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1 Introduction

Let O ¢ RY, d € {2,3}, denote an open bounded connected polygonal/polyhedral domain. In this work we
propose an arbitrary-order primal hybrid method for the model diffusion problem

-Au=f inQ,

@)
u=0 onoQ,

where u denotes the potential and f a forcing term. More general boundary conditions and diffusion tensors
could be considered, but we stick to the simpler case (1) for ease of presentation. For X c Q, we respectively
denote by (-,-)y and ||| the standard inner product and norm in L*(X), with the convention that the subscript
is omitted whenever X = Q and that the same notation is used in L*(X)?. Classically, the weak formulation
of (1) consists, for f € L*(Q), in seeking u € U, := H,(Q) such that

(Vu, Vo) = (f,v) forallv e U,. 2

Approximation methods on general polyhedral meshes have received an increasing attention over the
last few years, motivated by applications (e.g., in geosciences) where the mesh cannot be easily adapted to
the needs of the numerical scheme. To handle general discretizations, a wide range of new numerical meth-
ods has been developed. We can cite, e.g., the Mimetic Finite Difference (MFD) [5], the Hybrid Finite Volume
(HFV) [14], and the Mixed Finite Volume (MFV) [11] methods, that have been proved in [12] to be closely re-
lated. Another example is the recent framework of Compatible Discrete Operator (CDO) schemes [4], for which
a correspondence is established with nodal MFD discretizations for vertex-based CDO schemes and with MFV
for cell-based CDO schemes. All these methods share the particularity of being lowest-order, which may be
sufficient for most practical cases. However, the emphasis has been recently set on the design of higher-order
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discretizations capable of handling comparably general meshes. Results in this direction include the polygo-
nal and extended Finite Element (FE) methods [16, 17] where nonpolynomial shape functions are considered.
Furthermore, high-order MFD schemes have been recently analyzed in [3]. Even more recently, the Virtual
Element Method (VEM) was introduced in [2], broadening the ideas underpinning the MFD approach and,
at the same time, allowing one to design arbitrary-order conforming finite element methods on polyhedral
meshes, without the need to specify the additional nonpolynomial shape functions. The VEM also allows for
higher-order continuity conditions between neighboring elements.

In the present work, we show how the schemes based on local reconstruction operators, originally de-
veloped in the context of linear elasticity in [9], apply to the design of an arbitrary-order primal (as opposed
to the mixed case considered in [8]) method for the model diffusion problem (1). The resulting scheme can
be viewed as a high-order extension of the HFV method, or of the generalized Crouzeix—Raviart method in-
troduced in [10] in the context of linear elasticity. For a given polynomial degree k > 0, we select as degrees
of freedom (DOFs) scalar-valued polynomials at mesh elements and faces up to degree k. The associated in-
terpolation operator maps potentials in H'(Q) to their polynomial moments up to degree k at elements and
faces. Then, the method is defined in two steps: (i) we devise a local discrete gradient reconstruction operator
of order k in terms of the local DOFs by solving an inexpensive problem inside each element; (ii) we design a
least-squares penalty term that is local to one element (i.e., it does not affect the stencil of the method), that
weakly enforces the matching between local element- and face-based DOFs, and that preserves the order of
the gradient reconstruction. A key ingredient in the design of the penalty term is a potential reconstruction of
order (k+1) obtained by correcting element DOFs by a higher-order term inferred from the discrete gradient re-
construction. A major difference with respect to VEM is that nodal unknowns are not present, which results in
a more compact stencil (especially in three space dimensions). Additionally, as usual with the present choice
of DOFs, static condensation allows one to solve a global system in terms of face unknowns only.

