DE GRUYTER DOI10.1515/cmam-2014-0012 == Comput. Methods Appl. Math. 2014; 14 (3):321-345

Review Article

Houde Han and Zhongyi Huang
The Tailored Finite Point Method

Abstract: In this paper, a brief review of tailored finite point methods (TFPM) is given. The TFPM is a new
approach to construct the numerical solutions of partial differential equations. The TFPM has been tailored
based on the local properties of the solution for each given problem. Especially, the TFPM is very efficient
for solutions which are not smooth enough, e.g., for solutions possessing boundary/interior layers or so-
lutions being highly oscillated. Recently, the TFPM has been applied to singular perturbation problems, the
Helmholtz equation with high wave numbers, the first-order wave equation in high frequency cases, transport
equations with interface, second-order elliptic equations with rough or highly oscillatory coefficients, etc.

Keywords: Tailored Finite Point Method, Singular Perturbation Problem, Boundary/Interior Layer, Discrete
Maximum Principle, High Frequency Waves, Discrete-Ordinate Transport Equation, Multiscale Elliptic Prob-
lem

MSC 2010: 65N35, 65N12

Houde Han, Zhongyi Huang: Department of Mathematical Sciences, Tsinghua University, Beijing 100084, P.R. China,
e-mail: hhan@math.tsinghua.edu.cn, zhuang@math.tsinghua.edu.cn

1 Introduction

The tailored finite point method (TFPM) is a new approach to constructing discrete numerical schemes for
the solutions of the differential equations. Especially, TFPM is very efficient for the solutions which are not
smooth enough, for example, when the solutions possess boundary/interior layers or the solutions are highly
oscillatory.

The TFPM provides a new point of view for designing the discrete numerical schemes for the solution of
a given differential equation with suitable boundary and/or initial conditions. At each given interior point,
the TFPM scheme is constructed based on the properties of the solution of the given problem. Therefore, the
main properties of the solution can be preserved in the numerical scheme of the TFPM in some sense.

At first, the tailored finite point method was proposed by H. Han, Z. Huang and R. B. Kellogg [20, 21] for
solving the Hemker problem numerically. This is an open problem proposed by P. Hemker [27]. The interna-
tional conference BAIL2008 awarded the Pieter Hemker Prize to Han, Huang and Kellogg for their contribution
to the goal of designing the best computational algorithm for the Hemker problem [21].

The Hemker problem is a typical singular perturbation problem of a second-order elliptic equation with
constant coefficients in two dimensions. The solution of the Hemker problem possesses boundary and interior
layers. The computational algorithm given by the TFPM for the Hemker problem can achieve good accuracy
with a very coarse mesh whenever the perturbed parameter ¢ is very small or large, and the numerical so-
lution can capture the boundary/interior layers, even though the mesh is very coarse. To solve numerically
singular perturbation problems of second-order elliptic equations, the TFPM was applied systematically by
Han and Huang [15-17, 19, 31], Shih, Kellogg and Chang [55], Shih, Kellogg and Tsai [56]. Han and Huang
proposed the TFPM scheme for the numerical solution of a singular perturbation problem of fourth-order el-
liptic equation [18], and an iterative TFPM scheme of which was given by Han, Huang and Zhang [23]. Hsieh,
Shih and Yang [29] proposed a TFPM scheme for solving the steady magnetohydrodynamic (MHD) Duct flow
problem with boundary layers, which is a singularly perturbed system of second-order elliptic equations. A
uniformly convergent semi-discrete TFPM for a class of anisotropic diffusion problems was proposed by Han,
Huang and Ying [22]. A parameter-uniform TFPM for a singularly perturbed linear ODE system with multiple
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perturbation parameters was obtained by Han, Miller and Tang [24]. Two parameter-uniform tailored finite
point schemes for two-dimensional discrete ordinary differential equations with boundary layers and inter-
faces were given by Han, Tang and Ying [25], in which the problem can be treated as a singularly perturbed
problem of a system of ordinary differential equations.

In addition to singularly perturbed problems, TFPM has been applied to various other fields as a new
approach for the numerical solution of differential equations. For example, a uniformly convergent TFPM for
the one-dimensional Helmholtz equation with high wave numbers in heterogenous medium was obtained
by Han and Huang [15], and a tailored finite cell method for solving the Helmholtz equation in layered het-
erogenous medium appears in Huang and Yang [32]. The TFPM was applied to interface problems by Huang
[30] and the first-order wave equation by Huang and Yang [33]. The multi-scale TFPM for second-order elliptic
equations with rough or highly oscillatory coefficients was given by Han and Zhang [26], in which a class of
multi-scale problems was studied.

The TFPM provides new ideas and a new perspective when constructing numerical schemes for differen-
tial equations. The numerical scheme at each point is tailored/constructed based on some properties of the
solution of the given problem at that point. In many cases, the schemes given by TFPM preserve important
properties of the solution of the given problem. Therefore, even on a very coarse mesh, the numerical solu-
tions given by TFPM can still capture the important properties of the given problem. The TFPM is now at the
development stage. Further applications of the method are expected in the future.

The rest of this paper is organized as follows. First, we describe the principle of the TFPM in Section 2.
Then we review the TFPM for singular perturbation problems in Section 3, for wave problems in Section 4,
for transport equations in Section 5, and for multiscale elliptic problems in Section 6. Finally, we give a short
summary in Section 7.

2 The Principle of the Tailored Finite Point Method

In this section, a couple of examples are given to explain the principle of the tailored finite point method.
At first, we start from the five-point and nine-point difference schemes for the Laplace equation

—-Au =0, (21)

to explain the basic idea of the tailored finite point method.
Take a point x° and four points around it (cf. Figure 1):

x' = (h,0), X =(0,h,), X =(-h;0), x*=(0,-h),

where h; >0 (i =1,2,3,4) are givenand 0 < h; < 1.

We try to find a five-point scheme for the Laplace equation (2.1) at the point x’, namely, find five numbers
o; (i=0,1,...,4) such that

Koly + 0 Uy + 0l + oy + gty =0

approximates the Laplace equation at the point x°, where u; (i = 0, 1,..., 4) denote the approximate values of
u(x), the solution of Laplace equation (2.1), at the point x'. How do we find the constants &; (i = 0, 1,...,4)?

The solution u(x) of the equation (2.1) can be expanded into a sum of harmonic polynomials around the
point x° = (0, 0):

u(x) =¢ +x; +6x, + cj(xf - xg) + X%, + cs(xi - 3x1x§) + c6(x§ - 3xfx2) +oee

At the cell Q, = {(x;,x;) | —h; < x; < hy, —h, < x, < h,}, the solution u(x) can be approximated by the first
few terms, for example,

u(x) = {cp + %, + 6x, + G (x7 — x3) +¢x,x,} = O(’) forallx € Q

with h = max, ;4 h;.
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x° X x°
h2
h 0 h
X3 3 X 1 X1
h4
N & x8  Figure 1. The location of the points x°, x, ..., x%.

To find the constants o; (i = 0, 1,...,4), we take the subspace of the harmonic polynomials
W14 = {v(x) | v(xX) = ¢ + X%, + X, + %(xf - xg) forall € R, i=0,1,2,3}.
We then choose the constants «; (i = 0, 1,...., 4) such that
0 1 2 3 4 4
au(x’) + 4 u(x ) + o, u(x”) + azu(x’) + auu(x’) =0 forall v(x) € Wy
Taking v(x) = 1, x;, x, and x> — x3, respectively, we arrive at
a oty ta, =0y hoy —hay =0, ha,—ha, =0, Ha -ha, + Ko, - Ha, = 0. (2.2

Solving system (2.2), we obtain

Y hyhshy o hyhshy o
Y7 (b + hy)(hyhy + hyhy) 7 (hy + h)(hhy + hyhy)
hyhyhy hyhyhy

Ky = — *n, X4y = — [0 A
> (hy + hy)(hyhy + hyhy) 0 7 (hy + hy)(hhy + hyhy) °

In practice, if we take h, = h, = h; = h, = h, we have

Letting o, = 4/h?, from a new point of view, we reconstruct the famous five-point difference scheme for the

Laplace equation (2.1),
u; +u, +us +uy —4u,

h2
Second, we design a five-point scheme (with h, = h, = h; = h, = h) for the equation

=0.

