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NUMERICAL APPROXIMATION OF SPACE-TIME
FRACTIONAL PARABOLIC EQUATIONS

ANDREA BONITO, WENYU LEI, AND JOSEPH E. PASCIAK

ABSTRACT. In this paper, we develop a numerical scheme for the space-time
fractional parabolic equation, i.e., an equation involving a fractional time de-
rivative and a fractional spatial operator. Both the initial value problem and
the non-homogeneous forcing problem (with zero initial data) are considered.
The solution operator E(t) for the initial value problem can be written as a
Dunford-Taylor integral involving the Mittag-LefHler function e, 1 and the re-
solvent of the underlying (non-fractional) spatial operator over an appropriate
integration path in the complex plane. Here o denotes the order of the frac-
tional time derivative. The solution for the non-homogeneous problem can be
written as a convolution involving an operator W (t) and the forcing function
F(t).

We develop and analyze semi-discrete methods based on finite element ap-
proximation to the underlying (non-fractional) spatial operator in terms of
analogous Dunford-Taylor integrals applied to the discrete operator. The space
error is of optimal order up to a logarithm of 1/h. The fully discrete method
for the initial value problem is developed from the semi-discrete approximation
by applying an exponentially convergent sinc quadrature technique to approx-
imate the Dunford-Taylor integral of the discrete operator and is free of any
time stepping.

To approximate the convolution appearing in the semi-discrete approxima-
tion to the non-homogeneous problem, we apply a pseudo midpoint quadra-
ture. This involves the average of W}, (s), (the semi-discrete approximation
to W (s)) over the quadrature interval. This average can also be written as a
Dunford-Taylor integral. We first analyze the error between this quadrature
and the semi-discrete approximation. To develop a fully discrete method, we
then introduce sinc quadrature approximations to the Dunford-Taylor integrals
for computing the averages.

1. INTRODUCTION

In this paper, we investigate the numerical approximation to the following time
dependent problem: given a bounded Lipschitz polygonal domain 2, a final time
T > 0, an initial value v € L?(Q) (a complex valued Sobolev space) and a forcing
function f e L=(0, T; L%(2)), we seek u: [0, T] x Q — R satisfying

ONu+ LPu=f, in (0,T] xQ,
u=0, on (0,T] x 99, (1)
u=uv, on {0} x Q.
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Here the fractional derivative in time 8] with v € (0,1) is defined by the left-sided
Caputo fractional derivative of order -,

1 t 1 0
0 u(t) = f ) g, 2)

r(i-~)Jo (t-r)» or
Note that holds for smooth u and extends by continuity to a bounded operator
on HY(0,T) nC[0, T] satisfying

07 = "0 (u - u(0))
where %9 denotes the Riemann-Liouville fractional derivative. The differential
operator L appearing in is an unbounded operator associated with a Hermitian,

coercive and sesquilinear form d(-,-) on H} (Q)xH} (). For B € (0,1), the fractional
differential operator L? is defined by the following eigenfunction expansion

L= §A§<U,¢j)¢j, (3)

where (-,-) denotes the L?(f2) inner product and {¢;} is an L?*(Q2)-orthonormal
basis of eigenfunctions of L with eigenvalues {\;}. The above definition is valid for
v e D(LP), where D(L?) denotes the functions v € L?(Q) such that L%v € L2(Q).
A weak formulation of (] reads: find u e L2(0, T; D(L?/?)) nC([0, T]; L*(Q)) and
A u e L2(0,T; D(L7P?)) satistying

(8] u, d) + Au, d) = (f,¢), for all ¢ € D(L?/?) and for a.e. te (0,T],

u(0) = v.

Here the bilinear form A(u, ¢) := (L?/?u, LP/?¢) and (-, -) denotes the duality pairing

between D(L™?/?) and D(L?/?). As a consequence of [I7, Theorem 6], the above
problem has a unique solution, which can be explicitly written as

w(t) =u(t,") = E(t)v + fot W(r)f(t-r)dr. (5)
Here, for w e L?(Q),

(4)

B(tyw = ey (-6 LYw = 3" ey 1 (<603 ) (0,005 (6)

j=1

and -
W(t)w:=t"" ey o (7L )w = 3 7 ey o (=0 N)) (w, ;)10 (7)

j=1

with e, ,(z) denoting the Mittag-Leffler function (see the defintion (I3))). We also
refer to Theorem 2.1 and 2.2 of [I9] for a detailed proof of the above formula when
B =1, noting that the argument is similar for any 8 € (0,1).

A major difficulty in approximation solutions of involves time stepping in
the presence of the fractional time derivative. The L1 time stepping method was
developed in [T4] and applied for the case 8 = 1. Letting 7 be the time step, it was
shown in [14] that the L1 scheme gives the rate of convergence O(72™7) provided
that the solution is twice continuously differentiable in time. For the homogeneous
problem (f = 0), the L1 scheme is guaranteed to yield first order convergence
assuming the initial data v is in L*(2) (see [10]). See also [I1] and the reference
therein for other time discretization methods and error analyses. We also refer to
[13] for the backward time stepping scheme for the case vy = 1.
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The numerical approximation to the solution has been studied recently in
[17]. The main difficulty is to discretize the fractional differential operators ;' and
LP simultaneously. In [16], the factional-in-space operator LP was approximated
as a Dirichlet-to-Neumann mapping via a Caffarelli-Silvestre extension problem [8]
on Q x (0,00). In [I7], Nochetto et. al. analyze an L1 time stepping scheme for
in the context of the Caffarelli-Silvestre extension problem and obtain a rate of
convergence in time of O(7%) with 6 € (0,1/2) (see Theorem 3.11 in [I7]).

The goal of the paper is to approximate the solution of directly based on
the solution formula . Our approximation technique and its numerical analysis
relies on the Dunford-Taylor integral representation of the solution formula .
Such a numerical method has been developed for the classical parabolic problem
[B, 3] (i.e. the case v =1) and the stationary problem [4]; see also [5] when the
differential operator L is regularly accretive [12].

The outline of the remainder of the paper is as follows. Section [2] provides some
notation and preliminaries related to . In Section |3 we review some classical
results from the finite element discretization and provide a key result (Theorem|3.3))
instrumental to derive error estimates for semi-discrete schemes. In Section [4 we
study the semi-discrete approximation Ep (t)v = e 1 (—tvLﬁ)whv to E(t)v. Here Ly,
is the Galerkin finite element approximation of L in the continuous piecewise linear
finite element space V;, and 7, denote the L? projection onto V},. We subsequently
apply a sinc quadrature scheme to the Dunford-Taylor integral representation of
the semi-discrete solution. For the sinc approximation, we choose the hyperbolic
contour z(y) = b(cosh(y) +isinh(y)) for y € R, with b € (0, \1/\/2). Here \; denotes
the smallest eigenvalue of L. Theorem directly gives an error estimate for the
semi-discrete approximation in fractional Sobolev spaces of order s, with s €[0,1].
As expected, the rate of convergence depends on the smoothness of the solution
which, in term, depends on the smoothness of the initial data and the regularity
pickup associated with the spatial exponent 3. Theorem proves that for a
quadrature of 2N + 1 points with quadrature spacing k = ¢N~1/? and ¢ depending
on S, the sinc quadrature error is bounded by Ct™7 exp( -cv/'N ), where the constant
C is independent of t and N. In Section [5] we focus on the approximation scheme
for the non-homogeneous forcing problem. The approximation in time is based on a
pseudo-midpoint quadrature applied to the convolution in , i.e., given a partition

{tj} on [07 t]a

A Wi ymf (- ) dr ( A t Wh(r)dr) i (t—t; 1), (8)

j-1

where W, () is the semi-discrete approximation to W (t). Assuming that the forc-
ing function f is in H2(0,t; L?), We show in Theorem that the error in the
approximation in time is O(N~2) under a geometric partition refined towards
t =0 (with C(y)N logy N subintervals). We then apply an exponentially convergent
sinc quadrature scheme to approximate the Dunford-Taylor integral representation
of the discrete operator ftj{ . Wi, (r) dr. Theorem shows that the sinc quadrature

leads to an additional error which is O(log(N') exp(-=v/¢N)). Some technical proofs
are given in Appendices [A] and

Throughout this paper, ¢ and C denote generic constants. We shall sometimes
explicity indicate their dependence when appropriate.
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2. NOTATION AND PRELIMINARIES

2.1. Notation. Let Q c R? be a bounded polygonal domain with Lipschitz bound-
ary. Denote by L?(2) and H'(Q) (or in short L? and H') the standard Sobolev
spaces of complex valued functions equipped with the norms

1/2
lull = {ulz2 == (/;2|U|2dl’) and [uf g o= (JulZe + ||Vul[Z2) 2.
The L? scalar product is denoted (-,-):
(v,w) = fﬂv(x)ﬁ(m) dz.

