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AN ELEMENTARY METHOD OF DERIVING A POSTERIORI ERROR EQUALITIES
AND ESTIMATES FOR LINEAR PARTIAL DIFFERENTIAL EQUATIONS

IMMANUEL ANJAM AND DIRK PAULY

ABSTRACT. In this paper we present a simple method of deriving a posteriori error equalities and estimates for
linear elliptic and parabolic partial differential equations. The error is measured in a combined norm taking
into account both the primal and dual variables. We work only on the continuous (often called functional) level
and do not suppose any specific properties of numerical methods and discretizations.
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1. INTRODUCTION

The results presented in this paper are functional type a posteriori error equalities and estimates. This type
of error control is applicable for any usually (but not necessarily) conforming approximation and involves only
global constants, typically norms of the corresponding inverse operators, i.e., reciprocals of the first non-zero
eigenvalues of the respective differential operators, such as Friedrichs, Poincaré, or Maxwell constants. The first
way of deriving these type error equalities and estimates is the dual variational technique, exposed in detail in
the book [6] by Repin and Neittaanmaéki. In this method the starting point of deriving functionals controlling
the error is the dual variational formulation of the problem in question. This method can be applied to a
large class of static problems, namely, to convex problems. The second way to arrive at these type equalities
and estimates is the method of integral identities, exposed in detail in the book [7] by Repin (for a more
computational point of view see [5] by Mali, Repin, and Neittaanméki). In this method the starting point is
the weak formulation of the problem in question. The latter method is easily applicable to linear problems, also
including time-dependent problems.

In this paper we expose a way of deriving functional type error equalities and estimates which does not require
knowledge of variational or weak formulations of the corresponding problems, and involves only elementary
operations. This method was already used in [I] for static problems with lower order terms, and is extended
in the present work to problems without lower order terms, and, more interestingly, to parabolic problems.
We note that the method presented here will produce a posteriori error equalities and estimates for mixed
approximations, i.e., the error will be measured in a combined norm taking into account both the primal and
the dual variable. This is especially useful for mixed methods where one calculates an approximation for both
the primal and dual variables, see, e.g., the book [2] by Boffi, Brezzi, and Fortin. Naturally, we call such an
approximation pair a mixed approximation.

We demonstrate our method for the following two elliptic and two parabolic model problems formulated in
a domain  C R% and a space-time cylinder Z = I x Q C R+, respectively:
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Subsection 211 (elliptic) time-independent Laplace reaction-diffusion ~A+1
Subsection 2.2] (elliptic) time-independent Laplace diffusion (Poisson equation) -A
Subsection Bl (parabolic) time-dependent Laplace reaction-diffusion 9o —A+1
Subsection B2] (parabolic) time-dependent Laplace diffusion (heat equation) 9 — A

Here we denote as usual by A = div V the Laplace operator and by 0, the time-derivative. Note that A denotes
the Dirichlet Laplacian. The crucial underlying idea is to use the following four isometries for the respective
solution operators mapping to the appropriate Sobolev spaces:

= (-A+1)7'f, 220y = [Aulf ) + 2[Vuldz o) + [ulfz g
(=A)7'f, |flE2gy = |Aulfa g
w= (0 — A+ 1) (fiu0),  |uoltz(q) + P2z + [Vuoltz(q) = [0otlfa(z) + [Aults ) + V(T )2
+ 2|Vu|f2(5) + |U|f2(5) + |u(T, ')|f2(9)
= (0o — A) 7! (f, uo), |f[Razy + [ VuolPa (o) = [Bouliaizy + [ Aulfaizy + V(T -)f2q)

u

For simplicity, in this paper we restrict our results to real valued cases, homogenous Dirichlet boundary
conditions, and homogeneous isotropic material coefficients equal to 1. Our results can be easily extended to
more general cases (complex valued functions and vector fields, inhomogeneous boundary conditions of different
type, 1nh0mogeneous and anlsotroplc material laws) and even to a general operator setting considering A* A
instead of —A = — divV or —A = —divV for some densely defined and closed linear operator A. As an example
our results hold for eddy current problems, e.g., for

Do + curl curl
in the simplest form. Our method extends also in a nice way to general first order systems, which we will treat
in a forthcoming contribution.
2. TIME-INDEPENDENT ELLIPTIC MODEL PROBLEMS: LAPLACE-PROBLEMS

For time-independent problems we denote by  C RY, d > 1, an arbitrary (bounded or unbounded) domain,

and denote by (-, ->L2(Q) resp. | - |Lz(Q) the inner product resp. norm for scalar functions or vector fields in
L2(€2). We define the usual Sobolev spaces
HY(Q) == {p € LX(Q) | Vp € LX)}, D() == {y € L*(Q) | divy € LX)},

