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The Dynamics of a Bicycle on a Pump Track —
First Results on Modeling and Optimal Control

Julian Golembiewski, Marcus Schmidt, Benedikt Terschluse, Thomas Jaitner, Thomas Liebig,
and Timm Faulwasser*

Abstract— We investigate the dynamics of a bicycle
on an uneven mountain bike track split into straight

sections with small jumps (kickers) and banked corners.

A basic bike-rider model is proposed and used to derive
equations of motion, which capture the possibilities to
accelerate the bicycle without pedaling. Since this is a
first approach to the problem, only corners connected by
straight lines are considered to compute optimal riding
strategies. The simulation is validated with experimental
data obtained on a real pump track. It is demonstrated
that the model effectively captures the longitudinal bike
acceleration resulting from the relative vertical motion
between the rider’s upper body and the bicycle. Our
numerical results are in good analogy with real rider’s
actions on similar tracks.

I. INTRODUCTION

The dynamics of bicycles are challenging due to
nonholonomic constraints, soft and hard nonlinearities,
and inverse response behavior [1]. Accordingly, bicycle
dynamics are a well-known illustrative example for
control engineering education [1], [2]. The lateral
dynamics of the rear-wheel steered bicycle, e.g., is
frequently drawn upon to showcase non-minimum phase
behavior. It is shown in [1], [3], [4], [5] that stabilizing
such a vehicle is close to impossible for a human rider.

A common choice to analyze bicycle dynamics is the
Whipple or Carvallo-Whipple model with its main focus
on balancing, stability, and the interplay between speed
and stability [6], [7]. Many studies have examined or
expanded upon the dynamics derived from the Whipple
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model, particularly with regard to lateral stability [8],
[91, [10], [11], [12], [13].

Here, however, we are not interested in the dynamics
of balancing a bicycle rather we consider the problem
of accelerating a bike without pedaling. At first glance,
the ambition to accelerate without pedaling is quite
counterintuitive. In cycling, however, it is known that on
non-planar surfaces the movement of the rider relative to
the bicycle is an efficient means of acceleration, which
can be observed, e.g., in Olympic BMX races [14], [15].

Despite the considerable research that has been
conducted on bicycle modeling, existing studies on the
vertical dynamics of bicycle models, including those that
concentrate on suspension behavior, system vibrations,
and road-tire contact models, such as in [16], [17],
[18], are not capable of emulating the longitudinal
acceleration that a rider can achieve through vertical
movement. This reciprocal motion between rider and
bicycle is called pumping and will serve as our system
input throughout this work. This phenomenon can be
observed, e.g., on inclines and declines, as well as on
steep banked curves. In this work, we focus on the latter
only.

The remainder of this paper is structured as follows:
A basic bike-rider model with its dynamics in a steep
curve is proposed in Section an optimal control
problem formulation for riding through a curve in an
optimal manner as well as simulation results are given
in Section [, and Section [[V] concludes by discussing
the results and validating the suitability of the proposed
model. Finally, Section [V] summarizes the results and
gives an outlook on future work.

II. MODELING

Below, we develop a model of the dynamics of a
rider interacting with his bicycle following the initial
investigations of [19]. In particular, a basic bike-rider
model constrained to a curved surface is proposed. Its
dynamics in the form of ordinary differential equations
are derived with the Lagrangian formalism according
to [20], [21]. Similar to [22], the dynamics are derived



Fig. 1: Conceptual bike rider model

using generalized coordinates that are adapted to the
surface.

The fundamental components of our system comprise
a bicycle and its rider. We simplify the models of both
by considering each as a point mass and by connecting
them using a massless link of length I, see Figure [I]
The second time derivative of the link’s length, denoted
as [, will be utilized as control input for the system at
a later stage. We define

z’ = (:L‘? l‘ga $S)T
as the center of mass (CoM) of the rider’s body and,
analogously, x° as the CoM of the bicycle. Here, x;
corresponds to the x-direction while x2 and x5 refer to
y and z, respectively. Note: For the remainder of the
paper, the exponent x" denotes a parameter belonging
to the rider while +” denotes a parameter belonging to
the bicycle.

