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Abstract: In this work, we consider a fully discrete finite element approximation of the 3D incompress-
ible magnetohydrodynamic system. The velocity and magnetic field are approximated both by piecewise
quadratic finite elements, while the pressure is approximated by piecewise linear finite elements. The time
discretization is based on the Crank–Nicolson scheme for the linear terms in the model and the explicit
Adams–Bashforth for the nonlinear terms. We establish the optimal error estimates of both the approximate
velocity and magnetic field in H1-norm and of the approximate pressure in L2-norm. In order to achieve the
optimal L2-norm error estimates of both the approximate velocity and magnetic field, we shall make use of
a special negative norm technique.
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1 Introduction
Thiswork is concernedwith the following 3D incompressiblemagnetohydrodynamic (MHD) equations under
the influence of body forces [3, 11, 21, 25, 28]:

{{{{{
{{{{{
{

∂u
∂t
− ν∆u + ∇p + (u ⋅ ∇)u + sB × (∇ × B) = f in Ω × (0, T],

∂B
∂t
+ μ∇ × (∇ × B) − ∇ × (u × B) = 0 in Ω × (0, T],

∇ ⋅ u = 0, ∇ ⋅ B = 0 in Ω × (0, T],

(1.1)

where Ω ⊂ R3 is an open bounded domain with a smooth boundary, u, B and p denote the velocity field, the
magnetic field and the pressure, respectively. The three parameters ν, μ and s are given by ν = Re−1, μ = Re−1m ,
s = M2/(ReRem), respectively, withRe andRem being the Reynolds number and themagnetic Reynolds num-
ber, and M > 0 being the Hartman number. For convenience, we shall often write r = (x, y, z) ∈ Ω, and the
magnetic field B as B(t) or B(r, t); the same for the pressure p and velocity u.

System (1.1) couples the incompressible Navier–Stokes equations with Maxwell’s equations, and is con-
sidered in conjunction with the following initial boundary conditions [3, 11, 21, 25, 28]:

u(0) = u0(r), B(0) = B0(r) in Ω,
u = 0, B ⋅ n = 0, n × ∇ × B = 0 on ∂Ω × [0, T],

(1.2)

where ∇ ⋅ u0(r) = 0 and ∇ ⋅ B0(r) = 0, with n being the unit outward normal vector of ∂Ω.
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We will frequently use the following spaces in our subsequent analysis:

M = L20(Ω), X = H1
0(Ω)

3, W = {C ∈ H1(Ω); C ⋅ n|∂Ω = 0},
H = {v ∈ L2(Ω)3, div v = 0, v ⋅ n|∂Ω = 0},
V = X ∩H, W0 =W ∩H, Hk(Ω) = Hk(Ω)3, k = 0, 1, 2, 3,

as well as the following trilinear forms:

b(w, u, v) = ((w ⋅ ∇)u + 12 (∇ ⋅w)u, v)Ω

=
1
2 ((w ⋅ ∇)u, v)Ω −

1
2 ((w ⋅ ∇)v, u)Ω for allw, u, v ∈ X,

d(v, B, C) = (v × B, ∇ × C)Ω for all v ∈ X, B, C ∈W. (1.3)

For the coupled MHD flow system (1.1)–(1.2), we are interested in its variational formulation: find
(u(t), p(t), B(t)) ∈ X ×M ×W such that it satisfies for all (v, q, C) ∈ X ×M ×W the system

(ut , v)Ω + ν(∇u, ∇v)Ω − (p, ∇ ⋅ v)Ω + (∇ ⋅ u, q)Ω + b(u, u, v) + sd(v, B, B) = (f , v)Ω , (1.4)
(Bt , C)Ω + μ(∇ × B, ∇ × C)Ω − d(u, B, C) = 0. (1.5)

There are wide studies of the stability and convergence of the fully discrete second-order schemes based
on the finite element spatial discretization for solving the time-dependent Navier–Stokes equations. For fur-
ther exposition, we let 0 < h < 1 be the spatial mesh size and 0 < τ = T

N < 1 a time step size, and we let umh ,
Bm
h and pmh be the finite element approximate solutions of u, B and p at t = tm, respectively. We know that,

for second-order or higher-order schemes for solving the time-dependent Navier–Stokes equations when the
nonlinear term is treated explicitly, the stability or convergence is often achieved under the conditions of the
form τh−α ≤ C0 for some α > 0; see, for example, [2, 20, 23, 29]. These conditions can be improved, e.g.,
in [13], where the Adams–Bashforth and Crank–Nicolson schemes were considered in combination with
a finite element spatial discretization for solving the 2D time-dependent Navier–Stokes equations. It was
proved in [13] that the stability and convergence are guaranteed under the condition τ ≤ C0 and with the
following error estimates:

‖u(tm) − umh ‖0 ≤ κσ
−1(tm)τ2,

‖∇(u(tm) − umh )‖0 ≤ κσ
− 12 (tm)τ,

‖p(tm) − pmh ‖0 ≤ κσ
−1(tm)τ

for all tm ∈ (0, T]. Here σ(t) = min{1, t}, and κ is a generic positive constant depending on the data ν, Ω, T,
u0 and f . Hereafter, we use κ to denote a generic positive constant depending on the data ν, μ, s, Ω, T, u0, B0
and f . It was further shown in [15] that the convergence and stability of the Euler semi-implicit scheme for
the 3D MHD equations can be also ensured under the condition τ ≤ C0.

In this work, we consider the Adams–Bashforth and Crank–Nicolson schemes for the time discretizations
of the nonlinear and linear terms, respectively, and the finite element method for the spatial discretization
for solving the time-dependent coupledMHD flow system (1.1)–(1.2) in three dimensions. Due to the explicit
treatment of the nonlinear terms in the model, we cannot achieve the desired stability estimates of the fully
discrete finite element solutions; therefore, it is hard for us to derive the optimal error estimates by means of
existing approaches for both the Navier–Stokes equations and the coupled MHD flow system. We shall over-
come this technical difficulty by a delicate induction method. Moreover, we are able to establish the optimal
second-order convergence of the numerical velocity and magnetic field in the L2-norm by using a special
negative-norm technique, while the standard discrete duality strategy [12–14, 19, 30] does not work.

The rest of the work is organized as follows. In § 2, some basic assumptions and inequalities related to
the MHD flow and the basic properties of the finite element solution for the 3D MHD flow are presented.
In § 3, we provide some estimates and smoothing properties of the finite element solution (uh , ph , Bh). In § 4,
we develop a fully discrete finite element approximation based on the Crank–Nicolson/Adams–Bashforth
scheme for the 3D MHD equations and then derive its truncation error estimates in § 5. In § 6, we establish
the optimal error estimates for the numerical solution (unh , B

n
h , p

n
h) and present some numerical experiments

in § 7 to verify the convergence orders of the numerical scheme.
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2 Finite Element Spatial Discretization for the MHD Flow
In this section, we discuss the finite element spatial discretization for the MHD equations (1.1)–(1.2). To do
so, we first introduce a triangulation of the domain Ω. For the sake of technical treatments, we assume that
the boundary of domain Ω is a closed convex polyhedron; the actual curved boundary case can be treated
using some well-developed technicalities for the curved boundary in combination with the finite element
error estimates established in the current work. Let Th be a triangulation of the polyhedral domain Ω, and let
Xh ⊂ X,Mh ⊂ M = L20(Ω) andWh ⊂W be some continuous piecewise finite element spaces defined on Th. We
shall also need the following subspace of Xh:

Vh = {vh ∈ Xh; (∇ ⋅ vh , qh)Ω = 0 for all qh ∈ Mh}.

The finite element spaces Xh ⊂ X, Mh ⊂ M = L20(Ω) andWh ⊂W will be made clearer later.
Throughout this paper, wemake the following two assumptions on the prescribed data and the solutions

to system (1.4)–(1.5), which specify the regularities of the data and solutions needed for our main results.
Hereafter, c, κ and ci, κi for i ≥ 0 are some generic positive constants depending only on some of the given
data ν, μ, s, Ω, T, u0, B0 and f.

Assumption (A0). The initial data u0 ∈ H2(Ω) ∩ V, B0 ∈ H2(Ω) ∩W0 and the force f satisfy

sup
0≤t≤T
{‖f(t)‖21,Ω + ‖ft(t)‖

2
0,Ω + ‖ftt(t)‖

2
0,Ω} + ‖u0‖

2
2,Ω + ‖B0‖

2
2,Ω ≤ κ0.

Assumption (A1). Problem (1.4)–(1.5) has a unique solution (u(t), p(t), B(t)) ∈ X ×M ×W, with the a priori
estimates

T

∫
0

(‖∇u(t)‖40,Ω + ‖∇ × B(t)‖
4
0,Ω) dt ≤ κ.

Also, we assume that the domain Ω is smooth to ensure the following estimates [4, 6, 7, 17, 26].

Assumption (A2). The unique solution (v, q) of the steady Stokes problem

−∆v + ∇q = g, ∇ ⋅ v = 0 in Ω; v|∂Ω = 0,

for prescribed g ∈ Hk−2(Ω)3 with k = 2, 3 satisfies

‖v‖k,Ω + ‖q‖k−1,Ω ≤ c‖g‖k−2,Ω ,

and the steady Maxwell equations

∇ × ∇ × C = h, ∇ ⋅ C = 0 in Ω, n × ∇ × C = 0, C ⋅ n = 0 on ∂Ω,

for the prescribed h ∈ Hk−2(Ω) with k = 2, 3 admit a unique solution C ∈W0 which satisfies

‖C‖k,Ω ≤ c‖h‖k−2,Ω .

We shall often use the Stokes operator A1 = −P∆ and the Maxwell operator A2 = P∇ × ∇×, with

D(A1) = H2(Ω)3 ∩ V, D(A2) = H2(Ω) ∩W0.

Here P is an L2-projection from L2(Ω)3 into H.
Now we make a standard approximation assumption on the finite element space system (Xh ,Mh ,Wh)

[1, 5, 9, 10, 17, 18, 24, 27].

Assumption (A3). For each v ∈ Hi(Ω) ∩ V, q ∈ H i−1(Ω) ∩M and C ∈ Hi(Ω)3 ∩W0 for i = 2, 3, there exist the
approximations πhv ∈ Vh, ρhq ∈ Mh and JhC ∈Wh such that

‖∇(v − πhv)‖0,Ω ≤ c1hi−1‖v‖i,Ω , ‖q − ρhq‖0,Ω ≤ c1hi−1‖q‖i−1,Ω ,
‖C − JhC‖0,Ω + ‖∇ × (C − JhC)‖0,Ω ≤ c1hi−1(‖C‖i−1,Ω + ‖∇ × C‖i−1,Ω),
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along with the inverse inequalities (with q ≥ p)

‖∇vh‖0,Ω ≤ c1h−1‖vh‖0,Ω for all vh ∈ Xh ,

‖Ch‖Lq ≤ ch3(
1
q −

1
p )‖Ch‖Lp , ‖∇Ch‖0,Ω ≤ c1h−1‖Ch‖0,Ω for all Ch ∈Wh ,

and the so-called inf-sup inequality

sup
vh∈Xh

(∇ ⋅ vh , qh)Ω
‖∇vh‖0,Ω

≥ β1‖qh‖0,Ω for all qh ∈ Mh .

Here is an example of the finite element spaces (Xh ,Mh ,Wh) that satisfy Assumption (A3) above (cf. [3, 25]):

Xh = {vh ∈ C(Ω̄) ∩ X; vh|K ∈ P2(K)3 for all K ∈ Th},
Mh = {qh ∈ C(Ω̄) ∩M; qh|K ∈ P1(K) for all K ∈ Th},
Wh = {Ch ∈ C(Ω̄) ∩W; Ch|K ∈ P2(K)3 for all K ∈ Th}.

Now we formulate the semi-discrete finite element approximation of system (1.4)–(1.5), whose proper-
ties will be crucial to our error estimates of the finite element solution to the fully discrete scheme: find
(uh(t), ph(t), Bh(t)) ∈ Xh ×Mh ×Wh such that it satisfies, for all (vh , qh , Ch) ∈ Xh ×Mh ×Wh,

(uht , vh)Ω + ν(∇uh , ∇vh)Ω − (∇ ⋅ vh , ph)Ω + (∇ ⋅ uh , qh)Ω + b(uh , uh , vh) + sd(vh , Bh , Bh) = (f , vh)Ω , (2.1)
(Bht , Ch)Ω + μ(∇ × Bh , ∇ × Ch)Ω + μ(∇ ⋅ Bh , ∇ ⋅ Ch)Ω − d(uh , Bh , Ch) = 0, (2.2)

with uh(0) = Phu0 and Bh(0) = R0hB0, where Ph and R0h are the L2-projections from L2(Ω)3 to Vh andWh.
It follows from Assumption (A3) that, for any v ∈ H i(Ω)3 ∩ V and C ∈ Hi(Ω) ∩W0 for i = 1, 2, 3,

‖v − Phv‖0,Ω + h‖∇(v − Phv)‖0,Ω ≤ c2hi‖v‖i,Ω ,
‖C − R0hC‖0,Ω + h‖∇(C − R0hC)‖0,Ω ≤ c2‖C‖i,Ω , (2.3)

We shall often use the discrete Stokes operator Ah = −Ph∆h, where −∆h is defined by

(−∆huh , vh) = (∇uh , ∇vh) for all uh , vh ∈ Xh ,

and the Ah-induced discrete norm ‖vh‖α = ‖A
α
2
h vh‖0,Ω for α ∈ R. In particular, we have

‖vh‖1 = ‖∇vh‖0,Ω , ‖vh‖2 = ‖A1hvh‖0,Ω , ‖vh‖−1 = ‖A
− 12
1h vh‖0,Ω for all vh ∈ Vh .