Dy(€2) := {¢ € D() | dive =0},
where also the notations D(€2) = H(div, Q) and D,(€2) = H(div 0, ) can be found in the literature. These are
Hilbert spaces equipped with the respective graph norms | - [41(q), | - [p(n). The space of functions belonging

to Hl(Q) and vanishing on the boundary 0f2 is defined as the closure of smooth and compactly supported test
functions

5 S HY(Q)
HY(Q) == C=(Q)

and hence no regularity assumption on €2 resp. 0f2 is needed for its definition. By approximation and continuity
we immediately have the rule of partial integration

(2.1) YoeHI(Q) YYeDQ)  (Vod)iag = — (g divi)iag).
We also define the spaces
HY2(Q) = {p e H'(Q) | Vo € D)} = {p € H'(Q) | Ap € L2 ()},
HY2(Q) := HY2(Q) n HY(Q),
which are Hilbert spaces with the norm defined by
|- mm(a) =] |a1(9) +IV- By =1 |52(Q) +2|V- |52(Q) +1A- |32(Q)'

If the domain is bounded (at least in one direction, i.e., it lies between two parallel hyperplanes), we have the
Friedrichs inequality

(2.2) Vo e HY(Q)  pliz) < o Voliz (),

where ¢f > 0 denotes the Friedrichs constant. We note that generally the exact value of the Friedrichs constant
is unknown, but it is easy to estimate it from above, see, e.g., [4, Poincaré’s estimate I, p. 25].
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2.1. Reaction-Diffusion (—A + 1). In this section we do not need [2.2]) to hold, i.e., the domain is arbitrary.

A simple reaction-diffusion problem in mixed form consists of finding a scalar potential u € Hl(Q) and a flux
p € D(€) such that

—Vu+p=0 in Q,

(2.3) —divp+u=7f in €,

where the source f belongs to L? (€2). The variables u and p are often called primal and dual variable, respectively.
Problem (Z3) has a unique solution u = (—A + 1)7!f and p := Vu, which can also be found by Riesz’
representation theorem.

Lemma 2.1 (isometry). The solution operator
L:L3(Q) = HYA(Q); f = u
related to the problem (Z3) is an isometry, i.e., |u|a1(9) + |Vu|2D(Q) = |f|fz(9) or simply | L|=1.
Proof. We simply compute
|f|E2(Q) =|-Au+ “|E2(sz) = |AU|EZ(Q) + |U|32(fz) - 2<Auau>L2(Q) = Iulﬁm) + |VU|2D(Q)
by —(Au, u)2(q) = (Vu, Vu) 2(q), finishing the proof. O
This directly results in an error equality for sufficiently regular/conforming primal approximations.

Theorem 2.2 (error equality for very conforming primal approximations). Let u,u € Ii|1*A(Q) be the exact
solution and an arbitrary approzimation of the problem 23l), respectively. Then

lu— @ff gy + V(=) By = |f = @+ Adfz g

Proof. Since @ € H-2(€) is very regular, it is the exact solution of @ € HX(Q) and

—Au+u=:f in Q,

i.e., we have E(f) = 4. Because L is linear we then have L£(f — f) = u — U, and because it is an isometry as
well, we directly have
lu— ﬁ|a1(9) +|V(u—a)|p =If - f|ﬁ2(9)-
O

This error equality has limited applicability due to the high regularity requirement. The next theorem holds
for mixed approximations where both the primal and dual variable are conforming.

Theorem 2.3 (error equality for conforming mixed approximations). Let (u,p), (@, 5) € HL(€) x D(Q) be the
exact solution pair and an arbitrary approximation pair of the problem (23, respectively. Then

lu =l o) + P = Bldoy = If — @+ diviftaig) + |5 — Viltaq)-
Proof. By the second equation of ([Z3) and inserting 0 = Vu — p we obtain
\f =@+ divpltaiq) + [P = Valtziq) = [u— @+ div(p — p)[Faq) + 5 —p + V(u— @)[F2q)
=lu— ﬂﬁZ(Q) + | div(p — p)|E2(Q) +2(u — @, div(p — p))i2(q)
+ 1= plta (o) + IV (u = )Py +2(5 = p, V(u — @))12(0)
= Ju—alf ) + 1P~ Blp o),
since by (2)) the two cross terms cancel each other. U

Remark 2.4. We note:

(i) The error equality of Theorem 22 is a special case of Theorem [Z3 with 4 € Iill’A(Q) and p = V.

