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Abstract

We consider a coupled system of Maxwell’s equations and the equations of elasticity,
which is commonly used to model piezo-electric material behavior. The boundary influence is
encoded as a separate dynamics on the boundary data spaces coupled to the partial differential
equations. Evolutionary well-posedness, i.e. Hadamard well-posedness and causal dependence
on the data, is shown for the resulting model system.

1 Introduction.

There is an abundance of applications for piezoelectric materials. Their primary use is in ultra-
sonic transducers. Typical applications can be found in medical imaging and non-destructive
testing of safety critical structures. The well-posedness of corresponding models, which is
the focus of this paper, is of interest in the evaluation of respective models and in particu-
lar as a basis for inverse problems. A useful summary of the literature that has examined
well-posedness issues for a range of boundary conditions can be found in [ .

In this paper we will consider a model class discussed in [2] and generalize it to a broader
class of problems, where for example the operator coefficients could be non-local, e.g. of
convolution type, and will not be restricted to just multiplication operators. To be concrete
a coefficient operator a@ may for example be given in the form

(af) () = a0 (2) f (&) + / a1 (z.9) f (y) dy,

Q
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where € is the underlying spatial domain carrying the material properties described by a. An-
other common way non-locality of coefficients can come into play is via orthogonal projectors
entering the coefficient operators, e.g. Helmholtz projectors.

More importantly, there will be no constraints on the boundary quality of €2 so that
more complex configurations such as materials with fractal boundaries, which have been
considered and even prototyped more recently, see e.g. [10], come into reach. We shall
propose a generalized boundary condition, which in fact takes on the form of an extra equation
describing the dynamics on the topological boundary set Q) of the underlying non-empty open
set (). For computational purposes one would have to assume approximations by domains
with better boundary quality such as a Lipschitz boundary in which case classical boundary
trace operators can be utilized. To pave the way a discussion of classical boundary trace
arguments and our abstract characterization of boundary data spaces is also included.

Since in the general situation we consider here boundary trace theorems are not available,
the analysis is based on an alternative characterization of boundary data, which makes no
reference to the boundary quality.

Our discussion will be based on the space-time Hilbert space framework developed in [6],
see also [7], for what we shall call evo-systems. After briefly recalling the conceptual building
blocks of the theoretical framework in Section 2] we then establish the classical system of piezo-
electro-magnetism with standard homogeneous boundary conditions as such a system (Section
B). In SectionMwe initially discuss standard inhomogeneous boundary conditions to introduce
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the boundary data characterization utilized in our general setting, in particular Subsection
Then the more complex situation of a Leontovich type boundary condition is explored
within this boundary data space framework in Subsections @3] Rather than implementing
this type of boundary constraint into the differential operator domain, as is standard for the
classical Dirichlet and Neumann type boundary condition, this mixed type boundary condition
is described via additional dynamic equations in the boundary data spaces.

2 A Brief Summary of Evo-Systems

The solution theory of the class of so-called evolutionary equations (evo-systems for short)
introduced in [6] is based on the fact that the (time) derivative 9y is, in a suitable setting, a
normal operator with a strictly positive real part. Indeed, in the space Hy, o (R, H), v € ]0, 00|
, of H-valued L*'°°-functions (H a Hilbert space with inner product ( - | - ) &) equipped with
the inner product (- [-), o 5

(o) / (o (8) 9 (£)) y exp (—2ut) dt,

we have that Jp is a normal operator, i.e. commuting with its adjoint on D (83), and
Redy =v > 0.

Throughout, we denote by 0y this derivative as a derivative with respect to time. Under
suitable assumptions the latter property of 0y can be carried over to problems of the general
form

QoM (85')+ AU =F, (1)

where now A : D (A) C H — H is a closed densely defined linear operator and (M (2)),c g ()
(Bc (r,7) denotes the open ball in C of radius r € ]0, 00[ centered at r € ]0,00[ ) is a uni-
formly bounded analytic operator family. The well-posedness of ([l can be based on strict
(real) positive definiteness of (80M (85 1) + A) and its adjoint for all sufficiently large weight
parameters v € ]0,00[ . The resulting problem class is referred to as evolutionary equations
to contrast it with classical evolution equations in Hilbert space, which are a special case.
For emphasis we shall use the term “evo-system” for problems of this class, since classical
evolution equations are sometimes also referred to as “evolutionary”.

In this paper we shall be dealing with a rather special and so also more easily accessible
case. We only need to consider the case, where A is skew-selfadjoint and z — M (z) is actually
a rational (operator-valued) function defined in a neighborhood of the origin.