—eAu+0, u=0 (2.3)

with a small perturbation parameter 0 < ¢ <« 1, which was considered in the Hemker problem [27]. For any
solution u(x,, x,, €) of the equation (2.3), let

_x
v(x, %5, €) =€ 2u(xy, x,, ).
Then v(x,, x,, €) satisfies

—Av + iv =0 2.4)
2

with y = i The solution v(x,, x,, ¢) of equation (2.4) can be expanded at x = x° as
(oe]
v(xy, x5, €) = agly(ur) + Z IL(ur)(a, cos nf + b, sinnf),
n=1

where (r, 0) is the polar coordinate of x = (x,, x,) based at x’, and I, is the n-th order modified Bessel function
of first kind.
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Since the solution u(x,, x,, ) of (2.3) satisfies
u(xy, x5, €) = e10(xy, x5, ),

u can be expanded around x = x° as
u(x) = b, + e”rcose{aolo(yr) + Z I(ur)(a, cosnb + b, sin n@)}. (2.5)
n=1

We take the first few terms in (2.5) to construct a four-dimensional function space
Wit = {u | u=by + e agIy(ur) + a, I, (ur) cos 8 + by I, (ur) sin 0] for all ay, a,, by, by € R}.

We seek some constants «; (i = 0,1,...,4) to construct a five-point scheme for the equation (2.3) at the
five points x°,x', ..., x*, namely

oclu(xl) + oczu(xz) + ¢x3u(x3) + (x4u(x4) + ocou(xo) =0.
The constants o; (i = 0, 1,....,4) are determined by
o u(x") + ayu(x®) + auu(x’) + agu(x?) + auu(x’) = 0 forallu e WI‘} (2.6)
In equation (2.6), taking u = 1, " COSGIO((M‘), ehreosfr (pr) cos 6, e cosfp, (pr) sin 6, respectively, yields

h —uh h —uh
o oy o tay =g, L(ph) ("o o e oy tay) = —ag, a—ay, =0, o —e oy =0. (27)

Setting
cosh(uh) — Io(ph)
h) = Ty N 1
Buh) ToGa) — 1
then from (2.7) we have
_ e th ~ B B(uh) .
% = S lcoshum + B 0 = % & = ey + By o = e (28)
eth

ay = " 3 (cosh(a) 1 ﬂ(yh))ao = —o3 (ph)ay, oy = o, = —oy(ph)ey,  With o, (uh) = a(ph). (2.9)

In this manner we obtain a new five-point scheme for equation (2.3), which has been called the five-point
tailored finite point scheme for this equation:

—ay (ph)u, — oy (ph)uy — og(ph)uy — oy (ph)uy + uy = 0. (2.10)
The coefficients a;(uh) (j = 1,2,3,4) given by (2.8) and (2.9) contain the Bessel function I, (uh) and exponential

functions e*", e ", By an integral representation of I, (x) (see [14]), we have

Iy(x) = J cosh(xcos0)df and Iy (x)-1>0 forallx>0.
0

!
T
Hence, B(uh) > 0 for yh > 0, and

4
aj(uh) >0 forph>0, j=1,2,3,4 and Y a;(uh)=1.
j=1

Furthermore, a nine-point scheme of equation (2.3) can be constructed at the nine points x/ (j = 0,1,...,8)
(see Figure 1). In this case we take the 8-dimensional function space

3
‘,Vﬁ - {u lu=by+ e“’cose[aolo(.“r) + z IL(ur)(a, cosnb + b, sin n@)] foralla,,b, € ]R}.
n=1
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The nine-point scheme we seek is of the form
8
> Biu; =0,
j=0
where the constants f8; (j = 0,1,..., 8) are determined by
8 .
Y Bju(x’) =0 forallv e Wy (2.12)
j=0

Set

A(uh) = I,(V2uh) - cosh(uh),  B(uh) = cosh’(uh/2) - I,(uh),
C(uh) = 21y(V2uh)(1 + cosh(uh)) — 41,(uh) cosh(uh).

Taking 3, = —1 in the linear equations (2.11), we obtain

e A(uh) e Auh)
B = —C(yh) = B, (uh), B = T#h) = B5(uh),
A(uh ““B(uh
Pr=Pi= cgﬁh; = Paluh) = Puluh), Bs = Ps = ET;J(;)) = Bs(uh) = By(uh),
. e"B(uh) _ ~
ﬂﬁ - ﬁ7 - C([/lh) = ﬂs([/lh) - B7(Auh)

Thus, we arrive at the following tailored nine-point scheme for equation (2.3):
8
o= Y. Bi(uh)u; = 0. (212
=1
Remark 2.1. For & = uh > 0, we have A(§) > 0, B(§) > 0 and C(§) > 0. That means ,Bj(E) >0(j=12,...,8) for

& > 0. Furthermore, we have Z?:l /3]-(5) =1for& > 0.

For the second-order singularly perturbed elliptic equation (2.3), we obtain a five-point scheme (2.10) and a
nine-point scheme (2.12), which possess the following properties:

(i) Schemes (2.10) and (2.12) satisfy the maximum principle.

(ii) When 0 < & < h, the schemes (2.10) and (2.12) naturally reduce to

o7 =0 ewtcin),

which is a good approximation of the upwind scheme of equation (2.3):

Uy +uy +uz +uy —4uy Uy —us
—-€ +

h? h

=0,

since the first term of the above equation is a higher-order term in the case 0 < ¢ <« h.

Principles of TFPM

From the above examples, we can see the procedure for constructing a discrete scheme for a given differential
equation by TFPM.

(i) For a given point x°, choose several points x’ ( j=1,...,k) around x°.

(ii) Construct a finite-dimensional function space W*, where the basis functions of the function space W*
are tailored based on some properties of the solution of the given problem at point x’. For example, the
solutions of the approximate problem at point x° could be used to construct the space W*.
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(iii) To construct a TFPM at x° (with x/, j = 1,...,k) is equivalent to finding constants a; (j =1,...,k) such
that
k
Uy = Z oG,
j=1

where u; denotes the approximation of u(x’).
(iv) The constants a : (j = 1,...,k) are determined by requiring that

k
v(x’) = Z lXjU(Xj) for all v(x) € W,
=1

3 TFPM for Singular Perturbation Problems

Let us consider the following model problems:

( L u= —2Au+ pX)u, + q(x)uy +b(x)u = f(x) forallx=(x,y)eQ,

1 ulp =0, (3.1
[ b(x) 2b° >0 forallx € Q,

(L,,u=eAu-Au=f(x) forallx=(x,y) eQ,

{ ¥l =0, 32

0
u _,
Lanr

where O ¢ R? is a bounded domain with boundary I, while p(x), q(x), b(x) and f(x) are four given smooth
functions on Q.

When 0 < ¢ « 1, problems (3.1) and (3.2) are two typical singular perturbation problems. Problem (3.1)
is a singularly perturbed second-order elliptic equation. Problem (3.2) is a singularly perturbed fourth-order
elliptic equation. The solutions of these problems possess some boundary layers on a portion of I', and maybe
also have some interior layers in Q. These layers are characterized by rapid transitions in the solutions. The
existence of these layers in the solution is a major difficulty for the numerical simulation of singular pertur-
bation problems.