(ii) Looking at the proof, in Theorem [Z.3 is it sufficient that the difference u — @ satisfies the boundary
condition, i.e., (@i, p) € HY(Q) x D(Q) with u — @ € H(Q), which immediately extends the results for
problems with inhomogeneous Dirichlet boundary conditions as long as the approximation u satisfies the
boundary condition exactly.
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Remark 2.5 (upper bounds for conforming primal approximations). Let u € Hl(Q) Choosing p = ¢ € D()
in the latter theorem we obtain

lu =l ) < lu—alfi ) + 10— dldw) = If — @+ divglPa o) + 6 — Vil g,

which - without the term in the middle - is the well known conforming error estimate for the reaction-diffusion
problem, see, e.g., [T, (4.2.11)]. Note that for p € D(Q) and choosing @ = ¢ € H' () in the latter theorem we
obtain

Ip = Bl3 ) < |u— ¢l + P =Bl = If — ¢+ divilie gy + 15 — Vel g
The next results involving non-conforming approximations are all simple applications of Theorem

Theorem 2.6 (upper bounds for non-conforming approximations). Let (u,p) € HY(Q) x D(Q) be the ezact
solution pair and let (i, p) € L*(Q) x L*() be an arbitrary approzimation pair of the problem Z3), respectively.
Then

. ) 1 . 1 i
(1) lu— U|52(Q) <(1+ ;) (If — ¢ +div (bﬁ?(ﬂ) + §|¢ - V‘Pﬁ?(g)) + @+ e - UﬁZ(Q);
. _ 1y,1 . .

(ii) p =l < (1+ ;) (§|f — @+ divglPa gy + 10— Voltag)) + (1 +7) [ = Bliz ().

(i) |u—alfzq) + | = Bliaig) < (1+ %) (If =+ divglfz o) + ¢ — Volta )
+(1+7) (|<P - aﬁ?(g) + ¢ _]3"32(9))
hold for arbitrary (¢, ¢) € Hl(Q) x D(Q) and every v > 0.
Proof. For all (i, ) € L>(2) x D(Q) we have

(2.4) |f — o +div ¢|Ez(m = |u—p+div(p — p)|f2(m <2(Ju-— <,0|Ez(9) + | div(p — ¢)|Ez(m)
and for all (¢, ¢) € H'(Q) x L*(Q)
(2.5) ¢ — V‘PﬁZ(Q) =l¢p—p+V(u— SD)|EQ(Q) <2(|p - ¢|f2(9) +[V(u— ‘P)EZ(Q))'

Applying (24)) and (23) in the form
. 1 .
= plPa (o) + | div(p — @) [Pz () > SIf =+ div P2 (s
1
P = dlt2iq) + [V(u = @)[t2 gy > Slo— Volta (o)
to the left hand side of the equation in Theorem 23 with (@, p) = (¢, ¢) we obtain
. . 1
(2.6) lu — <P|ﬁ2(9) + |div(p — ¢>|E2(Q) <|f—e+div (bﬁ?(Q) + §|¢ - V<P|EZ(Q)7
1 .
(2.7) IV (u— @)ﬁZ(Q) +1lp- ¢|32(Q) < §|f - +div ¢|EZ(Q) + ¢ — V<P|ﬁ2(9)-
Parts (i) and (ii) then follow from applying (2.6) and 27 to
_ 1 _
lu— U|Ez(g) <(1+ ;)|U - 80|Ez(gz) + @+ e - U|Ez(g)7
_ 1 _
Ip = Blizggy < (1+ ;)Ip =Bl + (L +7) 6 = BlE2 (s
respectively. Part (iii) follows similarly from
. _ 1 - ~
lu — U|52(Q) +|p - P|E2(Q) < (1 + ;) (|U - ‘P|ﬁ2(9) +lp— ¢|ﬁ2(9)) +(1+9) (|<P - U|E2(Q) + ¢ —Pﬁ?(g))
and estimating the first two norms on the right hand side from above using Theorem 23 with (@, p) = (¢, ¢). O

Remark 2.7. Parts (i) and (i) of Theorem without the factor 1/2 follow directly from (iii) by setting
p:=¢ and U := .

Specializing ¢ := @ and ¢ := p, Theorem [Z0] (iii) implies upper bounds for the primal-dual and dual-primal
mixed approximations we well.

