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1 Introduction

A posteriori error estimation and related adaptive mesh-refining algorithms are one important basement of
modern scientific computing. Starting from an initial mesh T, and based on a computable a posteriori error
estimator, such algorithms iterate the loop

’ solve ‘ — ’ estimate ‘ - ’mark ‘ - ’ refine ‘ (1.1)

to create a sequence of successive locally refined meshes T,, corresponding discrete solutions U,, as well
as a posteriori error estimators u,. We consider the frame of conforming Galerkin discretizations, where T, is
linked to a finite-dimensional subspace X, of a Hilbert space H with corresponding Galerkin solutionU, € X,,
where successive refinement guarantees nestedness X, € X,,, c H forall £ € N,.

Convergence of this type of adaptive algorithm in the sense of

lim [lu - Ull4c = 0
£—o00

has first been addressed in [8] for 1D FEM and [23] for 2D FEM. We note that already the pioneering work
[8] observed that validity of some Céa-type quasi-optimality and nestedness X, < X,,; for all £ € N, imply
a priori convergence

eler010 U, = Upllgc =0, (1.2)

where U, is the unique Galerkin solution in X, := ey, X,. From a conceptual point of view, it thus only
remained to identify the limit u = U,. Based on such an a priori convergence result (1.2), a general theory of
convergence of adaptive FEM is devised in [48, 55], where the analytical focus is on estimator convergence

elim pp = 0. (1.3)
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Moreover, the recent work [13] gives an analytical frame to guarantee convergence with optimal convergence
rates; see also the overview article [30] for the current state of the art of adaptive BEM. Throughout, it is
however implicitly assumed that the local contributions y,(T’) of the error estimator y, are weighted with the
local mesh-size, i.e., |T|* for some appropriate e > 0, or that 4, is locally equivalent to a mesh-size weighted
error estimator.

In this work, we consider two particular error estimators whose local contributions are not weighted
by the local mesh-size. We devise a joint analytical frame which proves estimator convergence (1.3). First,
we let u, be the Faermann error estimator [12, 28, 29] for BEM for the weakly-singular integral equation with
H = H"/*(I"). The local contributions of , are overlapping H'/>-seminorms of the residual F— AU, € H"*(T).
The striking point of y, is that it is the only a posteriori BEM error estimator which is known to be both reliable
and efficient without any further assumptions on the given data, i.e., it holds

Ce_é Ue = "u - UZ"?C < Crel He

with ¢-independent constants C.g, C, > 0. We note that y, is not equivalent to an h-weighted error estimator
which prevents to follow the arguments from the available literature.

Second, our analysis covers the two-level error estimators for BEM [26, 39, 41, 45, 50, 51] or the adaptive
FEM-BEM coupling [5, 37, 44, 49]. The local contributions are projections of the computable error between two
Galerkin solutions onto one-dimensional spaces, spanned by hierarchical basis functions. These estimators
are known to be efficient. On the other hand, reliability is only proven under an appropriate saturation as-
sumption which is even equivalent to reliability for the symmetric BEM operators [4, 24, 25]. However, such a
saturation assumption is formally equivalent to asymptotic convergence of the adaptive algorithm [35] which
cannot be guaranteed mathematically in general and is expected to fail on coarse meshes.

Outline. The remainder of the paper is organized as follows: In Section 2, we introduce an abstract frame
which covers both BEM as well as the FEM-BEM coupling. We formally state the adaptive loop (Algorithm 2.2).
Under three assumptions on the error estimator which are later verified for the particular model problems, we
prove that the adaptive loop drives the underlying error estimator to zero (Propositions 2.4 and 2.5). Section 3
treats the weakly-singular integral equation associated with the Laplacian. We prove that the two-level error
estimator (Theorem 3.1) as well as the Faermann error estimator (Theorem 3.2) fit into the abstract framework.
In Section 4, we consider the hyper-singular integral equation associated with the Laplacian. We prove that
the two-level error estimator fits into the abstract framework (Theorem 4.1). The final Section 5 considers a
nonlinear Laplace transmission problem which is reformulated by some FEM-BEM coupling. We prove that
the two-level error estimator fits into the abstract framework as well (Theorem 5.2).

Notation. Associated quantities are linked through the same index, i.e., U, is the discrete solution with re-
spect to the discrete space X, which corresponds to the triangulation 7, . Throughout, the star is understood
as general index and may be accordingly replaced by the level of the adaptive algorithm (e.g., U,) or by the
infinity symbol (e.g., X,). All constants as well as their dependencies are explicitly given in statements and
results. In proofs, we shall use A < B to abbreviate A < ¢ B with some generic multiplicative constant ¢ > 0
which is clear from the context. Moreover, A =~ B abbreviates A < B < A.

2 Abstract Setting

2.1 Model Problem

Let H be a Hilbert space with dual space H* and A : H — H* be a bi-Lipschitz continuous operator, i.e.,
Coont lw = vll3¢ < JAw — Avllge < Coone lw — vll5c  for all v, w € . (21

Here, ||| 4~ denotes the operator norm on H*,

[(F, v)|
IFllgc- = sup

forall F e H{". (2.2)
vercvioy vl
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Suppose that there exists some subspace X, € H such that for any given closed subspace X, € X, ¢ H and
any continuous linear functional F € H{* on 3, the Galerkin formulation

(AU,,V,) =(F,V,) forallV, € X, (2.3)

admits a unique solution U, € X,, where (,-) denotes the duality bracket between 3 and its dual H*. Par-
ticularly, this implies the existence of a unique solution u € 3 of

Au=F. (2.4)
Moreover, we suppose that there holds the Céa-type estimate

lu = U,llg < Cega min [lu—V, 4, (2.5)
V. eX,

where the constant Cg, > 0 depends only on the operator A (and possibly on F). To be precise, we will write
u = u(F) and U, = U,(F) in the following to indicate that u(F) resp. U, (F) are the unique solutions with
respect to some given right-hand side F € H".

Remark 2.1. (i) The assumptions (2.1)-(2.5) are particularly satisfied with Xy = {0}, Ceon = max{Ceone Coon b
and Cess = Ceont/Cmon if A is Lipschitz continuous and strongly monotone in the sense

= 2
lAw — Avllg- < Ceppe lw —vllg¢ and  Cpopllw — vl < (Aw — Av,w —v)

for all v, w € H; see, e.g., [58, Section 25.4] for the corresponding proofs. In particular, this also covers linear
problems in the frame of the Lax—Milgram lemma, e.g., the symmetric BEM formulations of Section 3-4.

(ii) The assumptions (2.1)—(2.5) are motivated by the FEM-BEM coupling formulations in Section 5.

(iii) For A being linear, it is also sufficient if, additionally to (2.1), A satisfies a uniform inf-sup condition
along the sequence of discrete subspaces X, generated by Algorithm 2.2 below.

2.2 Adaptive Algorithm

We shall assume that X, is a finite-dimensional subspace of H related to some triangulation T, and that
U,(F) € X, is the corresponding Galerkin solution (2.3) for X, = X,. Starting from an initial mesh T, the
triangulations T, are successively refined by means of the following realization of (1.1), where

1/2
ue(F) = (B T,) with  p(F; €,) :=( Y W(F;T)z) <oo forallé, cT,

Te&,

is a computable a posteriori error estimator. Its local contributions y,(F; T) > 0 measure, at least heuristically,
the error u(F) — U,(F) locally on each element T € T,.

Algorithm 2.2. Input: Right-hand side F € 3(*, initial mesh T, with X, 2 X,,, and bulk parameter 0 < 6 < 1.
For¢ =0,1,2,... iterate the following:

(i) Compute Galerkin solution U,(F) € X,.

(ii) Compute refinement indicators p,(F; T) forall T € T,.

(iii) Determine some set M, < T, of marked elements which satisfies

0 1 (F)* < pp(F; M), (2.6)

(iv) Generate a new mesh T,,, and hence an enriched space X,,, by refinement of at least all marked elements
T € M,.
Output: Sequence of successively refined triangulations T, as well as corresponding Galerkin solutions
U,(F) € X, and error estimators y,(F), for £ € IN,.
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2.3 Auxiliary Estimator and Assumptions
The following convergence results of Propositions 2.4 and 2.5 require an auxiliary error estimator

1/2
p(B)i= pBT) with p(Be)i= (Y p(BT)) <oo foralle, T,
Te&,
with local contributions p,(F;T) > 0. For all £ € N, we suppose that there exists some set R, ¢ T, with
M, € R, which satisfies the following three assumptions (A1)—(A3):
(A1) p,(F)isalocal lower bound of p,(F): There is a constant C, > 0 such that for all £ € IN, holds

pe(F; M) < Cp pp(F; Ryp).
(A2) p,(F) is contractive on R,: There is a constant C, > 0 such that for all £,m € N, and all § > 0 holds

_ 1 _
C' pe(F; Rp)* < py(F)’ - T+0 Pesm(F)? + (1 +871)C, [Upyy(F) = Up(F)l5.

