
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power set of X. While, the principle (g-CR) is a necessary and sufficient condition for
the existence of a strictly increasing utility function u on X whose Choquet integral on
g-lotteries represents the preferences. Under both representations, the underlying choice
criterion is intended to be the maximization of the resulting functional.

In [27], the author considers the case of uncertainty expressed by a general lower
probability, presenting a comparison of functionals and choice criteria in terms of result-
ing decisions. Such paper does not cope with the determination of a utility on the prizes
and tacitly assumes a pre-assigned utility function. In our setting, it could be interesting
to provide a similar study and so to compare the effects on decisions of different choice
criteria and also of the selected utility function (which is generally not unique).

In case of an infinite set of g-lotteries, the above conditions assure the representabil-
ity of a preference relation only on finite subfamilies of g-lotteries because they do not
impose any Archimedean condition on the preferences. Nevertheless, when the pref-
erence relation is total and defined on the set of all g-lotteries, it is sufficient to add
an Archimedean condition to each of the two rationality principles to get a complete
representation.

In the probabilistic framework the rationality principle (see [5]) assures and rules
the extendibility of the relation to new lotteries, which is a useful property in order to
apply the model. The extendibility of preferences on generalized lotteries, satisfying the
two above rationality principles, is one of our future aims. Indeed, for both rationality
conditions, as underlined in Remark the extension of a rational preference relation
is in general not unique.
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