Corollary 2.8 (upper bounds for semi-conforming approximations).
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(i) For (@,p) € HY(Q) x L%(Q) we have
. _ 1 O . _
lu— U|EZ(Q) +p— p|EZ(Q) <(1+ ;) (If = a+div ¢|EQ(Q) + 1o — VU@(Q)) + (1 +7)[¢— P|f?(sz)
for an arbitrary ¢ € D(Q) and v > 0.
(ii) For (,p) € L*(2) x D(Q) we have
|u u|L2(Q) +1p— p||_2(Q) (1+ )(|f P+ lep||_2(Q) +1p— V<P||_2(Q)) (L+7) e - ﬁﬁ?(g)
for an arbitrary ¢ € Hl(Q) and v > 0.
The results from Corollary 2.8 can be improved:
Corollary 2.9 (upper and lower bounds for semi-conforming approximations).
(i) For (i1, p) € HY(Q) x L%(Q) we have
1 . - -
1P = Vilts ) < lu—alf ) + Ip = Blt>q)
1 _ . 1 N -
<(1+ —)|f — @+ div gl + (1+ ;)|¢ = Vilfa ) + (1 +7) [0 = Bliz o
for an arbitrary ¢ € D(Q) and v > 0.
(ii) For (,p) € L*(2) x D(Q) we have
1 e . .
Qlf —a+ div plfa o) < Ju— Affaiq) + P = Blpq)
1 . -
< (1+ ;)|f_§0+d1vp|f2(g) (1+ )|P v‘:0||_2(Q (1+’7)|‘P—U|EZ(Q)

Jor an arbitrary ¢ € HY(Q) and v > 0.

Proof. The lower bounds in (i) and (ii) follow immediately by the triangle inequality, see ([Z4]) and (2X). The
upper bound in (i) can be proved by introducing an arbitrary ¢ € D(2) and using the triangle inequality such
that

lu— ﬁml(g) +p— 13|E2(Q) |u u|H1(Q) +(1+ )|p ¢||_2(Q) + (1 +7)|o— p||_2(Q)
The error equality of Theorem 23] for the pair (u, ¢) € Hl(Q) x D(Q) yields
lu—aff gy + P = Oltziq) < If — @+ divolta gy + ¢ — Vil g

and the remaining unknown term can be estimated by 2.7), i.e.,
1 ) 1 o 1 )
;|p - ¢|L2(Q) < %|f —p+div ¢||_2(Q) + ;|¢ - VSD||_2(Q)-
The upper bound in (ii) is shown analogously by using Theorem 23] and the estimate (2.6]). O

2.2. Laplace (—A). For this section we assume that the domain 2 is bounded at least in one direction so
that the Friedrichs inequality (Z2) holds. The Poisson problem in the mixed form consists of finding a scalar
potential u € HY(Q) and a flux p € D(Q) such that

~Vu+p=0 in €,

(2.8) —divp=f in €,

where the source f belongs to L2 (©). Again, the variables u and p are often called primal and dual variable,
respectively. As before, problem (2.8]) has a unique solution u = (fﬁ)’lf and p := Vu, which can also be
found by Riesz’ representation theorem. We define an alternative norm on I:ILA(Q) by [A - [2(q). Note that
this is indeed a norm: By (2.2]) we have

(2.9) |V<P|EZ(Q) = —(¢p, A@)LZ(Q) < |<P|L2(Q)|A<P|L2(Q) < Cf|V90|L2(Q)|A<P|L2(Q)
and hence
(2.10) Vo e HA(Q) IVeoliza) < crlApliz(q).

Together with (Z.2) the equivalence of | - [y1.a () and [A - | 2(q) on HLA(Q) follows, i.e.,

Vo e HA Q) [Aplag) < [¢lina) = el + 20VelEz () + [A¢lF ) < (1+ )1 A¢] ).
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We also emphasize that (ZI0) immediately implies the following divergence estimate for irrotational vector
fields

(2.11) Vo e VHY(Q)ND(Q)  [gliza) < ol divelioq).
Lemma 2.10 (isometry). The solution operator
L:12(Q) - (ﬁm(ﬂ), A [i2(q)); fru
related to the problem ) is an isometry, i.e., |Aui2(qy = |f|2(q) or simply [ L] = 1.
PT'OOf. Note |f|L2(Q) = |A’LL||_2(Q) O
Similarly to Theorem we immediately get the following.

Theorem 2.11 (error equality for very conforming primal approximations). Let u, @ € Iill’A(Q) be the exact
solution and an arbitrary approzimation of the problem (2.8)), respectively. Then

|A(u = )|z () = |f + Atz
Note that the Friedrichs constant is absent from the above error equality.

Next we consider conforming mixed approximations for which a two-sided error estimate can be derived by
using the error equality for the reaction-diffusion problem from Theorem

Theorem 2.12 (upper and lower bounds for conforming mixed approximations). Assume (u,p),(@,p) in
HL(Q2) x D(Q) to be the exact solution and an arbitrary appromimation of the problem 23, respectively. Then

1+ c2 2|P Vﬂﬁ?(m}

< |V(u-— )|L2(Q) +lp— p|D(Q (1 + 4Cf)|f + lep||_2(Q) +2[p — VU||_2(Q)
Proof. By writing the second equation of ([Z.8) as
—divp+u=f+u,
u solves the reaction-diffusion problem (23]) with right hand side f + u. Theorem 23 gives then