The constants C,,C, > 0 may depend on F, but are independent of the level ¢ € N, i.e., in particular inde-
pendent of the discrete spaces X, and the corresponding Galerkin solutions U, (F). If p,(F) is not well-defined
for all F € H*, but only on a dense subset D ¢ ", we require the following additional assumption:
(A3) w,(-) is stable on M, with respect to F: There is a constant C; > 0 such that for all £ € N, and F' € 3*
holds
|t (Fs M) = o (E's Mp)| < GSlIF = F'll e

2.4 Remarks

Some remarks are in order to relate the abstract assumptions (A1)—(A3) to the applications, we have in mind.

Choice of p,. Below, we shall verify that assumptions (A1)-(A3) hold with y,(F) being the Faermann error
estimator [12, 28, 29] for BEM resp. u,(F) being the two-level error estimator for BEM [4, 2426, 39, 41, 45, 50, 51]
and the FEM-BEM coupling [5, 37, 49]. In either case, p,(F) denotes some weighted-residual error estimator,
see [11, 14, 15, 19, 20] for BEM and [2, 18, 37] for the FEM-BEM coupling.

Necessity of (A3). In these cases, the weighted-residual error estimator p, imposes additional regularity as-
sumptions on the given right-hand side F. For instance, the weighted-residual error estimator for the weakly-
singular integral equation [11, 15, 19, 20] requires F € H'(I), while the natural space for the residual is H 1 (D),
see Section 3 for further details and discussions. Convergence (1.3) of Algorithm 2.2 for arbitrary F € H 12(1)
then follows by means of stability (A3).

Verification of (A1)—-(A2). For two-level estimators, (A1) has first been observed in [12, 14] for BEM and in [5] for
the FEM-BEM coupling, and follows essentially from scaling arguments for the hierarchical basis functions.
For the Faermann error estimator and a simplified 2D BEM setting, (A1) is also proved in [12]. Finally, the novel
observation (A2) follows from an appropriately constructed mesh-size function and refinement of marked
elements as well as appropriate inverse-type estimates, where we shall build on the recent developments of
[1]; see, e.g., the proof of Theorem 3.1 below.

Verification of (A3). Suppose that the operator A is linear and y,(-) is efficient:
Ue(F) < Cog lu(F) = Uy(F)ll4¢ forall F e 3",
Provided y,(-) has a semi-norm structure, the corresponding triangle inequality yields
ue(F) < pp(F") + pp(F = F') < py(F") + Cogp u(F = F') = U,(F = F')ll3
< Ug(F') + CetCeq u(F = F')llo¢
< Up(F') + CeCaga IA IIF = F'llg¢- 2.7)

where |A™'|| denotes the operator norm of A™*, and the (bounded) inverse exists due to (2.1). This proves

stability (A3) with C; = CogCrsq IA™|.
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Marking Strategy. In view of optimal convergence rates, one usually asks for #R, < #M, in (A1) and minimal
cardinality of M, in (2.6). We stress, however, that this is not necessary for the present analysis, where our
focus is on a first plain convergence result.

2.5 Abstract Convergence Analysis

We start with the observation that (A2) already implies convergence of the auxiliary estimator p,. We note
that the following lemma is, in particular, independent of the marking strategy (2.6), i.e., we do not use any
information about how the sequence (T,),, is generated.

Lemma 2.3. Suppose (A2) for some fixed F € H*. Under nestedness X, < X,,, of the discrete spaces for all
¢ € N, the auxiliary estimator p,(F) converges, i.e., the limit

Poo(F) := }ggo pe(F) (2.8)
exists in R. Moreover, it holds
elim pe(F;R,) = 0.

Proof. First, we prove that (A2) implies boundedness of (p,),cx,- We recall that nestedness X, < X,,; for all
¢ € N, in combination with the Céa lemma (2.5) implies that the limit lim, U,(F) =: U, (F) exists in H, see,
e.g., |7, 17, 48] or even the pioneering work [8]. For £ = 0 and § = 1, assumption (A2) implies

1
3 Pm(F)? < po(F)* +2C, sup Uy — Ul < M < oo.
keN,

Next, we multiply (A2) by (1 + §) and observe
0 < pp(F; Rp)* < po(F)* = posr(F)* + 8pp(F)> + Cy(8)IU¢, 1 (F) — U,(F)ll3, (2.9)

with C,(8) := (1+8)(1+81)C, = §7'(1 + 8)°C,. Let & > 0. Because of the boundedness of p,(F), we can hence
choose § > 0 and ¢, € N such that

8pe(F)> + Cy(8) Uy (F) = Up(F)ll5 < &
forall ¢ > ¢, and k € IN,,. Together with (2.9), this shows
Pe(F)* = ppur(F)* > —e. (2.10)

Let a,b € R be accumulation points of (pg(F)z)kNo. First, choose ¢ > ¢, and k € N such that | pAF)2 —al +
|pe,k(F)* = bl < e. With (2.10), this implies
a—-b> -3¢

Second, choose € > ¢, and k € N such that |p,(F)* - b| + |p,,x(F)* - a| < & to derive
b-a> -3¢

Since & > 0 was arbitrary, the last two estimates imply a = b. Altogether, (p,(F)*) ¢en, 1S @ bounded sequence
in R with unique accumulation point. By elementary calculus, (p,(F)*) een, is convergent with limit p,(F )%
Continuity of the square root concludes (2.8). In particular, this and (2.9) prove p,(F;R,) — 0as € — co. [

Proposition 2.4. Suppose assumptions (A1)—-(A2) hold for some fixed F € HH*. Under nestedness X, < X,,;
of the discrete spaces for all ¢ € N, and due to the marking strategy (2.6), Algorithm 2.2 guarantees estimator
convergence lim,_,, p,(F) = 0.

Proof. The marking criterion (2.6) and assumption (A1) show
Oup(F)* < up(Fs M)* < po(F5 Ry).

Hence, the assertion lim,_, ., u,(F) = 0 follows from Lemma 2.3. O
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Proposition 2.5. Suppose that D ¢ H" is a dense subset of 3{* such that assumptions (A1)-(A2) are satisfied
for all F € D. In addition, suppose validity of (A3). Under nestedness X, < X,,, of the discrete spaces for all
¢ € N, and due to the marking strategy (2.6), Algorithm 2.2 guarantees convergence lim,_, ., u,(F) = 0 for all
Fe 3"

Proof. Let ¢ > 0 and choose F' € D such that |F — F'||l5.. < e. The marking criterion (2.6) as well as (A3)
and (A1) show
0 o (F) < pp(F; M) < pp(F's M) + |IF = F'llgee < pp(F'3Rp) + &

Lemma 2.3 yields lim,_,, p,(F'; R,) = 0, whence 6 limsup,_, y,(F) < e. With e — 0, elementary calculus
concludes the proof. O

3 Weakly-Singular Integral Equation

3.1 Model Problem

We consider the weakly-singular integral equation

Au(x) = JG(x - y)u(y)dl(y) = F(x) forallxeTl (3.3
T
on a relatively open, polygonal part I' ¢ 0Q of the boundary of a bounded, polyhedral Lipschitz domain
Qc IRd, d = 2,3. For d = 3, we assume that the boundary of T (a polygonal curve) is Lipschitz itself. Here,

1
4
denotes the fundamental solution of the Laplacian in d = 2, 3. The reader is referred to, e.g., the monographs
[42, 46, 53, 56] for proofs of and details on the following facts: The simple-layer integral operator A : H — H*
is a continuous linear operator between the fractional-order Sobolev space H = H Y*(I') and its dual H* =
H'*() = {0l : o € H'(Q)}. Duality is understood with respect to the extended L*(I')-scalar product (-,-).
In 2D, we additionally assume diam(Q) < 1 which can always be achieved by scaling. Then, the simple-layer
integral operator is also elliptic:

G(z):—%tloglzl resp. G(z) = Lz (.2)

(v, Av) = Coy [Vlapy forallv e 3 = H (D)

with some constant C,; > 0 which depends only on I'. Thus, A meets all assumptions of Section 2, and
||u||i := (Av, v) even defines an equivalent Hilbert norm on .