To recall the solution theory (as described in the last chapter of [7]) for our somewhat
simpler situation the needed requirement is that M (0) is selfadjoint and that

vM (0) + Re M’ (0) > co > 0 for all sufficiently large v €]0, ool. (2)

Equation (2)) is for example satisfied if M (0) is strictly positive definite on its range and
Re M’ (0) strictly positive definite on the null space of M (0), which will turn out to be valid
in our present application.

Remark 2.1. Whenever we are not interested in the actual constant ¢y € ]0, oo we shall write
for the strict positive definiteness constraint

ReT > o

simply
T>0.

If we want to state that there is such a constant cg for a whole family of operators (7,)
we say that

vel?

T,>0

holds uniformly with respect to v.



So, the general requirement for the problem class under consideration would be stated as
M (0) selfadjoint and
vM (0) + e M’ (0) >0 (3)

uniformly for all sufficiently large v €]0, o0 .

Definition 2.2. A problem class is called Hadamard well-posed, if we have existence, unique-
ness of a solution as well as continuous dependence of the solution on the data. For dynamic
problems we also want causal dependence on the data. We shall call the problem class de-
scribed by an evo-system as well-posed, if there exists a continuous linear solution operator
S (Hadamard-wellposedness), which moreover satisfies the causality condition]

X]—oo,a[ (mo) S Xla, o0 (mo) =0

for all a € R (causality).
For sake of reference we record the corresponding well-posedness result for evo-systems.

Theorem 2.3. Let A: D(A) C H — H be skew-selfadjoint and z — M (z) be a uniformly
bounded, linear-operator-valued rational function in a neighborhood of zero such that @) is
satisfied uniformly for all v € [vo,00[ , for some vy € ]0,00[ . Then the evo-system () is
well-posed.

Thus, we have not only that for every F € H, o (R, H) there is a unique solution U €
o T T A
D (80M (05") + A), but also that the solution operator doM (95') +A  : Hyo (R,H) —
H,o (R, H) is a continuous linear mapping, which, moreover, is also causal in the sense that
_— 1
X]—o0,af (mo) oM (8(;1) +A Xla, o0l (mo) =0

for all a € R.
On occasion, we also want to use some additional regularity observations, which we there-
fore also introduce here. For this we need some dual spaces. We choose to identify

H = H
and
Hoo(R,H) = (H,o(R H)),
and we define H,1 (R, H) as the domain of dy equipped with the norm induced by the inner
product (- |-),, 5 :=(9o + |00 "),y as well as
H,_1(R,H) = (H,1(R,H).
We also shall make use of the Hilbert space
H, 1 (R,D(A")):=H,1(R,D(A")),

where we canonically consider D (C') with a closed operator C as a Hilbert space with respect
to the graph inner product. Denoting again by A the continuous extension of

D(A)CH— DAY
T — Ax

we have with this, letting Mo := M (0), My (95 ") := 8o (M (05 ') — M (0)), that

doMoU = F — M (0, ') U — AU € H, 0 (R,D (A")")

THere x ; (mo) denotes the temporal cut-off by the characteristic function of I

f@t) fortel,
0 otherwise.

(xr (mo) f) () = {



and so we read off that
MoU € Hy1 (R,D(A")). (4)

We similarly have
AU =F — M (85 ") U — ModoU € H, 1 (R, H)

and so

UeH,-1(R,D(A)). (5)

Note that for the solution U according to Theorem 23] we not only have the regularity
statements (@), (&), but also that the equation

doMoU + My (95 ") U + AU = F

holds in H,,—1 (]R7 D (A*)') . We shall use the latter fact as motivation to drop henceforth the
closure bar for equations of the form ().

One of the foremost complications in practical applications is that the evo-system structure
is frequently obscured. This is mostly the case due to purely formal, i.e. informal, calculations
performed under unclear assumptions in the modeling process. To address rigorous ways to
produce equations equivalent to evo-systems we recall the following linear algebra terminology.

Definition 2.4. If continuous, linear Hilbert space bijections W,V exist such that
B=WAV,

then A and B are called equivalent. If V = W* then A and B are called congruent. If
YV = W' then A and B are called similar. If V, W are unitary then A and B are called
unitarily equivalent, unitarily congruent (or unitarily similar), respectively.

Remark 2.5. Equivalence in the stated sense preserves Hadamard Well—posednessEl For an
equivalent equation it may, however, be hard to detect further structural properties, since for
example (skew-)selfadjointness gets easily lost in the process.