We also denote by H} = H}(2) ¢ H*(2) the closed subspace of H! consisting of
functions with vanishing traces. Thanks to the Poincaré inequality, we will use the

semi-norm |- |1 = [|V(-)|| as the norm on H}. The dual space of Hj is denoted
H™':= H*(Q) and is equipped with the dual norm:
F,0
| F| g-1 == sup <6 >,
OeH} | |H1

where (-,-) stands for the duality pairing between H~! and H{.

The norm of an operator A : By — By between two Banach spaces (Bi, |.|5,)
and (Ba, |.|B,) is given by
|Av] 5,

veBy, v#0 HUHBI

HAH31—>32 =
and in short |A| when By = By = Lo.

2.2. The Unbounded Operator L. Let us assume that d(-,-) is a Hermitian,
coercive and sesquilinear form on Hj x H}. We denote by ¢ and ¢; the two positive
constants such that

colv[3n < d(v,v); ld(v,w)| < er|v|gr|w|gr, for all v,w e HE.

Furthermore, we let T : H ' — H& be the solution operator, i.e. for f e H™!,
Tf:=we H}, where w is the unique solution (thanks to Lax-Milgram lemma) of

d(w,0) = (f,0), forall e Hp. (9)

Following Section 2 of [12], see also Section 2.3 in [5], we denote L to be the inverse
of T|p2 and define D(L) := Range(T|2).

2.3. The Dotted Spaces. The operator T is compact and symmetric on L2. Fred-
holm theory guarantees the existence of an L?-orthonormal basis of eigenfunctions
{¥;}32; with non-increasing real eigenvalues p1 > p2 2 p3 > ... > 0. For every
positive integer j, 1); is also an eigenfunction of L with corresponding eigenvalue
Aj = 1/p;. The decay of the coefficients (v, 1)) in the representation

Nk

(U7 7/’3)1/)3

V=
J

Il
[ury
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characterizes the dotted spaces H®. Indeed, for s > 0, we set
H* = {v eL?’st. ) )\‘;|(v,wj)|2 < oo}.
j=1

On H?®, we consider the natural norm

- 1/2
ol ==(_21A§|(v7wj)l2) .

We also denote by H~* the dual space of H® for s € [0,1]. It is known that (see for
instance [5])

H—s:{FeH‘l s.b [ F| - ::(Z/\;S|<F’¢j>|2) <<>0}~
J=1

Note that, we identify L? functions with H~! functionals by (F,-) := (f,-) e H™! for
felL?

2.4. Fractional Powers of Elliptic Operators. Let L be defined from a Her-
mitian, coercive and sesquilinear form on Hj x H} as described in Section For
B €(0,1), the fractional power of L is given by

LPuv:= i N (), YveD(L?) = H. (10)
j=1

In addition, we define the associated sesquilinear form A : H? x H? — C by
A(v,w) = (Lo, LPPw) = 37 M (0,9) (w, ), (11)
j=1

which satisfies A(v,v) = H’UH?IB

2.5. Intermediate Spaces and the Regularity Assumption. As we saw above,
the dotted spaces relies on the eigenfunction decomposition of a compact operator.
These are natural spaces to consider fractional powers of operators but are less
adequate to describe standard smoothness properties. The latter are better char-
acterized by the intermediate spaces H*® defined for s € [-1,2] by real interpolation
[Hy, Hy nH*]g 19, 1<s<2,
H® = { [L? H} s, 0<s<1, (12)
[H', L) s11.0, -1<5<0.
In order to link the two set of functional spaces introduced above, we assume
the following elliptic regularity condition:
Assumption 2.1 (Elliptic Regularity). There ezxists € (0,1] so that

(a) T is a bounded map of H™'*® into H*®;
(b) L is a bounded operator from H*® to H™1+e,

Under the above assumption we have the following equivalence property:

Proposition 2.1 (Equivalence, Proposition 4.1 in [4]). Suppose that Assump-
tion holds for a € (0,1]. Then the spaces H® and H® coincide for s € [-1,1+ «]
with equivalent norms.
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Notice that Assumption [2.I] is quite standard and holds for a large class of
sesquilinear forms d(-,-). An important example is the diffusion process given by

d(u,v) = fﬂ a(z)Vu-Voudz
defined on Hj x H}, where a € L= (Q) satisfies

O<co<a(x)<e for a.e. x €.

The « in Assumption [2.1] is related to the domain © and the smoothness of the
coefficients. For example, if Q is convex and a is smooth, Assumption [2.1] holds for
any « in (0,1]. In contrast, for the two dimensional L-shaped domain and smooth
a, Assumption [2.1] only holds for « € (0,2/3).

2.6. The Mittag-Lefler Function. The Mittag-Leffler functions are instrumen-
tal to represent the solution of fractional time evolution, see (6) and (7). We briefly
introduce them together with their properties used in our argumentation. We refer
to Section 1.8 in [20] for more details.

For v >0 and p € R, the two-parameter Mittag-Leffler function e, ,(z) is defined
by

zeC. (13)

These functions are entire functions (analytic in C). We note that [20, equation
(3.1.42)] (see also [9]) implies that u(t) = e,,1(~At”) for ¢, A > 0 satisfies

O u+Au=0,

i.e., is a solution of the scalar homogeneous version of the first equation of . For
this reason, the function e, 1 (-At”) will play a major role in our analysis. We also
note that
8te%1(—t7)\ﬁ) = )\ﬁt“le%,y(—tv)\ﬁ) (14)
and
Dseqy A (~VNP) = Nt ((*y ~1)eq oy (N - 6%27_1(—{0\6)) . (15)
Recall that 8] always denotes the left-sided Caputo fractional derivative (2).
Another critical property for our study is their decay when |z| — oo in a positive
sector: For 0 <y <1, peR and g < ( < ~m, there is a constant C' only depending
on 7, i, ¢ so that

e < Ty Tor C<lara()l < (16)

C
z

2.7. Solution via superposition. The solution u of is the superposition of

two solutions: the homogeneous solution f =0 and the non-homogeneous solution

v =0,
t
u(t) = B(t)v + fo W(s)f(t—s) ds, (17)
where E(t) is defined by (6) and W(t) by (7). Following [19], we have that u €
C°([0,T7]; L?) and in particular u(0) = v.
We discuss the approximation of each term in the decomposition separately. For

the homogeneous problem (f = 0), we use the Dunford-Taylor integral representa-
tion of u(t) = E(t)v,

u(t) i/Cmey,l(—tvzﬂ)Rz(L)vdz. (18)

- 21
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Here R, (L) := (2I - L)™' and 2 := ¢#!% with the logarithm defined with branch
cut along the negative real axis. Given rg € (0, A1), the contour C consists of three
segments (see Figure [1)):

Cy = {z(r) := re /4 with r real going from + oo to ro} followed by
Co = {2(0) = roe’® with 6 going from — /4 to m/4} followed by (19)

Cs:= {z(r) = re'™* with r real going from 7o to + oo}.