The numerical solutions of similar singular perturbation problems have been studied by many mathe-
maticians, for example, one could refer to the books by Doolan, Miller and Schilders [9], Morton [46], Roos,
Stynes and Tobiska [51], and the review paper by Stynes [58]. Generally speaking, for capturing the boundary
layers and interior layers in the numerical solutions of those given problems, one usually need the finest mesh
size h ~ O(¢?) in problem (3.1). One of the main goals in the study of numerical solutions of singular pertur-
bation problems is to construct “uniformly convergent methods”, which means that the numerical solution
converges to the true solution, uniformly in &, in some norm. For problem (3.1) in the one-dimensional case,
exponentially fitted schemes on a uniform mesh are given, e.g., by II'in [37], Miller [45], Berger, Han and Kel-
logg [5]. The uniform convergence of the numerical solutions was proved in those papers. On the other hand,
mesh refinement is also used frequently for capturing the boundary layers in the numerical solutions; see,
for example, Shishkin meshes [57]. Shishkin meshes can give a uniformly convergent method, but they need
a prior knowledge of the position and behavior of the boundary layers (see [6, 42-44, 48, 57]).

For problem (3.2) in the one-dimensional case, there are many results. For example, uniformly convergent
conforming finite element methods (FEM) are given by Roos and Stynes [50] and Semper [52]. Shishkin meshes
are used in the FEM by Sun and Stynes [60, 61]. An exponentially fitted finite difference scheme is proposed
by Shanthi and Ramanujam [53] and a high-order finite volume method is given by Chen, He and Wu [7]. For
the two-dimensional case of problem (3.2), a nonconforming H 2_element FEM is obtained by Nilssen, Tai and
Winther [47] and a modified Morley element is developed by Wang, Xu and Hu [66], in which they obtained a
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half order uniform convergence rate in an energy norm. The modified Morley element for three-dimensional
problems with half order uniform convergence rate is given by Wang and Meng [65].

Recently, Han, Huang et al. applied the TFPM to a wide variety of such problems [16-18, 20, 21, 23, 30].
At each point, they choose the exact solutions of the local approximation problems as the basis functions
for constructing the discrete schemes. Therefore, good approximate solutions can be obtained by these new
schemes even on a uniform coarse mesh (h > ¢) without any prior knowledge of the boundary/interior layers.

3.1 The Tailored Finite Point Scheme for Problem (3.1)

For the sake of simplicity, we assume that Q = [0, 1] x [0,1]. Let s = N~* be the mesh size and
x;=ih, y;=jh 0<ij<N.

Then P, ; = (x;, y;) (0 < i, j < N) are the mesh points, i.e., one has a uniform mesh.

We now construct the tailored finite point scheme for the first equation of problem (3.1) at mesh point
x°. Around x°, there are eight mesh points x' (i = 1,2,..., 8). Then the cell O, contains x' (i = 0,1,...,8); see
Figure 1.

First we approximate the first equation of problem (3.1) on the cell O, by

2
=€ Au + pyu, + qouy, + byu = fo

with p, = p(x°), g, = 9(x°), b, = b(x°), f, = f(x°). Introduce a new function

u(x,y) = (u(x, y) - i—z) exp(—%)_

2 2
Then v satisfies —&*Av + dgv = 0 with d = b, + 227,
Let yy = dy/e and

Hy = {v(x,y) | v=ce ™ + e + ;e +¢ef” forall g; € R}.
Then we take the discrete scheme as
a Vi + oV, + o Vy + o,V + gV, =0 (33
with V; = v(x/), such that (3.3) holds for all v € H,. By the procedure given in Section 2, we have

) —%

= =0y =0y = = )
) 4cosh2(’%h)

Choosing
oM il g cosh?(th)
0 et 4 otoh _ 9 sinhz(%h) >
we get
1 1
o =0y =03 =0y =— — =— .
el + el =2 gginh?(t")

Then we have the following five-point scheme for problem (3.1):

_ kot _aoh bl a0k _ ol _doh boh aoh
U e 22U, +e U, +ex?U; +ex?U, f0<1 e 22 +e 22 +ex? + el > (34)
0 - h = 7 - h o
4 coshz(’%) by 4 coshz(’%)

with
PoXxj+4q0); )

i _ Jo
U, = u(x’) = b_o +V; exp( 5e2



328 —— H.Hanand Z.Huang, The Tailored Finite Point Method DE GRUYTER

Finally, we get the following discrete problem of problem (3.1):

pijh ajjh pijh gijh

e_FUi+1)j + e_?Ui)j+1 + e?Ui,l’j + e?Ui’];l

bi'
LU, = —’{U,.j - ~ } =fip 1<ij<N-1,
L 4cosh’(55) (35)

Up=Upy=0, i=01,..,N,
UO,j:UN,jZO’ j:l,...,N_l,

with
_nh it mgh dih
e 22 +e 222 +e2? + g2
ij = o
4 cosh? (%)

Lemma 3.1 (cf. [19]). Itis easy to check that the discrete problem (3.5) satisfies the discrete maximum principle.

Remark 3.2 (cf. [19]). Ifh < &%, i.e., yoh < 1and vyh < 1, we have
]’l h 2 2
cosh2<%) =1+ % + O((uoh)h), coshz(%h) =1+ @ +O((voh)*)

and

I+

et oyt GO GD iy e G OB ayy
2¢2 2 6 2&2 2¢? 2 6 2¢?
If we omit the high-order terms, the tailored finite point scheme reduces to the standard second-order finite
difference scheme of the first equation of problem (3.1) at x’, i.e.,
e U +U, + []]132+ U, —4U, Py U12hU3 ra U22h
Remark 3.3. For 0 < ¢ < h, the scheme (3.4) reduces to the upwind scheme.

9)
£+ bUp = fo-

3.2 Error Analysis of the Discrete Problem (3.5)

We only consider the simple case
Q=017 px)=p,>0, qx)=0, bx)=h >0, f(x)eCQ) (3.6)
for some integers 3 < I € IN and some real numbers « € (0, 1).

Theorem 3.4 (cf. [19]). Suppose that (3.6) holds and {U; » 0 < i, j < N}is asolution of problem (3.5). Then the
following estimate holds:

£,
lU’]lgogfstb_o’ shjsN
Let
E;j=U-u(P;), 0<ij<N,
then

h
L,E=Tyu=0{h+ e 4 eiﬁ%}.
By Theorem 3.4 and Lemma 3.1, we have the following result.
Theorem 3.5 (cf. [19]). Suppose that (3.6) and 0 < € < h hold. Then we have the error estimate
2 _ poh _ﬁﬁ ..
|Ej;l<Clh+e e @ +e’x}, 0<ij<N.

Remark 3.6. Many numerical examples are given in [16, 17, 20, 21, 30], which show that the tailored finite
point method works efficiently and displaces the uniform convergence in e. But the uniformly convergent
error analysis is still open for the general case.

Remark 3.7. We also proposed TFPM for the anisotropic diffusion problems [22] and the ODEs with different
parameters [24]. We proved the uniform convergence of our TFPM for those problems.
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3.3 TFPM for the Fourth-Order Singular Perturbation Problem

First, we discuss the decomposition of the fourth-order partial differential equation of problem (3.2). Let
v=Au and w=u-¢ev. 3.7

It is straightforward to check that the functions v, w satisfy the following system of two second-order elliptic
boundary value problems:
—ZAv+v= -f(x) forallx=(x,y) € Q,
-Aw = f(x) forallx=(x,y)€Q,
(w+ )l =0, (3.8)
2
o(w + &°v) 0.
on T
For problem (3.8), we have the following stability estimate:

Theorem 3.8 (cf. [18]). Suppose that (v, w) is a solution of problem (3.8) and v, w € H'(Q). Then the following
stability estimate holds:

J V(w + ') - V(w + £*v) dxdy + ¢ J v dxdy < C J f* dxdy,
Q Q Q

where C is a constant independent of .