The Hybrid Discontinuous Galerkin (HDG) method [6], which is devised on different ideas, also hinges
on element- and face-based DOFs. The main difference is that the present choice of DOFs only involves scalar-
valued polynomials attached to elements, which yields significant computational savings in the static con-
densation, especially in three space dimensions. The present hybrid high-order method is also expected to
outperform Interior Penalty Discontinuous Galerkin (IPDG) methods. First, we notice that achieving the same
accuracy with IPDG methods requires to use cell-based polynomials of order (k + 1). Thus, for d = 3, the num-
ber of DOFs is ¢ (k+2)(k+3)(k+4) times the number of cells for IPDG methods (growing as ¢ k*), and 5 (k+1)(k+2)
times the number of faces for the present method after static condensation (growing as %kz). Blocking DOFs
at cells and faces, respectively, the stencil resulting from IPDG methods (consisting of cell neighbors in the
sense of faces) is approximately twice more compact than that of the present method (consisting of face neigh-
bors in the sense of cells), but, as mentioned above, the size of the blocks is (much) smaller for the present
method, especially with high polynomial orders.

The paper is organized as follows. In Section 2 we introduce the method: we recall the notion of admis-
sible mesh sequence, introduce the spaces of DOFs, derive the gradient reconstruction, present the discrete
problem, study its well-posedness, and link our scheme to the HFV method in the lowest-order case. In Sec-
tion 3 we perform the error analysis. We prove a convergence rate for smooth solutions of order (k + 1) in
the energy norm and of order (k + 2) in the L*-norm of the error, respectively. Incidentally, this latter result
provides an optimal L*-norm potential error estimate for HFV schemes with arbitrary penalty parameter (as
opposed to [10], where a specific choice yielding continuity of the potential reconstruction at face barycen-
ters is considered). Finally, in Section 4, we present numerical examples up to order 4 on various polygonal
meshes confirming the theoretical predictions.
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2 Description of the Method

2.1 Admissible Mesh Sequences

We recall the notion of admissible mesh sequence of [7, Chapter 1]. Let H{ ¢ R! denote a countable set of
meshsizes having 0 as its unique accumulation point. We consider h-refined mesh sequences (7;,),,c5c where,
for all h € H, T, is a finite collection of nonempty disjoint open polygons/polyhedra (the elements) T;, = {T}
such that Q = Urer, Tandh = maxrey, hy (hy stands for the diameter of the element T). We call a face any
hyperplanar closed connected subset F of Q with positive (d—1)-dimensional measure and such that either
(i) there exist T, T, € T, such that F c 0T, n 0T, (and F is an interface) or (ii) there exists T € T, such that
F ¢ 0T n 0Q (and F is a boundary face). Interfaces are collected in the set g boundary faces in F° and we
let F, := F} U 3"2. The diameter of a face F € ¥, is denoted by hp. Forall T € T, &, := {F € F, | F c 0T}
denotes the set of faces lying on the boundary of T and, for all F € F, #i;g is the unit normal to F pointing
out of T. Finally, the I-dimensional Lebesgue measure, 0 < I < d, is denoted by [-[,.

Definition 1 (Admissible mesh sequence). The mesh sequence (J},),c4 is admissible if, for all h € X, T, ad-
mits a matching simplicial submesh ¥, and there exists a real number ¢ > 0 independent of h such that, for
all h € K, (i) ohg < rg holds for all simplex S € T, of diameter hy and inradius rg, and (ii) oh; < hg holds for
allT € T,andall S € ¥, such thatS c T.

In what follows, we often abbreviate as a < b the inequality a < Cb with C > 0 independent of & but possibly
depending on the mesh regularity parameter o.