3.2 Discretization

Let T, be a y-shape regular triangulation of T into affine line segments for d = 2 resp. plane surface triangles
for d = 3. For d = 3, y-shape regularity means

<y<oo (3.3a)

with |-| being the two-dimensional surface measure, whereas for d = 2, we impose uniform boundedness of

the local mesh-ratio
diam(T)

diam(T")
To abbreviate notation, we shall write |T| := diam(T) for d = 2. In addition, we assume that T, is regular in
the sense of Ciarlet for d = 3, i.e., there are no hanging nodes.
With X, = P°(T,) being the space of T, -piecewise constant functions, we now consider the Galerkin
formulation (2.3).

<y<oo forallT,T' € T, withTnT' # 0. (3.3b)
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3.3 Weighted-Residual Error Estimator

According to the Galerkin formulation (2.3), the residual F- AU, (F) € H Y2(IYhas T . -piecewise integral mean
zero, i.e.,
J(F —AU,(F))dl'=0 forallT € 7,. (3.4)
T

Let us suppose for the moment that the right-hand side has additional regularity F ¢ H'(I') ¢ H'*(I"). Since
A : HY4(T) - HY*(T) is an isomorphism with additional stability A : HY/2*(I') —» HY?>*(I") for all -1/2 <
s < 1/2 (we note that A is not isomorphic for s = +1 and I' ¢ 0Q)), a Poincaré-type inequality in H 2(T) shows

Iu(F) = U, (B)ll g2y = IF = AU, (F)lggieqry < IRY2Vi(F = AU, (F)ll 2y = 1, (F), (3.5)

see [11, 15, 19, 20]. Here, V;(-) denotes the surface gradient, and h, € P°(T,) is the local mesh-width function
defined pointwise almost everywhere by h, |, := diam(T) for all T € T,. Overall, this proves the reliability
estimate

lu(F) = U, (Pl g-i2ry < Crei 11..(F), (3.6)

and the constant C,; > 0 depends only on T and the y-shape regularity (3.3) of T,; see [15]. In 2D, it holds
that C,, = C logl/ %(1 + y), where C > 0 depends only on T; see [11]. In particular, the weighted-residual error
estimator can be localized via

12
7. (F) = ( S . (Fs T)2> with 7, (F;T) = diam(T)"*|V(F = AU, (F))ll2r). (3.7)
TeT,

Recently, convergence of Algorithm 2.2 has been shown even with quasi-optimal rates, if #,(F) = u,(F) is
used for marking (2.6); see [31, 34]. We stress that our approach with #,(F) = p,(F) = u,(F) would also give
convergence #,(F) — 0 as £ — oo. Since this is, however, a much weaker result than that of [34], we omit the
details.

Unlike reliability (3.6) of #, (F) which is proved for general F ¢ H L(I), the converse estimate n,(F) <
lu(F) = U, (F)l g1z ry (so-called efficiency) is only known for special right-hand sides F ¢ H'(I') which guar-
antee equivalence of the weakly-singular integral equation (3.1) to some 2D Laplace problem

~AU = 0in Q c R* subjecttoU = gonT = 9Q

with smooth Dirichlet data g; see [10] for quasi-uniform meshes and the very recent work [3] for the general-
ization to locally refined meshes which are y-shape regular (see (3.3b)).

3.4 Two-Level Error Estimator

In the frame of weakly-singular integral equations (3.1), the two-level error estimator was introduced in [51].
Let T, denote the uniform refinement of T,. For each element T € T,, let T r = (T € T :T ¢ T} denote
the set of sons of T. Let {x;, ¢r1,...,9rp} be a basis of P%(T, |) with fine-mesh functions ¢r,; which satisfy
supp(¢r,;) € T and IT ¢r,; AT’ = 0. We note that usually D = 1 ford = 2 and D = 3 for d = 3. Typical choices are
shown in Figure 1. Then, the local contributions of the two-level error estimator from [24, 26, 41, 45, 51] read

D (F - AU, (F), 1)
ET) = (F;T) with u, (FT)= J 3.8
4. (F;T) j;/‘*)]( oW o (B T) (A¢T,j>‘PT,j)1/2 G8)

Put differently, we test the residual F— AU, (F) € H'?(T') with the additional hierarchical basis functions from
PUT)\P°(T,). This quantity is appropriately scaled by the corresponding energy norm

1/2

Ilg-ve g = (Ag, @) = ligll.
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+1 | -1 -1 | +1 -1 (-1

+1
+1 -1 +1 -1 +1 +1

Xt Pr,1 Pr2 Pr3

Figure 1. For d = 3, uniform bisection-based mesh-refinement usually splits a coarse mesh element T € T, (left) into four sons
T € ‘Te (right) so that |T|/4 = |T"|. Typical hierarchical basis functions or,jare indicated by their piecewise constant values +1
on the son elements T'.

Note that unlike the weighted-residual error estimator 7, (-) from (3.7), the two-level error estimator y, (F) is
well-defined under minimal regularity F € H'/*(T) of the given right-hand side.
The two-level estimator is known to be efficient [24, 26, 41, 45, 51]:

H*(F) < Ceff "u(F) - U* (F)"H—l/Z(r)) (3-9)

while reliability
lu(F) = U, (F)llg-12(ry < Cret 4 (F)

holds under (see [26, 41, 45, 51]) and is even equivalent to (see [24]) the saturation assumption
Iu(F) = U, (F)ll < qsa I1u(F) - U, (P)ll 5

in the energy norm ||, = | - Here, 0 < g < lisa uniform constant, and U, (F) is the Galerkin
solution with respect to the uniform refinement 7, of T,. The constant C.;s > 0 depends only on I and the
y-shape regularity of 7, , while C,,; > 0 additionally depends on the saturation constant qg,.

With the help of Propositions 2.4 and 2.5, we aim to prove the following convergence result for the related
adaptive mesh-refining algorithm. Recall that for d = 3, refinement of an element T' € T, does not necessarily
imply that diam(T") < diam(T) for the sons T « T,.1 of T. However, it is reasonable to assume that each
marked element T € M, is refined into at least two sons T' € T,,, which satisfy |T'| < x|T| with some
uniform 0 < x < 1 (and « = 1/2 for usual mesh-refinement strategies for d = 2, 3).

Theorem 3.1. Suppose that the two-level error estimator (3.8) is used for marking (2.6). Suppose that the mesh-
refinement guarantees uniform y-shape regularity (3.3) of the meshes T, generated, as well as that all marked
elements T € M, are refined into sons T € Tp41 With IT'| < x |T| with some uniform constant 0 < x < 1. Then,
Algorithm 2.2 guarantees

Jim 1y(F) =0 forall F HY(T).

The claim of Theorem 3.1 follows from Proposition 2.5 as soon as we have verified the abstract assump-
tions (A1)-(A3). We will show (A1)-(A2) for a slight variant p, (-) of the weighted-residual error estimator , (-)
from (3.7) and for all right-hand sides F € H'(T). Afterward, assumption (A3) is shown for all F € H*(I),
and the final claim then follows from density of H'(I') within H"?(I).

Proof of Theorem 3.1. For a given right-hand side F € H'(I'), the weighted-residual error estimator #, (F) from
(3.7) is well-defined.
Note that y-shape regularity (3.3) implies for d = 3 the pointwise equivalence

Cres diam(T) < |T|'* < diam(T) forall T € T,

where Cpeqn = /7 > 0. In the spirit of [21], we hence use the modified mesh-width function h, € P°(T,)
defined pointwise almost everywhere by &,| = |T|"® ™" and note that 7, = h, for d = 2. Then, we consider
an equivalent weighted-residual error estimator p,(F) given by

Coli (B T) < pp(F; T) i= |y >V (F = AU (F)|| 2y < Mo (F T). (3.10)
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It has first been noted in [12, Theorem 8.1] for 2D that

where the constant Cy,. > 0 depends only on y-shape regularity of 7,, and the proof transfers to 3D as well.
For completeness, we include the short argument: With supp(¢r,;) € T, we infer

(F = AU,(F), 9. )

"q’T,j "A

1/2
”hg <PT,j||L2(T)

by j(F;T) = < Il *(F = AU (F)ll 201 (612)

”(PT,j"A

With the inverse estimate from [38, Theorem 3.6] and norm equivalence, we obtain

1/2 1/2 ~
(I, (PT,j”LZ(T) = |k, (PT,j”LZ(r) s "(PT,j"H*UZ(F) = "(PT,j"A)

where the hidden constants depend only on I and y-shape regularity (3.3) of T,. We note that the assumption
fT ¢r,; dI' = 0 together with the approximation result of [16, Theorem 4.1] also proves the converse estimate

1/2
"‘PT,]‘”A = ||§0T,j||ﬁfllz(r) < ||hg (PT,]‘"LZ(T)a

where the hidden constant depends only on I. This proves that the quotient on the right-hand side of (3.12)
remains bounded. Due to (3.4), the Poincaré estimate yields

I, "> (F — AU.(F)p2ry < 11y Vi(F = AU((F)lp -

This concludes (3.11). Together with (3.10), this proves (A1) with C, = C},.C}2, D'* and R, = M,.
The verification of (A2) hinges on the use of the equivalent mesh-size function. Note that each marked
element T € M, = R, is refined and that the mesh-size sequence is pointwise decreasing. With g = /@1,

this implies the pointwise estimate
By =y 2 hy —hpy > (1= q) hyx 5, forallekeN,

where |, denotes the characteristic function of the set JR, := [rcg, T- Hence, the estimator p,(-)
from (3.10) satisfies

(1= pEsR) = (1=0) | RlVi(F - AU dr
URe
< JIZAVF(F — AU,(F))|* drl - JEMWF(F — AU,(F))* dr
T

= [Ry*Vi(F - AU, (F)| 32 llhziivr F — AU(F))|1.