On the other hand, we know that problem (3.2) has a solution u, € H;(Q) foralle > 0; see [12]. By the definition
(3.7), we know (v, w) is a solution of problem (3.8). Therefore, from the above stability estimate, we obtain the
uniqueness of problem (3.8) directly:

Theorem 3.9. Problem (3.8) has a unique solution and is equivalent to problem (3.2).

From the view of finding the numerical solution, using problem (3.8) is more convenient than problem (3.2).
We now construct the tailored finite point scheme for problem (3.8).

3.3.1 TFPM in Interior Domain

For the sake of simplicity, we assume that Q = [0, 1] x [0, 1] and we have a uniform mesh, i.e., let h = N~! be
the mesh size and
x;=ih, y;=jh 0<ij<N.

Then P, = (x;, ;) (0 < i, j < N) are the mesh points.

We now construct our tailored finite point scheme for (3.8) on a cell Q, (see Figure 1). First, we approxi-
mate the function f(x, y) by piecewise constants, i.e., we approximate f by f, = f(x,y)dxdy in cell
Qo-

For the second equation of problem (3.8), we can just use the standard five-point difference scheme:

i Jo,

WL+ W, + W+ W, - 4W,

2 - f (39)

with W, = w(P).
For the first equation of problem (3.8), let A = £*v. Then A satisfies

—AL+ A = €. (3.10)
In cell Q, let y = A + £* f,. Then v satisfies

—Ay +y = 0. (3.11)
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Then we construct a scheme for (3.11) as
¥+, + s + Y+ oy, =0
with ¥; = y(B), by the procedure given in Section 2, where we take

_ 2, uh
eth 4 e 1o cosh®(57)

0= - = :
e +e =2 ginh?(4)

Then . .
A =0 =0 =0, =— =- . 3.12
1 2 3 4 eth 4 g~uh _ 9 4smh2(”7h) ( )

We finally have the following five-point scheme for (3.10):

A, (3.13)

A+A,+ A5+ A, 2 ( 1 )
_ =g -
4 coshz(%h) 0 coshz(%h)

. 2
with Aj=MP) =Y - & f,.

3.3.2 TFPM on the Boundary

It is straightforward to implement the first boundary condition of problem (3.8). For example, if P, € 0Q), we
have

W, + A, =0. (3.14)
Furthermore, in terms of the function A, we replace the second boundary condition of problem (3.8) by
ow+d) _ 0 (3.15)
on

The boundary condition (3.15) can be discretized similarly to our procedure above. For example (cf. Figure 1),
suppose P; is on the boundary 0Q. We want to approximate %’(PQ by

0
%(}g) ~ oy W; + agW, + o, W, + W (3.16)
We expect that the approximation (3.16) has no error for all the functions in the space

W, = {d(x,9) = ¢, + x + 6y + ¢4 (x° — y*) for all ¢ €R, j=1,2,34}

Then we obtain the coefficients . 5 )

= 03 =, g =0, = .
o 67777 an

(XO = - h)
Next, we want to approximate %(PQ by

oA
a_n(P3) = B3+ Belg + BrAs + By

We arrive at

8 1 1 +coshg b= p 1[; G1)
0 ssinhg’ i ssinh% A L )
Then we get the discretization of (3.15) as
BsAs + BsAg + BrAy + BoAg + W + agWe + a, W, + oy W, = 0. (3.18)
When h > ¢ (for example, h > 5¢), it is easy to check that
Bs > 1Bl + 1571+ 1Bol + log| + lag| + los | + el (3.19)

The discretization of the boundary condition (3.15) at other boundary points is similar.
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Remark 3.10. It is clear that the system of equations (3.9), (3.12) and (3.14) is diagonally dominant. When
h > ¢, from (3.19), we know that (3.18) is also diagonally dominant. That means, in this case, our linear
system for W, and A; has a unique solution.

After solving this linear system, we get the approximation of u(P,) = U; by U; = W, + A;.

Remark 3.11. If i « ¢, i.e., ph <« 1, we obtain
2
cosh2<%h) “1+ @ + O((uh)).

Omitting high order terms, the tailored finite point scheme (3.13) reduces to the standard second-order finite
difference scheme of the first equation of problem (3.8) at P, i.e.,

Vi+V,+V;+V, — 4V,
_¢? 1t 2+h32+ 4 04V, = fp

Remark 3.12. When ¢ — 0, from (3.17), we obtain

Bo»Be>B7 — 0, 3 — +oo,

i.e., we should have A(P;) — 0. That means the second boundary condition of problem (3.8) reduces to A|; = 0
as ¢ — 0. Therefore, by our discretization of the boundary conditions, when ¢ — 0, problem (3.8) is really
decomposed into two decoupled problems:

- Aw = f(x, for all (x, y) € Q,

{ ) (x, ) (320)
wlp =0,
— @A+ A= & f(x, forall (x, y) € Q,

{ fxy) (x, ) (5.21)
A =0.

It is straightforward to check that A, the solution of (3.21), goes to zero when ¢ — 0. And the solution of
(3.20) is really the leading order approximation of the original problem (3.2) as ¢ — 0. That means, we can
get a good approximation of u, as ¢ — 0, i.e., our method is an asymptotic-preserving method.

Remark 3.13. We also propose an iterative method [23] to solve problem (3.8). At each step we only need to
solve two boundary value problems of second-order elliptic equation which are only coupled on the boundary.
We prove the convergence of our method on a disc. The convergence theory in the general case is still open.

4 TFPM for Wave Equation

Here we consider the inhomogeneous Helmholtz equation in the one-dimensional case:

i<c2(x)d—”) KR (u = f(x) forallx e Q= (ab) C R,
dx dx

u(a) =0, (cu' —iknu)(b) =0, (4.1)

u(x) and c (x)u' (x) are continuous on Q,

whereiis the imaginary unit, k > 0, f € L*(Q), and ¢(x) and n(x) are two piecewise smooth functions, namely
the local speed of sound and the index of refraction, respectively, such that

0<¢<clx)<Cy<oo, 0<ny<n(x)<N,<oo.

The boundary value problem of the Helmholtz equation arises in many physical fields, such as the
acoustic/electromagnetic/seismic wave propagation. It is well known that the numerical simulation of the
Helmholtz equation with high wave numbers in inhomogeneous medium is extremely difficult [4, 35, 36, 38].
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In recent decades, many scientists presented efficient methods for this class of problems with constant co-
efficients, including the discrete singular convolution method [2], the hybrid numerical asymptotic method
[13], the spectral approximation method [54], the element-free Galerkin method [59, 63], the so-called ultra
weak variational formulation [34], and the hybrid numerical-asymptotic boundary integral method [8]. In
general, these methods need the restriction kh = O(1) for the mesh size h in the simulation.

For problem (4.1), if we let

X

y(x) = j CZ% dE, T=yb), () =cxONnx(), F(y) = f(x(y),

a

the function U(y) = u(x(y)) shall satisfy the following problem:
U"(y) + K*s*(»)U(y) = F(y) forall y € I = (0,7),
U@©) =0, U'(z)-iks(t)U(z) =0, (4.2)

U(y) and U’ (y) are continuous on I.

4.1 Stability Analysis for Analytical Solution

Without loss of generality, we assume that I = (0, 7) = (0, 1). Let

2(I) = {v | le(y)lzdy < +00}

I

denote the space of all square-integrable complex-valued functions equipped with the inner product
(v, w) := J v(y)w(y) dy

I

and the induced norm
lollo; = V(v,v).

Furthermore, for m € N, let

H™(I) = {v | v e L*(D), v e L*(I), j=1,...,m},

where v/ are the derivatives of order j in the distribution sense. By the semi-norm |v];; := [v®],; given in
H'(I), one norm of the space H™(I) is defined as

m 5 1/2
loll,,,.r = ( Zlvlj,l> .
j=0

In addition, assume that the piecewise smooth function s(y) is also piecewise monotone, i.e., there are some
points y; (j =0,1,...,J) such that

0=yy<y <<y =1 Ii=ipy) 5|1j is monotone, m € CI(I_j), j=1,...,].