We next recall some basic results valid for admissible mesh sequences. First, according to [7, Lemma
1.42],forallh € 3, all T € T, and all F € F, h; is comparable to h; in the sense that

0’hy < hg < hy. 3
Moreover, [7, Lemma 1.41] shows that there exists an integer N, depending on ¢ and d such that
max card(F;) < Ny forallh e 3. (4)
TeT,

There also exist real numbers C,, and C, . depending on g but independent of & such that the following dis-
crete and continuous trace inequalities hold for all T € T, and F € F, cf. [7, Lemmata 1.46 and 1.49]:

lvllz < Cuhp? 0l for all v € P(T), (5)
Ivllgr < Cyc(hz I0ll7 + hrllVoll7)?  forallv e H'(T), (6)

where, for X being an n-dimensional subset of Q (1 < d), lP’n(X) is spanned by the restrictions to X of n-variate
polynomials of total degree < I. Using [7, Lemma 1.40] together with the results of [13], one can prove that there

exists a real number C, , depending on ¢ and ! but independent of / such that, for all T € T, denoting by l
app 4 h T

the L*-orthogonal projector on ]Pfj(T), the following holds: For all s € {1,...,1+ 1}, and all v € H*(T),
|0 = 0l gy + BEN0 = 0l mary < Capphty "|0lpsry forallm € {0,..., (s - D} @)
Finally, the following Poincaré inequality is valid for all T € T, and all v € H'(T) such that [.v = 0:
vl < CohrlVoully, 8)

where Cp, = 77! for convex elements (cf. [1]). For more general element shapes, Cp can be estimated in terms
of o.

2.2 Degrees of Freedom

Let a polynomial degree k > 0 be fixed. For all T € T),, we define the local space of DOFs as follows:

Uf = P x | X P (P} ©)

FeTp
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The global space of DOFs is obtained by patching interface values in (9):

Us = { X i} x {F>§ P, (P). (10)

TeT,

Boundary conditions can be embedded in the discrete space (10) by letting
Uso = {vi = (vPreg,» (Ve)res,) € Uy | vp = 0forall F e 97} (1)

Forall T e T,, we denote by L : UZ - U’} the restriction operator that maps the global DOFs in U;‘l to
the corresponding local DOFs in U'}. The local interpolation operator I’} . HY(T) — U’} is such that, for all
v e HY(T),

I’}v = (rr?v, (n;‘:v)FegT), (12)
where nlli denotes the L*-orthogonal projector on ]P’;,_I(F). The corresponding global interpolation operator
Iy : H'(Q) — U} is such that, for all v € H'(Q)),

k k k
v = ((T[TU)TE‘J'h’ (nFU)FeTh)'

When applied to functions in Uy, If maps onto Uﬁ,o.

2.3 Local Gradient Reconstruction

Forall T € T, we define the local gradient reconstruction operator G} : Uk — VP4*"(T) (where, for [ > 1,
le;l"(T) stands for the space of d-variate polynomial functions of total degree < I that have zero average on T)
such that, for all v := (v, (vp)peg,) € U and allw € PE™0(T),

(Ghv, V) = (Vvp, Vo)p + Y (Vg = v, Vo - i) . (13)
FeTp

Since Gkv € VPX™(T) means that there is v € P4"°(T) such that Gjv = Vu, (13) corresponds to the local
(well-posed) Neumann problem

(Vo, Vw)p = (Vvp, Vw)p + Y. (Vg = v, VW - figg)p. (14)
FeTFp

Solving (14) requires to invert the local stiffness matrix inside each element, which can be performed effec-
tively via a Cholesky factorization.

Remark 2 (Compatibility condition). Observing that the right-hand side of the (discrete) Neumann problem
(14) satisfies the usual compatibility condition for test functions in IPg(T), we infer that (13) and (14) hold in
fact for all w € PEY(T).

We next introduce the potential reconstruction operator p¥ : U — P5*(T) such that, for all v € UX,
Vpky == Ghy, inv = JVT. (15)
T T

In practice, the potential reconstruction p? is computed once (14) has been solved, since, recalling that v has
zero average on T, we infer that p’}v =v+1/|T|, jT vr.