In contrast, spatial congruence, i.e. W only acts on the spatial Hilbert space H, is, if
lifted to the time-dependent case, a structure preserving operation for evo-systems. Indeed,
for W:H— X

WE = W (9Mo+ M (85") + A)w* (W) U)
= (VMW + WM (95 ) W+ WAW*) (W) U)

where now WAW™ is still skew-selfadjoint and WMoW?™ is still selfadjoint. Assuming that
@) holds, we find

(UvWMoW*U + Re (WM, (0) W) U)

W*U| (v Mo + Re (M, (0))) WU) ,
co WUIW U,

Co H(Wﬁl)* -~

\Y]

Y

UlU) x

where we have used

Uy = (W) WUl W) wu)

2
W UW*U),, .

IN

oy

In particular, (B remains satisfied, i.e. (80WM0W* + WM, (8(;1) W* + WAW*) is an evo-
system operator in H, o (R, X), where we originally had an evo-system in H, o (R, H).

2This fact is actually the reason for the choice of the term “equivalence”.



3 The Evo-System of Piezo-Electro-Magnetism

3.1 The Basic System

Let © C R? be an arbitrary non-empty open set. The system of Piezo-Electro-Magnetism
in a medium occupying €2 is a coupled system consisting of the equation of elasticity and
Maxwell’s equations. The equation of elasticity is given by

95 0.u —DivT = Fy, (6)

where u : Rx — R3 describes the displacement of the elastic body ©, T : Rx ) — sym [RSXS]
denotes the stress tensor, which is assumed to attain values in the space of symmetric matrices.
The function g. : @ — R stands for the density of Q and Fy : R x Q — R? is an external force
term. Maxwell’s equations are given by

OB+ curl E = I,
00D —curlH = —Jy—oE. (7)

Here, B,D,E, H : R x Q — R? denote the magnetic flux density, the electric displacement,
the electric field and the magnetic field, respectively. The functions Jo, Fi : R x Q — R?
are given source terms and o : Q — R**?® denotes the resistance tensor. Of course, all these
equations need to be completed by suitably modified material laws, where also the coupling
will occur. As it will turn out, the system can be written in the following abstract form

0 — Div 0 0 v
_ — Grad 0 0 0 T
OoMo + M, (80 1) + 0 0 0 ~ curl E =
0 0 curl 0 H
o (8)
_| Go
= T ,
Fy

for a suitable bounded operator Mo and a uniformly bounded rational operator family (M1 (2)), .,
U a neighborhood of zero, on the Hilbert space H := L*(Q)* @ sym [L*(Q)***] & L*(Q)* @
L*(Q)3. Here, v := dou.

Of course, we also need to impose boundary constraints. To make this precise, we need to
properly define the spatial differential operators.

Definition 3.1. We denote by Coo (©2) the space of arbitrarily differentiable functions with
compact support in 2. Then we define the operator curl as the closure of

Cu(Q)® C L2 () — L*(Q)?

0 —03 O 1
(¢1,02,¢3) — | O3 0 -0 $2
8 a0 s

and curl := (cﬁrl)* B) curl. We also define Grad and Div as the closures of
Coo(Q)® C L*(2) — sym [L*(Q)**°]
1
(91,92, ¢3) = 5 (09 + 0i65); je (1,2,8)

and of

o

sym [COO(Q)SXS] C sym [L3(Q)*] - L2(Q)?

3
(Mij)igef1,2,3) = <Z 3j¢ij> )
i€{1,2,3}

j=1



respectively, and set Grad = — (Doiv)* as well as Div := — (Gruad)*. Here L*(9)%**3 has

a Hilbert space structure unitarily equivalent to L2(Q)9. Elements in the domain of the
operators marked by a overset circle satisfy an abstract homogeneous boundary condition,
which, in case of a sufficiently smooth boundary 9 (e.g. a Lipschitz boundary), can be

written as
u =0 on 09

for u € D(Grad),
Tn =0 on 0N

for T € D(Doiv)7 where n denotes the exterior unit normal vector field on 9 and
E xn =0 on 0,
for E € D(curl).

Not to incur unnecessary constraints on the boundary quality we shall, however, use the
generalized homogeneous boundary conditions of containment in D(Grad), D(Div), D(curl),
respectively.

For sake of definiteness we shall focus for now on the classical Dirichlet case: n x E =0,
v = 0 on the boundary 012, i.e. in generalized terms on the system

0 — Div 0 0 )
_ —Grad 0 0 0 T
OoMo + M, (80 1) + 0 0 0 ~ewrl E =
0 0 cul 0 H )
Fo
— GO
= %
Fi

We still need to specify the material law of interest.

3.2 The Material Relations of Piezo-Electro-Magnetism

In this section we discuss material relations suggested in [4] and derive the structure of the
corresponding operators My and M;. Furthermore, we give sufficient conditions on the pa-
rameters involved to warrant the solvability condition (B]).