Setting
Mj = lsloor, MG =l loor, 5= 10 ),

we obtain

0 1
ny < max M; < Ny, M, = max M < +oo.
1<js] 1<j<J

Then the following estimates for problem (4.2) hold (cf. [35, 36, 54]).

Lemma 4.1 (Stability analysis, cf. [15]). Suppose F € L*(I) in the first equation of problem (4.2), s(y) is piece-
wise smooth and piecewise monotone, U is the solution of (4.2). Then U € H*(I) n C'(I) and the estimates

Ul + k”U"o,[ < C|Fllpy, Ul < CA+ k)"F”o,[

hold for a positive constant C which is independent of F and k.
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4.2 TFPM for the Helmholtz Equation

First, we take a partition as
0=F <& < <fy=1
with
h]-:fj—fj_l, j=12,...,N, and hzlrsnji)ﬁjhj,

such that s(y) is smooth and monotone on each subdomain D = (& -1 & i) (see Figure 2).

E’j+1

Figure 2. The local mesh around points §;_;, §;, and ;.

Then we approximate the coefficient s(y) by a piecewise constant function, i.e., we introduce a function
s,(y) defined by
s(y) =s;=5(;) foryeD; j=1,....N. (4.3)

Now we obtain an approximate problem of (4.2) for U,:

U, (») +K’s;U,(y) =F forally e Dj, j=1,...,N,
U,(0) =0, U, (1) — iksyU,(1) = 0, (4.4)
Up&) = UpE)), ULE) =Uu&), j=1...,N-1L

Fory,zeDj,j: 1,..., N, let

G.(y,2) = —
i2) ks;

ks (@E5) sin(ks;(y —§;.1)), ¥y =2,
ks =80 sin(ksj(z - fj_l)), z>y.

Then the solution of the first equation of problem (4.4) can be expressed as
§j
Up(y) = A;*91075) 4 Be kil 4 J f(2)Gj(y,2)dz fory e D; (4.5)
Ej—l

with some constants A »Bj€C,j=1,...,N. From the boundary conditions and the interface conditions of
problem (4.4), we have

A +B+f] =0, =2iBy+fy=0, (4.6)
At 4 Bie ™My fesin(ksh) = Ay + By + fl,, 1< j<N-1, (4.7)
Ajeiksfhj _ Bje—iksjhj _ iff cos(ks;h;) = S]S‘—j'l(Aj+1 ~-Bj, + f].s+1), 1<j<N-1, (4.8)
with
g §
fi= [ 2 sntkssv -6y i= [ P cosths -t dn g =fivif; 69

J J

‘fj-l 5;'—1

Now we obtain a linear system of 2N equations for all 2N unknowns A ;, B; (j = 1,...,N). Solving this linear
system (4.6)—(4.8), we can get our approximate solution Uj,(y).

Remark 4.2. Certainly, in practice, we need some quadrature rules to get the integrals in (4.9). When the wave
number k is large, it is not easy to get these integrals by standard quadrature rules. However, if we expand the
function F by a series of piecewise trigonometric functions or if we approximate F by piecewise polynomials,
we can get the approximation of these integrals explicitly with high accuracy (cf. [30]).
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4.3 Well-Posedness of TFPM

The following well-posedness theorem holds.
Theorem 4.3 (Uniqueness theorem, [15]). The linear system (4.6)—(4.8) has a unique solution.

Remark 4.4. From the proof of Theorem 4.3 (cf. [15]), we also give a procedure to solve our linear system
(4.6)—(4.8) very easily. That means, from (4.6), we have

()2 BY(4)e(#), jorn
BiJ \Bj &) \Bji) \V

S i {4 N S 1 {4
Hi=&ifi t Efj’ Vi = ﬁjfj+1 - 5fj+1'

(5)-G D))

by iteration. Combining with (4.6), we can get A,, B,, Ay, By immediately. Finally, we can get A ;, B; (j =
2,..., N — 1) by recursion. The total cost of solving the linear system (4.6)—(4.8) is O(N).

with

Then we can get

4.4 Convergence Analysis of TFPM

From the definition (4.3) of s;,, we have
Is*(y) = sp(»)| < 2NoMh - forall y € I.
Suppose that U is the solution of problem (4.2), and U, is the solution of problem (4.4). Set
E(y) =U(y) - Uy(»), R, =k (s; - s)U.

Then we arrive at
E"(y)+ kzsf,E(y) =R,(y) forallyel,

E(0)=0, E'(1)-iksyEQ) =0,

E and E' are continuous on I.

Lemma 4.5 (Stability analysis for TFPM, [15]). Suppose F ¢ L*(I) and that s( y) is piecewise smooth and piece-
wise monotone on L. Then we have E € H*(I) n C!(I) and the estimates

|Ely; + KllEllo; < ClIRLlloz  1ElLy; < C(1+ K)IRllo
with a constant C independent of R, and k.
Theorem 4.6 (Error estimate for TFPM, [15]). The error estimates
|El,; + klEllo; < CM Kkh|Fllo; |Ely; < CM1k2h||F||OJ
hold with a constant C independent of h and k.

Remark 4.7. From Theorem 4.6, we know that E(y) = 0if s(y) = c¢(y)n(y) is a piecewise constant function,
which implies that our method can get the exact solution in this case.

Remark 4.8. We extended the ideas of this section to higher-dimensional problems [33]. The algorithms and
the stability analysis are more complicated.

Remark 4.9. We also apply our TFPM to the first-order wave equation [32]. We get very good approximations
for the first-order wave equation and conservation laws, especially for the cases with high frequency waves
and discontinuities.
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5 TFPM for Discrete-Ordinate Transport Equations

5.1 The Discrete-Ordinate Transport Equations

The neutron transport equation is widely used in nuclear engineering, thermal radiation transport, charged-
particle transport and oil-well logging tool design, etc. Numerical methods for the neutron transport equation
have been developed for decades [39-41] as an active area.

The discrete-ordinate transport equations are given by [41]

5] %)
£<Cm EWm + Sm@Wm) tory, = (GT - 82 aa) Z V,wy, + 52% meV, (5~1)

nev

where V represents the index set V = {1, 2,...,4M} with positive integer M,
¢, =(1 —(fn)% cosf, and s,=( —Cfn)% sinf,, for|(,|<1, meV.

Let v,, = v,,(x, y) be an approximation of the density function y(x, y,{,,,6,,) for m € V. For simplicity, we
assume that the spatial variables x, y satisfy x € (0,a) and y € (0, b) for two positive real numbers a and b,
that is,

D ={(x,y) | x € (0,a), y € (0,b)}

is the computational domain. At the boundary oD, the approximate particle density functions {v,,(x, ¥)},.cv
satisfy the boundary conditions

{Wm(o’y) = 1//Lm(y)’ Cm > 0; Wm(a’y) = l//Rm(y)’ Cm < 0; Y € [0’ b]’ (5 2)

Y, (x,0) = v, (%), s, >0 v,,(x,b) = v, (x), s, <0, x¢€[0,a]
Here v, (%), Yr,(X), v, () and yp,,(y) (m € V) are known functions. For any interface line «, we should

have the interface conditions
Vinla = Vpulor m V. (53)

In order to have the discrete-ordinate equations (5.1) converge to the same diffusion limit equation, as
¢ tends to zero (when the boundary conditions are independent of m), the quadrature set {c,,, s,,, W, } ey 1S
required to satisfy the conditions [62]

z w, =1, z w,c, =0, Z w,s, =0, z w,C,s, =0, z w,(c} +52) = % (5.4)

nev nev nev nev nev

We choose a symmetric quadrature set {c,,, s,,,, w,,} by assuming

Wy, = Wiy = Winiom = Winesm > 0’ m = 1""’M’
T 3
Gm:0m+M—E:6m+2M—71:6m+3M—Ene(O,n/z), m=1,...,M,
(5.5)
Cm =Cm+M = GmraM = Smasm € [0’1]’ m = 1""’M’

¢ =(1- (rzn)% cosB,, s,=(1- Cfn)% sinf,, meV.