Lemma 3 (Approximation properties for p?l’}). There exists a real number C > 0, depending on g but indepen-
dent of hy such that, for all v € H**(T),

1 3
lv - pylhvlly + h2llv - pilkvllyr + bl V@ — piIso)l + 21V ~ pEIE0)lor < CHE P 0ll g - (16)
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Proof. Letv € H*(T). Integrating by parts the right-hand side of (13) and using the definition (15) of the
operator péﬁ together with the definition (12) of the interpolation operator I’} yields, forall w € IP’;,"1 (T) (cf. Re-
mark 2),
(Vpl}ll}v, Vw) = (é;il’;v, Vw) = —(n;fv,V-(Vw))T + z (ﬂf;v, Vw - #igp)p
FeJr

= —(U, \'s (Vw))T + Z (U: Vw - ﬁTp)p,
FeT,

since V- (Vw) € P57(T) c P(T) and Vwy; - fiy: € P5_, (F). Performing a second integration by parts leads to
(Vo - Vphiko, Vw), =0 forallw e P5(T). a7)
The orthogonality condition (17) implies that

Kk . k+1
IV - prlzv)lr = inf  [[Vo-Vz|; < hT+ lvll ez (18)
zePkF(T)

where we have used the approximation property (7) of n’}” (with s = k + 2 and m = 1). Then, from (18),

the fact that [ pjljv = [ mfo = [ v owing to the second relation in (15) and the definition (12) of the local
interpolation operator, and the Poincaré inequality (8), we infer that

o — pIsolly < B ol e .- (19)
The consecutive use of the continuous trace inequality (6) and (18)—(19) yields

ik 2 ok 12 2 kk 2 2(k+2 2
hello = piizolly < llo = pylzolly + KIV@ - pr5o)l7 < B2 ol

Finally, the bound on h; IV(v— p?l’}v) |57 is obtained by introducing in? Vv inside the norm, using the triangle
inequality, and concluding with the approximation property (7) of n§ (applied componentwise to Vv with
s = k+1and m = 0), the discrete trace inequality (5), the bound (4) on card(F;), the mesh regularity property
(3), the fact that Vpil5u € [P4(T)]? so that |75V - Vpkikolly < [V(v - pElsv)l7, and (18). O

2.4 Discrete Problem and Well-Posedness

To discretize the left-hand side of (2), we introduce the following bilinear forms on Uﬁ X Ufl:

a,(up, vp) = z ap(Lpuy, Lpvy,), spup,vy) = z sp(Lpup, Lyvy), (20)
TeT), TeT),

where, for all T € T,, the local bilinear forms a; and s on Uk x UX are such that

N 5 1
ar(u,v) = (Gru, Giv)y +sp(wv), sp(uv) = Y (mhup = PR mh(ve = PV @
Feg, "'F

where the local potential reconstruction P : U%. — PX*!(T) is defined such that, forall v € U%,
Pilfv =vp o+ (p;fv - ﬂ?p;iv). (22)

The term in parentheses can be interpreted as a higher-order correction of the element unknown v, derived
from the discrete gradient reconstruction operator (13) (note that this correction is independent of the second
relation in (15)). The stabilization bilinear form s, defined by (21) introduces a least-squares penalty of the L*-
orthogonal projection on IP’;_I(F) of the difference between v, and (P}‘v)w, cf. Remark 6 below. Introducing
the global discrete gradient operator Gy, : Uy — XreT, VP4(T) such that, for all v, € Uf,

(Grvi)yr = Gylyv, forallT € T, (23)
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we can reformulate the bilinear form g;, defined in (20) as
ah(uh, Vh) = (quh’ G:Vh) + Sh(uh, Vh)'
We define the local and global energy seminorms as follows:

IIZ, = ar(v,v) forallv e Uf,  Ivl2, = Y ILpvlZ, forally, e Uy, (24)
TeT,

and observe that, owing to (20),
Ay (V> Vi) = Ivyl3 - (25)

The forcing term in (2) is discretized by means of the linear form on Uﬁ such that

v = ) (five)r. (26)