T) @ -

For arbitrary a,b > 0 and 8 > 0, the Young inequality gives (a + b)* < (1 + 8)a® + (1 + 8 )b* and hence
a® > (1+8)7"'((a+b)® - (1+86")b?). Together with the triangle inequality, this leads us to

(1-q) po(F5Rp)* < py(F)’ - 6 pewi(F) + ||h;ﬁvrA<Ue(F> ~Up ok B 220)-

Finally, we use an inverse estimate from [1, Corollary 3]:
Iy >V AVl 2y < Ciny IVellgngy  forall vV, € P°(T). (3.13)

With this, we derive

1+67!

5 Cinv IUe(F) = Uerie (Pl ey

(1 -q) pe(F; R,)? < Pe(F)2 - 6 Pesk(F )+ ———

This proves assumption (A2) with C, = max{Cj,,, (1 - q)"'}.
To see (A3), recall that A is linear and y,(-) is always efficient (see (3.9)). Therefore, (A3) follows with the
abstract arguments of (2.7). O
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3.5 Faermann’s Residual Error Estimator

For a given triangulation T, of T, let N, be the set of nodes of T, . Define the node patch
w,(z)=J{T €T, :zeT}cT,

i.e., the union of all elements which contain z. The Faermann error estimator was introduced in [28, 29] for
d = 2 resp. d = 3. Its local contributions read

U BT = Y |F = AU, (F)lipng, oy forallT eT,. (3.14)
zeTNN,

Here, || (), for 0 < s < 1, denotes the Sobolev-Slobodeckij seminorm

N 2
i = | | % dr(x)dr(y) forallu € H(w).
w w xX- y ’

So far, the Faermann error estimator is the only a posteriori BEM error estimator which is proven to be reliable
and efficient [12, 28, 29]:
Cat t(F) < 1u(F) = U, (F)ll g1y < Crea s (F). (3.15)

The constants Cgg, C,e) > 0 depend only on I and the shape regularity (3.3) of 7, . We note that efficiency of,
e.g., the weighted-residual error estimator 7, (-) is so far only mathematically proved for 2D and particular
smooth right-hand sides F; see [3].

Theorem 3.2. Suppose that the Faermann error estimator (3.14) is used for marking (2.6). Suppose that the
mesh-refinement guarantees uniform y-shape regularity (3.3) of the meshes T, generated, as well as that all
marked elements T € M, are refined into sons T' € T,,, with |T'| < « |T| with some uniform constant 0 < « < 1.
For all F € H"*(T), Algorithm 2.2 then guarantees estimator convergence

elim Ue(F) =0 (3.16)
as well as convergence of the discrete solutions:
Jim Ju(F) = Up(F)lgang = 0. (3.17)

Note that the convergence (3.17) follows from the estimator convergence (3.16) and reliability (3.15). Hence, the
claim of Theorem 3.2 follows from Proposition 2.5 as soon as we have verified the abstract assumptions (A1)-
(A3). While the proofs of (A2)—(A3) are similar to those of the two-level error estimator from Theorem 3.1, the
proof of (A1) is technically more involved and yields u,(F; M,) < p,(F; R,) with R, consisting of all marked
elements plus one additional layer of elements, i.e.,

R, :={T € T, : there exists T' € M, with T nT' # 0}. (3.18)

Proof of assumptions (A2)—(A3) for Theorem 3.2. Inview of (3.18), we require a modified mesh-width function

h, : T — R which is contractive on each element T which touches a marked element. For a subset £, < T,
we define the k-patch w’g(E ») € T, inductively by

W) =€, and wh(&,) ={T €T, : thereexists T' € w} '(&,) with T n T # 0}. (3.19a)
For simplicity, we write
wp() = wp() and  wi(T) = wy({T}) forelements T e T,. (3.19b)
Then, there exists Ee : T — R which satisfies, for fixed k € IN and arbitrary £ € N,

Cesy diam(T) < Fyly < diam(T) forall T € T, (3.20a)
Bailr < By forall T € T, (3.20b)
Boolr < qhyly  forall T € wf(T\Tp,y) (3.20¢)
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with constants Cp.q, > 0and 0 < g < 1. We note that 7,\T,,, are precisely the refined elements. For bisection-
based mesh-refinement in 2D and 3D, the explicit construction of such a modified mesh-width function ﬁe is
given in [31, Lemma 2]. In [13, Section 8.7], the construction is generalized to y-shape regular triangulations
T, of n-dimensional manifolds, n > 2. For d = 2, i.e. I being a one-dimensional manifold, the construction is
even simpler.

Overall, we consider an equivalent weighted-residual error estimator p,(F) given by

Creon Me(EsT) < pp(B5T) = |12V (F = AUp(E))|| 3y < me(F5 T)

(T)

with arbitrary, but fixed k > 1.

To prove (A2) with R, = w,(M,), we note that all marked elements are refined, i.e., w’e‘ (M,) < a)’g‘(Te\T 1)
Therefore, property (3.20c) of i, ensures hy, |y < qh,l; for all T € R,. Arguing as in Theorem 3.1, we prove
(A2).

To see (A3), recall that A is linear and g, (-) is always efficient (see (3.15)). Therefore, (A3) follows with the
abstract arguments of (2.7). O

The following proposition provides an estimate for the Slobodeckij seminorm, needed to establish the local
lower bound (A1). It is related to recent results from [40], which studies scalability of different H*-seminorms.
Unlike [40], we consider node patches

w,(2) = J{TeT,:zeT} (3.21)
instead of elements.
Proposition 3.3. Let T, be a triangulation of T, z € N,, and s € (0, 1). Then,
0], (2 < Co diam(@, (2))'1Vr0lp2e, o)y for allv € H' (@, (2)). (3.22)

The constant C, > 0 depends only on T and the y-shape regularity of 7.
We postpone the proof of Proposition 3.3 and show how it implies (A1) for all F € H'(I).

Proof of assumption (A1) for Theorem 3.2. Let T € T,. Summing (3.22) over z € N, N T, we get

2 . 2(1- 2
Y Wiy s Y diam(@p(@)* 7 IVivlEa(, -
zeN,NT zeN,NT

Fors=1/2,v=F - AU,(F) € H(I), and w := | J w,(M,) = | JR, (see (3.19) for the definition of the patch), this
shows

u (BN = Y |F = AULF) )
TeM, zeN,NT
< Y Y diam(DIVe(F = AUL(F)) 20,0
TeM, zeN,NT
71/2 2 2
= [k *Vi(F = AU, (F)) |72y = Pe(Fs Re)™
This concludes the proof. O

To establish Proposition 3.3, we need two additional lemmas. The first enables us to use a “generalized” scal-
ing argument which allows for bi-Lipschitz deformations of the reference domain. A mapping « : O — R?
with O ¢ R* open and 1 < k < d is called bi-Lipschitz if it satisfies for some constants L, L, > 0

Lilx - y| < |x(x) —x(y)| < L,|x - y| forallx, y € O. (3.23)

This allows us to formulate the following lemma.
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Lemma 3.4 (Generalized scaling property of Sobolev seminorms). Let x : O — R? be bi-Lipschitz, see (3.23).
Then, it holds
C_IL’;/z_slv ° KlHi(O) < |U|HS(K(O)) < CLI;/Z_slU o Kle(o) (3.24)

forallv € H°(x(O)) and 0 < s < 1. The constant C > 0 satisfies
C < (Ly/L)*?72, (3.25)