The requirement (5.4) indicates ¥, w,(1 - ) = ¢ and further

Mz

w, Cn = E (5.6)

n=1

We can check that when the set {c,,, s,,,, w,,,} is chosen by (5.5)—(5.6), the requirement (5.4) is satisfied, so that
the discrete-ordinate system possesses the same diffusion limit as the original integral equation.
In this section, we consider the most commonly used Gaussian quadratures set

SN = {Cm’ Sm> wm}meV
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with N a positive integer parameter [41]. In a quadrature set Sy, each quadrant has M = N(N +1)/2 ordinates
and N distinct {,,, € (0, 1), which are the positive roots of the standard Legendre polynomial of degree 2N on
the interval [-1, 1]. The corresponding c,,, s,,,, w,, for S;, S, are given in the following; for S, with N > 3, they
can be found in [25]. It is easy to check that the Gaussian quadratures satisfy (5.5)—(5.6).

e QuadraturesetS;: When N =1land M = N(N +1)/2=1, Cf =1/3, 0 = /4, then

and .
w1:w2=w3:w4:£—1.

e Quadrature set S,: When N = 2and M = N(N + 1)/2 = 3, the quadrature nodes and weights of the
quadrature set S, are presented in Table 1.

Cm em Cm sm 4wm

0.3399810 /8 0.8688461 0.3598879 0.3260726
0.3399810 3m/8 0.3598879 0.8688461 0.3260726

0.8611363 /4 0.3594748 0.3594748 0.3478548 Table 1. The nodes and weights of the quadrature set S,.

From the view of mathematics, the discrete ordinate transport problem (5.1)-(5.3) is a singularly per-
turbed first-order partial differential system. We now discuss the numerical solution of the discrete ordinate
transport problem (5.1)—(5.3) using TFPM.

5.2 Special Solutions of the Homogeneous Discrete-Ordinate Transport Equations
with Constant Coefficients

At first, we find the special solutions of the homogeneous discrete-ordinate equations

0 0 2
s(cma + sm5>1//m + oy, = (op —€70,) Z w,y,, mevV, (5.7)

nev

with constant coefficients o and o,. Let

¥(x) = (30, Yo (s, Yup ()T € R*M

withx = (x, y) € R?. Now we introduce an auxiliary function

C(x) = Z w, ¥, (x)

nev

and rewrite system (5.7) in the following form:

L 0)\/¥P(kx) _ OT e\ [Y(x) . (5.8)
0 1/\C(x) w0/ \C(x)
Here, L is a 4M x 4M diagonal matrix, whose m-th diagonal entry reads &(c,,0, + s,,0,) + or form € V. The
vectors e,w € R**! are given by

e=(op—0)1,1,..., 1), w=(0,w...,w05)"

System (5.8) contains (4M + 1) unknown functions ¥(z) and C(z).
In the following, we are going to find special solutions of system (5.8) in the form

¥(z) _ £ Ax + wy
<C(Z)) - (’1) eXP{ € } (5.9)
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In order to determine the nonzero vector & = (§,,¢,,..., §4M)T and scalar constant # as well as A and
u, we substitute (5.9) into (5.8). This yields a matrix eigenvalue problem: find A, 4 € C and nonzero vector

(&,1) € C*™ x C such that
A
(6 DG 5)G) 510

Here, A = A(A, ) is a 4M x 4M diagonal matrix, whose m-th diagonal entry reads c,,A + s, y + o form e V.
We define (A, ) to be an eigenvalue pair of the problem, if there exists a nonzero solution ( f] ) to system (5.10).

The eigenvalue pairs. Note that the eigenvalue pair (A, u) is a zero point of the characteristic polynomial:

Parve(A, p) = det (AE/LTM) —1e>
- 1_[ (G + sy, p+or) - (o - SZGa) Z [wn H(Cm/\ tS,ut UT)]- (5.11)
" nev. m#n

We have either
o) = [ [ (A + s, 1+ 0p) =0
meV
or
w, (o7 — szau) B

0.
A+, u+or

QA p) =1 - Z

nev

A few characteristic curves when ¢ = 0.1 for p,,,(A, y) with M = 1, 3,6, 10 can be found in [25].

The eigenvectors corresponding to (A, ). After (A, u) is obtained, the corresponding eigenvector (,7#) is
given by the following two cases [24]:
(1) Suppose thatc,A +s,, p + o7 # 0 for all m € V. Then we get

2
or —¢&o,

& forallmeV, and #n=1

A+ S, U+ op

(2) Suppose there is at least one m; € V with, A +s,, ¢ + or = 0. There exists another m, € V such that
Emz # 0. Then the components of the eigenvector (&, ;) are given by

0 form # m,m,,
Em = w,,  form=m,, and 7 =0.
~w,, form=m,

Now it is clear that after an eigenvalue pair (a zero point (A, u) of (5.11)) is found, the corresponding eigen-
vector (&,7) can be obtained directly.

5.3 Tailored Finite Point Scheme

We now construct a five-point node-centered tailored finite point scheme for the boundary value problem
(5.1)-(5.2) on the rectangular domain D.
On the rectangular domain Q = [0, a] x [0, b], we have the grid nodes

z,.)jz(x,.,yj), i=0,1,....,1, j=0,1,...,].

Here I and J are two positive integers. Let h;, = a/I and h, = b/] be two mesh parameters, x; = ih, with
i=0,1,...,Iand y; = jh, with j = 0,1,...,].
For each interior grid node z; j» which is not on the domain boundary, let

E ;= {Ge ) | Ix=x;1 <hy, |y- )’j' < hy}
be the rectangular patch centered at z; ;. The four adjacent grid nodes {z,, j, z; j1, 21}, 2;j_,} are on the
boundary of patch E, ;.
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Zi j+1
Zi—1 Z,j Zi41,5
Zij—1
Figure 3. TFPM stencil for the five-point node-centered scheme.
On each patch E; ;, we choose the values for or, o, and q by their local averages on E; ;.

That is, the discrete ordinates equations (5.1) on E; j are approximated by the following first-order partial
differential equations with constant coefficients:

s(cm%i/m + sm%ﬁ/m) + o, =q+ (o —€0,) 7g“’/wntf/n forme V. (5.12)

Let ¥ = (i, .., yi)" = £(1,1,...,1)" € R*™. Then ¥ is a particular solution of the equations
(5.12), and the difference ¥(z) = ¥(z) - ¥ satisfies the homogeneous equations

S(Cm%v/m + Sm%%ﬂ) + oy, = (o — €0,) rg‘;wﬂuxﬂ forme V. (5.13)

Let K be a positive integer. We take K linearly independent special solutions of system (5.13) that have
the form
A(x = x;) + e (y — ;) — maxthy (A, by |}
&

‘I’(k)(z) = E(k) exp{ } fork=1,2,...,K.

® js the eigenvector

Here, as discussed in Section 5.2, (A, g;) is a real eigenvalue pair of system (5.13) and &
associated with (A, y) fork = 1,2,..., K.