TeT,
The discrete problem reads: Find u;, € Uﬁ,o such that, forallv;, € U’;l)o,
ay, (g vi,) = L,(vy). @7)
The stability of the method is expressed in terms of the following H&(Q)-like discrete norm:

2 2 k 2 2 2 k
Il = Y ILpvllp forallv, e Upy, VI 7 = IVvpliy + Ivli g forallv e Ug, (28)
TeT),

where |v ﬁ,aT =Y e 7, hgl Vg — vT||§. Since the homogeneous Dirichlet boundary condition is embedded in the
discrete space U’fl’o defined in (11), the map (-, defines a norm on UE,O. Using a discrete Poincaré inequality
in broken polynomial spaces, see [7, Corollary 5.4] and references therein, it is possible to show that for all
v, € U’;l)o, lvpll < lvily ,» Where v, is the piecewise polynomial function such that vy, == vy forall T € T;,.

Lemma 4 (Norm equivalence). There existsn > 0 such that, forall T € T, and allv € U’},

“1y n2 2 2
0o vy < Vg < alvil g (29)

Consequently, for all v;, € UZ’ . . .
1 IS < Vil < livills e (30)

Proof. LetT € T, and v € UK. Taking w = v, € P5(T) ¢ PX"(T) in (13) (cf. Remark 2) yields

2k - =k 1
IVvrllz = (Grv, Vvp)r = Y (Vg = v, Vg - digp)p < [Gyvll7 + E||VvT||§ + NyColvIt oy (1)
FeFr

where we have used the Cauchy-Schwarz and Young’s inequalities, and applied the discrete trace inequality
(5) and the bound (4) on card(F;) for the face term. Owing to (31), we infer that

IVvrl7 < IRV + v o (32)
Let now F € J;. Adding and subtracting nﬁPﬁv, and using the triangle inequality yields
he? Ive = vellp < hy? I (ve = PRv)llg + by I (ppv = 3 ppv) s (33)

where we have used the fact that both v and vy belong to P4_, (F) together with the definition (22) of Pf.
The second term on the right-hand side of (33) can be estimated as

1 I (phv — 5 pEv e < Culit Ik — 7 pivlly < CuClpyo 2IGEV
pWTp(prv — o prv)llp < Cophp | Prv — Tp prviie < Cplygpp rVilT

where we have used the discrete trace inequality (5), the approximation property (7) of néi (with s = 1 and
m = 0), the definition (15) of V péiv, and the mesh regularity property (3). Hence,

het Ve = villp < g Ik (ve = PRI + IGEV I, (34)
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Squaring (34), summing over F € F, and using the bound (4) on card(F;) yields
VI3 or < sp(vsv) + (Gl (35)

The first inequality in (29) follows from (32) and (35). Turning to the second inequality, we deduce from (13),
the Cauchy-Schwarz inequality, the discrete trace inequality (5), and the bound (4) on card(F;) that

~k
Sk (GTV, VU))T _1
IGivlly = sup  ————L < [Vvglp+ Y Cohp? v = vl < IV

weptropy  [IVwllr FeT,

Moreover, for all F € J, the triangle inequality and the fact that nI’E is a projector yield
ST k -3 = k
hF ||7TF(VF - PTV)”F < hp "VF - VT"F + hp "VT - PTV”Fa

_1
and, owing to the definition (22) of P%, the second term on the right-hand side is equal to h* || piv - 71;(- p’;vll B
Using the mesh regularity property (3), the discrete trace inequality (5), and the approximation property (7)
of n§ (with s = 1 and m = 0), we infer that

1
-1k ko k 1y k Kk k 2k
he? llprv = mpprvlle < by lppv = mpppvily < IVppvlly = 1Gpvll

Combining the above bounds yields the second inequality in (29). Finally, summing (29) over T € T, proves
(30). O

Corollary 5 (Well-posedness). Problem (27) is well-posed.