FI1GURE 1. The contour C given by .

We use an analogous representation for W (s), namely,

~y-1
W(s)v= 82? /c er (872 R, (L)v dz. (20)
The justification of and are a consequence of and standard Dunford-
Taylor integral techniques, see, [21], 2] for additional details.

3. FINITE ELEMENT APPROXIMATIONS

3.1. Subdivisions and Finite Element Spaces. Let {7} }r-0 be a sequence of
globally shape regular and quasi-uniform conforming subdivisions of 2 made of
simplexes, i.e. there are positive constants p and ¢ independent of h such that if
for T € Ty, he denotes the diameter of T and 7 denotes the radius of the largest
ball which can be inscribed in T, then

h
(shape regular) max — <¢, and (21)
TeTh Tt
(quasi-uniform) max h, < pmin h. (22)
TeTy TeTy,

Fix h > 0 and denote by V; c H} the space of continuous piecewise linear finite
element functions with respect to 75, and by M}, the dimension of Vj,.
The L? projection onto Vy, is denoted by 7, : L2 - V), and satisfies

(’/Thf7 (rbh) = (fv ¢h)a for all ¢h € Vh~
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For s € [0,1] and o > 0 satisfying s+0 < 2, Lemma 5.1 in [5] guarantees the existence
of a constant ¢(s,o0) independent of h such that

(I =mn) fllms < c(s,0)h7 | f]
In addition, for any s € [0, 1], there exists a constant ¢ such that
I7n fllee < el flme- (24)

The case s = 0 follows from the definition of the L2-projection, the case s = 1 is
treated in [T, [6] and the general case follows by interpolation.

Hs+o . (23)

3.2. Discrete Operators. The finite element analogues of the operators T' and L
given in Section are defined as follows: For F e H!, T}, : H' -V}, is defined
by

d(ThF, én) = (F, ¢n), for all ¢p, €V,

and Ly, : Vp -V}, is given by
(Lnvn, ¢n) = d(vn, ¢n), for all ¢y € V.

so that T},
We now recall the following finite element error estimates.

_7r-1
\ Lh :

Proposition 3.1 (Lemma 6.1 in [5]). Let Assumption [2.1] (a) holds for some a €

(0,1]. Let s € [0,%] and set o* := L(a +min(a,1-2s)). There is a constant C
independent of h such that

1T = Th| gra-i_, gres < Ch>*" . (25)

Similar to the operator T, Tyly, has positive eigenvalues {uj,h};v:[q with cor-
responding L?-orthonormal eigenfunctions {Q/Jj,h};v:[ﬁ. The eigenvalues of Ly are
denoted as Ajj := u;lh for j =1,2,...,My. Then the discrete fractional operator
Lﬁ : Vj, -V, is then given by

My,
Lijvp =Y, A%(”m%,h)%,n-
j=1
Its associated sesquilinear form reads
Bl2 B/2 U T )
Ap(vn,wp) = (L vp, Ly wp) = Aih(vh7¢j7h)(whij,h)7 (26)
j=1
for all vy, wy, € V.

For any s € [0,1], the dotted spaces described in Section also have discrete
counterparts Hj, which are characterized by their norms

1/2
My,
lonllgs == ( >, )\?,h|(vhﬂ/fj,h)|2) , for vy €V (27)
j=1

On Vj,, the two dotted norms are equivalent: For s € [0, 1], there exists a constant
¢ independent of h such that for all vy € Vy,

1
“lonllgy < lvnllgr- < cllonllg, (28)
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(see Appendix A.2 in [7]). From the property max; \;, < ch™ (cf. [7, equation
(2.8)]), we also deduce an inverse inequality in discrete dotted spaces: For s,0 >0,
we have

lvr ||Hi+a < Ch_UHUhHH;La for vy, € Vp,. (29)

3.3. The Semi-discrete Scheme in Space. We propose a Galerkin finite element
method for the space discretization of . This is to find up(t) € Vy, satisfying

(0] un(t), n) + An(un(t), ¢n) = (f,¢n),  for te(0,T], and ¢y, € Vj,, and
{ up(0) = who,

(30)
where the bilinear form Ay (-,-) is defined by and 7, is the L?-projection onto
V. Similarly to the continuous case (see discussion in Section , the solution of
the above discrete problem is given by

t
up(t) = 6%1(—t7L§) TRY + [ 87_16%7(—87.[/2) mnf(t—s)ds (31)
—_— 0 —_—
=Ey (t) =Wh(s)
where
1

(L) = 5= [ er (") Ra(Ln) d (32)

and C is as in .

3.4. A semi-discrete estimate. The purpose of this section (Theorem [3.3) is to
obtain estimates for

He%u(—t’YLB)U _e%M(_t'ng)WhUHH%’ (33)

which, in view of representations and 7 will be instrumental to derive error
estimates for the space discretization.

The following lemma assesses the discrepancy between the resolvant R, (L) =
(z - L)™' and its finite element approximation. Its somewhat technical proof is
postponed to Appendix [Al

Lemma 3.2 (Space Discretization of Resolvant). Assume that Assumption
holds for some a € (0,1]. Let s € [0, %] and 0 € [0, (1 + «)/2]. Then, there exists a
positive constant C independent of h such that for all & with 2é& € (0, +min(a, 1 -
25)], z€C and ve H?

| (7 R=(L) = R (L))ol rae < Clal ™4 0B 0] a5 (34)

We are now in a position to prove the error estimate for the semi-discrete ap-
proximation in space. Before doing so, for s € [0,1/2] and 0 < e < 1, we set

o = af2+min{a/2,1/2 5,8+ - s—af2—€[2}. (35)
We assume that
0 > max{0,s - B +¢/2}. (36)

The assumption is sufficient to guarantee that the solution e%u(—tVLB ) is in
H?*¢ and we have the following theorem.
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Theorem 3.3 (Space Discretization of e, ,(—t7L")). Let 0 <y <1, s € [0,1/2],
peR and o be as in . Assume that Assumptz’on holds for a € (0,1], and
that § satisfies , Then there exists a constant C' such that
|\e%u(—t7Lﬁ) - e%u(_ﬂLi)Wh | 2o ppae < D(t)h2a*7
where
C: ifd>a” +s,
D(t):={ Cmax(1,In(t7")):  ifd=a"+s, (37)
ot @ +s=0)/5 if 6 <a” +s.

Proof. Without loss of generality we assume that 26 <1+ a* as the case 26 > 1 +a*
follows from the continuous embedding

20 ¢ friva’
Also, we use the notation EVH(t) := e, (-t"L?), EJ*(t) = e%#(—t’ng) and de-
compose the error in two terms:
[CET#(t) = Bt (O mn) vl gos < (L= 7n) ETH(8)v] o

(B - B Omel e O

For the first term on the right hand side above, we note that the assumptions
on the parameters imply that a* + s < (e +1)/2 < 1 and so the approximation

property of 7y, yields
(=) BV (0)0] o € CH2 [ ()0 s (39)
We estimate |E7VH(t)v| 2 +s) by expanding v in Fourier series with respect to

the eigenfunctions of L (see Section [2.3) and denote by ¢; := (v,1;) the Fourier
coefficient of v so that

™

ETH(t)0 =Y ey u(—" X)) ejnp;.