. 1 -
max { | + div gl q) + 515 — Vil

(2.12) lu =l ) + P = Bldoy = If +u—a+divpla ) + [P~ Vil g

The rest of the proof concentrates on removing the exact solution from the right hand side. By using [22) we
estimate the first term on the right hand side as

|f +u—a+divplie ) = |f + divpla g + [u—alfs ) + 2(f + divp, u — @)2(q)
(2.13) < |f A+ divplEe g + [u—alfa gy + 26| f 4 div pliz (o) [V (u — @) 12 (0
< |F+divplia ) + [u— alfaiq) + ¥ | f + divpliaig) + 77V = 3)[F g,
which holds for any v > 0. By choosing v = 2 (there is no need to over-estimate by fixing +, but we do it here
for simplicity), utilizing
(2.14) |f + divpliziq) = [div(p — P)|L2(q)
and combining (ZI12) and (ZI3) we obtain

1 - _ o _ -
_|V(U—U)|EZ(Q +|p = Blta(qy < 26|f + divplizig) + [P — Viltzq)-

Thus |V(u — )||_2(Q +lp— p||_2(Q <4é|f+ d1vp||_2(Q +2[p— Vu||_2(Q and adding ([ZI4)) to both sides shows
the upper bound. The first lower bound follows from (Z3) (with ¢ = @ and ¢ = p) and adding (2I4) to both
sides. By estimating | - |H1(Q) (14 c3)|V- |L2(Q) in ([ZI2) we obtain

p— VU|L2(Q (1+¢)V(u~ )|L2(Q) + |p*15|2D(Q)7
which gives the second lower bound. O
Note that [V [ 2(q) is equivalent to the full H'(€) norm due to (), thus providing appropriate error control.
For deriving estimates for non-conforming approximations, we use the weak formulation of the problem as
the starting point, i.e., we essentially use the integral identity technique exposed in [7]. This is the only part

in this paper where we use this technique. In the forthcoming proof we utilize the L2 (Q)-orthogonal Helmholtz
decomposition

(2.15) L2(Q) = VHY(Q) & D, (92),

where VH(Q) is a closed subspace of L?(€) due to the Friedrichs inequality @2). We denote by 7y and g
the orthogonal (Helmholtz) projectors onto VH(Q) and D, (f2), respectively.
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Theorem 2.13 (upper bounds for non-conforming approximations). Let the pairs (u,p) € H'(Q) x D(Q) and

(@,p) € L*(Q) x L*(Q) be the exact solution and an arbitrary approzimation of problem (Z8), respectively. Then
() |u—dl2g) < E|f +divoliz) + ol — Voliz) + 1o — dliz o),

.. _ ) ) .
(11) |p _p|32(9) S (Cflf + div ¢|L2(Q) + |¢ _p|L2(Q)) + |p _ V‘PEz(Q)
hold for arbitrary (¢,$) € HL(Q) x D(£).

Remark 2.14 (upper bounds for conforming approximations). Let @ € Hl(Q) Choosing p := Vu and ¢ =14
in Theorem [Z13 (ii) we obtain for all ¢ € D()

IV(u—a)|200) < el f +divolzq) + ¢ — Vil 2(q),
which is the well known conforming error estimate for the Poisson problem, see, e.g., [7, Theorem 3.3].
Proof of Theorem[2Z13. To prove (ii) we decompose the error
(2.16) Ip = Blt2(q) = |79 (P = D) P2 (q) + [M0Bli2(q) = VU — 79Bltzq) + [708lP2 (0
using the Helmholtz decomposition. The second part of (ZI6]) can be estimated using orthogonality, i.e.,
|W0]§|E2(Q) = (m0P, D — Vo)12(q) < |ToblLz() [P — Vel ()
for all ¢ € HL(2), which yields the estimate
(2.17) Vo e HY(Q)  |moplizi < I — Voliz)-
For estimating the first part of (ZI6) we utilize the weak formulation, i.e., u satisfies
VY e HYQ)  (Vu, Vi) i2(0) = (f, ¥)i2(0)-

Substracting (p, Vi) 2 () from both sides, introducing an arbitrary ¢ € D(£2), and using ([2.I) we obtain

(Vu—p, V) 2(0) = (f, V)12 — B, V) 12(0) = (f +div o, ¥)2q) + (¢ — D, Vi) 12(q)

