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An Optimal Adaptive Finite Element Method
for an Obstacle Problem

Abstract: This paper provides a refined a posteriori error control for the obstacle problem with an affine ob-
stacle which allows for a proof of optimal complexity of an adaptive algorithm. This is the first adaptive mesh-
refining finite element method known to be of optimal complexity for some variational inequality. The result
holds for first-order conforming finite element methods in any spacial dimension based on shape-regular
triangulation into simplices for an affine obstacle. The key contribution is the discrete reliability of the a pos-
teriori error estimator from [6] in an edge-oriented modification which circumvents the difficulties caused by
the non-existence of a positive second-order approximation [18].
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1 Introduction

The obstacle throughout this paper is an affine function y on the bounded, polygonal or polyhedral domain
Qin R" for n = 2, 3 with y < 0 on the boundary 0Q. This allows to define the non-empty, closed, convex set

K:={veV]|y<vae.inQ}

in the Hilbert space V := Hé(Q) (in standard notation for Sobolev spaces) endowed with the energy scalar
product

a(v,w) := JVV-VWdX forallv,weV
Q

and its induced norm ||-|| := a(-, -)*/2. Given any f € L?(Q) and the L? scale product
(f, )2 =2 Fe V* =H(Q)
in the dual of V, the weak form of the obstacle problem allows for a unique solution u € K of [14]
Fv-u)<a(u,v-u) forallvekKk. (1.1)

The lowest-order conforming finite element approximation replaces K by the set K(T;) := K n P1(T,) of some
piecewise affine functions with respect to some shape-regular, simplicial triangulation 7, of Q and its P; finite
element space V, = V(T,) := P1(T,) N V. The unique discrete solution u, € K(T,) on the level £ € Ny solves
[11]

F(ve —up) < a(ue, ve —up) forall ve € K. (1.2)

The a priori and a posteriori error controls of the error u — u, in the energy norm have a long history [1, 3, 5, 6,
8,12,13, 16,17, 23]. The adaptive mesh-refining algorithm successively refines the triangulations within the
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steps Solve, Estimate, Mark, Refine. We refer to the seminal contributions [7, 9, 15, 21] for the corresponding
variational equality and the first convergence result [6] for variational inequalities. The optimality analysis
of this paper has to overcome severe difficulties related to the fact that the Scott—Zhang quasi-interpolation
operator is not positive and even worse, any positive approximation operator is not of second order [18]. The
remedy is a refined a posteriori error analysis which involves contributions even from the Lagrange multipliers
from the discrete compatibility conditions which are usually just estimated by their upper bound zero. Based
on this refined analysis, any quasi-interpolation operator can be employed as long as it allows for the local
first-order approximation property and the local projection property (see below for details on those notions).
The resulting discrete reliability states for two discrete solutions u, and u., based on two admissible
triangulations T, and its refinement T,., that for their respective sets of sides €, and ¢, there exists some
set My, e+m C E¢ of sides with cardinality |M, ¢+m| controlled by the number |T, \ T¢.m| of refined simplices

such that
E(ue) — E(uesm) + llugsm — u€|||2 < CdRel’]%(MZ,Hm)' (1.3)

The energy difference in (1.3) is defined by
E(v):=1/2a(v,v) - F(v) forallve V. (1.4)

It is well known that the solution u € K of (1.1) minimizes E in K (see [14]) and u, minimizes E in K,; since
K(Te) ¢ K(Tesm), the difference E(u,) — E(ue.n) is non-negative. Notice that (1.3) implies the reliability of the
refined estimator from [3, 6] in the limit (1.3) as m — oo (with assumed red-refinements).

A side-oriented adaptive finite element method [19] is based on Dérfler marking [9] with the local contri-
bution like

3 (E) = | 1™ I[Vuelp - VeI, ) + 05 (f, w))  for E € £4(Q) (1.5)

for the jump [Vu,]g of the piecewise constant gradients Vu, of the discrete solution u, across the interior
side E with normal unit vector vg and patch wg) of volume |w(Ee) |, and the oscillation osc(f, wg)) defined in
Section 3.1 below.

Theside E € £,(0Q) is called a full contact boundary side, written E € FCBS(E,, 0Q, X), if x|r = 0. (Details
on the notation of £, and &,(0Q) follow in Section 3 below.) Some vaguely related concept of full contact node
is introduced in [10] for the discrete solution. The oscillation for some boundary side reads

osc(f, wg)) for any E € FCBS(E,, 0Q, X),

Osc(f, w(f)) =
EO | 10g A e, forany E € £4(9Q) \ FCBS(Ee, 90, X),

and its square equals the error estimator contribution
2 o 2 (9]

nz(E) := Osc*(f, wg’') forall E € £,(0Q).
All those terms form the side-oriented error estimator

ng =Y n3(E) (1.6)
Ee&,

which is a refined version of that in [3, 6] and so improves those of [8, 23, 25]. Given O < s < co, the non-linear
approximation class A; for the energy plus data approximation consists of pairs (u, f) € K x L?(Q) with
2 25 . 2
, = N f E -E 0 . 1.7
I(u, NI, supN™  inf o v«J—nelll(I(l‘J‘)( (vg) - E(u) + Osc3) < 0o (1.7)
Here and throughout this paper, T(7,, N) denotes the set of admissible triangulations T of an initial regular
triangulation T with |T| < |To| + N by newest-vertex bisections [4, 21] associated to the data oscillation Osc%

as the counterpart of Osc% (see (3.1) below for the definition of the oscillation).
The adaptive algorithm of Section 2.1 is quasi-optimal in the sense that (1.7) implies

E(ug) - E(w) + 0scj < |(u, A5 (ITel - 1To))™* foralle=0,1,2,.... (1.8)
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The remaining parts of this paper are organized as follows. Section 2 presents the adaptive algorithm
based on the residual-type a posteriori error estimator and a bulk criterion for the side-oriented contributions
for refinement. Section 3 proves the discrete reliability (1.3). Section 4 presents the optimality analysis.