Proof. First, we consider the case 0 < s < 1. According to Rademacher’s theorem [27, Section 3.1], Lipschitz
continuous functions are differentiable almost everywhere. An immediate consequence of (3.23) thus is

L,lv| < |Dx(x)v] < L,lv| forallv e R¥and a.e. x € O. (3.26)

Denote the Jacobian determinant by Jx := +/det((D«)T(Dx)). Interpreting (3.26) as an estimate for the eigen-
values of (Dx)” (Dx), one obtains
f<Jk<1f aeino. (3.27)

The estimates (3.27) and (3.23) show

— o 2
i - [ 5
O

e [ [ e x(x) —vor(y)P
SLZI J k) -k Y

2
—(k+25) 1 2k [veox(x) —vox(y)l —(k+2) 7 2k 2
<LLy I J lx — ylk+2s dxdy =L"™L; v e kli(0)-

This proves |vlgs(oy < (L2/L1)"***L5*7*v o k|- With (L,/L,) = 1 and k/2 + s < (d + 2)/2, we obtain the
upper estimate of (3.24). The lower estimate follows analogously.
The case s = 1 follows from the chain rule and (3.26)—(3.27), where I := «(O) is the induced surface: The
pointwise estimate
LY IVwoew)* < [(Vpo) o k> < LIV o 1)

and integration over O show
-2k 2 2 27k 2
LZ L1|U o K|H1(O) < |U|H1(k(0)) < Ll L2|U o KlHl(O).
This concludes the proof for s = 1. O

It remains to bound the Lipschitz constants (L, /L, )@*2/2in (3.25) for our particular case of x(O) being a node-
patch ona polyhedral surface. To that end, define forany N > 3 the reference patch &y c R? = Ctobethe com-
pact regular polygon with corners e ,fork =0,...,N -1 (where 0 is an interior point). Moreover, let conv{-}
denote the closed convex hull. Define @, := conv{0, 1,i} and, for N > 2, @y := @y, \ interior(conv{0, 1, eni)),
where 0 is a boundary vertex; see Figure 2. The next lemma constructs appropriate uniformly bi-Lipschitz
pullbacks to the reference patches. Since the proof is elementary but lengthy, we only sketch it and refer to

[47] for the details.

Lemma 3.5. Letz € N, be some node of a triangulation T, of T ¢ R?, andletd = 2,3.LetN := #{T € T,: z € T}
be the number of elements in the node patch w, (z) from (3.21) and define

o, forz e o,
®:=(-1,1) ford=2 and &:= @y forz ford =3.
wy forz ¢ o,
Then, there exists x, : ® — w, (z) bi-Lipschitz with
C! diam(w, (2)) < L, and L, <Cdiam(w,(2)). (3.28)

The constant C > 0 depends only on T and the y-shape regularity of 7,.
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VBV R

Figure 2. Reference patches @y and &)}\, inLemma3.5forz € ol and N = 4aswellas N = 9resp.forz ¢ ol and N = 5 as well
as N = 10 (from left to right).

Sketch of proof. We only sketch the case d = 3, whereas the simpler case d = 2 is left to the reader. Let
Ty..., Ty denote the elements in @ = (J}., T; and let T}, ..., Ty denote the elements of w,(z) = U}, T;.
Without loss of generality, we assume that the numbering of the elements is such that #(Ti n Tj) = #(T;n Tj) €
{1,00} forall 1 <4, j < N. This allows us to find a unique affine mapping «; : T; — T; which satisfies

k0 =z and «,(T;nT)=T;nT; foralli=1,...,N.

Definex : @ — w,(z) as

KlTj =x; forallj=1,...,N.

Ifz e (TJ- N T)\{0}, we have x;(z') € T, N T; and x;(z) € T; N T; by definition. Since the «; are affine, there
holds «;|; = K;lgon E= T,- n Tj. This shows that « is well-defined and continuous. Straightforward arguments
show that N and the Lipschitz continuity of the x; depend only on the y-shape regularity of T, . The Lipschitz
continuity (3.28) of x depends additionally on T. O

With this at hand, the proof of Proposition 3.3 follows.

Proof of Proposition 3.3. Using the mapping x = x, from Lemma 3.5, we can apply Lemma 3.4 with O = @ and
k(0) = w, (z). This immediately gives

(d-1)/2-s

[Vl o, (2)) = diam(w, (2)) [v okl

forallv € H' (w,(2)), s € (0, 1], with constants depending only on the y-shape regularity of T,. On the reference
patch, we can use the continuous embedding H'(@) ¢ H*(@) and Poincaré’s inequality to obtain

[veklys@) = 121]11{1|v oK = Clysg) < Igél]{l"v ok = Cllpgs(z) S I?ein{l”v ok = clm@) S Vol g)-

The hidden constant depends only on @ and is hence controlled by the y-shape regularity of 7,. Combining
the last two estimates, we get

. d-1)/2— . d-1)/2— . 1-
1011500, (2 = diam(w, (2)@2 v o &l s ) < diam(w, (2))“ v o k() = diam(w, (2))" [Vl (0. 2))-

This concludes the proof. O

3.6 Remarks and Extensions

The inverse estimates of [38, Theorem 3.6] and [1, Corollary 3] also apply to higher-order discretizations P#(T,)
with piecewise polynomials of degree p > 0 and curved surface triangles (where I' is assumed to be piecewise
smooth). Also Proposition 3.3 can be proved for non-polygonal boundaries. Consequently, the convergence
results of Theorems 3.1 and 3.2 also transfer to these settings. Moreover, rectangular elements can be covered.

In [28] the spaces P?(T,) are defined by local pullback with the arc-length parametrization. While this
is immaterial for piecewise affine boundaries, P?(7,) depends on the chosen parametrization for non-affine
boundaries. For 2D BEM, this restriction is removed in the recent work [33].
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4 Hyper-Singular Integral Equation

4.1 Model Problem
We consider the hyper-singular integral equation

Au(x) = =0, Jan(y)G(x -y u(y)dl(y) = F(x) forallxeT (4.0)
r

on a relatively open, connected, and polygonal part I' ¢ 0Q of the boundary of a bounded, polyhedral
Lipschitz domain Q ¢ R%, d = 2,3. (The case T = 9Q is sketched in Section 4.5 below.) For d = 3, we assume
that the boundary of T' (a polygonal curve) is Lipschitz itself. In (4.1), G denotes the fundamental solution of
the Laplacian; see (3.2). Moreover, 0,(x) denotes the normal derivative at x € T with n(x) the outer unit normal
vector of Q. The reader is referred to, e.g., the monographs [42, 46, 53, 56] for proofs of and details on the fol-
lowing facts: The hyper-singular integral operator A : H — (" is a continuous linear operator between the
fractional-order Sobolev space H = H"?(T') and its dual 3¢* = H™/*(T"). Duality is understood with respect to
the extended L*(I')-scalar product (-, -). Then, the hyper-singular integral operator is also elliptic:

(A0, 0) = Cy I0lFp, forallv e H = 7(1)

with some constant C; > 0 which depends only on I'. Thus, A meets all assumptions of Section 2, and
||u||i = (Av, v) even defines an equivalent Hilbert norm on .

4.2 Discretization

Let T, be a y-shape regular triangulation of I as defined in Section 3.2. With X, = §'(T,) := P"(7,) n H'*(I)
being the space of T, -piecewise affine, globally continuous functions which vanish at the boundary of T', we
now consider the Galerkin formulation (2.3).

4.3 Weighted-Residual Error Estimator

For a given right-hand side F € L*(T), the residual F — AU, (F) € H "/*(T') has additional regularity F — AU, €
L*(I), since A : H'/?*(I) - H Y?*(I) is stable for -1/2 < s < 1/2 (but not isomorphic for s = +1/2). It is
proved in [14] that

lu(F) = U, (F)llggy = IF = AU, (B)ll gy < 10Y2(F = AU, (F)ll 2y =2 11, (F). (4.2)
Overall, this proves the reliability estimate
lu(F) = U, (F)lgqy < Crer 1, (F),

and the constant C,,; > 0 depends only on I' and the y-shape regularity (3.3) of 7, . In particular, the weighted-
residual error estimator can be localized via

1/2
,1*(1:)=< y q*(F;T)Z) with 7, (F;T) = diam(T)"*|F — AU, (F)ll2qr).
TeT,

Recently, convergence of Algorithm 2.2 has been shown even with quasi-optimal rates, if #,(F) = u,(F) is
used for marking (2.6), see [32, 36]. We stress that our approach with #,(F) = p,(F) = u,(F) would also give
convergence 7,(F) — 0 as £ — co. Since this is, however, a much weaker result than that of [36], we omit the
details.
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4.4 Two-Level Error Estimator

Let 7, denote the uniform refinement of 7,. Let N, be the corresponding set of nodes. Let zrj € TN N,,
j=1,..., D denote the new nodes of the uniform refinement J, within T Let {or>..>vrp} C $Y(7,) denote
the fine-mesh hat functions which satisfy ur,j(zr;) = 1 and vy, iz) =0 forall z € N*\{ZT)]-}. We note that (in
dependence of the chosen mesh-refinement) usually D = 1 ford = 2 and D = 3 for d = 3. In this setting, the
two-level error estimator has first been proposed by [50]. Its local contributions read

{—<F_AU*(F)’UT”) forz;; ¢ or,

<AUT,j)UT,j> 172

D
u (BT =Y p (BT with p, (FT) =
j=1

(4.3)
0 otherwise.