< (el f + div@lizg) + |0 — Bliz)) VY2 (@)

for all ¥ € Iill(Q), where we have used also (22). Hence by orthogonality

(Vu —79p, V) 20) = (Vu =, Vi) 12(0) < (el f + div dliz (o) + |0 — Bliz ) VY2
for all ¢ € Hl(Q) Especially for V¢ := Vu — myp € Vlill(Q) we get the error estimate
(2.18) VoeD(Q)  |[Vu—rvdlizg < alf +divelzg) + 19 — Dl

for the first part of the error (2I6). Combining (ZI7) and (2I8) with (ZI0) results in (ii). The upper bound
in (i) is seen by introducing an arbitrary ¢ € H'(Q) and estimating

lu — il 20y < |u—@liz@) + v — @liz) < | V(u— @)z + ¢ — il @),

where we have used (22). The proof is complete after estimating the first term on the right hand side by (ii)
with p = V. |

Results for semi-conforming mixed approximations follow from combining the estimates of Theorem
Corollary 2.15 (Upper and lower bounds for semi-conforming approximations).
(i) Let (@, p) € HY(Q) x L*(Q). Then
15— Vil < [V(u @)y + o~ Bliage
< (ol f + div ] 2y + |0 — Vﬁ|L2(sz))2
+ (eelf + divgliaay + 16 — Bliaey) + 15— Vel o

holds for all 0,¢ € D(Q) and all ¢ € Hl(Q) Especially one can choose ¢ = 1.
(ii) Let (i,p) € L*(Q) x D(Q). Then

lu — ﬁﬁzm) +Ip = Bld o
. _ 2 . _
< (| f + div ]2 q) + el — VY2 q) + [© — Gli2ig)) ™ + (el f + div @l + [ — Bliz))
+ 1P = Velta i) +1f +divila

2
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holds for all 0,¢ € D(Q) and all 1, p € Hl(Q) Especially, for ¢ = p it holds
u—alfa () + Ip — Dlp(q)
< (G|f + div Oliz(q) +cil0 — VP 2oy + ¥ — alLQ(Q))Q + (G +)|f+ diVﬁlEZ(Q) +[p — V‘PﬁZ(Q)
for all 9 € D(Q) and all Y, p € Hl(Q) Especially one can choose 6 = p.
Proof. For (i, p) € H(€) x L2(€) Theorem EZT3 (i) (applied twice) shows
IV (u =) [E2q + 1P = Bl2 (o
< (el f 4 div 0] 2y + 10 — valLQ(Q))Q + (el f + div iz (o) + |9 —15|L2(Q))2
+ Vi = Ve ) + 15— Velz g
for all 6, ¢ € D(Q) and all ¥, € HY(Q). Choosing ¢ := @ proves (i). For (i, p) € L2(€2) x D(€2) Theorem LT3
and ([2.I4) yield (ii). O
3. TIME-DEPENDENT PARABOLIC MODEL PROBLEMS: HEAT-PROBLEMS

For time-dependent problems we extend the notation of the previous paragraph to the space-time domain
E:=1 x Q, where Q is as before and I := (0,7) is a time-interval with 7" > 0. Its mantle boundary is I x 9.
We denote by

<'a '>L2(E) :/]<, L2(Q) dA = // d)\dd)\l, | : |32(E) = <', '>L2(E)
the inner product and norm for scalar functions or vector fields in L*(Z), and define the Sobolev spaces

H* (@) :={p e L’(B) | Ve e L*(B)}, D(E):={pcL’B) | divg € L*(E)}.
Here V and div are as before the spatial gradient and divergence, respectively. These are Hilbert spaces equipped
with the respective graph norms | - [yoi1(z), | - [p(z). We also define the Sobolev spaces

HYO(Z) = {p e L}(B) | dop € L*(2)},  HYY(E) :=HY'(E)nH(E) = H'(B),
where J, denotes the derivative with respect to time, which are Hilbert spaces equipped with the respective
graph norms as well. Note, e.g., | - |E|1;1(E) = |EZ(E) + 1|V - fQ(E) +10s - ||_2 =)- The corresponding Sobolev
spaces of functions vanishing on the mantle boundary are introduced by
HOLE) == {p e H¥'(E) | ¢(t, -) e HY(Q) ace. te I},  HYY(E) := H%Y(E) nHYO(2).

We also define the more regular Sobolev spaces

H4E) = (p HH(E) | Vo eD@E), 4@ = (pe (@) | Vo cDE),
which are Hilbert spaces with the graph norm |- |2, a = |2 it |V - |D( =)- From (ZI) we directly obtain
(3.1) Voe HO;IG) V¢ eD(E) <V<Pa ¢>L2(E) = —(p,div ¢>L2(E),
and from (22)) we obtain
(3.2) Vi € H(E) lelize) < Vel (z),

if the spatial domain Q is bounded at least in one direction. Moreover, for all (functions or vector fields)
¢ € HYO(Z) it holds