We model the track as a two-dimensional curved
surface S with the parameterization

(R + rcosf)cos ¢
(AR+rcosf)sing| (1)
(1 — sin0)

g:U—= 5, g(9,0) =

where U C R? and S C R®. We parametrize an elliptic
torus to replicate the shape of a track consisting of
two opposing curves connected by two (almost) straight
lines. The resulting parameters 6 and ¢ therefore define
the position of the bicycle in the curve. As it is common
for the torus equation, we define r as the radius of the
tube, R as the distance from the torus’ center to its
tube’s center, and A as stretching weight. In particular,
only a section of the torus’ surface is used and therefore
we consider 0 € [3/2m,27]|. A part of this surface with
x% and 2" marked is shown in Figure [2} For the sake
of simplicity, we consider a specific path

07(9) = 5 cos” ¢ @)

Fig. 2: Two-mass model on torus surface

on the surface. On this path, the cyclist maintains an
inner line on the straight sections of the track while
shifting towards the outer line at the apex of the curves.
This can be observed, for example, in olympic track
cycling on a velodrome, where the banked turns allow
the cyclists to keep their bikes relatively perpendicular to
the surface while riding at high velocities [23]. Next, we
introduce two simplifications which lead to holonomic
constraints for the system:
(a) the bicycle’s position x°(t) is constrained to the
path 67(¢) on the surface S for all ¢ € [0, 7],
(b) the connection [(t) between the position of the
bicycle x°(t) and the rider 2" (¢) is orthogonal to
the surface S for all ¢ € [0, 7.
Consequently, taking item [(a)] and the surface parame-
terization (I)) into account, the position of the bicycle
can be expressed by ¢:

2’ = g(¢,6") = g(9).
For sake of simplicity, item [(b)] restricts the cyclist’s
position to be upright at all times. This eliminates
the degree of freedom to lean forward or backward.
Additionally, following item [(b)] and using elementary
geometrical analysis, an analogous expression for the
position of the second mass is obtained

(R+1cosfP —lcosOP)cos ¢
(AR + 7 cos 6P — [ cos 6P) sin ¢
r(1 —sin6”) + Isin 67

x" =g(¢,1) =

The velocities of x* and z" are given by v°(t) = i°(t)
and v"(t) = 2" (t), respectively. Furthermore, we set up
the Lagrangian in its common form

L(¢7 Q‘S) l7 l) = K(¢7 (,ZB, l7 l) - U(¢7 l)’
with K denoting the total kinetic energy and U the total
potential energy. For two point masses the total kinetic
energy is given by the sum of both individual kinetic
energies

Lo b
K = §(m [0® 2 +m" ")



with m{b7} := mass {bike, rider}. Analogously, the
total potential energy of two point masses is yielded by
the sum of both individual potential energies

U = Garay(mPab +m"zh).
Finally, we use the Euler-Lagrange equations of motion
0= L0L 0L
dt o¢ ~ 0¢’
to obtain the dynamics in form of an implicit ordinary
differential equation (ODE)

0=M(¢, )¢+ F($,1)$* + Q(8,1,1)¢ + P(o,1,1,1),

3)
where M(,1), F($,1), Q(¢,1,0), and P(¢,1,1,1) are
given in Appendix A.

III. OPTIMAL STRATEGIES FOR RIDING A BICYCLE
THROUGH A PUMP TRACK

This section introduces the states and inputs of the
system under consideration. An optimal control problem
(OCP) is formulated to achieve the objective of riding
a curve at maximum speed. The constraints of the OCP
are derived from real-world experiments. Subsequently,
the simulation results are presented.

A. Optimal Control Design
Consider the state vector
. . T
T = [gf) o 1 l]
which represents the positions and velocities of the
masses relative to the surface, along with the input

B

u=1,

which characterizes the reciprocal motion between the
masses (pumping). We obtain the states ¢ and b through
the solution of the derived ODE, while [ and [ are
acquired by integrating the input v = [. The nonlinear
dynamics (3) are an implicit ODE f (&, z,u) = 0. The
continuous-time OCP reads

min /fo+ﬁﬁ (4a)
u()ePC([0,11,R) Jo
subject to Vit € [0, 7]
0= f(z,z,u), x(0)=uxo (4b)
z(t) e X C R? (4c)
u(t) e U CR. (4d)

Here, x( represents the initial state condition, while the
terminal time is denoted by 7T'. The vector g € R**!
determines the weights assigned to the linear cost term
in the states, while the input is penalized quadratically.