Put differently, we test the residual F— AU, (F) € H™*/*(T') with the additional hierarchial basis functions from
SY(T)\S!(T,). This quantity is appropriately scaled by the corresponding energy norm

>1/2

"UT,]'"H*UZ(F) = <AUT,]"UT,]' = ||UT,,'||A-

Note that unlike the weighted-residual error estimator #, (-), the two-level error estimator p, (F) is well-defined
under minimal regularity F € H "/*(T) of the given right-hand side.
The two-level estimator y, (-) is known to be efficient [4, 25, 26, 41, 45, 50]:

1. (F) < Cogt 1u(F) = U, (F)l gy (4.4)

while reliability
lu(F) = U, (Fllgnrqy < Crel 4 (F) (4.5)

holds under [26, 41, 45, 50] and is even equivalent to [4, 25] the saturation assumption
|(F) = U, (P)ll5 < qsa Iu(F) = U, (F)ll4 (4.6)

in the energy norm ||, = Il 12 (ry- Here, 0 < gg < lisa uniform constant, and U, (F) is the Galerkin
solution with respect to the uniform refinement T, of T,. The constant C.z > 0 depends only on I and the
y-shape regularity of 7, , while C,,, > 0 additionally depends on the saturation constant g,,. (The saturation
assumption (4.6) for the H/2-norm |-| 4 = Iz implies reliability (4.5), but is not necessary though.)

Theorem 4.1. Suppose that the two-level error estimator (4.3) is used for marking (2.6). Suppose that the mesh-
refinement guarantees uniform y-shape regularity of the meshes T, generated, as well as that all marked ele-
ments T € M, are refined into sons T € Tpy1 With IT'| < «|T| with some uniform constant 0 < x < 1. Then,
Algorithm 2.2 guarantees

Jim po(F) =0 forall F HY(T).

Proof. With Proposition 2.5, it remains to verify the abstract assumptions (A1)—(A3).
We use the modified mesh-width function %, from the proof of Theorem 3.2 and define the modified
weighted-residual error estimator

Coli 1e(FsT) < pp(B; T) = [y (F = AUG(F))| 2y < 76 (F5 T). “.7)

Arguing analogously to the proof of Theorem 3.1, we verify contraction (A2). The only difference is that instead
of (3.13), we use the inverse-type estimate

Iy AVyll 2ty < Ciny IVellgpngy  forall vV, € 81(T,), (4.8)

where the constant C;;,, > 0 depends only on I and y-shape regularity of T,; see [1, Corollary 3].
It is proved in [14, Theorem 5.4] that

1/2
e j(F:T) < Iy (F = AU 2 suppton, >
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where the hidden constant depends only on I and y-shape regularity of T,. By definition (4.2) of the weighted-
residual error estimator and (4.7), this implies

wEBT? < Y BT = Y p(FT)
T'eT, T'eT,
T'NT+0 T'NT+0
Using the notation from the proof of Theorem 3.2, this yields (A1) with R, := w,(M,) being the marked ele-
ments plus one additional layer of elements; see (3.19) for the definition of w,(:) = wé(-).
Finally, stability (A3) follows from efficiency (4.4); see (2.7). O

4.5 Remarks and Extensions

The inverse estimate (4.8) of [1, Corollary 3] also applies to higher-order discretizations S?(7,) := PP(T,) n
HY*(T") with piecewise polynomials of degree p > 1 and curved surface triangles. Consequently, the conver-
gence results of Theorems 3.1 and 3.2 also transfer to these settings. Moreover, also rectangular elements can
be covered.

If the boundary T is closed, i.e. T = 9Q, the hypersingular operator W : H)/*(I) — H,"*(I) is well-
defined and elliptic, where H:'/*(T) = {v € H*'/*(I) : (v, 1) = 0}. Therefore, well-posedness of (4.1) requires
the compatibility condition F € H 2(T). On the one hand, one may formulate the weak formulation of (4.1)
as well as its Galerkin discretization with respect to the subspaces 3 = Hy*(I) and X, = P*(T,) n Hy/*(T).
On the other hand, one can choose the full space 3 = H/*(I) and X, = P*(T,) n H"*(I') and consider the
naturally stabilized formulation

a(u,v) == (Au,v) + (u, 1){(v, 1) = (F,v) forallv e K = H*(D). (4.9)

The compatibility condition on F and 1 € $X(T,) = PY(T,) n H*(T') ensure that both, the exact solution
u = u(F) € HYX(I) of (4.9) as well as the Galerkin approximation U, = U, (F) € 8$(7,), satisfy (u(F),1) =
0 = (U, (F), 1), i.e., u(F) € H)*(T) as well as U, (F) € P'(T,) n H)/*(T). In either case, the weighted-residual
error estimator coincides with (4.2) and the two-level error estimator is obtained analogously to Section 4.4.
For the two-level error estimator, we refer, e.g., to [25] for the Hé/ 2(I)-based discretization and to [4] for the
stabilized approach. In any case, Theorem 4.1 holds accordingly.

5 FEM-BEM Coupling

5.1 Model Problem

Let Q ¢ R? be a Lipschitz domain with polygonal boundary T := 9Q, d = 2,3. Let B : RY — R be Lipschitz
continuous, i.e.,
|Bx — By| < C,lx—y| forallx,y e R? (5.1)

for some C, > 0. In addition, we assume that the induced operator B : LX(Q)? - 12(Q)%, (B f)(x) := B(f(x))
is strongly monotone:

J(Bf ~Bg)-(f - 9)dQ > Cslf - gl forall f, g e L*(Q)*

Q

with monotonicity constant C; > 1/4. (Arguing as in [52], this assumption can be sharpened to C; > g4/4,
where 1/2 < g < 11is the contraction constant of the double-layer integral operator.) We consider a possibly
nonlinear Laplace transmission problem which is reformulated in terms of the Johnson—-Nédélec FEM-BEM
coupling [43]: For given data (f, u, ¢,) € L*(Q) x H'*(I) x H"V*(I), find u = (u,¢) € H := H'(Q) x H'/*(I)
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such that

BVu -VudQ - J(pvdF:
r

((1/2 = R)u + YV¢)y dl =

fodQ+ j ¢ovdr, (5.2a)

r

(1/2 = R)uyy dr (5.2b)

e, 2O e,
T e, 1O e,

forallv = (v, y) € H. Here,

Yy (x) = JG(x - y)y(y)dl(y) and Ru(x):= Jan(y)G(x - yu(y)dI(y)

T T

are the simple-layer integral operator and the double-layer integral operator, respectively, with G being the
fundamental solution (3.2) of the Laplacian. To ensure ellipticity of % : HY/*(I) —» HY*(T) = (H"Y*(I))*, we
assume diam(Q) < 1 for d = 2 by scaling; see also Section 3. Let ||v||2}( = ||U||§11(Q) + ”V’”irlﬂ(r) forv=(v,y) e H
denote the canonical product norm on H.

The left-hand side of (5.2) gives rise to some operator A : H{ — J(*. The right-hand side of (5.2) gives
rise to some F € " which depends on the given data f,u,, ¢,. Then, (5.2) can equivalently be reformulated
by (2.3) with X, = 3. Note that (¢, ¥ := [ V¢ dr defines a scalar product on H"/*(I) with induced norm
||-||?B := (-, -)o3. The following proposition states that the FEM-BEM formulation (5.2) fits into the abstract frame
of Section 2.