(3.3) 2 (Ooip, P2 (z) = / / Dalipl? Ay dhg = [6(T, )2y — 1900, )Py,

3.1. Reaction-Diffusion (0, — A + 1). In this section we do not need ([B.2]) to hold, i.e., the spatial domain
Q) may even be unbounded. The time-dependent reaction-diffusion problem consists of finding a scalar function
u € H¥(Z) and a flux p € D(E) such that
—Vu+p=0 in &,
(3.4) Oou—divp+u=f in 2,
u(0, -) = ug in Q,

where the source f belongs to L?(Z) and the initial value ug belongs to H!(€2). Using classical techniques, e.g.,
those leading to [3, p. 111, (2.15)] and [3, p. 112, Theorem 2.1], and computing |(Jo — A+ 1)@|E2(E) by applying

B3) twice shows
(3.5) (o = A+ Dgltagm) + 1900, )i = ez + [Velde) + 0T hq = el AE)
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for all p € HELA(Z).

Remark 3.1. Note that B.3]) holds for smoother functions and thus by approximation also in Iill*l’A(E). Indeed
for ¢ € X(E) := {¢ € HELA(E) | 9,1p € HY%(Z)} and w € R we can compute by (Z3)

(0o — A+ W)‘Pﬁ?(a)
= |a<>90|ﬁ2 = T |A<P|52 =) Jr‘*12|90|52(~) = 2(0op, Ap)2(z) + 2w(0op, P)12(z) — 2w (AP, P)2(=)
|60<P||_2 =) —|—w2|g0||_2 =) + 2‘*’|V‘P||_2 (=) + |A<p||_2 =) + 2<60V90av<;0>L2(E) + 2w(0op, 90>L2(E)

|8090||_2 =) +‘*"2|50||_2 =t 2W|V50||_2(5) + |A50||_2(5)
+IVQ(T, o) = V00, )IEaiq) +wle(T, )[Eaig) = wle(0, )tz (q)-
For w =1 we obtain (B3, i.e.,
(0o = A+ Dpltaim) = lplfna @) + [Velde + 10T, g — 190, )i
Jor these smoother p. As X(E) is dense in HELA(2), see, e.g., B, p. 111/112], we obtain B5) by approzimation.
The following solution theory holds.
Lemma 3.2 (isometry). @) is uniquely solvable in HSVA(Z) and the related solution operator
L:L%(E) x H(Q) = (HAE), | - i g))s (f o) =
is an isometry, i.e., @A) holds for u = L(f, uo), that is
el fia.a ) = [ulf 1)t [Vul3 ) + [u(T, ')ml(g) = £l + |U0|a1(9)v
or simply | L| = 1.

Proof. Use (B3] and the same arguments as in the proof of [3, p. 112, Theorem 2.1]. O

Theorem 3.3 (error equality for very conforming primal approximations). Let u, @ € Iill;lvA(E) be the exact
solution and an arbitrary approzimation of problem [B.4l), respectively. Then

quﬁlﬁn =) +|V(u = )3z + | (u—a)(T, )|H1 @ =1f =0 U*U+AU|L2( )+ o — (0, )|H1 Q)

Proof. The proof is as simple as the proof of Theorem 221 O

Theorem 3.4 (error equality for conforming mixed approximations). Let (u,p), (@i, p) € H5L(Z) x D(Z) be the
exact solution and an arbitrary approximation of problem B4, respectively. Then

[u = alfon =) + [P = B2 () + 100 (u — @) + div(p — p)[Ea(z) + [(w = @)(T, )Pz
= |f = 0ot — @+ divplia(z) + 1P — Valfaiz) + Juo — a(0, -)[F2 -
Proof. By the second equation of ([B4]) and using (B3] we obtain
|f — @+ divp — olfs(z) = |u— @+ o (u — @) + div(p — p)|F2 g

= |u— aﬁ?(a) + 0o (u — @) + div(p — P)EZ(E)
(36) + 2<U - a, ao(u — a)>|_2(5) + 2<’LL — a, dlv(ﬁ — p)>L2(E)

= [u — a2 (z) + 0o (u — @) + div(p — p)z ()

+ |(uw—a)(T, - )|ﬁ2(9) = [(u —a)(0, - )|ﬁ2(9) +2(u — @, div(p — p))r2(z)-

On the other hand, by inserting the first equation of (3.4]) we obtain
(3.7 |p—Valfaz =15 —p+V(u—a)z) = P~ pliaz) + [V(u— D)2z + 20 —p, V(u—0))2()-

By () and adding ([B.6) and 1) together shows the assertion. O
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3.2. Heat Equation (J, — A). In this section we assume that the Friedrichs inequality ([B.2]) holds. The heat
equation consists of finding a scalar function u € H(Z) and a flux p € D(Z) such that

—Vu+p=0 in &,
(3.8) Oou —divp = f in =2,
u(0, -) = ug in €,

where again the source f belongs to L?(Z) and the initial value uo belongs to HL(Q). By [3, p. 111, (2.15)] we
have

(39) 1@ — A)pfaz) + 19000, sy = 0olazy + 180 o) + V(T sy = lolduma iz,

for all ¢ € HUYLA(Z), see also Remark Bl for w = 0. [3, p. 112, Theorem 2.1] shows that (ZX) is uniquely
solvable in H'"4(Z) and that the solution satisfies B3). Note that || - || a(z) is indeed a norm on HLLA(Z),
which follows from (ZI0) and the surrounding caculations.