Similarly to the discrete Stokes operator Ah, we define the discrete Maxwell operator A2h as follows: for any
Bh ∈Wh, A2hBh = R0h(∇h × ∇ × Bh + ∇h∇ ⋅ Bh) ∈Wh, satisfying

(A2hBh , Ch)Ω = (A
1
2
2hBh , A

1
2
2hCh)Ω = (∇ × Bh , ∇ × Ch)Ω + (∇ ⋅ Bh , ∇ ⋅ Ch)Ω for all Ch ∈Wh .

We will also use the A2h-induced discrete norm ‖Bh‖α = ‖A
α
2
2hBh‖0,Ω for any α ∈ R. Then we have

‖Bh‖20 = ‖Bh‖20,Ω , ‖Bh‖21 = ‖A
1
2
2hBh‖20,Ω = ‖∇ ⋅ Bh‖20,Ω + ‖∇ × Bh‖20,Ω ,

‖Bh‖22 = ‖A2hBh‖20,Ω = ‖R0h(∇h × ∇ × Bh + ∇h∇ ⋅ Bh)‖20,Ω ,

‖Bh‖−1 = ‖A
− 12
2h Bh‖0,Ω = sup

Ch∈Wh

(Bh , Ch)Ω
‖Ch‖1

.

We end this section by recalling some stability and error estimates of the solution (u(t), p(t), B(t)) to system
(1.4)–(1.5) and the numerical solution (uh(t), ph(t), Bh(t)) to the semi-discrete system (2.1)–(2.2) [16].

Lemma 2.1. Under Assumptions (A0)–(A3), it holds that

‖u(t)‖22,Ω + ‖p(t)‖
2
1,Ω + ‖B(t)‖

2
2,Ω +

T

∫
0

[‖u(t)‖23,Ω + ‖p(t)‖
2
2,Ω + ‖B(t)‖

2
3,Ω] dt ≤ κ,

‖uh(t)‖20,Ω + ‖Bh(t)‖20,Ω +
T

∫
0

[‖∇uh(t)‖20,Ω + ‖∇Bh(t)‖20,Ω] dt ≤ κ.
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Theorem 2.1. Under Assumptions (A0)–(A3), the following error estimates hold for all t ∈ (0, T]:

‖u(t) − uh(t)‖20,Ω + ‖B(t) − Bh(t)‖20,Ω +
T

∫
0

[‖∇(u(t) − uh(t))‖20,Ω + ‖∇(B(t) − Bh(t))‖20,Ω] dt ≤ κh
4,

T

∫
0

[‖u(t) − uh(t)‖20,Ω + ‖B(t) − Bh(t)‖20,Ω] dt ≤ κh
6,

σ(t)[‖u(t) − uh(t)‖20,Ω + ‖B(t) − Bh(t)‖0,Ω] + h2σ2(t)‖p(t) − ph(t)‖0,Ω
+σ(t)h2[‖∇(u(t) − uh(t))‖20,Ω + ‖∇(B(t) − Bh(t))‖20,Ω] ≤ κh

6.

Lemma 2.2. Under Assumptions (A0)–(A3), there hold

‖A−1h PhA1v − v‖0,Ω + h‖∇(A−1h PhA1v − v)‖0,Ω ≤ chi‖v‖i,Ω ,
‖A−11 PAhvh − vh‖0,Ω + h‖∇(A−11 PAhvh − vh)‖0,Ω ≤ chi‖vh‖i

for all v ∈ Hi(Ω) ∩ V and vh ∈ Vh with i = 2, 3, and

‖A−12hR0hA2C − C‖0,Ω + h‖∇(A−12hR0hA2C − C)‖0,Ω ≤ chi‖C‖i,Ω ,
‖A−12 PA2hCh − Ch‖0,Ω + h‖∇(A−12 PA2hCh − Ch)‖0,Ω ≤ chi‖Ch‖i

for all C ∈ Hi(Ω) ∩W0 and Ch ∈Wh with i = 2, 3.

3 Basic Estimates and Smoothing Properties of Discrete Solutions
In this section, we present some discrete inequalities of finite element functions and some smoothing prop-
erties of the finite element solution (uh , ph , Bh) to the semi-discrete system (2.1)–(2.2). First, we recall some
discrete Gadliardo–Nirenberg estimates [17, 18]:

‖∇vh‖L3 + ‖vh‖L∞ ≤ c‖∇vh‖ 120,Ω‖A1hvh‖
1
2
0,Ω , ‖∇vh‖L6 ≤ c‖Ahvh‖0 for all vh ∈ Vh ,

‖AhPhv‖0,Ω ≤ c‖A1v‖0,Ω for all v ∈ D(A1). (3.1)

By using Assumptions (A2)–(A3) and some similar arguments to the ones used by Heywood and Ran-
nacher in [17], we can prove the following discrete Gadliardo–Nirenberg estimates.

Lemma 3.1. Under Assumptions (A2)–(A3), there hold, for any Ch ∈Wh,

‖Ch‖L6 ≤ c‖Ch‖1,Ω , ‖Ch‖1,Ω ≤ c‖A
1
2
2hCh‖0,Ω , (3.2)

‖Ch‖L∞ + ‖∇Ch‖L3 ≤ c‖A 1
2
2hCh‖

1
2
0,Ω‖A2hCh‖

1
2
0,Ω ,

‖∇Ch‖L6 ≤ c‖A2hCh‖0. (3.3)

Proof. First, we can easily get (3.2) using the fact thatWh ⊂W and the following inequalities from [7]:

‖C‖L6 ≤ c‖C‖1,Ω , ‖C‖1,Ω ≤ c‖∇ × C‖0,Ω + c‖∇ ⋅ C‖0,Ω for all C ∈W.

To derive (3.3), we define the discrete Laplace operator ∆h onWh by

(−∆hCh , ϕh)Ω = (∇Ch , ∇ϕh)Ω for all Ch , ϕh ∈Wh ,

and recall the following inequalities [17]:

‖∇Ch‖L6 ≤ c‖∆hCh‖0,Ω ,

‖Ch‖L∞ + ‖∇Ch‖L3 ≤ c‖∇Ch‖ 120,Ω‖∆hCh‖ 120,Ω for all Ch ∈Wh . (3.4)
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Now let C ∈W0 be the solution to the system

∇ × ∇ × C = PA2hCh , n × ∇ × C|∂Ω = 0.

Then we have from Lemma 2.2 and Assumption (A2) that

‖∇(C − Ch)‖0,Ω + h‖C‖2,Ω ≤ ch‖A2hCh‖0,Ω . (3.5)

By using Assumption (A3) and (3.5), we can derive

‖∆hCh‖0,Ω ≤ sup
ϕh∈Wh

(∇Ch , ∇ϕh)Ω
‖ϕh‖0,Ω

≤ ch−1‖∇(Ch − C)‖0,Ω + c‖C‖2,Ω ≤ c‖A2hCh‖0,Ω ,

Now (3.3) follows from this and (3.4) and hence concludes the proof of Lemma 3.1.

Lemma 3.2. Under Assumptions (A2)–(A3), the following estimates hold for all uh , vh ,wh ∈ Vh:

b(uh , vh ,wh) = −b(uh ,wh , vh),

|b(uh , vh ,wh)| + |b(wh , uh , vh)| + |b(vh , uh ,wh)|

≤
c0
2 ‖Ahuh‖0,Ω‖vh‖

1
2
1 ‖vh‖

1
2
2 ‖wh‖−1 +

c0
2 ‖Ahvh‖0,Ω‖uh‖

1
2
1 ‖uh‖

1
2
2 ‖wh‖−1. (3.6)

Proof. The first relation comes from a direct computing. To derive (3.6), we let ϕh = A−1h wh for eachwh ∈ Vh,
then apply the inverse inequality to get

‖wh‖20 = (wh , Ahϕh)Ω = (∇wh , ∇ϕh)Ω ≤ ‖wh‖1‖wh‖−1 ≤ ch−1‖wh‖0‖wh‖−1.

Now we rewrite b(uh , vh ,wh) as
b(uh , vh ,wh) = ((uh ⋅ ∇)(vh − A−11 PAhvh),wh) + (Ph(uh ⋅ ∇)A−11 PAhvh ,wh)

+
1
2 (∇ ⋅ (uh − A

−1
1 PAhuh)vh ,wh). (3.7)

But, using Lemma 2.2, we can readily derive

|((uh ⋅ ∇)(vh − A−11 PAhvh),wh)| ≤ ‖uh‖L∞‖∇(vh − A−11 PAhvh)‖0,Ω‖wh‖0
≤ ch‖∇uh‖

1
2
0,Ω‖Ahuh‖

1
2
0,Ω‖Ahvh‖0,Ω‖wh‖0

≤ c‖uh‖
1
2
1 ‖uh‖

1
2
2 ‖Ahvh‖0,Ω‖wh‖−1,

|(Ph(uh ⋅ ∇)A−11 PAhvh ,wh)| ≤ ‖∇(Ph(uh ⋅ ∇)A−1PAhvh)‖0,Ω‖wh‖−1
≤ c‖∇((uh ⋅ ∇)A−11 PAhvh)‖0,Ω‖wh‖−1
≤ c‖∇uh‖L3‖∇(A−11 PAhvh)‖L6‖wh‖−1

≤ c‖∇uh‖
1
2
0,Ω‖Ahuh‖

1
2
0,Ω‖Ahvh‖0,Ω‖wh‖−1,

1
2 |(∇ ⋅ (uh − A

−1
1 PAhuh)vh ,wh)| ≤ ‖∇(uh − A−1PAhvh)‖0,Ω‖vh‖L∞‖wh‖0

≤ c‖Ahuh‖0,Ω‖∇vh‖
1
2
0,Ω‖Ahvh‖

1
2
0,Ω‖wh‖−1.

Combining the above inequalities with (3.7) yields

|b(uh , vh ,wh)| ≤
1
6 c0‖Ahuh‖0,Ω‖vh‖

1
2
2 ‖vh‖

1
2
1 ‖wh‖−1 +

1
6 c0‖Ahvh‖0,Ω‖uh‖

1
2
2 ‖uh‖

1
2
1 ‖wh‖−1.

Similarly, we can estimate b(vh , uh ,wh), b(wh , uh , vh); then (3.6) is a consequence of these estimates.

Lemma 3.3. For all uh ∈ Vh, Bh and Ch ∈W0h, the trilinear form d in (1.3) satisfies the estimates

|d(uh , Bh , Ch)| + |d(uh , Ch , Bh)| ≤
c3
2 ‖Ahuh‖0,Ω‖Bh‖

1
2
2 ‖Bh‖

1
2
1 ‖Ch‖−1

+
c3
2 ‖uh‖

1
2
1 ‖uh‖

1
2
2 ‖A2hBh‖0,Ω‖Ch‖−1, (3.8)

|d(uh , Bh , Ch)| + |d(uh , Ch , Bh)| ≤
c3
2 ‖uh‖−1‖Bh‖

1
2
1 ‖Bh‖

1
2
2 ‖A2hCh‖0,Ω

+
c3
2 ‖uh‖−1‖A2hBh‖0,Ω‖Ch‖

1
2
1 ‖Ch‖

1
2
2 . (3.9)
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Proof. We write u = A−11 PAhuh, B = A−12 PA2hBh, and rewrite d(uh , Bh , Ch) as

d(uh , Bh , Ch) = (uh × Bh , ∇ × Ch)Ω
= (uh × (Bh − B), ∇ × Ch)Ω + (uh − u) × B, ∇ × Ch)Ω + (R0h[(B ⋅ ∇)u − (u ⋅ ∇)B], Ch)Ω
=: I1 + I2 + I3. (3.10)

Then we can derive by using (3.1)–(3.3), (2.3), Lemma 2.2 and Assumptions (A2)–(A3) that

‖u‖1,Ω ≤ c‖uh‖1, ‖B‖1,Ω ≤ c‖Bh‖1,
‖u‖2,Ω ≤ c‖Ahuh‖0,Ω , ‖B‖2,Ω ≤ c‖A2hBh‖0,Ω ,

‖∇ × Ch‖0,Ω ≤ ch−1‖Ch‖0,Ω , ‖Ch‖20 ≤ ‖Ch‖1‖Ch‖−1 ≤ ch
−1‖Ch‖0‖Ch‖−1.

Using these estimates, along with (3.1)–(3.3), we can bound I1, I2 and I3 as follows:

I1 ≤ √2‖uh‖L∞‖Bh − A−12 PA2hBh‖0,Ω‖∇ × Ch‖0,Ω ≤ c‖uh‖
1
2
1 ‖uh‖

1
2
2 ‖A2hBh‖0,Ω‖Ch‖−1,

I2 ≤ √2‖Bh‖L∞‖uh − A−11 PAhuh‖0,Ω‖∇ × Ch‖0,Ω ≤ c‖Bh‖
1
2
1 ‖Bh‖

1
2
2 ‖Ahuh‖0,Ω‖Ch‖−1,

I3 ≤ ‖A
1
2
2hR0h[(B ⋅ ∇)u − (u ⋅ ∇)B]‖0,Ω‖Ch‖−1 ≤ c‖A

1
2
2 [(B ⋅ ∇)u − (u ⋅ ∇)B]‖0,Ω‖Ch‖−1

≤ c‖B‖L∞ (‖∇u‖L2 + ‖∇∇u‖L2 )‖Ch‖−1 + c[‖∇B‖L3 (‖u‖L6 + ‖∇u‖L6 ) + c‖∇∇B‖L2‖u‖L∞ ]‖Ch‖−1
≤ c[‖Bh‖

1
2
1 ‖Bh‖

1
2
2 ‖Ahuh‖0,Ω + c‖A2hBh‖0,Ω‖uh‖

1
2
1 ‖uh‖

1
2
2 ]‖Ch‖−1.