Proof. Combining (25) with Lemma 4 yields a,(v;,, v;,) = Iv,[2;, = 117" Iv,I3 .- Since | - ||, , is @ norm on Uf, ;, the
well-posedness results from the Lax—Milgram Lemma. O

Remark 6 (Stabilization). The design of the local stabilization bilinear form s; is tailored to ensure control of
the || - |, ;-norm as reflected by the first inequality in (29), and, at the same time, to yield the same convergence
order as the gradient reconstruction, cf. the proof of Theorem 8 below, in particular (45). This is the reason
why sy is not set to be, e.g., sp(u,v) := Y ey ' (up — ug, vp — vp)g (this choice trivially ensures control of the
||, 5r-seminorm), but the (projections of the) high-order potential reconstructions 7y Pyu and 5 Prv are used
in place of u; and v, respectively.

2.5 Link with the HFV Method for k = 0

In the lowest-order case (k = 0), the proposed method shares strong links with the HFV method of [14]. We
assume in this section that, forall h € H and all T € T, T is star-shaped with respect to its barycenter %
and, for all F € J, one has

ohr <drp < hy, (36)

where d. denotes the orthogonal distance between X and F, and § > 0 is a mesh regularity parameter
independent of h. The HFV discretization of problem (1) reads: Find u;, € U}, such that, forall v, € Uj,,

z IT14(SrLrup) - (Srlpvy) + Z z ITpla(RypLrup) Ry plrvy) = z Tl frvrs €
TeT, TeT, FeTp TeT,
where Ty, denotes the pyramid of base F and apex % such that [Tyl = |Fl,_dyp/d, fr = ITI}' jT f forall
T € T, and, for all v € U}, denoting by X the barycenter of F € Fy,

1

q d: S o
Z |Flg1 (Ve = vp)iipp,  Rppv o= d_(VF —vp = Gpv - (Rp — Xp)). (38)
€Ty T,F

1
9 VvV i= ——
T
Proposition 7 (Equivalence with the HFV discretization for k = 0). The discrete problem (37) coincides with
(27) for k = 0 and % the barycenter of T, up to the (uniformly comparable) change of scaling d;p — hg in the
penalty term Ry defined by (38).
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Proof. To derive an explicit expression for GOTV, we notice that

V]Pllj’o = []Pg]d = spanfe;,..., ez},

.....

that Vw, = e; forall i € {1,...,d}, it is straightforward that, for any v € U, Go.v = G,v. Additionally, for all
X eT, ppv(R) = Gpv - (& - Zp) + [TI;' [ vy € PY(T), and hence PYv(&) = vy + Gpv - (£ — Xp), whose restriction
to F belongs to ]P;,_I(F). As a consequence, for all F € ¥, we infer that

0 0 -1
e(vp = Ppv) = vp = vy = Gpv - (Xp = Xp) = dppd 2 Rppv.

Plugging these expressions into (20), (21), and (26), and comparing (27) with (37), we observe that the only
difference between the two discretizations lies in the scaling choice for the least-squares penalty term (the
scaling is d;}F in (37) and hgl in (27)). The two choices are uniformly comparable owing to (36) and (3). O

3 Error Analysis

3.1 Energy-Norm Error Estimate

Theorem 8 (Discrete error estimate). Let u € U, and u,, € Ufw denote the unique solutions to (2) and (27)
respectively, and assume the additional regularity u € H**?(Q). Then, letting ay, = I’,ju, there exists a real
number C > 0 depending on ¢ but independent of h such that

1 ~ k+1
}1 2 ”Uh — uh"l,h < "Llh - uh”a,h < Ch * ||u||Hk+2(Q) (39)

Proof. The first inequality in (39) results from the first inequality in (30). Moreover, using (25), (30), and the
fact that a, —uy, € U’,‘l,0 yields

1 ah(flh — Up, ﬂh - Uh)