The material relations described in [4] are initially given (ignoring for simplicity thermal
couplings) in the form (where we write £ = Grad u as usual for the strain tensor)

T = CE&-—eF,
D = e€+¢E,
B = uH.

Here C € L (sym [L?(22)**%]) is the (invertible) elasticity “tensor'f, e, pu € L (L?(Q2)?) are the
permittivity and permeability, respectively, all assumed to be selfadjoint and non-negative.

3Since every linear mapping F : X — Y can be interpreted as a bilinear functional ((z,y) — y (Fz)) € (X @ Y')’
the term tensor for C is not completely misplaced. It supports, however, a common misunderstanding that C is
considered to be a tensor field, where it is indeed just a mapping between symmetric tensor field. The mapping C

can only be considered as a tensor field if we would restrict our attention to multiplicative mappings, i.e.

(CE) (z) = C (x) € (z) ae.

for an L°-function C from § to L (sym [R?’XS]), which expressly we do not want to limit ourselves to, then C

itself could also be interpreted as a tensor field (Cij kl (m)) so that

4,3,k

(©8) @) = (" @) & (@), -

Since C is supposed to map symmetric tensor fields to symmetric tensor fields we must have — in this case — the

well-known symmetry relations for the real-valued functions (g denotes the metric tensor)

3
CIM (2) = 3 g% (2) ¢ (1) O (@) ace., i,j kil = 1,2,3,
s,t=1

S5



The notation L (Xo, X1) is used to denote the Banach space of continuous linear mappings
from the Hilbert space Xo to the Hilbert space Xi. In the case X¢o = X1 we write, as done
here, more concisely L (Xo). The operator

cel (LQ(Q)S,sym [LQ(Q)SXS])

acts as a coupling “parameter”. To adapt the material relations to our framework we solve for
£ and obtain

E = C'T+C ek,
D = e*CflT—i—(s—&—e*C’*le) E,
B = uH.

Thus, we arrive at a material law equation of the form

0V v v
& T _ T
D - MO E +801M1 E
B H H
with
0x 0 0 0
0 -1 Cle 0
Mo = 0 e'C' e+eCle 0o |’
0 0 0 1
0O 0 0 O (10)
0O 0 0 O
M = 00 o 0
0O 0 0 O

Here 0 € L (L2 (Q)a) represents an additional conductivity coefficient.

We need to ensure the solvability condition (3] with these material relations to obtain our
first result.

Theorem 3.2. Assume that g, e,u,C are selfadjoint and non-negative. Furthermore, we
assume o«, b, C > 0 and ve + Re o > 0 uniformly for all sufficiently large v € ]0,00[ . Then,
Moy and My given by [IQ) satisfy the condition (B]) and hence, the corresponding problem of
piezo-electro-magnetism is a well-posed evo-system.

Proof. Obviously, My is selfadjoint. Moreover, since g«, €, 1t > 0, the only thing, which is left

to show, is that
ct C™te 0 0
V( e*C ! e4erCle )+< 0 Reo >>>0

for all sufficiently large v. By symmetric Gauss steps as congruence transformations we get
that the above operator is congruent to

ct oo 0 0
U( 0 E>+<O 9%0)'

The latter operator is then strictly positive definite by assumption and so the assertion
follows. O

namely that » g .
C«zykl (SC) — C«zylk (SC) — C]zkl (SC) ae., 1,7,k 1=1,23.

The also assumed selfadjointness of C' clearly results in another set of symmetry relations
CF (z) = CFI (2) ace., i,j,k, 1 =1,2,3,

which is like-wise a standard requirement in this context.



4 Inhomogeneous Boundary Conditions

4.1 Boundary Data Spaces

Using that domains of closed, linear Hilbert space operators are themselves in a canonical
sense Hilbert spaces with respect to the associated graph inner product we see that with

D(Grad) C D(Grad),
D(Div) C D(Div),
D(curl) C D(curl),
we may consider the ortho-complements of the vanishing boundary data spaces D(Groa,d)7
D(Div), D(curl) in the larger Hilbert spaces D(Grad), D(Div), D(curl), respectively. Pre-

scribing boundary data for D(Grad), D(Div), D(curl) can now be done conveniently by
choosing elements of these ortho-complements, which are

N (1 — Div Grad), N (1 — GradDiv), N (1 + curlcurl),

respectively. If tGrad, (Div, tcurt denote the canonical isometric, embeddings (i.e. via the
identity) of these null spaces into D(Grad), D(Div), D(curl), respectively, then t&,aq, thiv,
Lo perform the orthogonal projectiorﬁ onto the respective null spaces. With