Now it follows readily from the above inequalities and (3.10) that

|d(uh , Bh , Ch)| ≤ c‖Bh‖
1
2
1 ‖Bh‖

1
2
2 ‖Ahuh‖0,Ω‖Ch‖−1 + c‖A2hBh‖0,Ω‖uh‖

1
2
1 ‖uh‖

1
2
2 ‖Ch‖−1. (3.11)

Similarly, we can rewrite d(uh , Ch , Bh) as

d(uh , Ch , Bh) = ((uh − u) × Ch , ∇ × Bh)Ω − (u × (∇ × (Bh − B)), Ch)Ω − (R0h[u × (∇ × B)], Ch)Ω
=: J1 + J2 + J3. (3.12)

Then we can deduce from (3.1)–(3.3), (2.3), Lemma 2.2 and Assumption (A3) that

J1 ≤ √2‖uh − u‖L6‖Ch‖L2‖∇ × Bh‖L3 ≤ c‖Ahuh‖0,Ω‖Bh‖
1
2
1 ‖Bh‖

1
2
2 ‖Ch‖−1,

J2 ≤ √2‖u‖L∞‖∇ × (Bh − B)‖0,Ω‖Ch‖0,Ω ≤ c‖uh‖
1
2
1 ‖uh‖

1
2
2 ‖A2hBh‖0,Ω‖Ch‖−1,

J3 ≤ ‖A
1
2
2hR0h[u × (∇ × B)]‖0,Ω‖Ch‖−1 ≤ ‖A

1
2
2 [u × (∇ × B)]‖0,Ω‖Ch‖−1

≤ c‖u‖L∞ (‖∇ × B‖L2 + ‖∇ × ∇ × B‖L2 )‖Ch‖−1 + c‖∇u‖L3‖∇ × B‖L6‖Ch‖−1
≤ c‖uh‖

1
2
1 ‖uh‖

1
2
2 ‖A2hBh‖0,Ω‖Ch‖−1.

A direct application of these estimates to (3.12) yields

|d(uh , Ch , Bh)| ≤ c‖Bh‖
1
2
1 ‖Bh‖

1
2
2 ‖Ahuh‖0,Ω‖Ch‖−1 + c‖A2hBh‖0,Ω‖uh‖

1
2
1 ‖uh‖

1
2
2 ‖Ch‖−1,

which, along with (3.11), gives (3.8). Similarly, we can prove (3.9).

Next, we derive some smoothing properties of the semi-discrete solution (uh(t), ph(t), Bh(t)) to system (2.1)–
(2.2).

Lemma 3.4. Under Assumptions (A0)–(A3), it holds, for all t ∈ [0, T],

‖uh(t)‖21 + s‖Bh(t)‖21 +
t

∫
0

[ν‖uh‖22 + sμ‖Bh‖22 + ‖uht‖
2
0 + s‖Bht‖20] dt ≤ κ.
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Proof. Summing up equation (2.1) with (vh , qh) = (Ahuh , 0) and equation (2.2) with Ch = sA2hBh, and using
Young’s inequality, we obtain the energy inequality

1
2
d
dt
‖A

1
2
h uh‖21 + ν‖Ahuh‖20,Ω +

s
2
d
dt
‖Bh‖21 + sμ‖A2hBh‖20,Ω

+ b(uh , uh , Ahuh) + sd(Ahuh , Bh , Bh) − sd(uh , Bh , A2hBh) ≤
ν
8 ‖Ahuh‖20,Ω +

4
ν
‖f‖20,Ω . (3.13)

Then, using (3.1)–(3.2) and Young’s inequality, we further derive

|b(uh , uh , Ahuh)| ≤ ‖uh‖L∞‖∇uh‖L2‖Ahuh‖L2 ≤ c0‖∇uh‖
3
2
0,Ω‖Ahuh‖

3
2
0,Ω

≤
ν
8 ‖Ahuh‖20,Ω + (

4
ν )

3
c40‖∇uh‖

4
0,Ω‖A

1
2
h uh‖20,Ω ,

s|d(Ahuh , Bh , Bh)| ≤ s√2‖Ahuh‖L2‖Bh‖L6‖∇ × Bh‖L3

≤ sc0‖Ahuh‖0,Ω‖A
1
2
2hBh‖0,Ω‖A2hBh‖

1
2
0,Ω‖∇ × Bh‖

1
2
0,Ω

≤
ν
16 ‖Ahuh‖20,Ω +

sμ
16 ‖A2hBh‖20,Ω + 4

3ν−2μ−1s3c40‖∇ × Bh‖20,Ω‖A
1
2
2hBh‖40,Ω ,

s|d(uh , Bh , A2hBh)| ≤ (‖Bh‖L6‖∇uh‖L3 + ‖uh‖L∞‖∇Bh‖L2 )‖A2hBh‖0,Ω

≤ sc0‖∇uh‖
1
2
0,Ω‖Ahuh‖

1
2
0,Ω‖A

1
2
2hB‖0,Ω‖A2hBh‖0,Ω

≤
sμ
16 ‖A2hBh‖20,Ω +

ν
16 ‖Ahuh‖20,Ω +

4
ν (

4
μ)

2
s2c40‖∇uh‖

2
0,Ω‖A

1
2
2hBh‖40,Ω .

Combining the above inequalities with (3.13) yields

d
dt
‖uh‖21 + ν‖Ahuh‖20,Ω + s

d
dt
‖Bh‖21 + sμ‖A2hBh‖20,Ω

≤
8
ν
‖f‖20,Ω + c(μ + ‖∇uh‖

4
0,Ω + ‖Bh‖40,Ω + ‖∇ × Bh‖40,Ω)(‖uh‖

2
1 + s‖Bh‖21).

Integrating both sides from 0 to t and using Lemma 2.1 and Assumption (A0), we obtain

‖uh(t)‖21 + s‖Bh(t)‖21 +
t

∫
0

(ν‖Ahuh‖20,Ω + sμ‖A2hBh‖20,Ω) ds

≤ κ1 +
t

∫
0

c(‖∇huh‖40,Ω + ‖∇ × Bh‖40,Ω)(‖uh‖
2
1 + s‖Bh‖21) ds. (3.14)

Now, applying Gronwall’s inequality to (3.14), we readily get

‖uh(t)‖21 + s‖Bh(t)‖21 +
t

∫
0

(ν‖Ahuh‖20,Ω + sμ‖A2hBh‖20,Ω) ds ≤ κ exp{c
T

∫
0

(‖∇huh‖40,Ω + ‖∇ × Bh‖40,Ω) ds}. (3.15)

But it follows from Assumption (A3) and Lemma 2.1 that

T

∫
0

(‖∇huh‖40,Ω + ‖∇ × Bh‖40,Ω) ds ≤ 2
T

∫
0

(‖∇u‖20,Ω‖∇uh‖
2
0,Ω + ‖∇ × B‖

2
0,Ω‖∇ × Bh‖20,Ω) ds

+ 2
T

∫
0

(‖∇(u − uh)‖20,Ω‖∇uh‖
2
0,Ω + ‖∇ × (B − Bh)‖20,Ω‖∇ × Bh‖20,Ω) ds ≤ κ.

This, along with (3.15) and applying the Gronwall lemma to (3.14), yields

‖uh(t)‖21 + s‖Bh(t)‖21 +
t

∫
0

(ν‖Ahuh‖20,Ω + sμ‖A2hBh‖20,Ω) ds ≤ κ. (3.16)
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Furthermore, we readily derive from (2.1)–(2.2), (3.1)–(3.2) and the Hölder inequality that

‖uht‖0 ≤ ν‖Ahuh‖0,Ω + c‖uh‖L∞‖∇uh‖L2 + cs‖Bh‖L6‖∇ × Bh‖L3 + ‖f‖0,Ω
≤ ν‖Ahuh‖0,Ω + c‖Ahuh‖0,Ω‖uh‖1 + c‖A2hBh‖0,Ω‖Bh‖1 + c‖f‖0,Ω ,

‖Bht‖0 ≤ μ‖A2hBh‖0,Ω + c‖∇uh‖L3‖Bh‖L6 + c‖∇Bh‖L2‖uh‖L∞
≤ μ‖A2hBh‖0,Ω + c‖Ahuh‖0,Ω‖Bh‖1.

Combining these inequalities with (3.16) concludes the proof of Lemma 3.4.

Lemma 3.5. Under Assumptions (A0)–(A3), the solution (uh(t), ph(t), Bh(t)) to the semi-discrete system (2.1)–
(2.2) satisfies

{‖uht(t)‖20 + s‖Bht(t)‖20 + ‖uh(t)‖
2
2 + ‖−ν∆huh(t) + ∇hph(t)‖

2
0,Ω + ‖Bh(t)‖2}

+
t

∫
0

(ν‖uht(s)‖21 + sμ‖Bht(s)‖21 + ‖uhtt‖
2
−1 + ‖Bhtt‖2−1) ds ≤ κ for all t ∈ [0, T]. (3.17)

Proof. Differentiating (2.1) and (2.2) with respect to t, we obtain, for all (vh , qh , Ch) ∈ Xh ×Mh ×Wh,

(uhtt , vh)Ω + ν(∇uht , ∇vh)Ω − (∇ ⋅ vh , pht)Ω + (∇ ⋅ uht , qh)Ω
+b(uht , uh , vh) + b(uh , uht , vh) + sd(vh , Bht , Bh) + sd(vh , Bh , Bht) = (ft , vh)Ω , (3.18)

(Bhtt , Ch)Ω + μ(∇ × Bht , ∇ × Ch)Ω + μ(∇ ⋅ Bht , ∇ ⋅ Ch)Ω − d(uht , Bh , Ch) − d(uh , Bht , Ch) = 0. (3.19)

Summing up (3.18) with (vh , qh) = (uht , pht) and (3.19) with Ch = sBht and then using (3.6), we derive

1
2
d
dt
‖uht‖20 + ν‖uht‖

2
1 +

s
2
d
dt
‖Bht‖20 + sμ‖Bht‖21

+ b(uht , uh , uht) + sd(uht , Bht , Bh) − sd(uh , Bht , Bht) =
ν
8 ‖uht‖

2
1 +

4
ν
γ2‖ft‖20,Ω , (3.20)

where γ is the Poincaré constant satisfying ‖u‖0,Ω ≤ γ‖∇u‖0,Ω.
Using (3.1)–(3.2), we can estimate the three trilinear terms in (3.20) as follows:

|b(uht , uh , uht)| ≤ c0‖uh‖2‖uht‖0‖uht‖1 ≤
ν
16 ‖uht‖

2
1 +

4
ν
c20‖uh‖

2
2‖uht‖

2
0,

s|d(uht , Bht , Bh)| ≤ √2s‖uht‖L6‖Bht‖L2‖∇ × Bh‖L3 ≤
ν
16 ‖uht‖

2
1 + s

2c20
4
ν
‖Bh‖22‖Bht‖20,

s|d(uh , Bht , Bht)| ≤ sc0‖Bht‖1‖uh‖2‖Bht‖0 ≤
sμ
16 ‖Bht‖21 +

4
μ
sc20‖uh‖

2
2‖Bht‖20.

Combining these three estimates with (3.20) yields

d
dt
(‖uht‖20 + s‖Bht‖20) + (ν‖uht‖

2
1 + sμ‖Bht‖21) ≤ c(μ + ν‖uh‖

2
2 + sμ‖Bh‖22)(‖uht‖

2
0 + s‖Bht‖20) + c‖ft‖

2
0,Ω .

Integrating both sides from 0 to t and using Gronwall’s lemma and Lemmas 2.1 and 3.4, we obtain

‖uht(t)‖20 + s‖Bht(t)‖20 +
t

∫
0

(ν‖uht‖21 + sμ‖Bht‖21) ds ≤ κ. (3.21)

We continue estimating the remaining terms in (3.17). First, we can bound the two negative-norm terms
by directly using equations (2.1)–(2.2),

‖uhtt‖−1 ≤ ν‖uht‖1 + c‖uht‖1‖uh‖1 + c‖Bht‖1‖Bh‖1 + c‖ft‖0,Ω , (3.22)
‖Bhtt‖−1 ≤ 2μ‖Bht‖1 + c‖uht‖1‖Bh‖1 + c‖uh‖1‖Bht‖1. (3.23)
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To bound the term −ν∆huh(t) + ∇hph(t), we can use (2.1)–(2.2), (3.1)–(3.2) and Young’s inequality to deduce

ν‖Ahuh(t)‖0,Ω ≤ ‖uht(t)‖0 + ‖f(t)‖0,Ω + ‖∇uh‖L2‖uh‖L∞ + s√2‖Bh‖L6‖∇ × Bh‖L3

≤
ν
4 ‖Ahuh(t)‖0,Ω +

μ
4 ‖A2hBh‖0,Ω + c‖uh(t)‖31 + c‖Bh‖31 + ‖uht(t)‖0,Ω + c‖f(t)‖0,Ω ,

μ‖A2hBh(t)‖0,Ω ≤ ‖μBh(t) − Bht(t)‖0,Ω + c‖∇uh(t)‖L3‖Bh(t)‖2L6 + c‖uh(t)‖L∞‖∇Bh(t)‖L2

≤
ν
4 ‖Ahuh(t)‖0,Ω + c‖μBh(t) − Bht(t)‖0,Ω + c‖uh(t)‖1‖Bh(t)‖21.