Lemma 3.5 (isometry). The solution operator
£:12(E) x Q) > (FAE) ] - fnae): (o) o 0
related to the problem [B.S) is an isometry, i.e., BI) holds for w = L(f,uo), that is
|||u|||H11A( =) = |0o ulta(z) +Aulfe gy + V(T P2 iq) = [fliz@) + [Vuoliz i),
or simply | L| = 1.

Theorem 3.6 (error equality for very conforming primal approximations). Let u, @ € Iill;lvA(E) be the exact
solution and an arbitrary approzimation of problem [B.8), respectively. Then

|00 (u — ﬁ)|ﬁ2(5) + |A(u — ﬂ)ﬁz(a) + |V(u — ) (T, ')ﬁz(g) =|f+Au—0, U||_2 =) + V(o — (0, ))|L2(Q)
Proof. Again, the proof is as simple as the proofs of Theorem 2.2 and Theorem B3] O

The latter result is similar to the error equality for the reaction-diffusion equation in Theorem 2111 Note
that the Friedrichs constant is absent. Next we consider conforming mixed approximations for which a two-sided

error estimate can be derived by using the error equality for the time-dependent reaction-diffusion problem from
Theorem [B.4] (similarly to what was done in Theorem T2 for the diffusion problem).

Theorem 3.7 (error estimate for conforming mixed approximations). Let (u,p), (@, p) € HE(Z) x D(E) be the
exact solution and an arbitrary approzimation of problem B8], respectively. Then

1
ez (7= Vil +luo = (0, i) |

< |V(u = )[fa(z) + [p = Blia(z) + 06 (u — @) +div(p —p |L2 =)+ [(w = a)(T, -)[f2(q
< (144¢f) |f +divp — aoa|L2(E) +2[p — VilPa iz + 2luo — @(0, - )[72(q)-

1
max{lf +divp — dotifz () + 31 — Viltas) ;

We note that |V - [ 2z is equivalent to the full H%!(2) norm on H%(Z) due to BZ) and thus provides
appropriate error control.

Proof. By writing the second equation of [B.8]) as
Oou —divp+u = f+u,

u solves the time-dependent reaction-diffusion problem (4] with right hand side f + u. Theorem B4 shows
(3.10) = @l =y + P — Bltaz) + |00 (u — @) + div(p — p)|Fa(z) + (= @)(T, )20
= |f+u—a+divp — dotultaiz + [P — Vilfa(z) + [uo — @(0, )|z (-
By using ([B2) we estimate the first term on the right hand side as

|f +u—a+divp— doilfaz
= [+ divp — Boiffa(zy + [u — Alfa(z) + 2(f + divh — Dot u — @) 2(z)
<|f 4+ divp — Botiffa iz + |u — Glf2(z) + 26| f + divp — Doti|i2(z)| V(1 — @) |12z
<|f+divp— 8011|EQ(E) + |u— u||_2( =) + | f +divp — 0o u||_2( =+ UW(u— u)||_2 =

(3.11)
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which holds for any v > 0. By choosing v = 2 (there is no need to over-estimate by fixing -, but we do it here
for brevity) and combining (BI0) and (BI1]) we obtain

1 - _ _ s .

§|V(U - U)|E2(3) +p — p|E2(5) +10o(u — @) + div(p —p)|E2(E) + [ (u—a)(T, ')|EZ(Q)

< (14 26F) |f 4 divp — Botiffazy + [ — Vlfaizy + [uo — (0, - )[P2q)-
Since
(3.12) |f + divp — Ootify2(z) = [0 (u — 1) + div(p — p)[L2(z),
we have proven the upper bound. To prove the first lower bound we simply insert 0 = Vu — p in
W*VMé@f:m*p+Vu*VmaaSQ(W*M@@HWVW*ﬁmﬂa)
and use ([312). By estimating | - |E|0;1(E) <14V - 32(5) in (I0) we obtain
B = Viltz(z) + |uo — a(0, -)[P2q
S(1+£NVW‘4M§GVHP—ﬂé@y+w&u_ﬂy+mWﬁ—PM%a+Ku_QXﬂ'”&my

which shows the second lower bound. g
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