L] [ ] L]
Grad := 1Dy Grad tarad, Div i= tGraa Div ibiv, curl := oy curl veun,

we get that these are unitary mappings and

Grad = Div,
curl = —curl

Note that in contrast we have for example in R3

Grad™ = — Div, curl” = curl.
This apparent contrast stems from the different choice of inner product with respect to which
the adjoints are constructed. To understand this point let us recall from [9] the case of

curl : N (1 + curlcurl) — N (1 + curlcurl) (the argument for Grad being analogous). As a
closed subspace of the Hilbert space D (curl) the inner product of N (14 curlcurl) is the
graph inner product of curl and so — indicating inner product by the respective spaces — we
have for all ¢,v € N (1 + curlcurl), i.e. with curlcurl¢ = —¢ and ¢ = — curl curl ¢, indeed
that

<cur1¢|1/}> = (teun curl Lcur1¢|7/’>N(1+cur1 curl)
N (1+-curl curl)

= (eurl ¢|v) pcumy

= (curl|vh) 12 ()5 + (curlcurl ¢| curl ) 1o )5

= —(curlg|curlcurly)) 2 )5 — (| curl ) 2 g
= —(lewrly) b

= - <¢| L:url curl Lcurl¢> N (1+-curl curl)

= - <¢|cur11,/)> .
N (14-curl curl)

4The more familiar corresponding orthogonal projectors from the projection theorem context are

* * *
PN(1-Div Grad) = tGradtGrad> £N(1—Grad Div) = tDiviDivs PN(1+curl curl) = teurllourl-



4.2 Inhomogeneous Initial Boundary Value Problems

With the above boundary space set-up we can for example discuss now inhomogeneous bound-
ary conditions in the sense that we are looking for a solution

0 —Div 0 0

v
— Grad 0 0 0 T
oMo + My + 0 0 0 —cul E |~ (11)
0 0 curl 0 H
Iy
— GO
-1 %
I3
with
v—teraavy € Huor (R, D (Grad)) N Hao (R, L2 (2,C%), 12
. 12
E—temBy € H, 1 (RD curl) N H,o (R, L? (Q,C%)),
where

vy, € H,1(R,N(1-DivGrad)), (13)
Ey, € Hy,1(R,N(1+curlcurl)),

are given (generalized) boundary data. The solution theory of this problem can be obtained
from solving the evo-system

OO — Div 0 0 v — LGradUQ
—Grad 0 0 0 T
oMo + My + 0 0 0 —curl E — tcun Eg o
0 0 curl 0 H
Fy LGrad Vg 0.
_ Go 0 tpivGrad vg,
= g — (BoMo + M) vourt By + 0 ;
R 0

L]
—teuricurl B,

where we note that

L]
.
tpivGradvg = tpivipiy Grad taradvg,

= Grad LGradUQ s

L]
*
LcurlcurlEQ = Leurlbeyrs CUT] LcurlEQ7

= curl tcurn B,

Remark 4.1. A similar approach can be used to implement initial conditions by simply solving
the evo-syste

(80M0 + M, (8(;1) + A) U =

Fo Vo Vo
Go 1 To To
= Z5 | MG | Xewi ®| g, X @A B |
Fy Ho Ho
where
0 — Div 0 0
A— —Grad 0 0 0
0 0 0 —curl
0 0 curl 0

5Here (X]o,oo[ ® Uo) "= X)0,00( (1) Uo for t € R.



Vo Vo

and Mo go with go € D (A) describe the initial data. The desired solution
0 0
Hy Hy
v
T .
B can now be easily reconstructed from
H
v Vo
T To
E =U + X]O,oo[ ® E()
H Hy

It is for this reason that we have simplified the discussion to vanishing initial data, compare
[7, Chapter 6].

4.3 Leontovich Type Boundary Conditions as Dynamics on Bound-
ary Data Spaces

4.3.1 Translating Particular Model Boundary Conditions

We recall from [2] the two boundary conditions:

nx H —nx Qv+ E; =0 on 09,
Tn—Q(n><E,g)—l—(1—&—04851)1):0onaQ7

where E;, H; denote the tangential components of E, H, respectively, and @, « are certain
matrix-valued functions.

With nx replaced by curl, Tn by Div iy, T and Ey, Hy replaced by o5, E, thaH, we get

curl tfym H — curlQ* 1&,0qv + toyn B (14)
Div tp;, T — Q curlifn B + (1 + a@gl) LaradlV =

In this now

Q:N(1+curlcurl) — N (1—DivGrad)
a:N(1-DivGrad) — N (1— DivGrad)

are boundary operators. This translation yields boundary conditions (4 which are in a form
that allows again generalization to arbitrary non-empty open sets for €2, which is one of our
main goals here.