Fig. 4: Camera image with marked calculation points

The weights to penalize ¢ and (b are selected as negative.
This approach aims to maximize the distance traveled
and speed while riding through the curve. Additionally,
the closed sets X and U represent the constraints on the
system states and inputs, respectively.

B. Experimental Results

To establish realistic boundaries on the states and
inputs of OCP (@), real-world experiments were con-
ducted. A ten-camera optoelectrical system (Qualisys™)
was used to capture a bicycle ride along a steep banked
curve at a frame rate of 100Hz, cf. Figure [3] The
rider solely employed pumping motions to generate
speed, without any pedaling. Overall, 46 markers were
attached to the main joints of the rider as well as
to characteristic landmarks of the bicycle frame, see
Figure ] The purpose of the experiments was to
establish the limitations on the distance [ between the
CoM of the rider and the bicycle, as well as the system
input u = [ that denotes the acceleration of that distance.
Therefore, the center of mass for the rider was calculated
based on a 16-segment body model considering the
relative mass of each segment in relation to the overall
body mass. For the bicycle, a fixed marker located at
the down tube served as a reference point. Figures 3]
and [6]illustrate the absolute distance and the acceleration
between the CoM of the rider and the bicycle’s down
tube, respectively. The measurements capture a single
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Fig. 5: Absolute distance between CoM rider and bike
down tube
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Fig. 6: Acceleration of the riders CoM relative to the
bike’s down tube

curve ride. The horizontal lines highlight the maximum
and minimum values of significance and lead to the
following constraints

0.27803m <[ < 0.59559m

—8.6648 m /s> < [ < 30.1478 m/s>.

(5a)
(5b)

C. Simulation Results

The following section presents the numerical re-
sults obtained from solving OCP including the
constraints (5)). For the objective function, we select
qg=[-65 —65 0 O]T. The weights for the states
¢ and é are selected to be negative. Since ¢ denotes
the evolution of the bike-rider model through the curve,
the optimization problem therefore aims to identify the
optimal system input »* that maximizes the speed and
distance traveled along this curve. We solve the OCP
with T' = 5s. The implicit dynamics are reformulated
to an explicit form and discretized with the Runge-
Kutta method (RK4) and an integration step size h =
0.01s. The initial state of the dynamics is given by
xo = [0,7/3, (lnaz + lmin/2),0], where ¢(0) = 0
indicates that the bicycle starts at the midpoint between
the opposing curves, and (b(O) = 7/3rad/s corresponds
to an initial bicycle speed of 9.43 m/s. Figure [/| depicts
a visual representation of the system’s pose at time

m? m” Jgrav ‘ R ‘ T ‘

15kg ‘ 80kg ‘ 9.8067 m/s ‘ 3m ‘ 1m ‘

w| >

TABLE I: Physical model parameters

t = 0. The constraints on the state / and the input [ are
set according to the values in (3), while the remaining
states are unconstrained. The nonlinear program is set
up in MATLAB [24] via CasADi [25] and solved using
IPOPT [26]. The physical parameters of the model are
presented in Table

The simulation results are presented in Figure |8 Fig-
ure[8a)demonstrates that ¢(7") approaches approximately
27, indicating that a complete cycle through the track
is simulated, successfully covering both steep curves.
Figure [Sc| displays the magnitude of the bicycle velocity
over time. The speed difference, Av?, before and after
the first curve is highlighted. This comparison is made
at the straight sections of the track at ¢ = Os and
t = 2.89s, cf. Figure [/l Remarkably, we observe a total
speed increase of Av® = 1.49m/s, solely generated by
the reciprocal motion between the masses.