J=1

Two cases need to be considered:
Case 1: § > a* + s. Here, the regularity of the initial condition is large enough
to directly use the bound |e%#(—t7)\?)| < C deduced from to get

oo
:
BT (0 aarns = 22 5% ey u (<0 X))oy
j=1

2(a* +5-5) 2(a*+s5-6
CATT D SNy = AT o,

IA

J=1

Case 2: § < a® +s. In this case, we need to rely on the parabolic regularity for
t>0. We apply again and obtain

* S — ad (X* S— 2
HE%“(t)UH?qmuzs _ (" +s-0)/8 D )\?6 ‘(tv)\jﬁ)( + 6>/’86%M(—t"’)\f)| e 2
j=1
* 2
X 0o tﬂ/)\ﬁ ((x +S—5)/ﬁ
< Op2(a*+s-0)/8 SAZ % lc; .
i 1+ t‘*)\j
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Noting that 0 < a* + s —§ < 8, a Young’s inequality implies

1 \PY (@ +s-8)/
% < 1

B
1+ tV)\j
Whence,

| B (8)0] fpaar sz, < OB 2

Returning to after gathering the estimates obtained for the two different cases
we obtain

(2= m) BV (00l gar < DO o] (40)
We return to and estimate now |7, (E(t) — Ep(t)mh)v] g2-. This time

we use the integral representations and the resolvant approximation (Lemma
to get

Imn (B (8) = B (mn)olee < C [ leu(-72(mRa(L) = Ra(La)mn)ol e dle

< Ch* v gyos fc ley (=7 22|21 +570 2],

Furthermore, the decay estimate of the Mittag-Leffler function evaluated at
—t72P for z € C yields

—l+a*+s-§
Vol (4) — FR . 2a* . \Z|7
I (B0 = B0 s < OR Vol [, dll (41)
To prove

|mn (B () = B ()0 goe < DR 0] s, (42)
it remains to show that

|Z|—1+a*+s—6
———d|z| < D(t 43
g el < D@ (43)

This is done separately on each part of the contour C, see On Ca, |2| = rg so
that we directly have

|Z|—1+o¢*+s—5 .
f 7d|z|sf 2|1 +5=8 gl < .
C 1+t7|z|P Ca

On C; UCs, we use the parametrization z(r) = re*"™* to write

|z| 1+a*+s-8 —1+a +s5-0
f dlz| =2 f dr
ciucs 1+ t”/|z|5 o 1+trB
When 6 > a* + s, we have enough decay to directly obtain
|Z| 1+a*+s5-8 oo .
[ e [T g
cucs 1+17|z)8 To

When § < a* + s, we perform the change of variable y := t?|z|® and obtain

1+a™+s-0 * oo 00 (a*+s-68)/B8-1
2 (a*+s-3)
[ e o g
cucs 1+17|z)8 B i 1+y
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Thus,

|Z|—1+a*+s—6
[l
C1UCs ]. +t7|z|ﬁ

2 * 1 a*is— 0 a*yso
< Bt*w(a +85)/ﬁ(/t-7 ByTé‘ldy+fl y B t-2 dy)
"o
C

(@ +s=0)/5 when § < a* + s,
max(1,In(¢77)), when § = a* + s.

IN

Gathering the estimates for each part of the contour yields and thus ,
which, combined with , yields the desired result. O

4. APPROXIMATION OF THE HOMOGENEOUS PROBLEM

This section presents and analyzes the proposed approximation algorithm in the
case f = 0. We note that the bound for the finite element approximation for the
space discretization error is contained in Theorem In this section, we define
a sinc quadrature approximation to Ep(t) and analyze the resulting quadrature
€error.

4.1. The Sinc Quadrature Approximation. We discuss the approximation of
the contour integral in

1
up(t) = ev’l(—tVLi)whv = o /c ew,l(—tvzﬂ)Rz(Lh)whv dz.

The first step involves replacing the contour C by one more suitable for application
of the sinc quadrature technique. For y € C, we set

2(y) = b(coshy + i sinhy) (45)

and, for 0 < b < A\;/\/2, consider the hyperbolic contour ' := {z(y) : y € R}. Using
this contour, we have

1 oo _
(L =5 [ era () DI - L) guldy. for g€ V.
Given a positive integer N and a quadrature spacing k > 0, we set y; = jk for
j=-N,...,N and define the sinc quadrature approximation of 6%1(—t’ng)gh by

N

Qo= 55 2 e (O @IEE L) ] ()

4.2. Quadrature Error. We now discuss the quadrature error. Expanding (E},(t)-
Qﬁk(t))gh in term of the discrete eigenfunction {d)j,h}ﬁ’i (see Section , for s >0
we have

Mp,
[(En(t) = Qi (1) gn Hi]is = (2m)7 21 AFRIE N s ) PI(gns 0| @
j=

< @) 2lgnlyy _max, [EQuaDP
where

0o N
00 = [ o Ddy-k 3 oGk (48)
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and

aa(y,1) = ey 1 (=7 2(1)°) 2 (y) (2(y) - A) . (49)
The function gx(y,t) is well defined for ¢ >0, A > A\, y € C with 2(y) # X and 2(y)
not on the branch cut for the logarithm.

Following [I5], we show that when k = ¢//N for some constant ¢, the quantity
E(A\,t) = 0 when k — 0 uniformly with respect to A > A;. Moreover, the convergence
rate is O(exp (—~cv/N)). We then use this estimate in to deduce exponential
rate of convergence for the sinc quadrature scheme .

This program requires additional notations and we start with the class of func-
tions S(Bg).

Definition 4.1. Given d >0, we define the space S(By) to be the set of functions
f defined on R having the following properties:
(i) [ extends to an analytic function in the infinite strip
Bd = {ZE(CZ jm(z) <d}

and is continuous on By.
(i) There ezists a constant C independent of y € R such that

d
fd |f(y +iw)|dw < C
(ii) We have

NBa = [ (fy+id)|+|f(y-id)]) dy < o

Note that condition (i¢) is more restrictive than actually needed (see Definition
2.12 in [I5]) but sufficient for our considerations. In addition, For f € S(Bjy),
Theorem 2.20 in [I5] provides the error estimate for the quadrature approximation
to jR f(z)dz using an infinite number of equally spaced quadrature points with
spacing k > 0:

. N(Ba) odlk
~ 2sinh(wd/k)

The lemma below is proved in Appendix [B]and is the first step in estimating the
sinc quadrature error.

[T i@k 3 rGh

j=—oo

(50)

Lemma 4.1. Let A > A\ and t > 0. The function w — g\(w,t) belongs to S(Bg)
for 0 <d < m/4. Moreover, there exists a constant C only depending on 3, d and b
such that

N(Bg) < C(B,d,b)t™. (51)

The above lemma together with the quadrature estimate leads to exponen-
tial decay for £(\,t) as provided in the following lemma.

Lemma 4.2. Let 0 <d < /4. There exists a constant C only depending on d, b,
and A1 such that for k<1, N>0,t>0 and A > \q,

IEON )] < CE7 (e Wk 4 e PNFY . (52)

Proof. In order to derived the desired estimate, we write

5()\7t)=([:9,\($7t)dfﬂ—k > gx(jki))Jfk > oGk,

j=—o0 [j=N+1
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Lemma [4.1] guarantees that gx(.,t) € S(Bq) and so in view of (50), we obtain

[: 9 (1) dr - kjiogx(jk,t) < m

where C is the constant in . For the truncation term, we use (83) (in the
appendix) to write

-md/k < Ct—’ye—ﬂ'd/k’

E Y oGkt <Ck Y 7k,
lil>N+1 lj|=N+1

where C' is a constant only depending on d, b and A\;. Next we bound the infinite
sum by the integral and arrive at

kY |ga(jk,t)| < Ct e PNE,
|j]>N+1

where now the constant depends on 8 as well. Gathering the above estimates
completes the proof. ([l
Remark 4.1 (Choice of k and N). The optimal combination of k and N is obtained
by balancing the two exponentials on the right hand side of . Hence, we select
k and N such that nd/k = BNk, i.e. k= /g—f\l,, and the estimate on E(A,t) becomes

IE(\ 1) < Ct e VBN, (53)

Estimates on the difference between E}, (t) defined by and Q}IX . defined by
follow from and as stated in the following theorem.
Theorem 4.3. Let s € [0,1/2], d € (0,7/4), and let N be a positive integer. Set
k= g—f[. Then there exists a constant C independent of k, N, t and h such that
for every g, € H?®

[(En(t) = QN 4 (D) anl ze < O VTN gy 1. (54)

4.3. The Total Error. The discrete approximation after space and quadrature

discretization is
d
up (t) = Qkaﬂhv, with & = / g—N (55)

Gathering the space and quadrature error estimates, we obtain the final estimate
for the approximation of the homogeneous problem.