To motivate this translation process we note that for all ® € D (curl)

S

.
* *
Lcurl¢)|cur1 LcurlH> =
N (1+curl curl)
* *
= <Lcurchurl®| curl LcurlbcurlH>D(cur1)

* *
teurlbourt @] curl teunttoun H ) o +

+

<Curl LcurlL:urlq)| curl curl LcurlL:ur1H>o (15)

<LcurlL:url(I>| curl Lcurleur1H>0 - (curl LcurlL:url¢>| Lcurleur1H>0
| curl H), — (curl ®| H),,

®n x H) 1250,

= (’anx nx Lcurl) L:urlq:'|RX (’Yn>< Lcurl) L:urlH>X

(
(
((V=nxnxteurt) teun @] (Ynx teurt) teunH) 1250
(
(

LZurl(Pl (’Y—nxnx Lcurl)* Rx (77L>< Lcurl) L:ur1H>N(1+curlcurl)

10



and so

curl L:urlH = (’anxnx Lcurl)* Rx (’Ynx Lcurl) L:urlH
Ry ((V=nxnxteut) ") cwtl iy H = (Ynxtount) tiun H
=  Ynx H

Here Rx : Y — X denotes the associated Riesz mapping and
Yenxnx : D(curl) — X
Ynx : D(curl) — Y

are suitable continuous boundary trace surjections with X,Y being L? (0€2)-dual Hilbert
spaces (we avoid the intricate details here, see e.g. |3], for more specifics) and

N(’anxnx) = N(’)’nx) =D (Cl;l"l) .
Then

Yenxnx teurl : N (1 +curlcurl) — X
Ynx teurl : N (1 +curlcurl) — Y
are continuous bijections.

Similarly, for all ® € D (Grad)
<Larad<I>|D.iv LBiVT> =
N(1-Div Grad)
= {LGradlGraa®| Div LDleDWT>D(Grad)
= (LGradtGrad®| Div toiveiDi T,
+ (Grad tGradtGraa ®| Grad Div tpiveDiy T, (16)
= (®| Div LDWLDWT> + (Grad 9| LDivLDiVT>0
= (®|Div T), + (Grad ®| T'),
=
(

<I>|Tn>L2(BQ)

('71 LGrad) LGradq)| (7 nLDlv) LD!VT>L2(BQ)
< Y1 LGrad LGrad(I)|R (’7 nLDiV) LDivT>5(‘

= (1Graa®| (1taraa)” R (7. nipiv) LBivT>N(17DivGrad)

and so
Div = (7itcrad)” Rg (7. ntpiv)
R ((riterad) ') Divipi T = (Y- ntoiv) thinT
= ~v..,7T

Here Ry : Y — X denotes the corresponding associated Riesz mapping and
D(Grad) — X
Y.m:D(Div) — Y

are suitable continuous boundary trace surjections with 27)7 being L? (99)-dual Hilbert
spaces and

N(y1)=D (Gfad)  N(v.n)=D (D"iv) .
Then
X
%

YitGrad : N (1 — Div Grad) —
~.ntpiv : N (1 — Grad Div) —
are continuous bijections.

Both instances are showing a close, formal connection, which we have taken as a justifica-
tion for the proposed generalization for boundary terms.

11



4.3.2 An Evo-System Set-Up

We shall, however, implement the boundary constraints (I4]) not as typical boundary condi-
tions but by appending, in the spirit of abstract grad — div - systems, see [], the differential
equations in 2 by dynamical equations on the boundary spaces. Hence, we consider a system
of the form

v Iy
(x) ] (&)

_ T g
(8()M() + My (80 1) + A) 5 = —?fo ,

H "

TH fi

where
0 —( ~ Grad ) (0 0
LGrad

*

curl

L:url
0 curl 0 0
0 Lour] 0 0
is by construction — as desired — skew-selfadjoint and Mo, M; (85 1) are to be specified later.
— Grad >*

LGrad

0
— Grad 0 O 0

i (emt) (50) (o) (oo
0

~ —

To analyze the operator A closer we need to obtain a better understanding of <

and ( _qurl > . We first observe that
curl
—Grad c — *Grrad 7 curl c C:lI’l 7
0 - LGrad 0 - Leurl

—Grad \" —Grad \ _ .
( s ) Q( 0 )—(DIV 0)7
curl \" curl \* _
( oo ) < 0 ) —( curl O )

Thus, for all ® € D (Grad) and ( 31 ) cD << — Grad ) )
T

<<Gize,zid )ol (1))
Gl (7))