Note that optimality of the adaptive algorithm in practice is illustrated in the numerical examples in [19]
where a slightly different a posteriori error control was used. That paper proves some contraction property
but excludes the optimality analysis.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces is adopted and an inequality
A < C B with some mesh-size independent generic constant O < C < oo is abbreviated as A < B while A = B
reads A < B < A. All hidden generic factors depend on Ty and hence do neither depend on data nor on mesh-
sizes nor levels nor number of simplices nor sides etc.

2 Algorithm and Main Results

This section is devoted to the adaptive algorithm and its notation as well as the statements of the main results.

2.1 Adaptive Algorithm
The adaptive finite element method consists of successive loops of a cycle involving the steps ‘Solve’,
‘Estimate’, ‘Mark’, and ‘Refine’ as in [19] as some realization of [6].

Input. Bulk parameter O < 6 < 1 plus a regular triangulation Ty of the bounded Lipschitz domain Q c R"
into simplices for n = 2, 3 plus refinement edges to allow for admissible refinements by the newest-vertex
bisection as in [4, 22].

Loop. Foralllevels ¢ =0, 1, 2,... (until termination) do

Solve. Given triangulation T, with set of sides &, with the subset of internal sides £,(Q) and K, := K(7,) for
the piecewise affine P1(T,), compute solution u, of discrete problem (1.2).

Estimate. Compute side contributions (1.5) and error estimator (1.6).

Mark. Compute some set M, of sides in €, of (almost) minimal cardinality |[M,| such that

o} <np(Me):= Y ni(E). (2.1)
EeM,

Refine. Bisect all marked sides at least once and add further refinements in some newest vertex bisection to
generate the admissible refinement T,.1 (see [4, 22]). end do

Output. Sequences of finite element approximations (u,), the nested conforming sets (K,) and error estima-
tors (n¢) based on triangulations (Jp).

2.2 Main Results
The main results of the paper are concerned with the following discrete reliability of the estimator and the
quasi-optimal convergence of the aforementioned adaptive algorithm.

Theorem 2.1. The respective solutions u, and ue,, to the discrete problem (1.2) with respect to the triangula-
tion T, and its refinement Tp.m satisfy (1.3) for some subset Mp, p,m of E¢ With (Mg esm| < [Te \ Texml-

The full details of the proof of Theorem 2.1 will be given in Section 3. Define the energy difference by

8¢ := E(ue) - E(u).
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The following Theorem 2.2 implies the quasi-optimality (1.8). The proof will be given in Section 4.

Theorem 2.2. Suppose (u, f) € As for some s > 0 and 6 < cgg/(Cdrel + 1). Then the output (Te, Ve, Ue)een Of
the adaptive algorithm of Section 2.1 satisfies

Se+yng <1, HIZ (1Tel = To)™> foralle=1,2,....

3 Proof of Discrete Reliability

This section presents the proof of Theorem 2.1 for two discrete solutions u,,,, and u, of (1.2) with respect
to some admissible refinement T, ,, of the shape-regular triangulation T,. The proof is divided into several
steps: Sections 3.1-3.7 give a general setting while Sections 3.8—3.11 concern three different cases for some
neighborhood of totally or unrefined patches.

3.1 Notation on Triangulations

Given the regular triangulation T, of the domain into closed triangles/tetrahedrons, let £, denote the set of
all sides of T,, £,(Q) the set of all interior sides, £,(0Q) the set of all boundary sides, and E,(T) the set of
sides of a simplex T € T,. Let N, denote the set of all nodes in Tp, N,(Q) the set of all internal nodes, N, (T)
the set of nodes of T € T,, and N¢(E) the set of nodes of E € £,. For any z € Ny, let Ee(z) denote the set of
sides in £, and T,(z) the set of simplices in T, that share the vertex z. Let the patch wz = UTE{MZ) int(T) and
let [I-ll,, o denote the restriction of the energy norm over the patch wg ). For interior side E [ Ig =", —Ir_
denotes the jump across theside E = T, n T shared by the two elements T, and T-, and a) = 1nt(T L UT).
IfE € £,(0Q), then o E := int(T,) where T, is the unique element that has E as one 51de For any node z € Ny,
the nodal basis function (pée) of the conforming P; finite element space V, satisfies @, )(z) =1land (p(e) (y)=0
for any node y € N, other than z. Let hy denote the piecewise constant mesh-size in T,. Given w c Q, the
oscillation of f € L2(Q) over it is defined by

osc(f, w) := lel/”llf—fwlle(w) with the average f, := dex/lwl.
w

Given any internal side E € £,(Q), the associated oscillation is defined by
Osc?(f, w(e) = o0sc?(f, wg))
For any set of sides 8, c &g, define the oscillation

0sc?(Se) : Z Osc?(f, a)(e)) and set Oscg = 0sc?(&y). (3.1)
EeS,

3.2 Overall Notation for the Proof

Throughout this section, let
LHS := E(ue) — EUeem) + 1/2l1uerm — uell®

abbreviate a modified left-hand side of (1.3) and let e := uz,;m — up € V denote the difference with some resid-
ual
0z := F(@Y) - a(ue, p) < 0 < up(z) - x(2) forany z € Ne(Q).