The input for this reciprocal motion is depicted in
Figure while the distance between the masses is
illustrated in Figure [8b] Here, we observe that the state
[ alternates between its constraint values [.x and Iy,
at specific points along the track. By referring to the
visualization in Figure[/] it becomes evident that in order
to generate speed, the bike-rider system enters the curve
at its maximum height and exits at its minimum height.
This behavior is consistent with the second curve as
well, where another increase in speed can be observed.

To further support this effect, we conduct an ad-
ditional comparison by simulating the time required
to reach the terminal state ¢(7') without providing
any input to the system. It is important to note that
the simulations with input v = 0 are performed with
varying initial states for the distance [. Interestingly, it
is observed that simulating with the maximum value
lmax results in the fastest motion. In this case, the
system requires a total time of ¢ = 6.13s to reach
the same distance. In contrast, when applying the
optimal pumping input w* to the system, the time
taken to complete a full lap through both curves is
reduced to 5s. This reveals a significant difference of
At = 1.13s between the two simulations. In other
words, by applying the optimal input «* to the system,
we achieve an 18.43 % reduction in the time required
to complete a full lap through the curves.

IV. DiscussIioN

The proposed model successfully captures the re-
lationship between body positioning and longitudinal



Fig. 7: Visualization of position within first curve
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Fig. 8: Simulation results

acceleration during curve riding. It is shown that
adopting an extended upper body position when entering
a curve, cf. Figure [8blat ¢t ~ 1.2, and transitioning to a
shortened position throughout the curve, cf. Figure [8b] at
t =~ 1.5s, results in longitudinal acceleration. In fact, the
pumping motion decreased the time needed for riding
a full lap in the simulation by a significant amount.
This observation aligns with the real-world experiment
conducted in Section [[II-B] where a similar movement
pattern was observed for the test rider. Figure [3] clearly
illustrates the rise in [ as the rider enters the curve,
followed by a subsequent decrease upon exiting it. The

obtained results are therefore consistent with empirical
observations of real athletes to a certain extent. However,
it is important to acknowledge that the simplicity of the
two-mass model, along with the simplifications imposed
on the system, leads to the exclusion of various realistic
aspects. These aspects include the intricate physics of the
human body, the reduction to a single ground contact
point, considerations of ground contact physics, and
limitations imposed by the given path (2) and the rider’s
permanent upright position.

Although incorporating these phenomena would en-
hance the agreement between the model and experiment,



the proposed model adequately highlights a gap in the
research on bicycle modeling. By extending the analysis
to include hilly terrain, where riders have the opportunity
to jump on inclines and transition smoothly into declines,
the influence of pumping motions on speed generation
becomes even more significant.

V. CONCLUSION AND OUTLOOK

This paper has proposed a fundamental bike-rider
model for analyzing bicycle dynamics on uneven moun-
tain bike tracks in the absence of pedaling. The model’s
dynamics are derived and utilized to determine the
optimal input strategies for riding steep banked curves.
Specifically, an OCP was designed to maximize the
velocity and distance traveled throughout the curve. The
simulation results demonstrate a notable velocity gain,
highlighting the relationship between the rider’s recip-
rocal motion and longitudinal acceleration, consistent
with real-world athlete observations.

Further exploration of the proposed model on hilly
terrain presents an avenue for future research. The
dynamics of the bicycle-rider system on uneven tracks
become non-smooth due to the presence of jumps,
which introduce a distinction between air and ground
dynamics [19]. Consequently, addressing this scenario
would entail solving OCPs for a system with state jumps
to generate optimal riding strategies, thereby introducing
an intriguing analytical challenge.