(3.24)

Then we can readily get

‖−ν∆huh + ∇hph‖0,Ω ≤ ‖uht‖0 + c‖uh‖L∞‖∇uh‖L2 + cs‖Bh‖L6‖∇ × Bh‖L3 + ‖f‖0,Ω
≤ ‖uht‖0 + c‖Ahuh‖0,Ω‖uh‖1 + c‖A2hBh‖0,Ω‖Bh‖1 + c‖f‖0,Ω , (3.25)

Now, combining estimates (3.21)–(3.25) and using Lemma 3.4, we can see the desired estimate (3.17).

Lemma 3.6. Under Assumptions (A0)–(A3), the solution (uh(t), ph(t), Bh(t)) to the semi-discrete system (2.1)–
(2.2) satisfies the estimate

σ(t)[‖uht(t)‖21 + s‖Bht(t)‖21 + ‖uhtt(t)‖
2
−1 + ‖Bhtt(t)‖2−1]

+
t

∫
0

σ(s)(ν‖Ahuht(s)‖20,Ω + ‖−ν∆huht(s) + ∇hpht(s)‖
2
0,Ω + sμ‖A2hBht(s)‖20,Ω) ds

+
t

∫
0

σ(s)(‖uhtt(s)‖20 + ‖Bhtt(s)‖20,Ω) ds ≤ κ for all t ∈ [0, T].

Proof. Taking the sum of (3.18) with (vh , qh) = (Ahuht , 0) and (3.19) with Ch = sA2hBht, we obtain

1
2
d
dt
‖uht‖21 + ν‖Ahuht‖20,Ω +

s
2
d
dt
‖Bht‖21 + sμ‖A2hBht‖20,Ω

+ b(uh , uht , Ahuht) + b(uht , uh , Ahuht)
+ sd(Ahuht , Bht , Bh) + sd(Ahuht , Bh , Bht)

− sd(uht , Bh , A2hBht) − sd(uh , Bht , A2hBht) =
ν
8 ‖Ahuht‖20,Ω +

4
ν
‖ft‖20,Ω . (3.26)

Using (3.1)–(3.2), we can further bound all the trilinear terms above as follows:

|b(uht , uh , Ahuht)| + |b(uh , uht , Ahuht)| ≤ c0‖uh‖2‖uht‖1‖Ahuht‖0,Ω

≤
ν
16 ‖Ahuht‖20,Ω +

4
ν
c20‖uh‖

2
2‖uht‖

2
1,

s|d(Ahuht , Bht , Bh)| + s|d(Ahuht , Bh , Bht)| ≤ sc0‖Ahuht‖0,Ω‖Bh‖2‖Bht‖1

≤
ν
16 ‖Ahuht‖20,Ω +

4
ν
s2c20‖Bh‖22‖Bht‖21,

s|d(uht , Bh , A2hBht)| + s|d(uh , Bht , A2hBht)| ≤ sc0‖A2hBht‖0,Ω(‖uh‖2‖Bht‖1 + ‖Bh‖2‖uht‖1)

≤
sμ
16 ‖A2hBht‖20,Ω + μ

−142sc20(‖uh‖
2
2 + ‖Bh‖22)(‖uht‖

2
1 + ‖Bht‖21).

Combining the above inequalities with (3.26) yields

d
dt
(‖uht‖21 + s‖Bht‖21) + (ν‖Ahuht‖20,Ω + sμ‖A2hBht‖20,Ω)

≤ c(μ + ‖uh‖22 + ‖Bh‖22)(‖uht‖
2
1 + s‖Bht‖21) + c‖ft‖

2
0,Ω . (3.27)

Multiplying (3.27) by σ(t), integrating with respect to t, and then using Lemmas 3.4–3.5, we readily get

σ(t)(‖uht(t)‖21 + s‖Bht(t)‖21) +
t

∫
0

σ(t)(ν‖Ahuht‖20,Ω + sμ‖A2hBht‖20,Ω) ds ≤ κ. (3.28)
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Furthermore, we can derive from (3.18)–(3.19) and (3.1)–(3.2) that

‖uhtt‖0 ≤ ‖ft‖0 + ν‖Ahuht‖0,Ω + c‖uht‖1‖uh‖2 + sc‖Bht‖1‖Bh‖2,
‖−ν∆huht + ∇hpht‖0,Ω ≤ ‖uhtt‖0 + ‖ft‖0 + c‖uht‖1‖uh‖2 + sc‖Bht‖1‖Bh‖2, (3.29)

‖Bhtt‖0 ≤ μ‖A2hBht‖0,Ω + c‖uht‖1‖Bh‖2 + c‖Bht‖1‖uh‖2. (3.30)

Combining (3.29)–(3.30) with (3.28) and using Lemmas 3.4–3.5, we conclude the proof of Lemma 3.6.

Lemma 3.7. Under Assumptions (A0)–(A3), the solution (uh(t), ph(t), Bh(t)) to the semi-discrete system (2.1)–
(2.2) satisfies the estimate

σ2(t)[‖uhtt(t)‖20 + s‖Bhtt(t)‖20]

+
t

∫
0

σ2(t)[ν‖uhtt(s)‖21 + sμ‖Bhtt(s)‖21 + ‖uhttt‖
2
−1 + ‖Bhttt‖2−1] ds

+
t

∫
0

σ(t)[‖uhttt‖2−2 + ‖Bhttt‖2−2] ds ≤ κ, (3.31)

σ2(t)[‖uht(t)‖22 + ‖Bht(t)‖22 + ‖pht(t)‖
2
0,Ω] ≤ κ. (3.32)

Proof. Differentiating (3.18) and (3.19) with respect to t, we derive, for all (vh , qh , Ch) ∈ Xh ×Mh ×Wh,

(uhttt , vh)Ω + ν(∇uhtt , ∇vh)Ω − (∇ ⋅ vh , phtt)Ω + (∇ ⋅ uhtt , qh)Ω
+ b(uhtt , uh , vh) + 2b(uht , uht , vh) + b(uh , uhtt , vh)

+ sd(vh , Bhtt , Bh) + 2sd(vh , Bht , Bht) + sd(vh , Bh , Bhtt) = (ftt , vh)Ω , (3.33)

(Bhttt , Ch)Ω + μ(∇ × Bhtt , ∇ × Ch)Ω + μ(∇ ⋅ Bhtt , ∇ ⋅ Ch)Ω
− d(uhtt , Bh , Ch) − 2d(uht , Bht , Ch) − d(uh , Bhtt , Ch) = 0, (3.34)

Taking the sum of (3.33) with (vh , qh) = (uhtt , phtt) and (3.34) with Ch = sBhtt and using (3.6), we have

1
2
d
dt
‖uhtt‖20 + ν‖uhtt‖

2
1 +

s
2
d
dt
‖Bhtt‖20 + sμ‖Bhtt‖21

+ b(uhtt , uh , uhtt) + 2b(uht , uht , uhtt) + sd(uhtt , Bhtt , Bh)

+ 2sd(uhtt , Bht , Bht) − 2sd(uht , Bht , Bhtt) − sd(uh , Bhtt , Bhtt) =
ν
16 ‖utt‖

2
1 +

4
ν
γ2‖ftt‖20,Ω . (3.35)

Using (3.1)–(3.2), we can estimate all the trilinear terms above as follows:

|b(uhtt , uh , uhtt)| ≤ c0‖uh‖2‖uhtt‖0‖utt‖1 ≤
ν
16 ‖utt‖

2
1 +

4
ν
c20‖uh‖

2
2‖uhtt‖

2
0,

2|b(uht , uht , uhtt)| ≤ c0‖uht‖21‖uhtt‖1 ≤
ν
16 ‖uhtt‖

2
1 +

4
ν
c20‖uht‖

4
1,

s|d(uhtt , Bhtt , Bh)| + s|d(uh , Bhtt , Bhtt)| ≤ sc0(‖uhtt‖1‖Bh‖2 + ‖Bhtt‖1‖uh‖2)‖Bhtt‖0

≤
ν
16 ‖uhtt‖

2
1 +

sμ
16 ‖Bhtt‖21 + (

4
ν
s2c20‖Bh‖22 +

4
μ
sc20‖uh‖

2
2)‖Bhtt‖20,

s|d(uhtt , Bht , Bht)| + s|d(uht , Bht , Bhtt)| ≤ sc0‖uhtt‖1‖Bht‖21 + sc0‖uht‖1‖Bht‖1‖Bhtt‖1

≤
ν
16 ‖uhtt‖

2
1 +

sμ
16 ‖Bhtt‖21 + (

4
ν
s2c20‖Bht‖21 +

4
μ
sc20‖uht‖

2
1)‖Bht‖21.

Combining the above inequalities with (3.35) yields

d
dt
(‖uhtt‖20 + s‖Bhtt‖20) + ν‖uhtt‖

2
1 + sμ‖Bhtt‖21

≤ c‖ftt‖20,Ω + c(μ + ‖Bh‖22 + ‖uh‖
2
2)(‖uhtt‖

2
0 + s‖Bhtt‖20) + c(‖uht‖

2
1 + s‖Bht‖21)

2.
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Now, multiplying by σ2(t), then integrating with respect to t and using Lemmas 3.5–3.6, we can get
(3.31), along with the following negative-norm estimates by means of (3.33)–(3.34) and (3.1)–(3.2):

‖uhttt‖−2 ≤ ν‖uhtt‖0 + c‖ftt‖0,Ω + c‖uhtt‖0‖uh‖1 + c‖uht‖0‖uht‖1 + c‖Bhtt‖0‖Bh‖1 + c‖Bht‖0‖Bht‖1,
‖Bhttt‖−2 ≤ μ‖Bhtt‖0 + c‖uhtt‖0‖Bh‖1 + c‖uh‖1‖Bhtt‖0 + c‖uht‖0‖Bht‖1,
‖uhttt‖−1 ≤ ν‖uhtt‖1 + c‖ftt‖0,Ω + c‖uhtt‖1‖uh‖1 + c‖uht‖1‖uht‖1 + c‖Bhtt‖1‖Bh‖1 + c‖Bht‖1‖Bht‖1,
‖Bhttt‖−1 ≤ μ‖Bhtt‖1 + c‖uhtt‖1‖Bh‖1 + c‖uh‖1‖Bhtt‖1 + c‖uht‖1‖Bht‖1.

Bound (3.32) can be obtained directly from (3.18)–(3.19), (3.1)–(3.2) and Assumption (A3) as follows:

ν‖uht‖2 ≤ ‖ft‖0,Ω + ‖uhtt‖0 + c‖(uht ⋅ ∇)uh‖0,Ω + c‖(uh ⋅ ∇)uht‖0,Ω
+ c‖Bht × (∇ × Bh)‖0,Ω + c‖Bh × (∇ × Bht)‖0,Ω

≤ ‖ft‖0,Ω + ‖uhtt‖0 + c‖uht‖1‖uh‖2 + c‖Bht‖1‖Bh‖2,

‖pht‖0,Ω ≤ c‖uht‖1 + c‖ft‖0,Ω + c‖uhtt‖0 + c‖uht‖1‖uh‖2 + c‖Bht‖1‖Bh‖2,

μ‖Bht‖2 ≤ c‖Bhtt‖0 + c‖∇ × (uht × Bh)‖0,Ω + c‖∇ × (uh × Bht)‖0,Ω
≤ c‖Bhtt‖0 + c‖uht‖1‖Bh‖2 + c‖uh‖2‖Bht‖1.

Lemma 3.8. Under Assumptions (A0)–(A3), the solution (uh(t), ph(t), Bh(t)) of the discrete problem (2.1)–
(2.2) satisfies the estimates

σ3(t)[‖uhtt(t)‖21 + s‖Bhtt(t)‖21] +
t

∫
0

σ3(t)[ν‖Ahuhtt(s)‖20,Ω + sμ‖A2hBhtt(s)‖20,Ω] ds ≤ κ, (3.36)

t

∫
0

σ3(t)[‖uhttt(s)‖20 + ‖Bhttt(s)‖20 + ‖−ν∆huhtt(s) + ∇hphtt(s)‖
2
0,Ω] ds ≤ κ. (3.37)

Proof. Taking the sum of (3.33) with (vh , qh) = (Ahuhtt , 0) and (3.34) with Ch = sA2hBhtt, we obtain

1
2
d
dt
‖uhtt‖21 + ν‖Ahuhtt‖20,Ω +

s
2
d
dt
‖Bhtt‖21 + sμ‖A2hBhtt‖20,Ω

+ b(uhtt , uh , Ahuhtt) + 2b(uht , uht , Ahuhtt) + b(uh , uhtt , Ahuhtt)
+ sd(Ahuhtt , Bhtt , Bh) + 2sd(Ahuhtt , Bht , Bht) + sd(Ahuhtt , Bh , Bhtt)

− sd(uhtt , Bh , A2hBhtt) − 2sd(uht , Bht , A2hBhtt) − sd(uh , Bhtt , A2hBhtt)

=
ν
16 ‖Ahuhtt‖20,Ω +

4
ν
‖ftt‖20,Ω . (3.38)

Using (3.1)–(3.2), we can bound all the trilinear terms as follows:

|b(uhtt , uh , Ahuhtt)| + |b(uh , uhtt , Ahuhtt)| ≤ c0‖uh‖2‖uhtt‖1‖Ahuhtt‖0,Ω

≤
ν
16 ‖Ahutt‖20,Ω +

4
ν
c20‖uh‖

2
2‖uhtt‖

2
1,

2|b(uht , uht , Ahuhtt)| ≤ c0‖uht‖1‖Ahuht‖0,Ω‖Ahuhtt‖0,Ω

≤
ν
16 ‖Ahuhtt‖20,Ω +

4
ν
c20‖uht‖

2
1‖Ahuht‖20,Ω ,

s|d(Ahuhtt , Bhtt , Bh)| + s|d(Ahuhtt , Bh , Bhtt)| ≤ sc0‖Ahuhtt‖0,Ω‖Bh‖2‖Bhtt‖1

≤
ν
16 ‖Ahuhtt‖20,Ω +

4
ν
s2c20‖Bh‖22‖Bhtt‖21,

2s|d(Ahuhtt , Bht , Bht)| ≤ sc0‖Ahuhtt‖0,Ω‖A2hBht‖0,Ω‖Bht‖1

≤
ν
16 ‖Ahuhtt‖20,Ω +

4
ν
s2c20‖A2hBht‖20,Ω‖Bht‖21,
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s|d(uh , Bhtt , A2hBhtt)| + s|d(uhtt , Bh , A2hBhtt)| ≤ sc0(‖uhtt‖1‖Bh‖2 + ‖Bhtt‖1‖uh‖2)‖A2hBhtt‖0,Ω

≤
sμ
8 ‖A2hBhtt‖20,Ω +

4
μ
sc20(‖uhtt‖

2
1‖Bh‖22 + ‖Bhtt‖21‖uh‖

2
2),

2s|d(uht , Bht , A2hBhtt)| ≤ sc0‖Ahuht‖0,Ω‖Bht‖1‖A2hBhtt‖0,Ω

≤
sμ
16 ‖A2hBhtt‖20,Ω +

4
μ
sc20‖Ahuht‖20,Ω‖Bht‖21.