These definitions imply the following discrete consistency conditions: either p, = 0 or u,(z) = y(z) for all
z € Np(Q).
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The set N,(Q) of interior nodes is usually split into the contact nodes
Cp 1= {z € No(Q) : up(2) = x(2)}

and its complement. Notice that g, = O for any interior node z outside C,.

3.3 Reformulation of LHS

Some elementary algebra reveals that the definition of the energy implies
LHS = F(e) — a(uy, e).

With the abbreviations e, := 0 for any boundary node z € N,(0Q) and e, := e,(z) := J¢(e)(z) for any interior
node z € N(Q), the quasi-interpolation e, € V, of e = up 1, — up reads

(4
ee= Y el

zeN,
It is emphasized that the particular choice of this quasi-interpolation J, is rather general. This seems to be in
contradiction to the analysis in [8] or [3] where some particular design of the quasi-interpolation is seen as
the reason for the success of their analysis.
The refined error analysis of this paper merely requires locality in the sense that, for any free node
z € No(Q), the value Jo(w)(2) := Jo,-(w) exclusively depends on the values w| o of the test function w on the
patch w;") in a linear way plus first-order approximation properties in the sense that

14
IW = Je,zWll 20 < e VW20, forall w e H (@)

with the diameter h, := diam(a}g)) of the patch and exactness for discrete functions in the sense that

Jez(We) = we(z) forall we € P1(Te(2)) N cw®).

In particular, the Scott-Zhang quasi-interpolation operator [20] enjoys all those properties, but there is no
need for any positivity like in [8] or extra orthogonality like in [3]. Throughout this paper, J, will be selected
as the Scott-Zhang quasi-interpolation operator.
For the Scott-Zhang quasi-interpolation, the selection of some proper face allows for the immediate ful-
filment of those boundary condition as it is nowadays standard in the proofs of discrete reliability [7, 21].
Since the nodal basis functions <p(ze) form a partition of unity, it follows

LHS = Y F(le-e)p)+ Y e.0:-al(ue, e-ep).
= 2Nz

3.4 Side Contributions

The first-order approximation property of the quasi-interpolation plus some standard piecewise integration
by parts imply
—a(ue, e —eg) <Ne(Ee \ Eevm)llell.

Since this analysis is verbatim as in the case of variational equalities as in [1, 2, 24], we omit further details.

3.5 Contact on Entire Patch of Interior Node

This subsection concerns the control of the contributions F((e — eZ)<p§€)) + e,p, in case z € C, with u, = y on
wge). Sinceup =y € Pl(wie)), we have

aue, ) = aly, o) = 0.
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This and the discrete compatibility conditions imply
©) ) )
F((e-e)pY)) + ez0; = Flep!”) and o, = F(p") <o0.
Since O < Upym — X = Upym — Up = €0ON wz , it follows

I © (pg)e dx

J.w;e) (pz dX B

The average f € Po(w > )) of f satisfies that

Fegp?) < F((e - D)p?)) = j(f Ple-2p

wf?
The Poincaré inequality leads to

F((e - e2)p) + e-0. = Feg!”) < osc(f, w)llell 0.

Remark 3.1. Some refined a posteriori error estimate may exclude the oscillations of the set of the discrete
full contact edges
DFCE; := {E € &,, Uel 0 =xandf] o <0, z € Ne(E)}

and so defines the reliable a posteriori error estimator

14 (4
g = Y (WP Vule el + Y, OsA(fwd). (3.2)
Ec&, Ec&,\DFCE,

However, since possibly DFCE, 2 DFCE,, 1, we experienced difficulty in the proof of the contraction property
of a related adaptive mesh-refining algorithm based on refinement indication via (3.2).

In a second scenario assume that w; is some part of w(e) with Iw(e)l < |lw}|and e; > 0. Then it holds that

(f, 927 (€ - e))iz(uz) + €202 < 0sc(f, W )lell 0 (3.3)

Recall that (3.3) holds for the first scenario where w; := w;‘}) without any sign condition of e,. The proof of

(3.3) in the second scenario follows from the aforementioned arguments and adapts with w, := wg) \ w} and
the averages
j pPedx J,,: fdx

lw?]

The remaining part of this subsection shall present some details of the proof of (3.3). Direct calculations prove

f, 0¥ (e - ey +ez0:=(f - f7, e - e w:) + e (f, <P§€))L2(w;) +ex(f, <P§€))L2(w;)-
The last two terms on the right-hand side of the above equation allow for the two following identities:
M= e:(f, 9y + e:(f, (p(zg))Lz((u;)
= (e} - e)(f, 012w + ez02
= (ez - €)(f, )2y + €502
Since p, < 0 < e, e}, we have
M < min{(e} - e)(f, 05122y, (€2 = €y 05 )12y}

Since min{(e} - e,)f, (e, — e})f} < 0, we have

* s 14
M < lez = e IIf = Fll 2 o) 190572 -
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Some elementary analysis and the very definition of e} show that

lwlle; —e;1” ~ 1/2 J P (e, - e:)2dx
w;
< J (P(ze)(ez —e)?dx + J <p§€)(e —e})?dx
w; w?
< I 0P (e, — e)?dx + J (e - &)2dx

:
o w:

2
2w

2

< Wez(e) —el, o *lle—el, o

The first order approximation property of the local quasi-interpolation J; , plus the Poincaré inequality prove
the previous upper bounds < h2 |||e|||czu(g). This and the aforementioned bound of M conclude the proof of (3.3).