Proposition 5.1. The operator A : H — H™ associated with the left-hand side of (5.2) is bi-Lipschitz continuous
(see (2.1)), where C..,; > 0 depends only on C,, Cs, and Q. Let F € H* and let X, be a closed subspace of .
Provided that (0,1) € X,, i.e. Xy, = span{(0, 1)}, the variational formulation (2.3) admits a unique solution
U, (F) = (U,(F),®,(F)) € X,, and the Céa lemma (2.5) holds. The constant Ccs, > 0 depends only on C,, Cs,
and Q.

Sketch of proof. The statements on unique solvability and Céa-type quasi-optimality are proved in [2]; see
also [54] for the linear Laplace transmission problem, where B is the identity. It only remains to show that A
is bi-Lipschitz. The upper bound in (2.1) follows from Lipschitz continuity (5.1) of B and the continuity of the
boundary integral operators U : H™Y/*(I') —» H'*(I') and & : H'/*(T) — H*(T). For the lower bound in (2.1),
we use the definition of the dual norm

Au - Av,w
lAu-Avlye = sup LA Avwl
w=(w,)eH\{(0,0)} lwlls

Foru = (u,¢),v = (v,y) € H, we choosew = u—v+(0,1) fr(% - R)(u - v) + B($ — y) dI. By continuity of
0 and &, it follows |lw|4 < llu — v| 4., where the hidden constant depends only on Q. Moreover, w = (0,0)
implies thatu = vand ¢—y = (¢ -y, 1)g; =t ¢ € Ris constant. With this identity, it follows 0 = (1 + (1, 1)g;)c.
Ellipticity of U proves 0 = ¢ = ¢ — v, i.e., w = 0 yields u = v.

The theory of implicit stabilization provided in [2] shows (Au — Av,w) > |lu - U":Z}c’ where the hidden
constant depends only on C;, and Q. For u # v, we altogether obtain [(Au — Av, w)|/|wll5; > Cgolmllu = 0ll5¢,
where C,,; > 0 depends only on C,, C;, and Q. O

5.2 Discretization

Let 7 be a y-shape regular triangulation of Q into triangles for d = 2 resp. tetrahedrons for d = 3. Here,
y-shape regularity means
diam(T)?

<y <o
TeT? T

with |-| being the d-dimensional volume measure. Suppose that 7 is regular in the sense of Ciarlet, i.e., T
admits no hanging nodes. Let T% := T be the triangulation of T which is induced by T**. Note that % then
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is y-shape regular in the sense of (3.3), where y > 0 depends only on y. Moreover, ford = 3, T f is regular in
the sense of Ciarlet as well. We formally consider T, := 7% u 77 with the abstract notation of Section 2. Let
81(T9) be the space of piecewise affine, globally continuous functions on 7! and P°(7%) be the space of all
TE—piecewise constant functions. With X, := 84(T ?) X iPO(‘IE), we now consider the Galerkin formulation (2.3).
The discrete solution with respect to X, will be denoted by U, = (U,, ®,).

5.3 Weighted-Residual Error Estimator

Assume additional regularity ( f,u,, ¢,) € L*(Q) x H'(T') x L*(T). Following [18], it is proved in [5] for linear
problems and in [2] for strongly monotone problems that

lu(F) = U, (Fllsc = IF = AU, (F)lls¢+ < 1,.(F),
where the error estimator 77, (F)* := Y s 1, (F;T)” is defined by
1, (BT = diam(T)? || f1}2 ) + diam(T)(|[BVU, - 1|3 ompy + b0 + @ = BYU, - 112 51 (5.3a)

for T € T resp.
1.(F;T)? = diam(T) |V ((1/2 - R)(U, - uy) + *17c1>*)||iz(T) (5.3b)

for T € T%. Here, [BVU, - n] denotes the jump of BVU - n across interior facets E, where E = T, n T_ for some
T,T €T f} with T, # T_. By means of the estimator reduction principle [7], it follows that Algorithm 2.2
converges for 1,(F) = p,(F); see [2].

5.4 Two-Level Error Estimator

Two-level error estimators for the adaptive coupling of FEM and BEM have first been proposed in [49]. Let
T9 denote the uniform refinement of 7. Let N be the corresponding set of nodes and T := T%|, be the
induced triangulation of I'. For each element T € T, let zr; €Tn Ne, j =1,...,D% denote the new nodes
of the uniform refinement T within T. Let ur,; € 8'(T) denote the fine-mesh hat functions, which satisfy
vpj(zr;) = 1and vy ;(z) = O forall z € N?\{ZTJ}. Moreover, let {xr, yr,js ..., Yr,pr} denote a basis of P°T)
for each element T € J*, with y; being the characteristic function on T and Ir yr,;dl = 0. Then, the two-level

estimator 2 := Y.y p, (F;T) is defined by

(F - AU, (F), (UT,j’O»

Dn
(ET? =Y u, (BT with u, (FT):= (5.4a)
g leﬂ ! o lor,llz 0
for T e 79 and
2 (F - AU* (F), (0, ))
u (BT =) p (BT with p, (FT) = Ve (5.4b)

=t ”V’T,j"m

forT € ‘IE. Note that unlike the weighted-residual error estimator (5.3), the two-level error estimator (5.4) does
not require additional regularity of the data, but only ( f, 1y, ¢,) € L*(Q) x H/*(T) x H /().
The two-level estimator y, is known to be efficient:

AM*(F) < Ceff"u(F) - U*(F)”j—()

while reliability
lu(F) = U, (F)llg¢ < Crep (F)

holds under the saturation assumption

l(F) = U (F)ll3¢ < Gsaellu(F) = U, (F)lla;
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see [5] for the linear Johnson—-Nédélec coupling and the seminal work [49] for some nonlinear symmetric cou-
pling. Here, U, (F) denotes the Galerkin solution with respect to the uniform refinement (‘.AT?, T Ty of (7" ? T,
and 0 < g < 1is a uniform constant. The details are left to the reader.

Theorem 5.2. Suppose that the two-level error estimator (5.4) is used for marking (2.6). Suppose that the mesh-
refinement guarantees uniform y-shape regularity of the meshes T ‘I; generated, as well as that all marked
elements T € M, < T U T}, are refined into sons T' € T,,, = T5., U T, with |T'| < « |T| with some uniform
constant 0 < k < 1, where |-| denotes the d-dimensional volume measure forT € T ? resp. the (d-1)-dimensional

surface measure forT € T, g Then, Algorithm 2.2 guarantees
lim y,(F) =0 forallF € H".
£—00

Our proof of Theorem 5.2 requires the following two results, which essentially state stability of two-level de-
compositions of the discrete space fe = YT f}) x PUT g). The following lemma is a consequence of [57,
Theorem 4.1] and explicitly stated in [49, Lemma 3.1]. It provides a hierarchical splitting of 8" (‘??).

Lemma5.3. Let P}* : H'(Q) — 8'(73) and ng : H'(Q) — spanfv;,j} denote the H'-orthogonal projections.
ForV, € 8(T%), it then holds

DQ
—177 112 Q77 112 Q 712 712
Co Vel < IPFVeliniy + Y. Y IPTVelina) < Coll Vel q)-
TeTy j=1
The constant C4 > 0 depends only on Q and the y-shape regularity of T ? O

The following lemma is found in [24, Proposition 4.5] and provides a hierarchical splitting of To(ﬂ). Although
[24] is only formulated for 2D BEM, the results and proofs hold verbatim for 3D. (For 3D BEM and uniform
meshes, the claim is already found in [51]).

Lemma5.4. Let P, : H™'*(I) — P°(7}) and Py, 'E H™2(I) — span{yy, i} denote the orthogonal projections
with respect to the -induced scalar product (-, -)o; on H™/*(T). For ¥, € P°(T}), it then holds

DT
CHIP I < 1P Pl + Y Y IPr%ely < Co Il
TeT} j=1
The constant C, > 0 depends only on T and the y-shape regularity of ‘Ig. O

Proof of Theorem 5.2. The proof is similar to the one of Theorem 3.1 and relies on the verification of (A1)-
(A3) to apply Proposition 2.5. For patches, we use the notation (3.19) from the proof of Theorem 3.2, but now
defined for volume elements, i.e., T} instead of T} = T, in (3.19).