1 R
||flh - uh"u,h < 7]2 N < T’]Z Sup ah(uh — Up, Vh)‘
G, = uplly e vp€UE 1, Iyl =1
Owing to (27), we infer that
I8y, = upllap < 12 sup Envpy), (40)

Vi €Uk o, vyl =1

where €,(v,) = a,(0y,v;,) — I,(v;,) is the consistency error. We derive a bound for this quantity for a generic
v, € U’;I)O. Recalling that f = —Au a.e. in Q, an elementwise integration by parts in (26) yields

L) = Y (Y, Vvp)p+ Y Y (v = v, Vi digg) g, (41)

TeT, TeT, FeF,

where we have used the fact that the flux is continuous at interfaces and that the homogeneous Dirichlet
boundary condition is embedded in Uﬁ,o (cf. (11)) to introduce v in the second term on the right-hand side
of (41). Choosing w = ity = pkL,a, = pil’;(uw) in the definition (13) of GkLyv, forall T € T, (recall from
Remark 2 that the zero-mean condition is not needed on w), and owing to (15) and (23), we infer that

G Gpvy) = Y, (Vitg, Vop)p + Y (v = vy, Vit « figg)p. (42)
TeT), TeT, FeF,

Combining (42) with (41), we arrive at
Envi) = Y (Vi =), Vvp)p+ Y Y (Ve = vy, (Vitg = Vu) - figg)
TeT, TeT, FeTFy

+ Y spllply, Lyvy) = T, + T, + T, (43)

TeT,
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To estimate T, and ¥,, we use the Cauchy-Schwarz inequality followed by the approximation property (16)
of p’}l’} (and also the bound (4) on card(F;) for ¥,). Recalling (28), we infer that

T+ 1T51 < K Nl geoa oy vl (44)

To estimate T3, let T € T, and F € J;. We observe that

1 1
=5k~ ki~ ~3 1k . k .
hyp* \mp(p = Prlplp)le = hp? llmp(u — tip) — mp(u = i) g
1
_1 . . B
<hg u—tplp +he Collu - tpll;
k+1
< hT+ ”u"Hk*Z(T)’ (45)

where we have used the definitions (22) and (12) of P# and I’}, respectively, the fact that n§ ° néi = n§ on F, the

discrete trace inequality (5), the approximation property (16) of péil’}, and the mesh regularity property (3).

Finally, using the Cauchy-Schwarz inequality with (45), the bound (4) on card(F;), (24), and (30), we infer
that
T3] < 53 (s 0) 2 5, (Vo Vi) < B tll g oy Vil < B all gy IVl e (46)

The conclusion of the proof then follows from (40), (43), (44), and (46). O

Corollary 9 (Error estimate on the exact gradient). Under the assumptions of Theorem 8, the following holds:
IV — Gyl < CH* lutlpgeoa -
Proof. The triangle inequality and definition (24) yield
2k 2 T 2 .
Vu - Gpugll < IVu = Gy il + G (G, — up)ll < IVu = GLa,ll + 16y, = ugll, g

Use (16) and (39) to estimate the terms on the right-hand side and conclude. O

3.2 L*-Norm Error Estimate

Adapting the techniques of [9, Section 4.2], we can also prove an optimal L*-error estimate for the potential.
To this end, we assume elliptic regularity in the following form: For all g € L*(Q), the unique solution z € U,
to

(Vz,Vv) = (g,v) forallv e U, (47)

satisfies the a priori estimate
||Z||H2(Q) < Cyligll, (48)

with a constant C,;; > 0 only depending on Q.