For any constants «; (k = 1,2,..., K), the vector-valued function

K
¥(z) =¥+ Y ¥ () (5.14)
k=1
is a solution to the nonhomogeneous system (5.12).
For each patch E; ;, we choose four points z,,, ;, z; ;,,, 2,y j» 2; j; on the boundary together with the center
z; ; to construct the five-point node-centered scheme for the local problem around z; ; (see Figure 3).
The discrete in-flow boundary conditions for (5.12) are given by the K = 4 - (4M/2) = 8M values at the
four grid points z;,, ;, 2; j.15 21> Z; ¢

Vm(Zipy,) With ¢, <0, ¥, (z; ;) withs, <0,  ¥,,(z;, ;) withc, >0, ¥,,(z;;_;) withs,, >0 (5.15)
for m € V. Then the constants oy (k = 1,2,...,K) in (5.14) are determined by the boundary conditions (5.15),

namely, form € V,

K
(0) (k) - .
You' T+ Z Y (Zir1j) = V(21 ;) Withe, <0,
k=1

K
k ~ .
vy + z “k‘lffn)(zi,jﬂ) = V(2 jyy) withs, <0,
] ": (5.16)
v+ Y (2 ) = Y(z ;) withe, >0,
k=1

K
k -~ .
1//53) n Z Ofk%(n )(zi,j—l) = Yp(z;;-1) withs, > 0.
k=1
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This is a system of 8 M linear algebraic equations and the coefficients o (k = 1,2,..., K) can be determined
by (5.15). Moreover, from (5.14), at the point z; i
~ K k
¥z, ) =¥+ ) ¥V, (5.17)
k=1
If we express the constants o, (k = 1,2,..., K) in terms of the unknowns in (5.15) through solving (5.16), then
(5.17) becomes a finite difference scheme that connects the unknowns at the grid node z;; with those at the
four adjacent grid nodes. This is the five-point node-centered TFPM for the discrete ordinates equation.

Remark 5.1. If one of the grid nodes z;,, j, z; j,1, Zi_y j» Z; ;- is on the physical boundary oD of the compu-
tational domain, we simply replace the corresponding component values v,, with the physical boundary
conditions (5.2).

Remark 5.2. The numerical examples given in [25] show that the two TFPM schemes discussed in this section
are very effective, especially when the parameter ¢ is very small, when they can capture the boundary and
interior layers of the solutions on coarse meshes.

6 Multiscale TFPM for Multiscale Elliptic Problems

6.1 Introduction

Second-order elliptic boundary value problems with rough or highly oscillatory coefficients arise in many
applied fields, such as porous media and composite materials [1, 11, 64]. In this section, we discuss the nu-
merical solution of the multiscale elliptic boundary value problem given by

{ -V (A*@)Ve(x) + b (x)u’(x) = f(x) forallx = (x,y) € Q, )

u’(x) =0, xe€oQ.

where A®(x) is the given matrix function, the functions A®(x), b°(x), f*(x) are highly oscillatory when the
parameter ¢ is small, and Q ¢ R? is a bounded domain.

In practical applications, equation (6.1) describes the steady state heat conduction through a composite
material, with *(x) and A®(x) interpreted as the temperature and the thermal conductivity. Equation (6.1) is
also the pressure equation in modeling two-phase flow in porous media, with u*(x) and A®(x) interpreted as
the pressure and the relative permeability tensor [28].

In fact, A*(x) is a 2 x 2 matrix function given by

Af(x) = (afj(x))ZXz, x=(x,y) € Q.

We assume that the matrix A*(x) is positive definite with upper and lower bounds, namely, there exist positive
constants m and M such that

2

mlEl* < Y ap(0&E; < MIE?, &= (,8)" € R’ x=(xy)eQ.

ij=1

A¥(x) = (a;j(X, €) 225 b*(x) = b(x,¢) and f(x) = f(x,¢) are oscillatory functions involving a small scale pa-
rameter . The main difficulty in finding the numerical solution of the given problem (6.1) is that the solution
oscillates rapidly and requires a very fine mesh & = O(e). This problem has attracted many researchers, for
instance, the multiscale finite element method was given by Babuska and Osborn [3] for the one-dimensional
case, and by Hou and Wu [28] for multidimensional cases. The heterogeneous multiscale method (HMM) was
proposed by E and Engquist [10]. Wang, Guzman and Shu developed a multiscale discontinuous Galerkin
(DG) method [67].
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6.2 MsTFPM in Two-Dimensional Domain

We now discuss the numerical solution of problem (6.1) by the multiscale tailored finite point method
(MsTFPM) in the two-dimensional case. Suppose that the domain Q is [0, 1] x [0, 1].

Let H = 1/N denote the coarse mesh size, where N is a positive integer. We divide the domain Q by a
set of lines parallel to the x, y-axis to form a coarse mesh grid. The crossing points set Qj; is called the coarse
grid:

Qy ={(x,y) | x;,=iH, y; = jH, i=0,...,N, j=0,...,N}

Suppose U = {u;; | 0 <i < N, 0 < j < N}is a grid function defined on the coarse gird Q5. We present two
multiscale tailored finite point schemes to obtain the numerical solution of problem (6.1).

6.2.1 Numerical Schemel

For each interior grid point (x;, y]-) (1<i<N-1,1<j< N -1),weconsider the local cell
Q= {x ) | (x-x)" + (y - )’ <H?},

which is a disc with center x, = (x;, y;) and radius H in the domain Q. On the boundary of the local cell Qj
we take four points

Xp = (X ¥ X = (X Yj0), X3 = (%)), X = (X 50)-

We try to find a numerical scheme for the numerical solution u;; at the points x,, x,, X,, X3, and x,. From the

point of view of the TFPM, we only need to find four solutions of the homogeneous equation (6.1) and one

solution of equation (6.1) on each local cell Q,-j, but in this problem, we need a new idea to find these five

solutions. A numerical method is used for this purpose.

First, on the circle BQU, assume that the solution of equation (6.1) can be expanded as a Fourier series:

ag(H)
2

ue(x)laﬂi]_ =u*(H,0) = + OZO:(afl(H) cos(nf) + b.(H) sin(n0)),
n=1

where (H, 0) is the ordered pair of polar coordinates of x = (x, y) € 0€; with the pole at x,. On each local cell

€, we consider the following cell problems:

(6.2)

-V (A" (x)VU;(x)) + b°*(x)U;(x) = 0 forallx € Qi
Up(x) =1, x¢ 0Qy),

{ -V (A RVUE) + b (UL = 0 forallx € Oy, 63
U:(x) = cos(nf), x¢€ 0Q;, n=1,23,...,

{ ~ V- (AVVEW) + b (0VER) =0 forallx € 6
Vi(x) = sin(nf), x¢ 00,

— V- (A ®VUS®) + F@US) = f(x) forallx € O,
{ U}(x) =0, x€0Qy

n=123...,

(6.5)

Thelocal cell problems (6.2)-(6.5) each have unique solutions. The solutions U; (x), U;(x), Vi (x),n = 1,2,3, ...
of the local cell problems (6.2)—(6.4) form a complete basis for the homogeneous equation of problem (6.1) on
the local cell Q;;. The solution U}i(x) comes from the inhomogeneous part, namely the forcing term f*(x).

Furthermore we can see that on the local cell Q;;, the solution u®(x) of problem (6.1) is given by

W ()l = %aé(H)Ué(x) + Y (@ (H)UE®) + B (HDVE () + US ().

n=1
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In practical computations, for instance in the five-point numerical scheme, we only have the solution values
at the boundary grid points x = x,, x,, X3, x,. Therefore we take the solution in the space spanned by U (x),
U; (x), Vi (x), U;(x) and U}(x) to approximate the solution u*(x). Recall that

Ué(x)laﬂﬁ =1, Uf(x)lmﬁ = cos(0), Vf(x)laoij = sin(0), U;(X)lagij = cos(26).
We define the basis function as follows. Let
. 1. 1. 1. . 1., 1., 1,
Pi(x) = ZUO(X) + EUI(X) + ZUZ(X)’ P, (x) = A_LUO(X) + EVl (x) — A_LUZ(X)’
& 1 € 1 € 1 € ' 1 € 1 € 1 €
Pi(x) = ZUO(X) - EUI(X) + A_IUZ(X)’ P,(x) = ZUO(X) - EVI (x) — ZUZ(X).