3.6 Boundary Contribution I: N,(9Q) n {y < 0}

The Friedrichs inequality for patches on the boundary 0Q allows for the proof of
B @y _ ©
F((e - e2)9%") = Flepl) 5 lhe fl 0, llell o

for each z € Ny(0Q) N {y < 0} with patch wgg) in the triangulation T,. Given T € T,(z), some elementary anal-
ysis proves
I Al 0, = e fliacr + osc(f, ). (3.4)

In fact, the triangle inequality gives for the integral mean f of f over the patch wf)

e Al 2 0y < ke (f = Pl o, + The fllizen
< lhe (f = Pllpa oy + e (f = Hllzacay + 1he Az (r)
< ke (F = Pll 20 + Ihe iz o).

The estimate of (3.4) can be employed to reduce |h; f];, (w® to some simplex at the boundary plus some
patch oscillations. The combination of the aforementioned estimates shows

¢
F((e - e)p) < Osce [lell.
Ze€N(0Q)N{x<0}

3.7 Volume Contributions and Their Oscillations for Interior Nodes

Since the other case is already discussed in Section 3.5, it remains the case that u, # y on wg) for z € No(Q).
This case is discussed below where the volume contribution | hef]| L arises which is indeed controlled by
oscillations in the sense that

IhefI2, o < (0sc(f, wy”) + N3 (Ee(y))). (3.5)

L) ~
yeNe(@l?)
Notice that y € Ng(a)ge)) means that y is some neighboring node of z or equal to z. Here and throughout,
Osc?(f, a)§,e)) equals the oscillation osc?(f, a)](,e)) over the patch a)§,e) for an interior node y while it equals
||hgﬂ|i2(w(€)) for a boundary node y € Ne(0Q) n {x < O}.
y

The remaining part of this subsection is devoted to the proof of (3.5) in two cases.
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In the first case that z € Ne(Q) \ G, recall that f denotes the integral mean of the right-hand side f over
(e) of diameter h,. Then

Ihefl? o, /h2 = |IfI12

L2(

€
=1f = FI2, 0, + PPl

L2(0?)

Since

Flw?) ~ jfga dx = F(p0) - j(f ~PePadx,

CL'(Z(.’) wg@)

this implies
1Refl 2 0, < 0sc(f wS) + IfInzlwS 12 < ose(f, w) + hy ™" (o).

Since z € Ny(Q) \ Cr, we have p, = 0 and some piecewise integration by parts shows

o) = atue, 9 = Y| o [0ue/ovelrds.
Ee&(2)

The sidewise Cauchy inequality (with |E| = h;"l) and the Cauchy inequality in R™ for m = [E,(z)| = 1 lead to

hZMF@P < Y np(E) = nj(Ee(2)).
Ee&y(z)

The combination of the aforementioned estimates leads to (3.5).

In the second case z € Cy, the present hypothesis u, # y on a)(e) guarantees the existence of some node
y € Np, which is a neighbor of z in the sense that the convex hull conv{z, y} is some edge in the triangulation
T with y(y) < ue(y).

In case that y € N,(0Q) belongs to the boundary, the very definition of {y = 0} plus the homogeneous
boundary condition of u, imply y € {y < 0}. Then, the arguments of Section 3.6 show

Ihefl2

14
L) S ||h£ﬂ|i2(w§/e)) + OSCZ(f, w; ))

This implies (3.5). In the remaining case, the interior node y € N,(Q) \ C; is analyzed as z in the first case.
This leads to

"hfﬂliz(w;e)) < OSCZ(f, w;/[)) + r[%((‘le()’))

The argument of Section 3.6 on some element domain T € T,(z) N T,(y) can be employed to verify

IhefI2

(4
1) S < Mhef132 gy + 05C(f, i) + 0sc?(f, wy).

The combination of the previous two estimates implies (3.5) in the final case as well and concludes the proof.

3.8 Boundary Contribution Il: N,(9Q) n {y =

In the first case assume the existence of some interior node y € N¢(Q), which is a neighbor of z € N,(0Q) n
{x = 0} in the sense that the convex hull conv{z, y} is some interior edge in the triangulation T, with
X(¥) < ug(y). A similar argument to that of Section 3.7 proves

F((e - e2)pS") = Fegl) < llhe fll 2 0 llell o

¢ ¢
(osc(f wy)) +osc(f, 0 Z Iw(E)Il/Z"II[Vue]E . VE||L2(E))|||€|||w;f>-
EGEe(y)

A second case will assume that u, = y on wge) and f := f © fdx/ Iwze)l < 0. Hence e >0on w Wthh leads

to
F((e - e)p)) = j efo®dx < j e(f - Hpdx < osc(f, ) llell o

w;{’) w;@)
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A third case will suppose again u, = y on a),(f) but f > 0. Without loss of generality, we may assume that there

exists an interior neighbor node y of z such that ue| o = x| @ ; otherwise, the first case applies to some further
y y
circle of interior neighboring nodes of z. This, in particular, leads to

F(o'?) := J foPdx < 0.
W0

The standard bubble-function technique [24] yields

L2(w?)

I, g0, < TP [ @0dx <F [ P dx < WFla o)1 ~ Pl

(&) (©)
Wy Wy

Recall that f = fw“’ fdx/|w®| and set f := fw“’) fdx/ Ia),(,e)l so that
z y

f f rs T T 14 (2
1Pl < IF = Flzuioy < I = Fllzqu0, + IF = Fllwy” n w12
<If = Pz + IF = Fll2u0)-
This implies

&) 12/ny 712 _,&)2/n 7112 )2/ 712
WP PIAZ, o, = 0P =TI, o) + 0PI, o

< 0sc?(f, ) + 052 (f, wP).
Together with the preceding results, this leads to

F((e - e2)pl) < (osc(f, w) + osc(f, wi))llell 0.