Combining all the above estimates with (3.38) gives

d
dt
(‖uhtt‖21 + s‖Bhtt‖21) + ν‖Ahuhtt‖20,Ω + sμ‖A2hBhtt‖20,Ω
≤ c‖ftt‖20,Ω + c(μ + ‖Bh‖22 + ‖uh‖

2
2)(‖uhtt‖

2
1 + s‖Bhtt‖21)

+ c(‖Ahuht‖20,Ω + ‖A2hBht‖20,Ω)(‖uht‖
2
1 + s‖Bht‖21).

Then,multiplying both sides by σ2(t), integrating with respect to t and using Lemmas 3.5–3.7, we get (3.36).
Similarly, we can derive (3.37) by using (3.36) and the following bounds from (3.33)–(3.34):

‖uhttt‖0 ≤ ν‖Ahuhtt‖0,Ω + ‖ftt‖0,Ω + c‖(uhtt ⋅ ∇)uh‖0,Ω + c‖(uh ⋅ ∇)uhtt‖0,Ω
+ c‖(uht ⋅ ∇)uht‖0,Ω + c‖Bhtt × (∇ × Bh)‖0,Ω
+ c‖Bh × (∇ × Bhtt)‖0,Ω + c‖Bht × (∇ × Bht)‖0,Ω

≤ ‖ftt‖0,Ω + ν‖Ahuhtt‖0 + c‖uhtt‖1‖uh‖2 + c‖Bhtt‖1‖Bh‖2

+ c‖Ahuht‖0,Ω‖uht‖1 + c‖A2hBht‖0,Ω‖Bht‖1,

‖−ν∆huhtt + ∇hphtt‖0,Ω ≤ ‖uhttt‖0 + ‖ftt‖0,Ω + c‖uhtt‖1‖uh‖2 + c‖Bhtt‖1‖Bh‖2
+ c‖Ahuht‖0,Ω‖uht‖1 + c‖A2hBht‖0,Ω‖Bht‖1,

‖Bhttt‖0 ≤ μ‖A2hBhtt‖0,Ω + μ‖Bhtt‖0 + c‖∇ × (uhtt × Bh)‖0,Ω
+ c‖∇ × (uh × Bhtt)‖0,Ω + c‖∇ × (uht × Bht)‖0,Ω

≤ μ‖A2hBhtt‖0,Ω + μ‖Bhtt‖0 + c‖uhtt‖1‖Bh‖2

+ c‖uh‖2‖Bhtt‖1 + c‖Ahuht‖0,Ω‖Bht‖1.

For the error estimates of the fully discrete finite element solutions in the next section, we now introduce
some Gronwall lemmas (see [19]).

Lemma 3.9. For constant C > 0 and the positive sequences an , bn , cn , dn satisfying

am + τ
m
∑
n=1

bn ≤ τ
m−1
∑
n=0

dnanτ + τ
m−1
∑
n=0

cn + C,

the following Gronwall inequality holds:

am + τ
m
∑
n=1

bn ≤ exp(τ
m−1
∑
n=0

dn)(τ
m−1
∑
n=0

cn + C).

Lemma 3.10. For constant C > 0 and the positive sequences an , bn , cn , dn satisfying

am + τ
m
∑
n=1

bn ≤ τ
m
∑
n=0

dnanτ + τ
m
∑
n=0

cn + C,

with dnτ ≤ 1
2 , the following Gronwall inequality holds:

am + τ
m
∑
n=1

bn ≤ exp(2τ
m
∑
n=0

dn)(τ
m
∑
n=0

cn + C).
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4 Fully Discrete Finite Element Method with the
Crank–Nicolson/Adams–Bashforth Scheme

In this section, we first discuss the time discretization of the semi-discrete finite element system (2.1)–(2.2)
to get our interested fully discrete finite element scheme to the MHD system system (1.4)–(1.5). We start with
the partition of the time interval [0, T] and the triangulation of the physical domain Ω. We divide the time
interval [0, T] into N equally spaced subintervals using the nodal points

0 = t0 < t1 < t2 < ⋅ ⋅ ⋅ < tN = T,

where tn = nτ for n = 0, 1, . . . , N and τ = T
N . For any continuous function f (t) or any discrete continuous

function ūh(t) ∈ Xh in time, we shall use the notation

ūnh =
1
2 (u

n
h + u

n−1
h ), ̄f(tn) =

1
2 (f(tn) + f(tn−1)), dtunh =

unh − u
n−1
h

τ
,

and all other subsequent notation for the time and space discretizations as well as the finite element spaces
are carried over from the previous section.

We shall use the implicit second-order Crank–Nicolson scheme tohandle the linear terms in system (2.1)–
(2.2) and the second-order Adams–Bashforth scheme to take care of the nonlinear term. Since the Crank–
Nicolson/Adams–Bashforth scheme involve three levels in times, we first define

(u0h , B
0
h) = (uh(0), Bh(0)) and (u1h , p

1
h , B

1
h) ∈ Xh ×Mh ×Wh

to solve the following Euler-backward system for all (vh , qh , Ch) ∈ Xh ×Mh ×Wh:

(dtu1h , vh)Ω + ν(∇u
1
h , ∇vh)Ω − (∇ ⋅ vh , p

1
h)Ω + (∇ ⋅ u

1
h , qh)Ω

+b(u0h , u
0
h , vh) + sd(vh , B

0
h , B

0
h) = (f(t1), vh), (4.1)

(dtB1h , Ch)Ω + μ(∇ × B
1
h , ∇ × Ch)Ω + μ(∇ ⋅ B

1
h , ∇ ⋅ Ch)Ω − d(u

0
h , B

0
h , Ch) = 0. (4.2)

Then we can recursively define the finite element solutions (unh , p
n
h , B

n
h) ∈ Xh ×Mh ×Wh for n = 2, . . . , N by

the system

(dtunh , vh)Ω + ν(∇ū
n
h , ∇vh)Ω − (∇ ⋅ vh , p

n
h)Ω + (∇ ⋅ u

n
h , qh)Ω

+
3
2b(u

n−1
h , un−1h , vh) −

1
2b(u

n−2
h , un−2h , vh)

+
3
2 sd(vh , B

n−1
h , Bn−1

h ) −
1
2 sd(vh , B

n−2
h , Bn−2

h ) = (
̄f(tn), vh)Ω , (4.3)

(dtBn
h , Ch)Ω + μ(∇ × B̄

n
h , ∇ × Ch)Ω + μ(∇ ⋅ B̄

n
h , ∇ ⋅ Ch)Ω

−
3
2d(u

n−1
h , Bn−1

h , Ch) +
1
2d(u

n−2
h , Bn−2

h , Ch) = 0. (4.4)

For the subsequent error estimates of the fully discrete finite element solution, we introduce the notation

en = uh(tn) − unh , εn = Bh(tn) − Bn
h , ηn = p̄h(tn) − pnh , n = 1, . . . , N.

We first study the approximation errors of the initial values (u1h , p
1
h , B

1
h) ∈ Xh ×Mh ×Wh defined by (4.1)–

(4.2).

Lemma 4.1. Under Assumptions (A0)–(A3), for τ ≤ 1
4 and α = −2, −1, 0, 1, we have

‖e1‖2α + ‖dte1‖2ατ2 + ν‖e1‖2α+1τ + ‖ε
1‖2α + ‖dtε1‖2ατ2 + μ‖ε1‖2α+1τ ≤ κ1τ

2−α , ‖η1‖20 ≤ κ1. (4.5)

Proof. We first integrate (2.1) with (vh , qh) ∈ Xh ×Mh and (2.2) with Ch ∈Wh from t0 to t1 to obtain

(dtuh(t1), vh)Ω +
1
τ

t1

∫
t0

(−ν∆huh(t) + ∇hph(t), vh)Ω dt + (∇ ⋅ uh(t1), qh)Ω

+
1
τ

t1

∫
t0

b(uh(t), uh(t), vh) dt + s
1
τ

t1

∫
t0

d(vh , Bh(t), Bh(t)) dt =
1
τ

t1

∫
t0

(f(t), vh) dt, (4.6)
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(dtBh(t1), Ch)Ω + μ
1
τ

t1

∫
t0

[(∇ × Bh(t), ∇ × Ch)Ω + (∇ ⋅ Bh(t), ∇ ⋅ Ch)Ω] dt

−
1
τ

t1

∫
t0

d(uh(t), Bh(t), Ch) dt = 0. (4.7)

To derive the error equations of e1 and ε1, we subtract (4.1) with (vh , qh) ∈ Xh ×Mh and (4.2) with Ch ∈W0h
from (4.6) and (4.7), respectively, and then use integration by parts to deduce

(dte1, vh)Ω + ν(∇e1, ∇vh)Ω − (∇ ⋅ vh , η1)Ω + (∇ ⋅ e1, qh)Ω = (E1, vh)Ω , (4.8)
(dtε1, Ch)Ω + μ(∇ × ε1, ∇ × Ch)Ω + μ(∇ ⋅ ε1, ∇ ⋅ Ch)Ω = (F1, Ch)Ω , (4.9)

where

(E1, vh)Ω = −
1
τ

t1

∫
t0

(t − t0)(ft(t), vh)Ω dt +
1
τ

t1

∫
t0

(t − t0)(−ν∆huht(t) + ∇hpht , vh)Ω dt

+
1
τ

t1

∫
t0

(t − t1)bt(uh(t), uh(t), vh) dt + s
1
τ

t1

∫
t0

(t − t1)dt(vh , Bh(t), Bh(t)) dt, (4.10)

(F1, Ch)Ω = μ
1
τ

t1

∫
t0

(t − t0)[(∇ × Bht(t), ∇ × Ch)Ω + (∇ ⋅ Bht(t), ∇ ⋅ Ch)Ω] dt

−
1
τ

t1

∫
t0

(t − t1)dt(uh(t), Bh(t), Ch) dt. (4.11)

To continue the estimate, we introduce the L2-orthogonal projection P0h : L2(Ω)3 → Xh defined by

(P0hv, vh) = (v, vh)Ω for all v ∈ L2(Ω)3, vh ∈ Xh .

Then we can use (4.10)–(4.11) and (3.1)–(3.2) to bound three weighted norms of the truncation error E1 by

‖PhE1‖0 ≤ ‖P0hE1‖0,Ω = sup
vh∈Xh

(E1, vh)Ω
‖vh‖0

≤ c sup
0≤t≤t1
[‖f(t)‖0,Ω + ‖−ν∆huh(t) + ∇hph(t)‖0 + ‖Ahuh(t)‖0‖uh(t)‖1]

+ c sup
0≤t≤t1
[‖Bh(t)‖1‖Bh(t)‖2] ≤ κ,

‖A−
1
2

h PhE1‖0,Ω = sup
vh∈Vh

(E1, vh)Ω
‖vh‖1

≤ c sup
0≤t≤t1
[τ‖ft(t)‖0,Ω + τ

1
2 σ

1
2 (t)‖uht(t)‖1 + τ‖Ahuh(t)‖0,Ω‖uht(t)‖0]

+ c sup
0≤t≤t1
[τ‖A2hBh(t)‖0,Ω‖Bht(t)‖0] ≤ κτ

1
2 ,

‖A−1h PhE1‖0,Ω = sup
vh∈Vh

(E1, vh)Ω
‖Ahvh‖0

≤ c sup
0≤t≤t1
[τ‖ft(t)‖0,Ω + ντ‖uht(t)‖0 + τ‖uh(t)‖1‖uht(t)‖0]

+ c sup
0≤t≤t1
[‖Bh(t)‖1‖Bht(t)‖0] ≤ κτ, (4.12)

and to bound three weighted norms of the truncation error F1 by

‖R0hF1‖0,Ω = sup
Ch∈Wh

(F1, Ch)Ω
‖Ch‖0

≤ c sup
0≤t≤t1
[‖A2hBh(t)‖0,Ω + ‖A2hBh(t)‖0,Ω‖uh(t)‖1] ≤ κ,
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‖A−
1
2

2h R0hF1‖0,Ω = sup
Ch∈W0h

(F1, Ch)Ω

‖A
1
2
2hCh‖0,Ω

≤ cτ
1
2 σ

1
2 (t)‖Bht(t)‖1 + τ‖Ahuh(t)‖0,Ω‖Bht(t)‖0]

+ c sup
0≤t≤t1
[τ‖A2hBh(t)‖0,Ω‖uht(t)‖0 + τ‖Ahuh(t)‖0,Ω‖Bht(t)‖0] ≤ κτ

1
2 ,

‖A−12hR0hF1‖0,Ω = sup
Ch∈Wh

(F1, Ch)Ω
‖A2hCh‖0,Ω

≤ c sup
0≤t≤t1
[τ‖Bht(t)‖0 + τ‖uh(t)‖1‖Bht(t)‖0 + τ‖uht(t)‖0‖Bh(t)‖1] ≤ κτ. (4.13)

To further our estimates, we recall some smooth properties of the semi-discrete solution (uh(t), ph(t), Bh(t))
to (2.1)–(2.2) (cf. Lemmas 3.4–3.8):

‖uh(t)‖22 + ‖Bh(t)‖22 + ‖−ν∆huh(t) + ∇hph(t)‖
2
0,Ω ≤ κ0,

σ2(t)‖pht‖20,Ω ≤ κ0, σr(t)(‖uht(t)‖2r + ‖Bht(t)‖2r ) ≤ κ0, r = 0, 1, 2,

σr+2(t)(‖uhtt(t)‖2r + ‖Bhtt(t)‖2r ) ≤ κ0, r = −1, 0, 1,
t

∫
0

σr(s)(‖uht(s)‖2r+1 + ‖Bht(s)‖2r+1) ds ≤ κ0, r = 0, 1,

t

∫
0

σr+1(s)(‖uhtt(s)‖2r + ‖Bhtt‖2r ) ds ≤ κ0, r = −1, 0, 1, 2,

t

∫
0

σr+2(s)(‖uhttt(s)‖2r−1 + ‖Bhttt(s)‖r−1) ds ≤ κ0, r = −1, 0, 1,

t

∫
0

[σ3(s)‖−ν∆huhtt(s) + ∇hphtt(s)‖20,Ω + σ(s)‖−ν∆huht(s) + ∇hpht(s)‖
2
0,Ω] ds ≤ κ0.