Finally, additional analyses of neuromuscular motor
control strategies and intrinsic dynamics of the rider’s
movement would provide deeper insight into if and
how theoretically derived optimal riding strategies could
be realized by the human rider. This would further
allow us to address practically highly relevant aspects
of performance improvement as well as of mechanical
load management with regard to injury prevention.
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APPENDIX
A. Equations of Motion:

Terms for the equations of motions (3). We use the short hands s(z) := sin(z) and ¢(z) := cos(z):
mb

o =5
F(g.l) =3 (—m (201109 — 010082 — 2r*w7c (025) ¢ () 5 (9)° + 2r° ¢ (095)°c (9)s (¢)
+2r27m3¢ (095) 5 (095) ¢ (¢)°s (gf))?’) +m? (401109 — 010084 — 4r72c (095) ¢ (@) s (¢)°

+4r’m?c (025)°c (¢)%s () + 4’7 c (095) 5 (025) € (¢)’s (¢)3)

+m7"(01042 — 203093 + 02052) — mr(—20207 + 01042 — 403093 + 09052 + 20106))

mT'
(010 2+ 20112 4 2r27%¢ (095) ¢ (¢)?s (¢)2> + 7(2012 + 209” + 203?)

Qo 1,1) = % ( m” ((710212 + o1 (ins (095) ¢ () s (¢)* + 2le (o25) ¢ (qb)) 2 4 209092
+ 209 <2ic (025) S (¢) — 27Tj8 (025) c ((b)QS (¢)> + 015 — QZC (025) S (¢) g — 2ic (0’25) c ((25) o7
—6rle (025) c (@) s (o) 03) +m" <0’10212 + 209099 + 015 — lc (025) $ (¢) 042 + e (025) ¢ (¢) 052
~2ric(025) ¢ (8) s (6) 3 )
P(9,1, I, l) = —Gorav (mrag — mmPre (095) (@) s (gb)) — %r (2[8 (025) 03 — 2lc (025) c(¢) o2 — 012 + 013
+2lc (095)s(p) o1+ 014 ) + mT’" (—o12 + 013 + 014)
with 012 = 2[:0 (0'25) ((;5) g9
o1 = ¢ (¢) (RA — 024) — s (025) ¢ () s (9)*(I — 7) am=:2kﬂm5)(¢)a
9 = 5 (¢) (R — 024) + 75 (05) ¢ ()75 (¢) (I — 1) 14 = 27l%c (025) 5 (025) ¢ (¢) 5 ()
g3 = 7TlC (025) C (¢) S ((Z)) — 7T7“C( 5) ((Z)) ((z)) 015 = 2l8 (0'25) 0923
01 =017 = 5($) 016+ 275 (025) ¢ (6)7s (9) L =7) 016 =75 (025) 5 (6)°(1 = 1) — 75 (025) ¢ (6)° (1 = 7)

s(9)
o5 = —o18 + ¢ (¢) 016 + 27s (025) ¢ (P) ¢)2(l —r) + 72c(025) ¢ (¢)%s ()2 (1 — 1)

06—017—7T8(025 ( ) (l—T’) 017:S(¢)(R)\—O'24)
— 2 (095) ¢ (9)s (9)°(1 — 1) o18 = ¢ () (R — 024)
+ 31 (025) ¢ (¢)*s (@) (I — 7) 019 = rc(o25) + RA
o7 = o18 + s (093) ¢ (¢)(1 — 1) 020 = R+rc(025) ,
— w2 (o95) ¢ (¢)s (¢)2(1 — 1) o1 = 7ls (025) ¢ (¢) s (¢)” + lc(025) ¢ (9)
— 3ms (095) ¢ (@) s (¢)*(L — 1) 099 = lc(095) 5 (¢) — mls (025) ¢ (0)*s (9)
o8 = 5 (¢) 019 + 71 (025) 5 (6)° g3 = mle (095) ¢ (¢)2 —mre(ogs) ¢ (¢ )j
+ rrle(o2s) ¢ (0)%s () — 3mrs (095) ¢ (6)?s () — mle(o9s) s (¢)° 2+ 7””02(025) s(¢)
09 = C (gb) g90 — TI'S (0’25) C (¢)3 + l7r225 (0-25) (¢) 28 (¢) 9
+ rrle(o2s) ¢ (0)%s (9)? + 3mrs (095) ¢ (6) 5 (¢)* —rm s (025) c(9)"s (@)
010 = TS (0'25) c ((25) S ((25)2 + C( ) 019 024 =C (025)2(l - T)
011 = S(¢) 090 — TTS (0’25)6(¢5)28 ((25) 095 = e (¢)
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