Theorem 4.4 (Total error). Assume that the conditions of Theorem and The-
orem [{.3 hold. Then there exists a constant C independent of h, t and N such
that

() = ) (8) 20 < DR o]z + Ct eV TN gz,
provided the initial condition v is in H?* nH?°. Here D(t) is the constant given by
B7)-
Proof. We use the decomposition
w(t) = uf (£) = u(t) - un(t) + un(t) -l (1)
and invoke Theorem [3.3| with x = 1 and Lemma [£.3] with gj, = m,v to arrive at
() =i (8)] 2o < DR o] a5 + CE VTN [y o
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The equivalence of norms together with stability of the L? projection and
the equivalence property between the dotted spaces and interpolation spaces ((12))
(see Proposition yield the desired result. O

Remark 4.2 (Implementation). Denote U(t) the vector of coefficients of uly (t)
with respect to the finite element local basis functions and V the vector of inner
product between v and local basis functions. Let A and M be the stiffness and mass
matrices. Then

_ PN -

ut)=5- 2 ey 1 (=7 2(y;)?) (2(y;) M + )7V
T

Remark 4.3 (Complexity of the Implementation). We take advantage of the ex-

ponential decay of the sinc quadrature by setting N = c(a* In(1/h))? so that

Ju(t) =i (8)] 7= < Cmax(D(2), ¢7)R".

Hence, computing ul (t) for a fized t requires O(log(1/h)?) complex finite element
system solves.

4.4. Numerical Illustration. In this section, we provide numerical illustrations
of the rate of convergence predicted by Theorem and Lemma

Space Discretization Error. In order to illustrate the space discretization error, we
start with a one dimensional problem and use a spectral decomposition to compute
the exact solution without resorting to quadrature. Set = (0,1) , Lu = —u".
We chose the initial condition to be v = 1 or, using the eigenvalues A\, = 72¢2 and
associated eigenfunctions vy(z) = /2sin(rlz),

" - 22 ( )Z 500001_( )é

sin(mlz) ~ 2 Z
The number of term used before the truncation is chosen large enough not to
influence the space discretization (50000). With these notations, the exact solution
for vy =1/2 and 0 < 8 < 1 is approximated by

sin(7lx).

50000 1-— (_1)[
u(t)»2 Y ey (=2 (70)P Y ——Lsin(nlz). (56)
=1 7 ml

For the space discretization, we consider a sequence of uniform meshes with mesh
sizes h; = 277, where j = 1,2,... and denote by {<Pk7h}k:1,.4.7th the continuous
piecewise linear finite element basis of V. The eigenvalues of Ly, corresponds to
the eigenvalues of M ,;jl Sh;, where M}, and Sp,; are the mass and stiffness matrices
and are given by

6(1 + cos(kmh;))
At = h2(2 + cos(krh;))
i J

The associated eigenfunctions to L are

th
i = Z V2h; sin(hlkm) o p, -
k=1
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Similar to (56)), we use the discrete spectral representation below of uy, (t) for our
computation

Mh,j

Uh,; (t) = ; 61/2,1(—151/2)\57}”)vhj,ﬂbl,hj,
-1

with
Mh,j

1
Vo, = f Yo, (z)dz = hj\/2h; 3 sin(h;lkr).
0 k=1

Note that o in Assumption is 1, v e H'/?7¢ for any ¢ > 0 so that § = 1/4-e.
The error will be computed in L? and H', i.e. s =0 and s = 1/2. For the latter we
need 3 > 1/4. The predicted convergence rates (Theorem are

20" =1+min(1,1-25,2(f+d-5)-1—¢€)
for every € >0, i.e.
lu(t) = un(®)] + Blut) = un ()| s < DR 2D o] s

We use the MATLAB code [1§] to evaluate e, 1(z) for any z € C and fix ¢ = 0.5.
In Figure |2 we report the errors

ej = Ju(t) —up, ()| and  ej = [/ (t) ~uj, (1)
for 7 =3,4,5,6,7 and different values of 3. The observed rate of convergence

ln(67/66) and OROCl = ln(e%/eé)

OROC =
In2 In2

are also reported in this figure and match the rates predicted by Theorem

-
0.110.1) +——

03003 X

0.50(0.5) 3+

VI

g o [1.099(1.1) +—

H'error

1.30(1.3) x-- 77 069(07) B

1.50(1.5). %77

te2

— 0.860.9) - o
1.70(1.7) & . -
1os 18709) — - 096(1.0) & p=03 ——
1.97(2.0) & Ejg i
=06 —E-
E:o i
B0 —0
01

FIGURE 2. Errors e; (left) and e] (right) versus the mesh size h
for different values of 8. The observed rate of convergence OROC
and OROC! are reported on the left of each graph and match the
rate predicted by Theorem shown in between parentheses.
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Effect of the Sinc Quadrature. We examine the error between the semi-discrete
approximation and its sinc quadrature approximation. To this end and in order
to factor out the space discretization, it suffices to observe £(\,t) defined by
for all A > A\;. Here we fix ¢ = 0.5 and approximate [E£(.,)[1e(x, 00) With A1 =10
using the method discussed in Section 5.2 in [3]. For the hyperbolic contour z(y)
in (5], we choose b =1 so that b € (0,A1/v/2). Following Remark we fix the
number of quadrature points to 2N + 1 and balance the two source of errors by

setting k = \/md/(BN) with d = 7/8. According to (53], we have
IEA ) Lo (10,00 < Ct 7™ BN
The left graph of Figure |3|illustrates the exponential decay of |E(A,t)[ z=(10,00) @S

N increases for v = 0.5 and 8 = 0.3,0.5,0.7. We also report (right) the singular
behavior of [€(.,1)] 1 (10,00) in time for N =100, § = 0.5 and v = 0.3,0.5,0.7.

B ¥

2
10
Number of quadrature points time

FIGURE 3. (Left) Exponential decay of ||£(.,0.5)| e~ (10,00) Versus
the number of quadrature points used for different values of 5.
(Right) Singular behavior of ||E(.,t)| r<(10,00) as t = 0 for 8 =0.5
and different values of v. The rate —7y predicted by is observed.

A Two Dimensional Problem. We now focus our attention to the total error in a
two dimensional problem. Let Q = (0,1)%, L = —A and the initial condition be the
eigenfunction of L given by

v(x1,x2) = sin (7xq) sin(7wxs).
The exact solution is then given by
u(t,x1,w2) = ey 1 (~t7(202)7 ) sin (72 ) sin (7).