Theorem 10 (L*-error estimate for the potential). Under the assumptions of Theorem 8, assuming elliptic reg-
ularity (48) for problem (1) and that f € H'(Q) for k = 0, there exists a real number C > 0 depending on the
mesh regularity parameter o but independent of h such that, fork > 1,

~ k+2
i, — uyll < CH* ull ez

and for k = 0,
léiy, = wyl < CH?1l fllgn s

where ii,,, u,, are piecewise polynomial functions such that iy, = Uy = ﬂ’}u and wyr = ur forall T € T),.
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Proof. We only sketch the proof, referring to [9, Section 4.2] for further insight. Let z solve (47) with g := i, —u,.
Set 3, := Iiz and e, := {ij, — uj,. A straightforward computation shows that ||i, — u,|* = ¥, + T, with

T, = Z {(VeT, Vz)r + Z (eg — e, Vz - firp)p — arp(Lyey, LTih)},

TeT), FeTFp
k o s
= Y D) el L)),
TeT,

To bound ¥, we observe that, with 8, := z;; - p?l’}z,T,

T =) {(VeT, Vo) + Y (ep —ep, VOy - figp)p — sp(Lyey, LTzh)},
TeT, FeFp

whence we infer that

(SIE

110 < {lenll + suen e} { Y IVSLIG + VO I2,] + 5220}
TeT,

k+1 k+2 ~
<SH” el e yhillzll oy < b ! el ez Iy, = 1|l

owing to the energy-norm error estimate and elliptic regularity, while the bound on §; and s;,(2;,, 2;,) is shown
as in the proofs of Lemma 3 and Theorem 8, respectively. Turning to ¥,, we observe that (f, n?z)T = (ni f2)r
and since (f, z) = (Vu, Vz), we infer that

T, = (f-mpfi2) = ) AV V2)p = (Vpplyas, VprIi2)r} + 5,(0n 2,),
TeT,

where 7} denotes the global version of the local L*-projector k. Denote by %, ;, %, ,, T, ; the three terms on
the right-hand side. If k > 1, we can write (f — n,’j f,z)=(f - nﬁ f,z - m,z) so that

01l < o ey i1z limay < B Ml iy, — ],
while for k = 0, we write (f - 7. f, z) = (f - 7j.f, z - mz) so that
1T511 < Bl f e yhllzlen oy < BP0 i ooy, — w4yl
Concerning ¥, ,, we exploit the orthogonality property (17) to infer that

k (K k ik
Typ =~ ), (Vu-Vprlqu, Vz - Vpilyz),,
TeT),

whence [T, ,| < B2 |l 2oyl — ull. Finally, proceeding as above, T, ; is bounded similarly, and this con-
cludes the proof. O

4 Numerical Tests

We solve the Dirichlet problem in the unit square with
u = sin(mx, ) sin(nx,),

and corresponding right-hand side f = 27 sin(7rx, ) sin(rx,) on the four mesh families depicted in Figure 1.
The triangular, Cartesian, and Kershaw mesh families correspond, respectively, to the mesh families 1, 2, and
4.1 of the FVCAS5 benchmark [15], whereas the (predominantly) hexagonal mesh family was first introduced in
[10]. The implementation framework corresponds to the one described in [9, Section 5], to which we refer for
further details. Figure 2 displays convergence results for the various mesh families and polynomial degrees up
to 4. The measure for the gradient error is [|i;, —uy [, , (in case of a nontrivial diffusion coefficient or tensor, this
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Figure 1. Triangular, Cartesian, Kershaw, and hexagonal-dominant meshes for the numerical tests of Section 4.
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quantity is actually to be interpreted as a flux error), whereas the potential error is estimated as [|i1;, — ;. In
all cases, the numerical results show asymptotic convergence rates that match those predicted by the theory.
The apparent super-convergence on the Kershaw mesh family (cf. Figures 2e—2f) is linked to the fact that
the mesh quality improves when refining. Genuine super-convergence is on the other hand observed for the
gradient on the Cartesian mesh family up to polynomial degree 2, cf. Figure 2c. For k = 4, round-off errors
start to surface in the last refinement iteration for the Cartesian mesh family, as confirmed by a convergence
rate slightly lower than expected, cf. Figure 2d.
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