(4.14)

With the above preparations and for α = −1, 0, 1, we now take vh = 2Aα
he

1τ ∈ Vh, qh = 0 in (4.8) and
Ch = 2Aα

2hε
1τ in (4.9), respectively. Then, using (4.12), (4.13) and (4.14), we can deduce

‖e1‖2α + ‖dte1‖2ατ2 + ν‖e1‖2α+1τ ≤ ν
−1‖A

α−1
2

h PhE1‖20,Ωτ ≤ κτ
2−α ,

‖ε1‖2α + ‖dtε1‖2ατ2 + μ‖ε1‖2α+1τ − 2μ‖ε
1‖2ατ ≤ μ−1‖A

α−1
2

2h R0hF1‖20,Ωτ ≤ κτ
2−α .

To have the desired estimates of the errors in negative-norm, we take vh = 2A−2h e1τ ∈ Vh, qh = 0 in (4.8) and
Ch = 2A−22hε

1τ ∈Wh in (4.9), then use (4.14) to obtain

‖e1‖2−2 + ‖dte
1‖2−2τ

2 + ν‖e1‖2−1τ ≤ 4‖A
−1
h PhE1‖20τ

2 ≤ κτ4,
‖ε1‖2−2 + ‖dtε

1‖2−2τ
2 + μ‖ε1‖2−1τ − 2μ‖ε‖

2
−2τ ≤ 2μ

−1‖A−12hR0hF1‖
2
0,Ωτ

2 ≤ κτ4,

Combining these above estimates, we can see the first desired estimate in (4.5). The second estimate in (4.5)
can be achieved by using (3.1)–(3.2) and Assumption (A3):

‖η1‖0 ≤ c‖dte1‖0 + c‖e1‖1 + c‖P0hE1‖0 ≤ κ.

5 Error Estimates Part I
In this section, we establish the equations of the errors en = uh(tn) − unh, η

n = 1
τ ∫

tn
tn−1 ph(t) dt − pnh and

εn = Bh(tn) − Bn
h and then deduce the bounds of the truncation errors En and Fn for n = 2, . . . , N. The

estimates of these errors in H1- and L2-norm will be developed in the next section. For simplicity, we always
assume that vh ∈ Xh and qh ∈ Mh and Ch ∈Wh in this section.
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We start by integrating (2.1) and (2.2) from tn−1 to tn, respectively, to have

(dtuh(tn), vh)Ω +
1
τ

tn

∫
tn−1 (−ν∆huh(t) + ∇hph(t), vh)Ω dt + (∇ ⋅ uh(tn), qh)Ω

+
1
τ

tn

∫
tn−1 b(uh(t), uh(t), vh) dt + s

1
τ

tn

∫
tn−1 d(vh , Bh(t), Bh(t)) dt =

1
τ

tn

∫
tn−1 (f(t), vh)Ω dt, (5.1)

(dtBh(tn), Ch)Ω +
μ
τ

tn

∫
tn−1 [(∇ × Bh(t), ∇ × Ch)Ω + (∇ ⋅ Bh(t), ∇ ⋅ Ch)Ω] dt

−
1
τ

tn

∫
tn−1 d(uh(t), Bh(t), Ch) dt = 0. (5.2)

Subtracting (3.3) and (3.4) from (5.1) and (5.2), respectively, and using the formulas

1
τ

tn

∫
tn−1 ϕ(t) dt − ϕ̄(tn) = −

1
2τ

tn

∫
tn−1 (t − tn−1)(tn − t)ϕtt(t) dt,

ϕ̄(tn) −
3
2ϕ(tn−1) +

1
2ϕ(tn−2) = −

1
2

tn

∫
tn−1 (t − tn)ϕtt(t) dt +

1
2

tn−1
∫
tn−2 (t − tn−2)ϕtt(t) dt

for all ϕ ∈ H2(tn−1, tn), we can derive

(dten , vh)Ω + ν(∇ ̄en , ∇vh)Ω − (∇ ⋅ vh , ηn)Ω + (∇ ⋅ en , qh)Ω

+
3
2b(e

n−1, uh(tn−1), vh) +
3
2b(u

n−1
h , en−1, vh)

−
1
2b(e

n−2, uh(tn−2), vh) −
1
2b(u

n−2
h , en−2, vh)

+
3
2d(vh , ε

n−1, Bh(tn−1)) +
3
2b(vh , B

n−1
h , εn−1)

−
1
2d(vh , ε

n−2, Bh(tn−2)) −
1
2b(vh , B

n−2
h , εn−2, vh) = (En , vh)Ω , (5.3)

(dtεn , Ch)Ω + μ(∇ × ̄εn , ∇ × Ch)Ω + μ(∇ ⋅ ̄εn , ∇ ⋅ Ch)Ω

−
3
2d(e

n−1, Bh(tn−1), Ch) −
3
2d(u

n−1
h , εn−1, Ch)

+
1
2d(e

n−2, Bh(tn−2), Ch) +
1
2b(u

n−2
h , εn−2, Ch) = (Fn , Ch)Ω , (5.4)

where the right-hand side of (5.3) is defined by

(En , vh)Ω =
1
2τ

tn

∫
tn−1 (t − tn−1)(tn − t)(ftt(t), vh)Ω dt
+
1
τ

tn

∫
tn−1 (t − tn−1)(tn − t)(−ν∆huhtt(t) + ∇hphtt(t), vh)Ω dt

+
1
2τ

tn

∫
tn−1 (t − tn−1)(tn − t)btt(uh(t), uh(t), vh) dt

+
1
2

tn

∫
tn−1 (t − tn)btt(uh(t), uh(t), vh) dt −

1
2

tn−1
∫
tn−2 (t − tn−2)btt(uh(t), uh(t), vh) dt

+
1
2τ

tn

∫
tn−1 (t − tn−1)(tn − t)dtt(vh , Bh(t), Bh(t)) dt

+
1
2

tn

∫
tn−1 (t − tn)dtt(vh , Bh(t), Bh(t)) dt −

1
2

tn−1
∫
tn−2 (t − tn−2)dtt(vh , Bh(t), Bh(t)) dt, (5.5)
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and the right-hand side of (5.4) is defined by

(Fn , Ch)Ω =
μ
τ

tn

∫
tn−1 (t − tn−1)(tn − t)(∇ × Bhtt(t), ∇ × Ch)Ω dt +

μ
τ

tn

∫
tn−1 (t − tn−1)(tn − t)(∇ ⋅ Bhtt(t), ∇ ⋅ Ch)Ω dt

−
1
2τ

tn

∫
tn−1 (t − tn−1)(tn − t)dtt(uh(t), Bh(t), Ch) dt

−
1
2

tn

∫
tn−1 (t − tn)dtt(uh(t), Bh(t), Ch) dt +

1
2

tn−1
∫
tn−2 (t − tn−2)dtt(uh(t), Bh(t), Ch) dt, (5.6)

while the three btt- and dtt-terms in (5.5)–(5.6) are defined by

btt(uh(t), uh(t), vh) = b(uhtt(t), uh(t), vh) + b(uh(t), uhtt(t), vh) + 2b(uht , uht , vh),
dtt(vh , Bh(t), Bh(t)) = d(vh , Bhtt(t), Bh(t)) + d(vh , Bh(t), Bhtt(t)) + 2b(vh , Bht , Bht),
dtt(uh(t), Bh(t), Ch) = d(uhtt(t), Bh(t), Ch) + d(uh(t), Bhtt(t), Ch) + 2d(uht , Bht , Ch).

We end this section with the bounds of the truncation errors En and Fn for n = 2, . . . , N.

Lemma 5.1. Under Assumptions (A0)–(A3), the truncation errors En and Fn satisfy the bounds

τ
m
∑
n=2
‖A−

3
2

h PhEn‖20,Ω ≤ κ2τ
4,

τ
m
∑
n=2

σi(tn)‖A−1h PhEn‖20,Ω ≤ κ2τ
3+i , i = 0, 1,

τ
n
∑
n=2

σi(tn)‖A−
1
2

h PhEh‖20,Ω ≤ κ2τ
2+i , i = 0, 1, 2,

τ
m
∑
n=2

σi(tn)‖P0hEn‖20,Ω ≤ κ2τ
1+i , i = 0, 1, 2, 3,

(5.7)

τ
m
∑
n=2
‖A−

3
2

1h R0hFn‖
2
0,Ω ≤ κ2τ

4,

τ
m
∑
n=2

σi(tn)‖A−11hR0hFn‖
2
0,Ω ≤ κ2τ

3+i , i = 0, 1,

τ
n
∑
n=2

σi(tn)‖A
− 12
1h R0hFh‖

2
0,Ω ≤ κ2τ

2+i , i = 0, 1, 2,

τ
m
∑
n=2

σi(tn)‖R0hFn‖20,Ω ≤ κ2τ
1+i , i = 0, 1, 2, 3,

(5.8)

for all 2 ≤ m ≤ N.

Proof. Using Lemmas 3.2–3.3, (3.1)–(3.2), we can derive the weighted norms of En from (5.5) as follows:

‖A−
3
2

h PhEn‖0,Ω = sup
vh∈Vh

|(En , vh)Ω|
‖A 3

2h vh‖0,Ω

≤ cτ
3
2(

tn

∫
tn−1 ‖ftt(t)‖

2
0,Ω dt)

1
2

+ cτ
3
2(

tn

∫
tn−1 ‖uhtt(t)‖

2
−1 dt)

1
2

+ cτ
3
2(

tn

∫
tn−2 [‖uht(t)‖

2
0‖uht(t)‖

2
1 + ‖Ahuh(t)‖20,Ω‖uhtt(t)‖

2
−1] dt)

1
2

+ cτ
3
2(

tn

∫
tn−2 [‖Bht(t)‖20‖Bht(t)‖21 + ‖Ahuh(t)‖20,Ω‖Bhtt(t)‖2−1] dt)

1
2

,
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‖A−1h PhEn‖0,Ω = sup
vh∈Vh

|(En , vh)Ω|
‖Ahvh‖0,Ω

≤ cτ
3
2(

tn

∫
tn−1 ‖ftt(t)‖

2
0,Ω dt)

1
2

+ cτ(
tn

∫
tn−1 (t − tn−1)‖uhtt(t)‖

2
0 dt)

1
2

+ cτ
3
2(

tn

∫
tn−2 [‖Ahuh(t)‖20,Ω‖uhtt(t)‖

2
−1 + ‖uht‖

2
1‖uht‖

2
0] dt)

1
2

+ cτ
3
2(

tn

∫
tn−2 [‖A2hBh(t)‖20,Ω‖Bhtt(t)‖2−1 + ‖Bht(t)‖21‖Bht(t)‖20] dt)

1
2

.