We define the equivalent mesh-size function i, : @ — R as in (3.20) in the proof of Theorem 3.2, but
now for volume elements T € 7(9, as well as fze(T) = TV for boundary elements T € ‘Tg. The auxiliary
estimator p,(F)” = Y rcq, pe(F; T)? is defined by

7 = 2 T 2
po(F;T)* = |Ih, f ||il(T) + IIhi’z [BVU, - ]| 2 op\ry + "hé/z(% +®, = BYU, - 1) 2 070r)
for volume elements T € T3 and
pe(BT) = B2V ((1/2 = R)WU, — 1g) + VD)2 (5.5)

for boundary elements T € Tg. We note that #,(F; T) = p,(F; T) forall T € ‘I? u ‘I‘f, where the hidden constants
depend only on the y-shape regularity of T; ?
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To prove (A1), we proceed similarly to the proof of [5, Theorem 12]. Let T € T3’ Denote by £ (27, ;) all
interior facets of the patch w,(zy) = (T e T9: zr; € T'} ¢ T5. Piecewise integration by parts shows

(F ~ AU (F), (v}, 0)) = J fop;dQ+ J(‘/’o + ®p)vy; dT - J BVU, - Vuy; dQ

Q T Q
-y (j for, dO + J (0 + @, ~ BYU, - oy T )
T'ew,(zr;) rnaT’
- Y |[BVU, nlv, dE,
Ee&r) |

where we have used that div BVU, = 0 on each element T € T;". Note that
diam(T) [Vl 2q) = lvr,l2q) = diam(T)"?
and consequently also [vy, e < diam(T)“ Y/ for each facet E ¢ T. For the volume contributions of the
two-level estimator, this yields the estimate
e, j(F;T)? < diam(T)?| f||§z(we(zm)) + ) diam(T) [[BYU, - ]l 7250y

T’ ew,(zr,;)
. 2
+ Y diam(T) gy + ®, — BVU, - a2 o)
T’ewe(zm)
< (Fyw,(zr,;)” = po(Fs wp(zr, ).

The contribution y,(F; T) of the two-level estimator for boundary elements T € T}, coincides essentially with
the two-level estimator (3.8) of Section 3, and #,(F; T) coincides essentially with the corresponding defini-
tion (3.5) in Section 3. Arguing along the lines of Theorem 3.1, we hence obtain, for each boundary element
T €T,
the,j(Fs T)’ < 1o (F; T)? = pe(F; T)%.

Summing over all jand T € M, = M UM, ¢ T¢ U T,, we prove assumption (A1) with R, = Ry} UR; =
wp (M) U M.

For the verification of (A2) we proceed similarly to the proof of Theorems 3.1 and 3.2. Each contribution
of the estimator p,(F) can be estimated separately.

First, note that iy, | e < ghel o for the constant 0 < g < 1 from (3.20). Therefore,

Weos fIz o) < @ 1he f2 ),
and we further obtain
(1= )k fl72, ®9) < e 1220y = Wher T y-
Second, note that ki, — i, > (1 - g)h, on |J RS We estimate

(1-9) Z "T’}z/z [BVU, - n] "IZJ(OT\F) < Z ||(E; ‘E€+k)l/2 [BVU, - n] "IZ,Z(DT\F)

TeR$ TeRY
= 2 = 2
s z ”hi’/z [BVU, - n] "LZ(aT\r) - Z ||h}ﬁ [BVU, - n] “LZ(aT\r)'
TeTy TeTy

For the second term, we note that the jumps [BVU, - n] across newly created facets in T, ﬁk vanish. Hence,

Z ”;‘;ﬁ[BVUe -] ”iZ(aT\r) = Z "Exzk[BVUf'"]";(aT\r)-
TeTy TeTg,

The triangle inequality and Young’s inequality yield, for all § > 0,

Z ||T’%rzk [BVU, - n] ”iZ(aT\r) <(1+9) Z ”EXZIC[BVUHk - n] NiZ(aT\r)

Q Q
TeTpu TeT o

+(1+87 Z "EXZIC[(BVUe = BVU,,y) - 1l "sz(aT\l")'

Q
TeTp
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A scaling argument and Lipschitz continuity of B show that

7.1/2 2 2
Y RS IBYU, = BVU,, ) - 1] 12 om ) < CinellUe = Uil -

Q
TE(‘THk

The constant C;,, > 0 depends only on C, and y-shape regularity of T;". Details can be found, e.g., in the
proof of [1, Theorem 15]. Arguing as in the proof of Theorem 3.1, we obtain

(1-9) z ||Ecl7/2[BVUe'"]||i2(aT\r) < Z ||E/2[BVUE'"]”§2@T\F)
TeR$ TeTy
1

1+6

1+67!
1+06

~1/2 2 2
Z ||h€+k [BVUeJrk - 1] Ile(aT\r) + CinV"U€ - U€+k"H1(Q)'

o
TeTy

Third, similar arguments as before yield

1-9 Z ||Eé/2(¢0 +®p ~ BVU, - ")lliZ(aan) S Z "E;/z(% +®p — BVU, - ")"iZ(aan)

TeRy TeT?
1 7172 2
149 Y Irlio + Pk = BVUp - W) 2oy
TeTy,
1+67! )
+ 1+6 Cinv"U(? _U€+k"}c-

Fourth, note that p,(F; T) for boundary elements T' € 7, g is defined in much the same way as in the proof
of Theorem 3.1. Therefore, the contraction of the BEM contribution p,(F; ng) from (5.5) follows with the same
arguments as in the proof of Theorem 3.1. In addition to the inverse estimate (3.13) for the simple-layer integral
operator 2, we require a similar estimate for the double-layer integral operator:

I Ve(1/2 = DUy < Wl

which is also provided by [1, Corollary 3].
Combining the last four steps, we prove assumption (A2).
For the last assumption (A3), the definition of y, from (5.4) shows

etk - e = 3§ E AU AV ey O

2
TeT? j=1 lor il o)
D' (F — F' — (AU (F) — AU, (F")), (0, yr ))?

D)

2
TeTt j=1 Iyl

(5.6)

Define the scalar product

{u,v) = J Vu-VodQ + I uvdQ + (b, V) gy
Q Q

forall u = (u,v),v = (v,¥) € H with induced norm ||-|* = -, -)). By the Riesz theorem, there exists a unique
W, = (W,,&,) € X, with
(W, V) = (F—F' = (AU,(F) - AU,(F')),V,)

Let P, : H — X, with P,v = (Pi'v, P,y) forallv = (v,y) € 3. Together with symmetry of the orthogonal
projection P,, the last identity and the Galerkin orthogonality prove

|||PeWe|||2 = «PeWganWg» = <<We> Pewe» =0.

From Lemmas 5.3 and 5.4, it thus follows

Dp° D"
A7 2 Q 77 112 I s 2
IWell® = 3 Y IPEWelinioy + 3. D IPr el
TeTy j=1 TeT, j=1
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We stress that the last term is equal to the right-hand side of (5.6) and proceed by using the Lipschitz continuity
of A to estimate

lete (Fs M) = g (F's M| < Wl = IE = F' = (AU,(F) — AU, (F)l 5,
S IF = Fllge + 1Uo(F) = Up(E) -

Arguing along the lines of Proposition 5.1, one proves that A is even bi-Lipschitz continuous with respect to
the discrete dual space X7, i.e., [V, = Vellsc = 1AV, ~ AV il forall v, V, € X,. Therefore, we get

U () = Up(F)lac = IAU(F) = AUL(F)ll; = IF = F'llc; < IF = F'llpc-.

Altogether, we see
|t (Fs M) = o (F's M) < Wl < IF = Fllgge,

which proves assumption (A3). O

5.5 Remarks and Extensions

Although this section focused on the Johnson—-Nédélec coupling [43], the same results hold also for the sym-
metric coupling [22] and the one-equation Bielak—-MacCamy coupling [9]. We refer to [18] for the symmetric
coupling in the presence of strongly monotone nonlinearities and the first introduction of the corresponding
weighted-residual error estimator and to [50] for the corresponding two-level estimator.

In [18], the analysis, based on the discrete (symmetric) Steklov—Poincaré operator, required the addi-
tional assumption that the initial boundary mesh 7 g is sufficiently fine. This assumption has first been proved
to be unnecessary in [6], where the original argument of [18] is refined. We note that even the extended argu-
ment is restricted to the symmetric Steklov—Poincaré operator and thus only applies to the symmetric cou-
pling. The method of implicit stabilization from [2] provides an alternate proof of this fact which also transfers
to the Johnson—-Nédélec as well as the Bielak-MacCamy coupling, i.e., no assumption on Tg is required.

For the Bielak-MacCamy coupling, well-posedness of the coupling formulation in the presence of
strongly monotone nonlinearities has first been proved in [2], where also the corresponding weighted-residual
error estimator is derived. The derivation of the corresponding two-level error estimator is not found in the
literature yet, but is easily obtained by adapting the arguments of, e.g., [5, 50].

Finally, we note that we only restricted to the lowest-order case X, = 8#(T° ?) x PPL(T E) with p = 1 for the
ease of presentation. All results also hold accordingly for higher order p > 1.
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