The space discretizations are subordinate to a sequence of uniform subdivisions
made of triangles with the mesh size h; = 277\/2. For the quadrature, we chose
N =400 and set k = \/m2/(88N) for the quadrature error not to affect the space
discretization error. Since \; = 7%, we again set b = 1 in . We fix ¢t = 0.5,
v = 0.5 and report in Figure the quantities |u(t) — uhNJ (t)| for j =3,4,5,6,7,8
and different 8. As announced in Theorem [:4] a second order rate of convergence
is observed.
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0.
0.
0.

—_
v
%
slope=2 ——

8
19y:0

o8
0.001 001 01

FIGURE 4. L? error between u(0.5) and uhN] (0.5) with v=0.5 and
different values of 8. A second order convergence rate is observed.

5. APPROXIMATION OF THE NON-HOMOGENEOUS PROBLEM

We now turn our attention to the non-homogeneous problem, i.e. f# 0 andv=0
in (1), for which the solution reads

u(t) = ftr'y_le%,y(—r'yLﬁ) ft—=r)dr. (57)
0 . ,
=W(s)

5.1. The Semi-discrete Scheme. According to (31)), the finite element approxi-
mation of is given by

t
()= [ e (< L) (¢ =) dr (58)
0
=Wy (r)
As in the homogeneous case, the finite element approximation error is derived
from Lemma [3.3] and we have the following lemma.

Lemma 5.1 (Space Discretization for the non-homogeneous problem). Assume
that Assumption holds for ov€ (0,1]. Let y € (0,1), s€[0,5] and let o* and &
be as in and (36)), respectively. There exists a constant C' such that

Ju(t) = un()l g2 < DR [ fl o (04,7720

where
t7 when 6 > o™ + s,
D(t)=C{ t"max(1,In(1/t)) when § = a* + s, (59)
tr-(a’+s=8)/B when § < a* + s.

Proof. Applying Theorem gives

t
() = un®lzze € [ 1 ey (EL7) = €30 L) s o

f(t=7)] g2s dr
. t
< Oh2e HfHLw(O,t;HQ‘S) fo T’Y*lD(T) dr,

where D(t) is given by (37). The conclusion follow from [Ot P D(r)dr = D(t). O
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5.2. Time Discretization via Numerical Integration. Given a final time T,
we discuss first a numerical approximation of the integral

T
ﬁ Wi (s)mnf(T —s)ds.

For simplicity, we set
g9(s) = f(T-s)

so that the above integral becomes

.
[0 Wh(s)mrg(s)ds.

For a positive integer M, let 0 =ty < t1 < ... <ty = T be a partition of the time
interval [0, T]. On each subinterval we set i1 = 2(t; +tj-1) and propose the
pseudo-midpoint approximation

[ Wi dr

j-1

~ ftj Wi (r) drﬂhg(tj_%) (60)

j-1

= L7 (e (-] 1 L) = €31 (] L) ) mng(t-0),

where to achieve the last step, we used relation .

Before going further, we note that numerical methods based on cannot
perform optimally when using a uniform decomposition of the time interval because
Wh,(t) is singular at ¢ = 0. Hence, the performance of algorithms based on uniform
partitions are bound to the error on the first interval (0,¢;). Measuring in the
H?*-norm for s € [0,1/2], we have

| [ 0ymar) - o)

H2s
(61)

t1
<C [ AW () e

ty
- 1
<Cty ||ft”Lcc(0,T;H25) A P Ldr < Ct1+7|‘ft HL“’(O,T;H%)'

To overcome this deterioration, we propose a geometric refinement of the parti-
tion near tg = 0 which depends on two positive integers M and N (see also Section
3.1 of []). We first set

g(r) = g(t1y2)| gr2- dr

=2 MIDT o1 M.
We decompose further all but the first interval
Io=[t,tj] = [2MDT, 2oM=D1 0 =1 M1

onto N subintervals

tj=tjo<..<tji<..<tjn=tj1
where, for [ =0, ..., N,

tig=ty+lry,  with 7j = || /N = 27 MDTN. (62)
As in , we approximate

[ wemat ar

3.-1
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on each subinterval I;; := [t;;-1,t;;] by

L7 (eqa (=] 14 7)) = €41 (<], L)) g (t.112). (63)
Here t;;_1/2 := 5(tju-1 + ;). We use the bar symbol to denote average quantities
over the interval [t;;-1,t;:], e.g.,

_ — 1 tja
WiV, -V, Wii=— Wh(r)dr.

7__] tji-1

and
_ 1 by
Gu=— [ gtryar.
Tj tii-1

The approximate solution after time integration is thus given by
N M1 N
w, (T = Y 1 > Wia(mn f(T - tj,l—%))' (64)
j=1 =1

We start by assessing the local integration error

tj,l
[ Wi m (ST =) = £(T = ty02))
Gil-1
Lemma 5.2 (Local Approximation). Let v € (0,1) and s € [0,1/2]. Let j >2 and
assume that g(t) = f(T —t) belongs to H*(tj_1,t;; H**). There exists a constant C
independent of h, and 7; such that on every interval I; = [t;j_1,t;], we have

N tin
15 [ Wa)mn(9(r) = 9(tia12)) drle
1=1"%,1-1

5/2 AP i
<Cr; (—otj} )

N
3 -2
||gtt HLz(t]‘_l,tj;HQ‘s) + CT] (ZZ: t;y,l ) ||gt HL‘”(t]‘_l,t]‘;st)'
=0

Proof. We use the following decomposition on each sub-interval:

ftl“ Wi (r)mn(g(r) = 9(tja-172)) dr

j,l-1

Wm0 0+ [ W) =T mlo(r) -~ gty dr.

G,0-1
=F i,
We estimate F;
1B [ grae < T W 0mmn | grze . roe G50 = 9(tj0m 1) | e - (65)

We now bound W imn | 2., 2. and [g;, —g(th_% )|l 72+ separately. For the latter,

we expand g(n) at n=t¢ to get

Jl-3
n
9 =9t ) = 1=t )elt )+ [ =t )gu()dr,
ii-%
where ¢g; and ¢4 denote the first and second partial derivative in time of g. As a

consequence, taking advantage of ¢, ;_ 1 being the midpoint of the interval I;;, we
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obtain
_ 1 [t
gj,l_g(tj,l—%):?jftjkl (g(n)_g(tj,l—%)) dn
1 til n
- [ [ -t gty drds
Tj Jtji-1 t',zfé

and so using a Cauchy-Schwarz inequality
_ 3/2
ng - g(tj—%)HH% < Tj/ lgee HLZ’(tj,l,l,tj,L;H?S)' (66)

In order to bound |W;,mp| 2. 2, We note that from the definition of the
discrete dotted spaces Hp® (see (27)), we have

Hew(—tmﬁ) HH}%SQH}%S <C.

Therefore, from the expression of W, (¢) in , the equivalence of norms and
the stability estimate for m,, we derive that

_ 1 tjo
HWj,ﬂTh ”H2S—>H25 < ; [ 77AY 1”6%7(_777[’5)7”1HH’?S—»HZS dn

P Jt
L (67)
E ft“ < Ctl?
- 7-] t]‘,l,1 - Jl'lil.
Estimates and into give the final bound for F,
5
3 -1
1Bl ee < O30 Mgl oo, s it (63)

We estimate Ey

ti _
IBal e < [ NV () =W s)mal o e

3,1

9(r) = g(t;-1) | gros dr. (69)

In this case as well, we need to estimate two terms separately, namely |[(Wp(r) -
W) grzs g2 and [ g(r) - g(tjvl_%)HHQS. For the latter, we write

T
lo(r) =9t Dl =1 [ 9o dnll e <739t imey iy ey (70)

1
2

Next, we bound |(Wy(r) = W ;)| j2e gr2s- As before, it suffices to estimate
W (r) =W, |‘H§S—’H;2f' To achieve this, we use the eigenfunctions {t; 5} of L.