Continuing with similar arguments, we can further derive

‖A−
1
2

h PhEn‖0,Ω = sup
vh∈Vh

|(En , vh)Ω|
‖vh‖1

≤ cτ
3
2(

tn

∫
tn−1 ‖ftt(t)‖

2
0,Ω dt)

1
2

+ cτ
1
2(

tn

∫
tn−1 (t − tn−1)

2‖uhtt(t)‖21 dt)
1
2

+ cτ(
tn

∫
tn−2 (t − tn−2)[‖Ahuh(t)‖20,Ω‖uhtt(t)‖

2
0 + ‖uht(t)‖

2
1‖uht(t)‖

2
1] dt)

1
2

+ cτ(
tn

∫
tn−2 (t − tn−2)[‖A2hBh(t)‖20,Ω‖Bhtt(t)‖20 + ‖Bht(t)‖21‖Bht(t)‖21] dt)

1
2

,

and

‖PhEn‖0 ≤ ‖P0hEn‖0,Ω = sup
vh∈Xh

|(En , vh)Ω|
‖vh‖0

≤ cτ
3
2(

tn

∫
tn−1 ‖ftt(t)‖

2
0,Ω dt)

1
2

+ c(
tn

∫
tn−1 (tn − t)(t − tn−1)

2‖−ν∆huhtt(t) + ∇hphtt(t)‖20,Ω dt)
1
2

+ cτ
1
2(

tn

∫
tn−1 (tn − t)

2[‖Ahuh(t)‖20,Ω‖uhtt(t)‖
2
1 + ‖uht(t)‖

2
1‖Ahuht(t)‖20,Ω] dt)

1
2

+ cτ
1
2(

tn−1
∫
tn−2 (t − tn−2)

2(‖Ahuh(t)‖20,Ω‖uhtt(t)‖
2
1 + ‖uht‖

2
1‖Ahuht(t)‖20,Ω) dt)

1
2

+ cτ
1
2(

tn

∫
tn−1 (tn − t)

2[‖A2hBh(t)‖20,Ω‖Bhtt(t)‖21 + ‖Bht(t)‖21‖A2hBht(t)‖20,Ω] dt)
1
2

+ cτ
1
2(

tn−1
∫
tn−2 (t − tn−2)

2(‖A2hBh(t)‖20,Ω‖Bhtt(t)‖21 + ‖Bht‖21‖A2hBht(t)‖20,Ω) dt)
1
2

.

Combining all the above estimates with (4.14), we readily get the desired estimate (5.7). Similarly, by using
Lemmas 3.2–3.3 and (3.1)–(3.2), we can establish (5.8) from (5.6).

6 Error Estimates Part II
With the preparations from the previous section, we can now establish the H1- and L2-estimates of the errors
en = uh(tn) − unh, ε

n = Bh(tn) − Bn
h and the L

2-bound of the error ηn = p̄h(tn) − pnh for all 1 ≤ n ≤ N.
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First, for α = −2, −1, 0, 1,we addup equation (5.3)withvh = 2Aα
he

nτ ∈ Vh and qh = 0 and equation (5.4)
with Ch = 2Aα

2hε
nτ ∈Wh to deduce

‖en‖2α − ‖en−1‖2α + ‖dten‖2ατ2 +
ν
2 + (‖e

n‖2α+1 − ‖e
n−1‖2α+1 + 4‖ ̄e

n‖2α+1)τ

+ ‖εn‖2α − ‖εn−1‖2α + ‖dtεn‖2ατ2 +
μ
2 (‖ε

n‖2α+1 − ‖ε
n−1‖2α+1 + 4‖ ̄ε

n‖2α+1)τ +
12
∑
i=1

Ki

≤ 2τ(En , Aα
h ̄e

n +
1
2A

α
hdte

nτ)
Ω
+ 2τ(Fn , Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
Ω
, (6.1)

where K1, K2, . . . , K12 are defined by

K1 =: 3b(en−1, uh(tn−1), Aα
he

n)τ + 3b(uh(tn−1), en−1, Aα
he

n)τ,
K2 =: −b(en−2, uh(tn−2), Aα

he
n)τ − b(uh(tn−2), en−2, Aα

he
n)τ,

K1
3 + K

2
3 =: −2b( ̄e

n−1, ̄en−1, Aα
he

n)τ + 12b(dte
n−1, dten−1, Aα

he
n)τ3,

K4 =: −2b( ̄en−1, dten−1, Aα
he

n)τ2 − 2b(dten−1, ̄en−1, Aα
he

n)τ2,
K5 =: 3sd(Aα

he
n , εn−1, Bh(tn−1))τ + 3sd(Aα

he
n , Bh(tn−1), εn−1)τ,

K6 =: −sd(Aα
he

n , εn−2, Bh(tn−2))τ − sd(Aα
he

n , Bh(tn−2), εn−2)τ,
K1
7 + K

2
7 =: −2sd(A

α
he

n , ̄εn−1, ̄εn−1)τ + 12 sd(A
α
he

n , dtεn−1, dtεn−1)τ3,
K8 =: −2sd(Aα

he
n , ̄εn−1, dtεn−1)τ2 − 2sd(Aα

he
n , dtεn−1, ̄εn−1)τ2,

K9 =: −3d(en−1, Bh(tn−1), Aα
2hε

n)τ − 3d(uh(tn−1), εn−1, Aα
2hε

n)τ,
K10 =: d(en−2, Bh(tn−2), Aα

2hε
n)τ + d(uh(tn−2), εn−2, Aα

2hε
n)τ,

K1
11 + K

2
11 =: 2d( ̄e

n−1, ̄εn−1, Aα
2hε

n)τ − 12d(dte
n−1, dtεn−1, Aα

2hε
n)τ3,

K12 =: 2d( ̄en−1, dtεn−1, Aα
2hε

n)τ2 + 2d(dten−1, ̄εn−1, Aα
2hε

n)τ2.

(6.2)

We will divide the entire analysis of the errors en and εn in several lemmas for different α-norm.

Lemma 6.1. Under Assumptions (A0)–(A3) and for τ satisfying

64c20κ
2
4τ ≤ κ2, 64c20κ

2
4T

1
2 (1 + ν−

3
2 + μ−

3
2 )τ ≤ κ1, τ ≤ 1

4μ , (6.3)

there holds that

‖em‖2α +
ν
2 ‖e

m‖2α+1τ + τ
m
∑
n=1
(
1
2 ‖dte

n‖2ατ + ν‖ ̄en‖2α+1)

+ ‖εm‖2α +
μ
2 ‖ε

m‖2α+1τ + τ
m
∑
n=1
(
1
2 ‖dtε

n‖2ατ + μ‖ ̄εn‖2α+1) ≤ κ4τ
2−α (6.4)

for α = −1, 0, 1 and 1 ≤ m ≤ N, where

dn = 48c20(‖Ahuh(tn)‖20,Ω + ‖A2hBh(tn)‖20,Ω),

κ3 = max
1≤n≤N−1
{dn}, κ4 = eκ3T[3κ1 + 18(1 + ν−1 + μ−1)κ2]. (6.5)

Proof. For the desired error estimate (6.4), we will bound all the terms Ki for 1 ≤ i ≤ 12 defined in (6.2) and
also frequently use the fact that en = ̄en + 1

2 τdte
n and εn = ̄εn + 1

2 τdtε
n.

For K1, K2, K5 and K6 and α = −1, 0, 1, we get readily, from (3.1) and Lemmas 3.1–3.3,

|K1| ≤ 3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(en−1, uh(tn−1), Aα

h ̄e
n +

1
2 τA

α
hdte

n)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ + 3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(uh(tn−1), en−1, Aα

h ̄e
n +

1
2 τA

α
hdte

n)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ √νc0‖Ahuh(tn−1)‖0,Ω(‖en−1‖α‖ ̄en‖α+1 +
1
2 τ‖e

n−1‖α+1‖dten‖α)τ

≤
1
32 ‖dte

n‖2ατ2 +
ν
32 ‖
̄en‖2α+1τ + 8c

2
0‖Ahuh(tn−1)‖20,Ω(‖e

n−1‖2α +
ν
2 ‖e

n−1‖2α+1τ)τ,

|K2| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(en−2, uh(tn−2), Aα

h ̄e
n +

1
2 τA

α
hdte

n)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ +
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(uh(tn−2), en−2, Aα

h ̄e
n +

1
2 τA

α
hdte

n)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤
1
32 ‖dte

n‖2ατ2 +
ν
32 ‖
̄en‖2α+1τ + 8c

2
0‖Ahuh(tn−2)‖20,Ω(‖e

n−2‖2α +
ν
2 ‖e

n−2‖2α+1τ)τ,



Y. He, G.-D. Zhang and J. Zou, Fully Discrete Finite Element Approximation of the MHD Flow | 377

|K5| ≤ 3s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, εn−1, Bh(tn−1))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ + 3s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, Bh(tn−1), εn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ c0‖A2hBh(tn−1)‖0,Ω(√ν‖εn−1‖α‖ ̄en‖α+1 +
√μ
2 ‖ε

n−1‖α+1‖dten‖ατ)τ

≤
1
32 ‖dte

n‖2ατ2 +
ν
32 ‖
̄en‖2α+1τ + 8c

2
0‖A2hBh(tn−1)‖20,Ω(‖ε

n−1‖2α +
μ
2 ‖ε

n−1‖2α+1τ)τ,

|K6| ≤ s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, εn−2, Bh(tn−2))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ + s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, Bh(tn−2), εn−2)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤
1
32 ‖dte

n‖2ατ2 +
ν
32 ‖
̄en‖2α+1τ + 8c

2
0‖A2hBh(tn−2)‖20,Ω(‖ε

n−2‖2α +
μ
2 ‖ε

n−2‖2α+1τ)τ.

For K9, K10, K1
3 and K4 and α = −1, 0, 1, we can estimate, by means of Lemmas 3.2–3.3,

|K9| ≤ 3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(en−1, Bh(tn−1), Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ + 3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(uh(tn−1), εn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ c0‖A2hBh(tn−1)‖0,Ω(√μ‖en−1‖α‖ ̄εn‖α+1 +
√ν
2 ‖e

n−1‖α+1‖dtεn‖ατ)τ

+ c0‖Ahuh(tn−1)‖0,Ω√μ(‖εn−1‖α‖ ̄εn‖α+1 +
1
2 ‖ε

n−1‖α+1‖dtεn‖ατ)τ

≤
1
16 ‖dtε

n‖2ατ2 +
μ
16 ‖
̄εn‖2α+1τ + 8c

2
0‖A2hBh(tn−1)‖20,Ω(‖e

n−1‖2α +
ν
2 ‖e

n−1‖2α+1τ)

+ 8c20‖Ahuh(tn−1)‖20,Ω(‖ε
n−1‖2α +

μ
2 ‖ε

n−1‖2α+1τ)τ,

|K10| ≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(en−2, Bh(tn−2), Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ +
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(uh(tn−2), εn−2, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤
1
16 ‖dtε

n‖2ατ2 +
μ
16 ‖
̄εn‖2α+1τ + 8c

2
0‖A2hBh(tn−2)‖20,Ω(‖e

n−2‖2α +
ν
2 ‖e

n−2‖2α+1τ)

+ 8c20‖Ahuh(tn−2)‖20,Ω(‖ε
n−2‖2α +

μ
2 ‖ε

n−2‖2α+1τ)τ,

|K1
3| ≤ 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b( ̄en−1, ̄en−1, Aα

h ̄e
n +

1
2A

α
hdte

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ c0√ν‖Ah ̄en−1‖0,Ω(‖ ̄en−1‖α‖ ̄en‖α+1 +
1
2 ‖
̄en−1‖α+1‖dten‖ατ)τ

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖Ah ̄en−1‖20,Ω(‖ ̄e
n−1‖2α +

ν
2 ‖
̄en−1‖2α+1τ)τ,

|K4| ≤ 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b( ̄en−1, dten−1, Aα

h ̄e
n +

1
2A

α
hdte

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2 + 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(dten−1, ̄en−1, Aα

h ̄e
n +

1
2A

α
hdte

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2

≤ c0‖Ah ̄en−1‖0,Ω(√ν‖dten−1‖α‖ ̄en‖α+1 + ‖dten−1‖α+1‖dten‖ατ)τ2

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖Ah ̄en−1‖20,Ω(‖dte
n−1‖2α + ‖dten−1‖2α+1τ)τ

3.

For K2
3 with different α, K7 and K8, we can estimate, by means of Lemmas 3.2–3.3,

|K2
3| ≤

1
2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(dten−1, dten−1, Aα

h ̄e
n +

1
2A

α
hdte

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = −1, 0)

≤ c0‖Ahdten−1‖0,Ω(√ν‖dten−1‖α‖ ̄en‖α+1 +
1
2 ‖dte

n−1‖α+1‖dten‖ατ)τ3

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖Ahdten−1‖20,Ω(‖dte
n−1‖2α + ‖dten−1‖2α+1τ)τ

5,

|K2
3| ≤

1
2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
b(dten−1, dten−1, Ah ̄en +

1
2Ahdtenτ)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = 1)

≤ c0‖Ahdten−1‖0,Ω(√ν‖dten−1‖1‖ ̄en‖2 +
1
2 ‖dte

n−1‖
1
2
1 ‖Ahdten−1‖

1
2
0,Ω‖dte

n‖1τ)τ3

≤
ν
32 ‖
̄en‖22τ +

1
32 ‖dte

n‖21τ
2 + 8c20‖Ahdten−1‖20,Ω(‖dte

n−1‖21 + ‖Ahdten−1‖0,Ω‖dten−1‖1τ)τ5,

|K1
7| ≤ 2s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, ̄εn−1, ̄εn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ c0‖A2h ̄εn−1‖0,Ω(√ν‖ ̄εn−1‖α‖ ̄en‖α+1 +
√μ
2 ‖
̄εn−1‖α+1‖dten‖ατ)τ

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖A2h ̄εn−1‖20,Ω(‖ ̄ε
n−1‖2α +

μ
2 ‖
̄εn−1‖2α+1τ)τ,
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|K8| ≤ 2s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, ̄εn−1, dtεn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2 + 2s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, dtεn−1, ̄εn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2

≤ c0‖A2h ̄εn−1‖0,Ω(√ν‖dtεn−1‖α‖ ̄en‖α+1 + ‖dtεn−1‖α+1‖dten‖ατ)τ2

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖A2h ̄εn−1‖20,Ω(‖dtε
n−1‖2α + ‖dtεn−1‖α+1τ)τ3,

|K2
7| ≤

1
2 s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, dtεn−1, dtεn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = −1, 0)

≤ c0‖A2hdtεn−1‖0,Ω(√ν‖dtεn−1‖α‖ ̄en‖α+1 + ‖dtεn−1‖α+1‖dten‖ατ)τ3

≤
ν
32 ‖
̄en‖2α+1τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖A2hdtεn−1‖20,Ω(‖dtε
n−1‖2α + ‖dtεn−1‖2α+1τ)τ

5,

|K2
7| ≤

1
2 s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(Aα

h ̄e
n +

1
2A

α
hdte

nτ, dtεn−1, dtεn−1)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = 1)

≤ sc0‖A2hdtεn−1‖0,Ω(√ν‖dtεn−1‖1‖ ̄en‖2 + ‖dtεn−1‖
1
2
1 ‖A2hdtεn−1‖

1
2
0,Ω‖dte

n‖1τ)τ3

≤
ν
32 ‖
̄en‖22τ +

1
32 ‖dte

n‖2ατ2 + 8c20‖A2hdtεn−1‖20,Ω(‖dtε
n−1‖21 + ‖A2hdtεn−1‖0,Ω‖dtεn−1‖1τ)τ5.