The remaining case is y # 0 on a(ug) N 0Q and there does not exist an interior neighboring node y € N¢(Q)
with u,(y) > x(y). This case can be analyzed as in Section 3.6, which will yield some volume terms associated
to some boundary side E € £,(0Q) with x|t # O.

3.9 Three Sets of Interior Nodes and Their Reduced Patches

The refined analysis of the discrete reliability is concerned with the decomposition
Ne(Q) =UpUJp URe
into the three pairwise disjoint (possibly empty) sets of interior nodes
Up :={z € Np(Q) : Tp(2) = Tprm(2)} (neighborhood unrefined),

T 1= Ne(Q) \ (Up URy) (intermediate refinement),
Re :={z € Ne(Q) : Te(z) < Te \ Term}  (neighborhood totally refined).

The boundary conditions on 0Q and on T, N T, for the quasi-interpolation e, are arranged so that it holds
e, := ep(z) = e(z) forany node z € U, U Jp. In case z € Cp, we have e, = up,m(2) — x(z) = 0 while g, = 0 other-
wise. Altogether,

e0,<0 forallz e U,uUJ,. (3.6)

The quasi-interpolation error vanishes on any simplex that belongs to either refinement,
e=e, onany T € Tpypm N Tp. (3.7)
We therefore may neglect all volume contributions from the union

Q= U w(ze)

zeU,
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of all patches of U, (which includes T,,, N T,) and define the reduced patches

w: =P\ Q' forallzeN,.

This reduced patch vanishes, w; = @, for any node z € U, and is unchanged, w; = w;f’, forany z € R,.In the

intermediate case z € J,, some simplices in wg) are refined and some are unrefined. Hence w; contains at
least one simplex so that the shape regularity implies
)

lwy| = Iw(zg forall z € Jp U R,.

(Notice that w} = a)f) is not excluded in case z € J,. The definition of w} applies to boundary nodes as well.)

3.10 Auxiliary Result for Interior Patch in Contact

The estimate of e,p, for some interior node z € R, N €, in the subsequent subsection requires some elemen-
tary result which is stated for some interior patch (ug) and any non-negative continuous piecewise affine

function vy € P1(Te(2)) N C(w(ze)) with vp(z) =0and 0 < vy on wée) as

min - [ve = gl o) = Vel 2y0)- (3.8)
geP(w;”)
This equivalence is certainly known to the experts but key to the analysis of the entire proof. Since the analysis
in the related [3, Lemma 7] utilizes an equivalence of norms in R/ but leaves the interaction with the non-
negativity of the coefficients ay, . . ., a; rather unclear, this section investigates the equivalence constants in
some detail in an explicit hard analysis proof.
The left-hand side of (3.8) is clearly smaller than or equal to its right-hand side. The point is the converse
estimate with the focus on the generic multiplicative positive constant C = 1 in

el 2oy < € min ve - gl 0, 3.9)
geP1(w;”)
This constant C does not depend on v, but may depend on the shape of the patch in the following sense. Let
0 < r < 7 denote the radii of the inclusion circle and the circumcircle in the sense that r (resp. 7) is maximal
(resp. minimal) with
B(z,1) C w(ze) c B(z, 7).

The ratio O < k := r/r < 1 exclusively depends on the interior angles of the triangulation and satisfies k ~ 1.
The remaining part of this subsection is devoted to some elementary proof of (3.9) and the dependence of

C on the shape regularity and on k. The patch geometry is depicted in Figure 1 with vertices P, . . . , Py around
the interior node z and edges E; := conv{z, P;} forj =1, ..., ]. Recall that v¢(z) = 0 and a; := v¢(Pj) > 0 for
allj=1,...,J.Some elementary calculations with mass matrices show that, for any g € Pl(w(ze)), it suffices
to prove
L i @?<M:= min ( ()% + i(a- - (P-))Z) (3.10)
4](]+1),-:1 ;< .—gepl(wg) g Z j— 8 . .

(The remaining contributions to C in (3.9) depend on the dimension n and the number J of simplices in wg).)
The optimal affine function g depends on n + 1 real parameters a, 1, ..., Bn, €.8.,

gx):=a+(B1,...,Bn) - (x—2) forallxe a)g) c R".

The partial derivatives of the left-hand side

J J
o+ (aj—gP))’ =a® + Y (aj—a—(Ba,...,Bn) - (P - 2))?

j=1 j=1
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Figure 1. Geometry of a patch wg) CcR?*fork=1in
Section 3.10 to illustrate the convex coefficient p in
Py z=uP1+(1-p)Qforn=2.

with respect to a, B1, ..., Bn vanish for their optimal values. With (the Euclidian scalar product - and) the
abbreviation
b; :=(1]'—(,31,...,ﬁn)-(Pj—Z) forj=1,...,],

the first optimality condition reads & = (b + -+ + by)/(J + 1) and

J J J J J 2
M=a?+Y(bj-ay =(+De? -2ay bj+ Y bi= Y bE—( Y bi) /U +1).
k=1

j=1 j=1 k=1 k=1

The Cauchy inequality (Zizl b’ <] Zizl bi proves that the previous expression is greater than or equal to
Yi_, b2/(J +1). Thus
b +---+b; <(J+ 1)M. (3.11)

Recall that ay, ..., ay are non-negative and fixanindex k = 1, . .., J with ay = max{as, . . ., aj}. The typical
geometry on the patch wée) is depicted in Figure 1 for k = 1 in n = 2 dimensions. The node Py lies inside the
ball B(z, 7), whence the length |Ey| of the edge Ex = conv{z, Py} is |Ex| < r. The straight line S through P} and

z hits twice the boundary of the interior ball
B(z,1) ¢ 0y’

and twice the boundary aw;‘” of the interior patch wg) outside B(z, r). The intersection point Q of S and awg’;)
opposite Ej satisfies

Q e conv{Qq,...,Qy} and r<|z-Q|<T
for some vertices Q1, ..., Qn € {P1, ..., Pj}\ {Pi} different from Py. In other words, the n + 1 pairwise differ-
ent vertices Py, Q1, ..., Qu of aaff) satisfy

z=uPr+(1-wQ and u=|z-Ql/IQ-Pil=r/(r+1) =xK/(1+K).
Some remaining non-negative coefficients A1, . . ., A, satisfy
WP +21Q1+--+A,Qpn=2z and u+A;+---+A,=1.