By (L3),
Wi () in =r72{(v = ey (=17 A7)
17 (V= D)eq 2y (77N ) = €5 291 (=77 A] ) Y.
This and with z = —rvAﬁh imply that for r € I,
[Wh(r)in] < Cri? < CE)72

7,0-1

where the constant in the above inequality is independent of j, [ and h. Whence,

-2
IWa () e < CEL2

and o
[Wh(r) =W,

20 ze < O3 50D (Wi (r) |z prze < Ot 2,
’ ’I‘EI]"L v
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The above estimate and in yield the final bound on Ej
2
Balgar € O7302 Nt mgs, o iy ()

Summing up the contribution from each subinterval and using a Cauchy-
Schwarz inequality, yields the desired result. O

Remark 5.1 (Uniform time-stepping). In the case of uniform time-stepping, i.e.
N =0 and tj =jr, 7 = T/M, we derive from the estimate provided in Lemma
and the first interval estimate that the quadrature error behaves asymptotically
like T1*7. We do not pursue this further but rather investigate errors coming from
the geometric partition.

Theorem 5.3 (Time Discretization of Non-Homogeneous Problem). Let vy € (0,1),
s€[0,1/2], T>To>0. Let N be a positive integer and

M:[M]

(72)
y

Assume that f is in H>(0,T; H?*) and let u}) (T) := uﬁf’M be defined by and
let up(T) be the semi-discrete in space solution . Then there exists a constant
C independent of N', h and T satisfying

[un(T) = (T 22 < Cmax (T, TE NN £ g2 0 7,112 -

Proof. Using the definitions of uy,(T) and u} (T), we write
N h
un(T) —u (T) = fo Wi (r)mn f (T =) dr
M-1 N ti
£ 0 Y [ W m (T =) = (T = t0172)) dr
j=1 1=1Jtii-1

For the first term, we note that immediately implies that He,m(—r'YLi) | gr2s o pras <
C. The stability of the L? projection and give

t1 M-1
H [T Wm0 T i

H2s
< CTN oo ptoy

For the second term, we apply Lemma on each interval I;, j=1,..., M -1 to
get

1

N 2]
> [ W) (T =) = (T~ t12))
=1 J,l-1

M-
2.
J=1

H2s

M-1 M-1
5/2 -1 -2
<C ) Tj/ Nl/Qt]v 196t L2t 0,020y + C > Tfj\/t; 1960 Lom e, 1.ty Er20
=1 =1
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where we use the fact that C~*t; <t;; < Ct; for some constant C' independent of N
and M. Hence, a Cauchy-Schwarz inequality and the definitions of ¢; and 7; yield

M-1 N

> 2 ft: Wr(r)mn(f(T=7) = f(T=t;1-1/2))dr

g=1 1=17%

H2s

” 1/2
< CT%+WN—2 Hgtt HL2(O,T;H25) (Z 2—(3+2V)(M—j))
i

L OT N2 gi] gy

G-15tj

S (1+y)(M=3)
—(1+ _
;st) 212 v J
j=

9,43
<CN 2(T2+’Y Iges ||L2(0,T;H25) +TH lge HLee(o,T;HZS))-
This, together with the estimate for the first interval, implies
N —
Jun(T) =gy (T)| gze € ONTHTfll e 0,720
+ T gy, | 220758720y + T g, HLoe(o,T;st))-

To conclude, we observe that

”gt ||L°°(0’T;H25) = ”ftHLw(O,T;HZS)v Hgtt”L2(0’T;H25) = Hftt HLQ(O,T;HQS)

and that the embedding H'(0,T) c L= (0, T) is continuous with norm independent
of T>T,. O

5.3. A Sinc Approximation of the Contour Integral. In view of (63), one
remaining problem is to compute

H(t,7) = L (eq,1 (<L) = e 1 (=(t+7)7LY) ) g

for t >0, 7 >0 and g, € V. We proceed as in the homogeneous case discussed in
Section {11

Let N be a positive integer and let k£ > 0 be a quadrature spacing. For t,7 >0
and g, € V},, we propose the following sinc approximation of Hy,(¢,7):

N
e j;N[ev,l(_tvz(yj)ﬁ) —eq 1 (-t +7)2(y;)")] 73)
2(y;) P2 () [(2(y)T - L) " gn),

where z(y) for y € R is the hyperbolic contour (45). With this, the computable
approximation of the solution to the non-homogeneous problem becomes

Q}]Xk: (t? T)gh =

NN M-1 N N
up i (T) = > 2 Qn it )T f(t - tj,l—%)' (74)
j=1 i=1
We start with the approximation of Hy(¢,7) by Qh]\fk(t, 7).

Lemma 5.4. Let t,7 >0, s€[0,1/2] and d € (0,7/4). There exists a constant C
only depending on d, b, B, A1 such that for any gy € Vj,

|CHu () = Qna (8 7)) gnll rae < CE M7 (75 4 PV [ gi | o
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Proof. For y € By, define
Pa(yst.7) = 2(0) P Len (17 2(9)7) — e (=(t+ 1) 2() )] (1) (2(y) - )
and note that
1 (<872(y)7) = ey 1 (=(t +7)72(y)")]
< /;HT |2(y)?s7 ey o (=87 2(y)P) | ds < Ot 7.
Here we applied replacing z with —z(y)”s” so that

|Z(y)ﬁ5ve’y,7(_swz(y)ﬁ)| <C.

Hence, the desired estimate follows upon proceeding as in the proofs of Lemmas 4.1

and [4.2 O

We are now in a position to prove the error estimate for the sinc quadrature on
the non-homogeneous problem.

Lemma 5.5. Let T >0, s € [0,1/2] and assume that f € L=(0,T; H>*). Let N be
a positive integer, d € (0,7/4) and set k = \ /g—f\l,, Let uﬁ[’M be as in and let

u/,;{,’qN be as in . There exists a constant C' independent of h, T, k, N, N', M
satisfying
N M N M -/7BdN

(T = i (D) o < CMEYTP N F 1720
Proof. Note that both u/,;/’M and uQ/l;M are approximations starting at ¢, (the first
interval Iy = [0,¢;] is skipped). Hence, applying Lemma on each interval I;;
(ie. with 7=7;, t =t;; and gp = 7 f(T—1t;,_1)) for j=1,.., M-l and I =0, o N
yields

Mo1 N N
> Y (Hu(tjam1,m5) = Qnw(tii-1,75))9n(ts0-1)

j=1 1=1 K2
A 1| —/7BdN
<CN Z Tjtj_» e B Hf||Loo(O7T;H2S)
=1

<CMe VTN f]

(0,T;H22)>
where we have used the definition of tj; to guarantee that C~'t; < t;; < Ct;
as well as the definition of 7; = 2-M=)T/N. This is the desired result. O

5.4. Total Error. We summarize this section by the following total error estimate
for the fully discrete approximation to the solution of the non-homogeneous
problem. Since k = k(N) and M = M(N), we denote by u/};f’N(T) the fully discrete
solution .

Theorem 5.6 (Total Error). Assume that Assumption holds for o € (0,1].
Furthermore, let v € (0,1), 6 > 0, s € [0,min(1/2,0)] and let a* be as in (35).
Let T > 0, N a positive integer and M = [M] Let N be a positive integer,

d e (0,m/4) and set k = /g—]‘\l[. There exists a constant C independent of h, N', T
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and N such that for every f e H*(0,T;H?) we have

Ju(T) =1y N (T) [z2e < DCTYR? | £ oo, 7i2820) + C max (T, TH N £ g2 0, 7820
+ Clogy(N)e VTN | ] e o 1,

where D(T) is given by ©9).