= <<I>‘DivT>.

which implies that

N

<— Grad @‘T> + <Larad<1>‘TT>

Since
<Grad <I>’T> + <<1>’ Div T> -0
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for & € D (Gr"ad) or T €D (D‘iv) we have for ® € D (Grad) and T € D (Div)
(Grad <I>‘T> + <<1>‘ DivT> =
= <Grad Lcradtérad¢‘LD1vLBiVT> + <Lcradtérad<1>’ Div LDivLvaT> +
+ <Grad LGradLGrad(I)‘ (1 — tpiviDiv) T> +
—|—< (1 — tGradtGrad q" Div LDwLDwT> +
+ <Lcradbc;rad¢" Div (1 — tpivthiv) T> +
+ <Grad (1 — tGradtGrad @‘LDWLDWT> +
+ < — LGradlGrad <I>‘ Div (1 — tDivtDiv) T> +
+ <Grad — LGradlGrad @‘ 1- LDivL]*Div) T>

* * * . *
= <Grad LGradLGradq)‘LDiVLDivT> + <LGradLGrad(I)‘ Div LDivLDivT>

and recalling (I6]) we calculate with this for all ® € D (Grad) and ( f ) €D (( —L*Grad ) ) -
T Grad
D (Div)

*
o~ @

o)
N(1-Div Grad)

* * * . *
Grad LGradLGradq)‘LDiVLDivT> + <LGradLGrad(I)’ Div LDiVLDivT> )

5 <Grad LGradLGrad(I"LDivLDivT> + 3 <LGradLGrad¢“ Div LDivLDivT> +
1 . . *
+ 5 <Grad LGradLGrad<I“ Grad Div LDivLDiVT> +
1 * . *
+t5 <D1v Grad LGradLGrad(I)‘ Div LDivLDivT> )
1 * *
= <Grad LGradLGradq)‘LDivLDivT>
T2 D(Div)
1 . . *
+ = <LGradLGrad¢“ Div LDivLDivT> ;
2 D(Grad)
1 * *
5 <LDiv Grad tarad LGradq)‘LDivT>
2 N (1—Grad Div)
1 . . "
+ 5 <LGrad<I"LGrad Div LDivLDivT>
2 N(1-Div Grad)
1 ° * * 1 * ° *
= _ GradLGrad<I“LDivT + - LGrad(I)‘Dl"LDivT )
2 N (1—Grad Div) 2 N (1-Div Grad)
- <LGrad<I>‘Div LBivT>
N (1—-Div Grad)

and so
L]
Tr = Div thi T

Similarly, we find for all ® € D (curl) and < fl ) €D << C:HI ) ) C D (curl)
H

Leurl
« 1 H
<curl¢“E> + <Lcur1¢)‘TH>N(1+curlcurl) = << f»}lrl > @‘ ( TH )>
-¢() ()
Leurl TH

= <<I>‘ curlH>
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leading with (5] to

* p—
Lcurl(P TH =
N (1+-curl curl)

* * * *
= - <Cur1 Lcurlbcurl(P Lcurlbcur1E> + <Lcur1Lcurl(I)‘ curl Lcurlbcur1E>

1 * *
- 5 <Cur1 Leurl Lcurlq) LcurchurlE> +

+

N = N = N =

* *
<Lcurchurl¢)’ curl LcurchurlE> +

<cur1 LcurlL:uﬂfI" curl curl LCUHL:U“E> +

<cur1 curl LCUHL:U“(I)‘ curl LCUHL:U“E>

1 * *
= _5 <Cur1 Lcurll’cuﬂ@ LcurchurlE>

D(curl)

1 * *
+ 3 <Lcur1Lcurl(I)’ curl Lcurchur1E>

D(curl)

®
Lcur1E> +
N (1—curlcurl)

+ 1 <L:ur1<13’c1;rl L:ur1E>

= —% <curl Lol @

2

L]
= <L:ur1¢> ‘ curl L:ur1E>

N(1—curl curl)

N (1—curlcurl)

and so
L]
T = curl 1oy H.