This implies that
0=pu(Pr-2)+A1(Q1 = 2) + -+ An(Qn - 2).

The scalar product of this with (81, ..., Bn) leads to terms of the form

aj_bj:(ﬂly'--’ﬁn)'(Pj_Z):(B1’~-~’ﬂn)‘(Qm_Z)
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with appropriate indices j and m for Qn, =: P;. With the abbreviations &, := ajand b := bjform=1,...,n
andj e {1,...,]J}\ {k} with Qy = Pj, this reads

Hayx + MA@y + -+ Agap = ybk+A151 + oo+ Apby.
This, the non-negativity of a1, . . ., aj, plus the above bound k/2 < p show

K2 ap/4 < (uap)® < (uag +A1ay + -+ + Agdin)?
= (uby + A1by + -+ Ayby)?
< ub} +Ab? + -+ Anb3.

Since (b, by, . .., by) is some permutation of some sub-list of (b1, b, .. ., by) oflength n + 1 and with (3.11)
in the end, we deduce

Kzai/4sybi+)lll3%+---+)ln5§sb%+---+b} <(J+1)M.

Since ay is maximal, we have
ai +---+a; <Jag < 4](J + 1)/x* M.

This concludes the proof of (3.10).

3.11 Completely Refined Interior Patch in Contact

This subsection is devoted to an upper bound of e, g, for some interior node z € Ry N C;. Since the other case
is already discussed in Section 3.5, it remains the case that

Up # Y on cu(zf) while u,(2) = x(2). (3.12)
Since the patch is completely refined, the quasi-interpolation e, of e := uy.m — Uy computes
ez = ew(z) = Jez(el ,0)

via some linear function J, , with the first-order approximation property and the exactness for discrete func-

tions. Since u, and y belong to P1(T,(2)) N C(wff)), the difference w := up,p, — x satisfies

ez = Joz(Uesml @) — Ue(2) = Jo z(Uerml,©) = X(2) = Je, (W] @).
Since w > 0, the constant average value w := nge) wdx/ |w§e)| > 0 satisfies
—ez=Je(W-w)-W < e (W-w).
The Poincaré inequality on the patch w(ZZ) of diameter h;, := diam(cu(ze)) reads
1w = Wl 20 < hz IVWI2 0.

The combination with the local first-order approximation property implies that the constant J, ,(w — w) =
w — Jp -(w) satisfies
e, (W = Wll 20y < 1w = Te, W)l 2 0, + IW = Wl 0,

< h; ”VW"LZ(w(f))'

In other words,

1-n/2
z

]f,Z(W - W) < h "VW”Lz(w;e))'

Since g, < 0, the combination of the previous estimates shows

e:0: < iy " 1o IVWl o0, (3.13)
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Since u, > y and y is an affine function, the piecewise affine function v, := up — y € P1(T¢(2)) N C ((u;(f)) isnon-

negative and vanishes at the interior node z. Hence (3.9) is applicable. This and some inverse estimate show

hZ”VVZHLZ(w;f)) < "VZHLZ(w;e)) < mln(e) ”Vt’ _g"LZ(a)g))’
geP(w;?)

which, together with the Poincaré inequality, leads to
IVvell 2 o) < ;TEl]ilg IVve = gl 2 @)

Some equivalence of norms on the finite-dimensional vector space P1(T,(z)) N C (wf)) plus a scaling argu-

ment establish the estimate

. e
m]1R1} "VVe - q”iz(w(e)) < Z |a)§5)|1/n ||[aV£/aVE]E||iZ(E).
ac 7 Eegi(2)

Recall v, = u, — y and hence

Y w1 I[0ve/OVEEN g = N3 (Ee(2)).
Eeé,(z)

Altogether,
I9Vell 20, S Me(Ee(2).

This and the triangle inequality,
"VW"LZ((H;")) < "Ve"LZ(w(z")) + "V(uf _X)"Lz(wge))’

lead in (3.13) to

1?7 ez02 < 19Wl . oLzl < (IVel 2 0, + ne(Ee(2)lezl-

The Cauchy inequality for the volume term F' (<p§£)) plus some integration by parts argument from Section 3.7
for the side contributions from a(ug, <p§f’) lead to

loz! < IF@)] + latue, )] < (Ihefll 2 0, + Ne(Ee(@))RE> T
The volume control of (3.5) (recall (3.12)) shows

hg_"|Qz|z < rl%(ge(Z)) + Z Oscz(f’ w;/e)).

yeNe(@”)
A summary concludes that
e:0: < (me€el@N+ Y 0sclf, o) )(lell,o + ne(Ee(z)). (3.14)

yeNe(w)

3.12 Reduction of LHS
The reduced patches, (3.6), (3.7), and the fact that e,p, < O for z € U, result in the estimate

LHS < z J fle - ez)(pg)dx + Z ez0, — a(ueg, e —eyp).