Then at the boundary grid points x = x,, x,, x3, x,, we have Pf(x)lxz = ;. On the local cell O, let

(%) = u® (%) Py (x) + u® (%) P5 (x) + u®(x3) P; (x) + u®(xy) Py (x) + U}(x) (6.6)

denote the approximate solution based on the Fourier approximation. Moreover, let Ef(x) = uf(x) — 15 (x)
denote the error function. It is easy to see that E*(x) satisfies

-V (A*(x)VE'(x)) + b’ (X)E*(x) =0, x€Q 6.7)

ij>
and

Es(Xk) = 0, Xk € aQ k = 1, 2, 3, 4. (6.8)

l] >
Therefore we use 1T (x) to approximate the solution of problem (6.1) on the cell ;. Plugging x = x, into the
equation (6.6), we arrive at

uf(x,y) = uS’F(xo) =1 (x;) P{ (%) + u" (%) P; (%) + 1" (x3) P5 (x,) + u”(x4) Py (%) + U;(XO). (6.9)

If we get all the solutions of the local cell problems (6.2)—(6.5), then from (6.9) we immediately obtain the
following discrete scheme for problem (6.1) on the coarse grid Qy,:

1 2 3 4 oo
Ujj = Up,jPij + Wi j Pij T Wi, jPy; T Uija Py + Uij’ Lj=1,...,N-1,
u; =0, j=0orj=N, (6.10)
u; =0, i=0ori=N,

with pll.;. = Pi(xy) = Pi(x;, ;) (k=1,2,3,4)and U,.; = U;(XO) = U;(xi,yj).

In general, we cannot obtain the exact solutions of the local problems (6.2)—(6.5). Therefore the coeffi-
cients pfj (k = 1,2,3,4) and Ul.); in the scheme (6.10) are unknown and we cannot directly use the discrete
scheme (6.10) to obtain the numerical solution of problem (6.1) on the coarse grid Q,,;. Therefore, we need to
solve the local problems (6.2)—(6.5) numerically to obtain the numerical approximations of {P{(x), 1 < k < 4;
Ue (x)}. For example, if a finite difference scheme is used the approximate solutions are obtained by {P;’ "(x),
1 < k<4 UEh(x)} with small mesh size h < H. Let p Peh(xo) (k = 1,2,3,4) and Ufh Uah(xo) Using
{ pkh 1<k < 4; Uf } instead of { p 1<k<4 U }1n (6 10), we obtain a five-point multlscale tallored finite
point scheme for problem (6.1).

6.2.2 Numerical Scheme Il

We propose another multiscale tailored finite point scheme based on the Lagrange interpolation approxima-

tion. On the circle 0Q;;, we assume that the solution of equation (6.1) can be approximated by

(o, = u(H,6) = u(H,O)L,(6) + u*(H, §>L2(6) +u(H, mLy(0) + (1, %)Lﬂ@),
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where L ].(6) (j = 1,2, 3, 4) are four piecewise linear Lagrange interpolation basis functions on 0, = 0, 9, = %,
0, =m0, = 37” Thatis, for j = 1,2,3,4, L ;(0) are piecewise linear continuous functions of 0, L j(0) = L;(2m)
and
0) i ')
L@, = { 7 (6.11)
1, i=j.
On each local cell Q;;, we consider the following cell problems:
-V- (AS(X)VWkS(X)) + bg(x)Wks(x) =0 forallxe Q,-j, 6.12)
W) = L (6), x€0Qy k=1,2,3,4, ’
-V- (AS(x)VWJﬁ(x)) + bs(x)WJf(x) = f(x) forallx e Qi 613)
13
W;(x) =0, x€0Q;
The local cell problems (6.12) and (6.13) each have unique solutions. Let
wl(x) = U (X)W (x) + 6" (%)W, (x) + u®(x3) W5 (%) + u®(x,) W, (x) + ij(x) (6.14)

denote the approximate solution based on the Lagrange approximation. Moveover, let Ef(x) = u°(x) — u*X(x)
denote the error function. It is easy to see that E(x) also satisfies the equations (6.7)-(6.8). We use u“*(x) to
approximate the solution of problem (6.1) on ;. Plugging x = x, into the equation (6.14), we arrive at

ut(xg) = us’L(xo) = 1" (x) W) (%) + u° (%)W, (%) + 1" (x3) W5 () + u® (x) Wy (x,) + W;(Xo)' (6.15)

If we get all the solutions of the local cell problems (6.12) and (6.13), then from (6.15) we immediately obtain
the following discrete scheme for problem (6.1) on the coarse grid Qy:

_ 1 2 3 4 oo
Uij = Uiy jWy5 o+ Uy Wi + Uy W55 + Uy j Wy + W, 6, = ,...,N -1,

u;=0, j=0orj=N, (6.16)
u; =0, i=0o0ri=N,

with wfj = Wix,) = W,f(x,.,yj) (k =1,2,3,4) and wj; = W]‘E(xo) = W]‘E(xi,yj). From the properties of the La-
grange interpolation basis functions (6.11) and the maximum principle [49], we obtain the following lemma.

Lemma 6.1. In the discrete scheme (6.16) for problem (6.1), we have the estimates
O<wi<l, 1<ks<4, 0<Yyuwi<l

fori,j=1,...,N-1.

From Lemma 6.1, we immediately find that the matrix of the linear equation system (6.16) is diagonal dom-
inant, thus it is invertible. Therefore the discrete scheme (6.16) for problem (6.1) has a unique solution U =
{u,-j|05isN, 0<j<N}L

Before the scheme (6.16) is used, we need to obtain the approximate values of {wfj, 1<k<4 w{;} by
solving the local problems (6.12)—(6.13) as mentioned in Section 6.2.2.

In the multiscale tailored finite point method (MsTFPM), the construction of the base functions and load
functions is fully decoupled from cell to cell; thus, this method is perfectly parallel and is naturally adapted to
massively parallel computers. At each cell, after we obtain the numerical solutions of the five local problems,
the MsTFPM scheme will be obtained directly.

7 Conclusion

In this paper, a review of the tailored finite point method (TFPM) is given. The TFPM is a new approach for the
numerical solution of partial differential equations (PDEs). Essentially, the construction of a discrete scheme
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of a given PDE can be understood as a function approximation problem, in which the function is a solution of
the given PDE. The TFPM implement the approximation of the solution to the given PDEs at each point from a
different point of view, using the solutions of the locally reduced problems to construct the finite dimensional
function space W* (see Section 2). The tailored finite point schemes preserve the important properties of the
original problems, such as discrete maximum principle, automatically. For singular perturbation problems,
the TFPM can also achieve good accuracy on all mesh points, even when the mesh size 4 > ¢, in some cases
without any prior knowledge of the boundary layers. We also prove the uniform convergence of the TFPM for
the boundary value problem of the Helmholtz equation with high wave numbers in some cases. Applications
to the transport equation with interfaces and the multiscale elliptic problems are also reviewed. All of the
numerical results support our mathematical theory.

The development of TFPM is at its beginning. There are still many interesting possibilities that remain
to be explored, for example, the uniformly convergent analysis for singular perturbation problems or the
construction of schemes for singularly perturbed eigenvalue problems. Although many questions are still
open, we have seen that the framework of TFPM provides a basic idea for systematically designing discrete
schemes in a wide variety of applications. Thus the TFPM may apply to more problems successfully in the
future.

Funding: Houde Han was supported by the NSFC projects no. 11371218 and no. 91330203. Zhongyi Huang was
supported by the NSFC projects no. 11322113, no. 91330203, and the National Basic Research Program of China
under grant 2011CB309705.
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