With this the boundary constraints take the form

TH — curl Q*Laradv + L:urlE =0,
mr — Q curlig B + (1+ a@&l) L&raqV = 0,

or

( - > . 1 —curl Q* ( B ) _0
™ —Qcurl (14 ady!) LGradV
We calculate

. -1
1 —curl@Q*

_Qctzrl (1+ady™)

1+ Cl;rlQ* (1 +QQ" + aaofl)fl Q(n;rl chrlQ* (1 +QQ* + a@ofl)*l
(1+QQ*+O‘851)71Qcﬁr1 (1+QQ*+a80*1)’1

and thus obtain equivalently
—1 TH L:urlE _
() () o
with S (85 1) given by

1 + CIII'IQ* (1 + QQ* + aao—l)*l QCIII'I Cl;rlQ* (1 + QQ* + 068071)71
(14+QQ* +ady )™ Qcnrl (14+QQ" +ady) "
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We are now ready to formulate the material law operators

e (00) 0 (0 0)
wo | G) o) (o) (% 0)

0 0 0.0 ) e+eCle 0 0)

G) (o) G) o (69)

. 0 (0 0) 0 (0 0)
- | Lo) 2y (o) s

0) M@ () M @)

with

0 0
M a4 (a(;l) = 1y . —1y=1
0 1+ curl@ (1 + QQ" + al, ) Qcurl

M (07) = (0 (1+QQ*+a801)1chr1>

Mo (85Y) = < 8 cdrlQ* (1‘*‘@(?*—1-0480*1)71 )

M 22 (95 1) = ( 0 (1+QQ* -|-C¥3071)71 )

Theorem 4.2. Assume that p«, €, 1, C are selfadjoint and non-negative, @ : N (1 4 curl curl) —
N (1 — Div Grad). Furthermore, we assume gx, u, C > 0 and ve +Re o > 0 uniformly for all
sufficiently large v € 10, 00[. Then, Mo and M (851) satisfy the condition (3) and hence, the
corresponding problem of piezo-electricity with dynamics on the boundary data space is also a
well-posed evo-system.

Proof. Obviously, My is selfadjoint. Moreover, since

ct C™te 0 0
V( e*C ! e4erCle )+< 0 Reo > >0

uniformly for all sufficiently large v € |0, 00[ , the assertion follows.
Indeed, noting that

Re S (0
e 1 carl @ (14+QQ") ' Qeurl  curlQ* (1 + QQ
(1+QQ") ™" Qeurl (1+QQ"
_ < 1+ curlQ* (1 + QQ") ™" Qeurl ) -
0 1+ QQ )
the desired result follows from the general result of Theorem [Z3] O

Remark 4.3.

1. For simplicity we have assumed that there is no thermal interaction. There is, how-
ever, no major obstacle to incorporate such interaction along the lines of |5]. Similarly,
more complex boundary constraints of abstract grad — div-type could be implemented
following the lead of the present framework.
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2. Although we have merely generalized a known model system, it is clear from the set-up
that more complicated situations are easily incorporated. For example

(a) apart from the generalized coefficients we can of course allow inhomogeneous data
with no extra provision, since the “boundary conditions” are built into the system
as part of the evo-system,

(b) the material laws can be even more general as long as requirement (3)) remains
satisfied.

3. As stated in Remark [2.5] equivalence is a common way of obscuring the basic structure
of evo-systems. In the above we have in fact encountered such a situation.
If we may assume that boundary trace mappings are available, another pertinent case
is given in our present context by

W (8oMo + My (05) + A) Y (V™ 'U) = WF

o 1 (0 0) 0 (0 0)
wo | (0) Goea) (0) (od)
0 (0 0) 1 (0 0) ’
() (o) () (G atn)
1 (0 0) 0 (0 0)
oo () oa ) (0) (os)
0 (0 0) 1 (0 0)
() (o) (5) (o)
The unknown is
VU= < Ry ((wbczad)l)*ﬁ ) € Huo(R,Y)

(R o amemran) r)
Rj( ((’anxnx Lcurl)il)* TH
with

y=1@C) e (L (@wm[C]) o) oL (@,C%) o (L (2 [c) @ V)
and WF € H, o (R, X) with

x =0 (2.0 o (L (@wm[c™]) 0 X) o L?(2,C%) o (1 (2, [C*]) @ X).
This is now the corresponding situation utilizing classical boundary trace spaces. To
obtain a structure preserving congruence we could instead replace ¥V by W* in which

case
v

( (o or )
WU = (('YILGradE? ) ™ € Huo (R, X)

( ((V=nxnx LcHurl)*l)* - )

is now the new unknown.
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)

Summary

We have generalized a piezo-electromagnetism model with Dirichlet type boundary conditions
to arbitrary non-empty open sets, as well as to include operator coefficients, indeed to general
material laws. The resulting evo-system in a non-empty open set €2 and on boundary data
spaces, which includes inhomogeneous volume and boundary data, has been investigated
for evolutionary well-posedness, i.e. Hadamard well-posedness and causality. Based on this
the model has been extended to include also a Leontovich type boundary coupling via an
additional set of dynamic equations on spaces characterizing boundary data.
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