2€Ne )= z€(ReUT)NCe
z

The arguments of Sections 3.6 and 3.8 apply to the reduced patches as well and yield

Y [ fte-eaplx < Osce €c\eeam) el
zeNe(aQ)w;
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This, Section 3.4, and the empty reduced patches of z € U, show that

LHS < ne€e\ Eerm) llell + Y | fle—epPdx+ Y ezp..

ZERerew* ze(RUT)NC,
z

The first case where z ¢ C, has already been analyzed in Section 3.7, which reads
j fle - e2)pS dx < (osc(f, ) + ne(€e(2)))llell 0.
w;

The second case, where z € (R, U Jp) N G, such that u, = y on a)f) (note that O < e, for z € J, N €,), has been
considered in Section 3.5, namely,

| 10 - eadx + eze: < oself. ol -

w;
Since g, < 0 < e, for the case where z € J, N G, such that u, # y on wff), it follows from the estimate of
Section 3.7 that

j o (e - ez)dx + ez, < j fofle-edxs Y (Osc(f, i) + ne(€e)llell o

G
w} w} yeNe(w?)

The last case, where z € R, N G, such that u, # y on wﬁ”, can be bounded by the combination of Section 3.7

and the estimate (3.14), which leads to

| o -endxs e s Y (Osclhwf) ¢ neeeM(lell,o+ Y neee):

o yeNe(wl) yeNe(@l)
In conclusion, the set
Meprm :={E€Ep(Q):IF € E,G € &\ Epym suchthat ENF # 0 # F N G} (3.15)
contains the above sides as well as those from 1,(E, \ £,4) and satisfies
LHS < (1¢(Me,e+m) + 0sce(Me,e4m))(llell + ne(Me,e4m))- (3.16)

It is not hard to prove that the number |[M¢, ¢, | of sides in Mg ¢, is controlled by the number [T, \ Tpym| of
refined simplices T, \ T¢4,, in the sense that

[Me,exml < |Te \ Tesml.

3.13 Finish of the Proof

The error term ||e[|? < LHS can be absorbed and (3.16) proves

LHS < n;(Me,e+m) + 05z (Me,e4m)-

4 Optimal Convergence Rates

4.1 Efficiency of the Error Estimator

The efficiency of the error estimator will be stated in terms of the energy functional E from (1.4), and not in
terms of the energy norm ||-||. In this way we circumvent the lack of Galerkin orthogonality and focus on the
energy difference

0 < 68, := E(ug) - E(u).
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Figure 2. Reference triangle T (left) with reference edge marked,
and bisec5(T) (right) in Section 4.1.

Lemma 4.1 (Efficiency). There exists some cgg ~ 1 with
CEfiNg < 8¢+ 0sC) .

Proof. We only show the result for the two-dimensional case based on the discrete efficiency from [6] and
claim that similar arguments prove it for the three-dimensional case as well. The discrete solution i1, of (1.2)
with respect to the refined mesh Ty 1= bisec5(T,) in Figure 2 satisfies [6, Theorem 2]

{4 ~ 4
Y wg MIVuele - Velfagy < Y (Ve = woI2, o) +0sc(F, wf)))
Ec&,(Q) E€€,(Q) y

< flue — el + Osc} .
Since 0 < 8, := E(ity) — E(u), it follows
1/2llug - ttell? < E(ug) - E(ite) = 8, — 8¢ < 8.

The combination of the aforementioned inequalities completes the proof. O

4.2 Contraction Property

This subsection analyzes the convergence of the adaptive algorithm of Section 2.1.

Theorem 4.2. There exist constantsy > 0 and O < q < 1 such that
8041 + N5, < q(8e +ynz) foralle=0,1,2,.... (4.1)
Proof. The proof is based on two observations. This first observation reads

£+1
D 17 e R AT ERRV T
E€&,1(Q)

(4 (2
< Y @RIV VEIL gy + /DY Y w1 IVuelE - VEIZ -
Ec&,(Q)\M, E€&,(Q)NM,

The second observation is that

Osc2,, <Osc;-p1 »  Osc(f,wy) forsome0<p;<1.
E€&p\Epi1

These two estimates are proved in [19] as for the linear Poisson model problem [7]. Whence, with some con-
stants 0 < p, < 1 and A > 0, the triangle inequality plus the bulk criterion lead to

2 2 2
New1 S P2Ne + Alluesr — uell”.

Since
841 < 80— 1/2llues1 — uell?

and using the combination of the previous two inequalities plus y = ﬁ , the contraction property (4.1) follows

from the reliability of the estimator n, with 0 < p, < g < 1; see [19] for more details in two dimensions. [
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This subsection concludes with an application of the aforementioned discrete reliability which indicates that
the bulk criterion is in some sense a necessary condition for the reduction of the energy norm between two
levels.

Lemma 4.3. Let T¢,, be some refinement of T, with

8e+m +0sC, , < (8¢ + Oscp) (4.2)
for some 0 < q < 1. Then it holds

cer(1 - @) < (1 + Care); (Me,4m)- (4.3)
Proof. The efficiency of Lemma 4.1 proves that
CEfNz < 8¢+ 0sC} .