Proof. This is in essence Lemmas and together with the equivalence
property between the dotted spaces and interpolation spaces (see Proposi-

tion [2.1)).
O

Remark 5.2 (Choice of N and N). In practice, we balance the three error terms
in Theorem by setting

N =c(20* In(1/h))? and N =co[h™* ],

for some positive constants c1 and co so that the total error behaves like h2e" . We
note that the number of the finite element systems that need to be solved for the non-
homogeneous problem is the same as for the homogeneous problem, i.e. O(In(1/h)?)
complex systems (see the numerical illustration below).

5.5. Numerical illustration. To minimize the number of system solves in the
computation of (74), we rewrite

M-1 N k N
uhk (T)_ Z:l ;7 —Z—:N( fyl( t]l 1Z(yn)ﬁ)_6'y,1(_t;'y7lz(yn)ﬁ))
2" (Yn) (Y )T = L) " mn f(T = tj1-12)
k N

T Z Z(yn Z,(yn)(z(yn)I_Lh)_le

where
M-1 N 8 8
wim 2 O (ean (172 (W)?) = ey (,2(0)?)) T f (T = tyc072). (75)
j=1 j=1

To implement the above we proceed as follows:

1) Compute the inner product vectors, i.e., the integral of f(t~t;;_1/2) against the
finite element basis vectors, for all (5,1).
2) For each, n:
a) compute the sums in but replacing 7 f(T'~t;,-1/2) by the corresponding
inner product vector, and
b) compute z(yn) P2 (yn)(2(yn)I - L) ' H,, by inversion of the corresponding
stiffness matrix applied to the vector of Part a).
3) Sum up all contribution and multiply the result by %

We illustrate the error behavior in time on a two dimensional problem with
domain © = (0,1)% and L = -A with homogeneous Dirichlet boundary conditions.
We set 3 = 0.5 and consider the exact soltuion u(t,z1,x2) = t*sin (7x;)sin (7x2)
which vanishes at ¢ = 0. This corresponds to

flxy,x9,t) = (F(IZ‘I( ))tg_"+t3(2ﬂ'2)’8)Sin(wxl)sin(wxz).
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We partition  using uniform triangles with the mesh size h = 27°v/2 and use
N =400 for the sinc quadrature parameter. We also set b = 1 in the hyperbolic
contour ([45). In Figure (left), we report Hu(0.5)—Q£/’N(O.5)|| for N =2,4,8,16,32
and different values of «. In each cases, as predicted by Theorem the rate
of convergence N'=2 is observed. For comparison, the approximation based on a
uniform partition is also provided. In this case, the error decay behaves like 71*7

(see Remark [5.1)).

le-1 le-1

3 5 .3

% 0.5 vy 5
\ y=0.7 s b

slope=-2 ~ lope—-1.3

K slope—-1.5

9 X slope=-1.7

le-2 le-2
\\ \\\\s\\

\\ v .
le-3 \

le-4 le-4

L%-error
L*-error

F1GURE 5. The left graph depicts for different values of ~, the
L? error between u(0.5) and the fully discrete approximation
uﬁ[’N(O.E)) as a function of A/. The optimal rate of convergence
N2 predicted by Theorem is observed. In contrast, when
using uniform time stepping (right), the observed rate is 71*7 as
announced in Remak [E.11

APPENDIX A. PROOF OF LEMMA

The following lemma proved in [3] (see, Lemma 3.1 of [3]) and is instrumental
in the proof of Lemma[3.2]
Lemma A.1. There is a positive constant C' only depending on s € [0,1] such that

|| T (2 T =T)  f| < C|fl, forallzeC, felL? (76)
The same inequality holds Vy,, i.e. with T replaced by Ty, and f € Vy,.
Proof of Lemma[3.3 Noting that
R.(L)=(2I-L) ' =T(2T-1)"

and
Rz(Lh)ﬂ'h = (ZI— Lh)_lﬂ'h = (ZTh - I)_lThﬂ'h = (ZTh - I)_lTh,

we obtain
TR (L) = Ro(Lp)mp = mp (T (2T = 1) = (2T, - 1) 7' Ty,)
= (2T = 1) (T -T) (2T - I)!
= 22T -2 ) (T - T (T - 2717,
where for the last step we used the definition of T}, to deduce that 7, (2T}, — 1)~ =
(2T}, — I)~'7,. We have left to prove:
IW ()] 25 a0 < CR?9, (77)
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for a constant C' is independent of h and z and where
W (z) = 2|70 T = 1) o (T = Ti) (2T - T) 7
To show this, we write
W () g2 fra
<N PN (T =2 il g 1T = To) | oo s
+1 =11 (78)
|Z|*(1+a)/2+5 H (T _ ! )—1 ”H25—>Hﬂ-17

=1I1II

where v := 2a” — a. We estimate the three terms on the right hand side above
separately.

We start with IIT and use the definition of the dotted spaces (see Section [2.3)) to
write

|TC-O(T —271)

(T =2 s grar = sup

we 2 | Low]
-~ aup HT(I—a)/Z(T _ Z—l)—lTéeu
peL? 6]

|‘T1—[(1+a)/2—6] (T _ Z—l )—1 H )

Applying Lemmal[A 1] (recall that § € [0, (1+c)/2] and « € [0, 1] so that (1+a)/2-6 €
[0,1]), we obtain

L= 2 2T = 2 o g < C, (79)

where C' is the constant in .
To estimate I, we start with the equivalence of norms so that

[(Tn = 2™ il oo grae < CHTn =27 g grae Il e Lo

Whence, the stability of the L? projection together with the equivalence prop-
erty between dotted spaces and interpolation spaces (Proposition [2.1) as well as
the definition of the discrete dotted space norm lead to

1(Th = 2 "l gas o grae < O T K2l 711, (80)

We recall that « € (0,1] and v = 2& — « so that (1 +v)/2+ s € (0,1]. Hence,
Lemma ensures the following estimate:

1= (e DT, — ) s g < C. (s1)
For the remaining term, Proposition [3.1] with 2s = 1 - gives
II< Cha+min(a,'y) _ Chmin(Qa,Qd) _ Ch2d.

Combining the above estimate with and yields and completes the
proof. [
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APPENDIX B. SINC QUADRATURE LEMMA.

The results of the next lemma are contained in the proof of Theorem 4.1 of [3].
Lemma B.1. Let 0 < d < ww/4 and A > 1. let z(y) be defined by and By =
{zeC: Tm(z) <d}. The following assertions hold.

(a) There exists a constant C >0 only depending on A1, b and d such that
|z(y) = A >C  for all y € By; (82)
(b) There exists a constant C >0 only depending on A1, b and d such that
2" (9)(2(y) = A) [ < C for ally € Ba;
(¢) There is a constant C >0 only depending on b, d and B such that
Re(z(y)?) > 27PN for all y € By.

Proof of the Lemma[{.1 From the expression (4.13) of Re(z(y)) in [3], we deduce
that PRe(z(y)) is strictly positive for y € By = {w € C: Im(w) < d}. Tt follows
from this and Part (a) of Lemma that Condition (i) of Definition holds for
gr(+,t) for A > Ay and ¢ > 0.

We now give a proof of (ii) and (iii) of Definition simultaneously. Note that
Part (b) in Lemma together with imply that for y € By,

C < C

L+7]2(y)?] ~ 1+ 87 [Re(2(y)?)]
Furthermore, the estimate on Me(z(y)?) in Part (c) of Lemma yields

C
1 + t7k2-BehlRey]

|gk(y7 t)| <

95 (y, )] < < C(B,d, byt e e, (83)

This guarantees that

d
fd lga(u + iw, )| dw < C(B, d, b)t™

and -
N(Ba) = [ (lga(u+id)| + lga(u=id)) du
<t77C(8, d, b)f eV dy < C(B,d, b)t™
0
which yield (ii), (iii) and the bound on N(By). O
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