The discrete reliability of Section 3 leads to

8¢ — 841 < Caren Me,e4m)-
Note, for any E € ¢ N €pm With wg) = wg“"), that

Osc(f, wg>) = Osc(f, a)i-“m)).
Since &, \ Epym S My, pym (from the definition (3.15) of Mg, ¢4m), we have

¢
Osc? - 0sc3, , < z 0sc?(f, w%)) < N2 (Me,e4m)-
E€M€,€+m

This implies (4.3). O

4.3 Optimality

With the discrete admissible set K(7) := K n P1(7) with respect to the triangulation 7 and the solution u
of (1.1), recall the definition (1.7) of the seminorm, and define

E(To, N;u,f) := _ inf in (E(vs)-E Osc2).
(To, N5 u, f) ,m%gro,m%rrg}({lm( (vy) - E(u) + Oscs)

Lemma 4.4. Suppose that (u, f) € K x L?(Q) satisfies [(u, la, < oo for some 0 < s < co and suppose that
0 < 0 < cg/(Carel + 1) from Lemma 4.3. Then,

IMel? < 1, I8¢ + Osc2) s foralle=0,1,2,.... (4.4)

Proof. Given any ¢ € N, set

_ 0(Care1 +1) E(To, No + 15 u,f)} <1

:=mini{1 ,
q { CEft 2(8¢ + Osc?)

To prove g~'/$ < 1, notice that

- ]E(‘IO’ NO +1; u’f) < ]E(‘IOy NO +1; uaf)

1 <
80 + 0sc) 2(8, + 0sc})

implies that 1 < g is uniformly bounded away from zero.
Since E(7y, N; u, f) » 0as N — oo, the number

L:=min{N € {No + 1, No + 2, ...} | E(Jo, N; u, f) < q(8, + Oscﬁ)}
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is well-defined. Since (6, + Osc%) < E(Tg, No + 1; u, f), it follows L > Ny + 2. Hence
E(To, L; u, f) < q(8¢ + 0sc3) < E(To, L - 1;u, f). (4.5)
The definition of |(u, f)| 4, in (1.7) and the estimate (4.5) yield
(L-1) < |, A1 E(To, L - 1u, H7V
< q VoI, HIZ (8 + Oscy) Vs
< |(u, A2 (8¢ + Osc)~1s,
The remaining part of the proof shows that [M,| < L. Let T, be some optimal refinement by newest-vertex
bisection of Ty with |T;| < L + |Ty| such that
E(To, Ly u, f) = E(ug) - E(u) + Osc? < q(8, + Osc}).
Let T¢.¢ be the overlay of the triangulations T, and T, (which is the smallest common refinement of T, and
T obtained by newest-vertex bisections). Since
E(ug+e) — E(u) < E(ug) —E(u) and OscZ,, < OscZ,
it follows
E(ugse) — E(u) + Osc?, . < q(6, + Osc}).
This is (4.2) and Lemma 4.3 implies

(1-q)ces

Ue, Tp) < Ug, M, .
1+ Care Ne(ue, Te) < Ne(ue, Me,ee)

The definition of g shows 8(1 + Cgge1)/Ceg < 1 — g and so
One(ue, Te) < ne(ue, Me,eye).
Hence, the set M, ¢, thus satisfies the bulk criterion (2.1). Therefore
[Mel < [Me,erel < |Tewe \ Tel < |Terel = [Tel.
It is well known [7, Lemma 3.7] that the overlay satisfies
[Tesel = 1Tel < [Tel = 1Tol < L -1. O
Proof of Theorem 2.2. Given the marked elements Mg, My, ..., the articles [4, 21, 22] imply

-1
|Tel = 1Tol < ) M| forall € e N.
k=0

This and (4.4) show

-1 -1
ITel = 1Tol < 1, IS Y 6k +0scp) ™2 < |(u, HI};° max(1, 1/9) 75 Y (8x + yn) /2.
k=0 k=0

The contraction of Theorem 4.2 yields a constant O < g < 1 such that, forallk=1,...,¢,

—k(

e +yn; < 4“6k + ynd).

The combination of the previous two estimates leads to

11
ITel = 1Tol < 1, NI (Be +yn) ™12 Y qH@.
k=1

Since the geometrical sum

C Ks) 1
 RACE P |
2 1- g/

is bounded for all £ € N, we deduce

[Tel =170l < |(u,f)|%ss(5€ + ynf))—l/ZS. -
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4.4 Comments on the Boundary Layer Volume Contribution

Some comments are in order for the volume terms involved in the oscillation Osc,. The aim of the subsection
is to prove that Osc, can be bounded by the usual side-oriented oscillation up to a higher order term. Define

Fe(0Q) := {T € Tp, AE € £,(0Q) N Ep(T) such that O|g = ulg $)(|E},
Ze(0Q) := Fp(0Q) \ {T € T¢, 3S ¢ T such that y|s < uls and |T| < |SI}.

Theorem 4.5. It holds that

14
Osc; < Y osc(Fwy)+ Y ITPMIAR g + lu - uell®. (4.6)
Eecé&, TeZe(0Q)

Remark 4.6. Since the obstacle y is affine and since u = 0 > y on the boundary 0Q, there are only several
elements in the set Z,(0Q). Hence the second term on the right-hand side of (4.6) is of higher order.

Proof. Since there exists a unique T € T, with wg) =Tand 0 = ulg # x|g for E € £,(0Q) \ FCBS(&¢, 0Q, ),
we have
{0, E € £,(0Q) \ FCBS(E¢, 00, X)} = F£(3Q).

For
T € F,(0Q) N {T € Tp, 3S ¢ T such that u|s > y|s and |T| < |S|},

the bubble technique [24] proves the efficiency of the volume term in the sense that

@2 2 2 (9] 2
lwi PMIAZ, o, < 0se®(f, wi) + llu - uell? -
LY (wg") Wi

Since the other terms of the oscillation Oscg except those for sides E € £,(0Q) \ FCBS(&,, 0Q, x) are the usual
side-based oscillations, this completes the proof. O
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