For K1
11 and α = −1, 0, 1, we get readily, from (3.1) and Lemmas 3.1–3.3,

|K1
11| ≤ 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d( ̄en−1, ̄εn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ

≤ c0√μ‖Ah ̄en−1‖0,Ω(‖ ̄εn−1‖α‖ ̄εn‖α+1 +
1
2 ‖
̄εn−1‖α+1‖dtεn‖ατ)τ

≤
μ
32 ‖
̄εn‖2α+1τ +

1
32 ‖dtε

n‖2ατ2 + 8c20‖Ah ̄en−1‖20,Ω(‖ ̄ε
n−1‖2α +

μ
2 ‖
̄εn−1‖2α+1τ)τ,

|K12| ≤ 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d( ̄en−1, dtεn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2 + 2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(dten−1, ̄εn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ2

≤ c0‖Ah ̄en−1‖0,Ω(√μ‖dtεn−1‖α‖ ̄εn‖α+1 + ‖dtεn−1‖α+1‖dtεn‖ατ)τ
+ c0‖A2h ̄εn−1‖0,Ω(√μ‖dten−1‖α‖ ̄εn‖α+1 + ‖dten−1‖α+1‖dtεn‖ατ)τ2

≤
μ
16 ‖
̄εn‖2α+1τ +

1
16 ‖dtε

n‖2ατ2 + 8c20‖Ah ̄en−1‖20,Ω(‖dtε
n−1‖2α + ‖dtεn−1‖2α+1τ)τ

2

+ 8c20‖A2h ̄εn−1‖20,Ω(‖dte
n−1‖2α + ‖dten−1‖2α+1)τ)τ

2,

|K2
11| ≤

1
2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(dten−1, dtεn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = −1, 0)

≤ c0‖Ahdten−1‖0,Ω(√μ‖dtεn−1‖α‖ ̄εn‖α+1 + ‖dtεn−1‖α+1‖dtεn‖ατ)τ3

≤
μ
32 ‖
̄εn‖2α+1τ +

1
32 ‖dtε

n‖2ατ2 + 8c20‖Ahdten−1‖20,Ω(‖dtε
n−1‖2α + ‖dtεn−1‖2α+1τ)τ

5,

|K2
11| ≤

1
2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
d(dten−1, dtεn−1, Aα

2h ̄ε
n +

1
2A

α
2hdtε

nτ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ3 (for α = 1)

≤ c0‖Ahdten−1‖0,Ω(√μ‖dtεn−1‖1‖ ̄εn‖2 + ‖dtεn−1‖
1
2
1 ‖A2hdtεn−1‖

1
2
0,Ω‖dtε

n‖1τ)τ3

≤
μ
32 ‖
̄εn‖22τ +

1
32 ‖dtε

n‖21τ
2 + 8c20‖Ahdten−1‖20,Ω(‖dtε

n−1‖21 + ‖dtε
n−1‖1‖A2hdtεn−1‖0,Ωτ)τ5.

It remains to bound the two terms on the right-hand side of (6.2):

2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
(En , Aα

h ̄e
n +

1
2A

α
hdte

nτ)
Ω

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
τ ≤ ν

16 ‖
̄en‖2α+1τ +

1
16 ‖dte

n‖2ατ2 +
16
ν
‖A

α−1
2

h PhEn‖20,Ωτ + 8‖A
α
2
h PhEn‖20,Ωτ

2,

2|(Fn , Aα
2h ̄ε

n +
1
2A

α
2hdte

nτ)Ω|τ ≤
μ
16 ‖
̄εn‖2α+1τ +

1
32 ‖dtε

n‖2ατ2 +
16
μ
‖A

α−1
2

2h R0hFn‖20,Ωτ + 8‖A
α
2
2hR0hFn‖

2
0,Ωτ

2.

Applying these bounds and the above inequalities of Ki, then using (6.3) and (6.5), we obtain from (6.2) that

an − an−1 + bnτ ≤
1
2dn−1an−1τ +

1
2dn−2an−2τ + c

α
nτ +

16
ν
‖A

α−1
2

h PhEn‖20,Ωτ

+ 8‖A
α
2
h PhEn‖

2
0,Ωτ

2 + 16‖A
α−1
2

2h R0hFn‖20,Ωτ + 16‖A
α
2
2hR0hFn‖

2
0,Ωτ

2 (6.6)
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for all 2 ≤ n ≤ N, where

an =: ‖en‖2α +
ν
2 ‖e

n‖2α+1τ + (1 + μτ)‖ε
n‖2α +

μ
2 ‖ε

n‖2α+1τ,

bn =: ν‖ ̄en‖2α+1 + μ‖ ̄ε
n‖2α+1 +

1
2 [‖dte

n‖2ατ + ‖dtεn‖2ατ],

cαn−1 =: 8c
2
0(‖Ah ̄en−1‖20,Ω + ‖A2h ̄εn−1‖20,Ω)(‖ ̄e

n−1‖2α + ‖ ̄εn−1‖2α +
ν
2 ‖
̄en−1‖2α+1τ +

μ
2 ‖
̄εn−1‖2α+1τ)

+ 8c20(‖Ah ̄en−1‖20,Ω + ‖A2h ̄εn−1‖20,Ω)(‖dte
n−1‖2α + ‖dtεn−1‖2α + ‖dten−1‖2α+1τ + ‖dtε

n−1‖2α+1τ)τ
2

+ 8c20(‖Ahdten−1‖20,Ω + ‖A2hdtεn−1‖20,Ω)(‖dte
n−1‖2α + ‖dtεn−1‖2α)τ4 + Gα

n−1,

Gα
n−1 =: 8c

2
0‖Ahdten−1‖20,Ω(‖dte

n−1‖2α+1 + ‖dtε
n−1‖2α+1)τ

5

+ 8c20‖A2hdtεn−1‖20,Ω‖dtε
n−1‖2α+1τ

5 (α = −1, 0),

G1
n−1 =: 8c

2
0‖Ahdten−1‖30,Ω‖dte

n−1‖1τ5 + 8c20‖A2hdtεn−1‖30,Ω‖dtε
n−1‖1τ5

+ 8c20‖Ahdten−1‖20,Ω‖A2hdtεn−1‖0,Ω‖dtεn−1‖1τ5 (α = 1).

Now, summing up (6.6) from 2 to m and using Lemma 5.1, we derive for 1 ≤ m ≤ N that

am + τ
m
∑
n=1

bn ≤ 2a1 + b1τ + τ
m−1
∑
n=1

dnan + τ
m−1
∑
n=1

cαn + 16(1 + ν−1 + μ−1)κ2τ2−α

≤ τ
m−1
∑
n=1

dnan + τ
m−1
∑
n=1

cαn + [2κ1 + 16(1 + ν−1 + μ−1)κ2]τ2−α .

Now we apply Lemma 3.9 to get for all 1 ≤ m ≤ N that

am + τ
m
∑
n=1

bn ≤ eκ3T{(2κ1 + 16(1 + ν−1 + μ−1)κ2)τ2−α + τ
m−1
∑
n=1

cαn}. (6.7)

We can now end the proof of (6.4) by induction. First, we know (6.4) holds for m = 0, 1 by Lemma 4.1.
Then we prove (6.4) for m = J + 1 under the assumption that it holds for m = 0, 1, . . . , J. Based on (6.3) and
the induction assumption, we have

τ
m−1
∑
n=1

cαn ≤ 64c20κ
2
4(1 + ν

−1 + μ−1)τ3−α (for α = −1, 0),

τ
m−1
∑
n=1

c1n ≤ 64c20κ
2
4(1 + ν

−1 + μ−1)τ3−α + 64c20κ
2
4T

1
2 (1 + ν−

3
2 + μ−

3
2 )τ3−α . (6.8)

Combining these estimates with (6.7) and using (6.3), we get the desired estimate (6.4) for m = J + 1.

Lemma 6.2. Under Assumptions (A0)–(A3) and for τ satisfying

64c20κ
2
4τ ≤ κ2, 64c20κ

2
4T

1
2 (1 + ν−

3
2 + μ−

3
2 )τ ≤ κ1, τ ≤ 1

4μ , κ5τ ≤
1
2 , (6.9)

there holds that

‖em‖2−2 +
ν
2 ‖e

m‖2−1τ + τ
m
∑
n=1
(‖dten‖2−2τ + ν‖ ̄e

n‖2−1)

+ ‖εm‖2−2 +
μ
2 ‖ε

m‖2−1τ + τ
m
∑
n=1
(‖dtεn‖2−2τ + μ‖ ̄ε

n‖2−1) ≤ κ6e
κ5Tτ4 (6.10)

for all 1 ≤ m ≤ N, where κ5 = max1≤n≤N dn, and

dn = 16c20(1 + ν
−1 + μ−1)(‖Ahuh(tn−1)‖20,Ω + ‖Ahuh(tn−2)‖20,Ω)

+ 16c20(1 + ν
−1 + μ−1)(‖A2hBh(tn−1)‖20,Ω + ‖A2hBh(tn−2)‖20,Ω)

+ 16c20(ν
−1‖Ah ̄en−1‖20,Ω + μ

−1‖A2h ̄εn−1‖20,Ω)

+ 16c20(‖ ̄e
n−1‖21τ

−1 + ‖ ̄εn−1‖21τ
−1 + ‖dten−1‖21τ + ‖dtε

n−1‖21τ).
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Proof. We can estimate all the terms Ki in (6.2) with α = −2, by using the identities

en−1 = ̄en−1 + 12dte
n−1τ, en−2 = ̄en−1 − 12dte

n−1τ,

εn−1 = ̄εn−1 + 12dtε
n−1τ, εn−2 = ̄εn−1 − 12dtε

n−1τ

and Lemmas 3.2–3.3 and (3.1)–(3.2) as follows:

|K1| ≤
1
32 ‖dte

n−1‖2−1τ
3 +

ν
32 ‖
̄en−1‖2−1τ + 8c

2
0(1 + ν

−1)‖Ahuh(tn−1)‖20,Ω‖e
n‖2−2τ,

|K2| ≤
1
32 ‖dte

n−1‖2−1τ
3 +

ν
32 ‖
̄en−1‖2−1τ + 8c

2
0(1 + ν

−1)‖Ahuh(tn−2)‖20,Ω‖e
n‖2−2τ,

|K5| ≤
1
32 ‖dtε

n−1‖2−1τ
3 +

μ
32 ‖
̄εn−1‖2−1τ + 8c

2
0(1 + μ

−1)‖A2hBh(tn−1)‖20,Ω‖e
n‖2−2τ,

|K6| ≤
1
32 ‖dtε

n−1‖2−1τ
3 +

μ
32 ‖
̄εn−1‖2−1τ + 8c

2
0(1 + μ

−1)‖A2hBh(tn−2)‖20,Ω‖e
n‖2−2τ,

|K9| ≤
1
32 ‖dte

n−1‖2−1τ
3 +

ν
32 ‖
̄en−1‖2−1τ +

1
32 ‖dtε

n−1‖2−1τ
3 +

μ
32 ‖
̄εn−1‖2−1τ

+ 8c20[(1 + ν
−1)‖A2hBh(tn−1)‖20,Ω + (1 + μ

−1)‖Ahuh(tn−1)‖20,Ω]‖e
n‖2−2τ,

|K10| ≤
1
32 ‖dte

n−1‖2−1τ
3 +

ν
32 ‖
̄en−1‖2−1τ +

1
32 ‖dtε

n−1‖2−1τ
3 +

μ
32 ‖
̄εn−1‖2−1τ

+ 8c20((1 + ν
−1)‖A2hBh(tn−2)‖20,Ω + (1 + μ

−1)‖Ahuh(tn−2)‖20,Ω)‖e
n‖2−2τ,

|K1
3| ≤

ν
32 ‖
̄en−1‖2−1τ + 8c

2
0ν
−1‖Ah ̄en−1‖20,Ω‖e

n‖2−2τ,

|K4| ≤
1
32 ‖dte

n−1‖20τ
4 + 8c20‖ ̄e

n−1‖21‖e
n‖2−2,

|K2
3| ≤

1
32 ‖dte

n−1‖20τ
4 + 8c20‖dte

n−1‖21‖e
n‖2−2τ

2,

|K1
7| ≤

μ
32 ‖
̄εn−1‖2−1τ + 8c

2
0μ
−1‖A2h ̄εn−1‖20,Ω‖e

n‖2−2τ,

|K8| ≤
1
32 ‖dtε

n−1‖20τ
4 + 8c20‖ ̄ε

n−1‖21‖e
n‖2−2,

|K2
11| ≤

1
32 ‖dtε

n−1‖20τ
4 + 8c20‖dtε

n−1‖21‖e
n‖2−2τ

2,

|K1
11| ≤

μ
32 ‖
̄εn−1‖2−1τ + 8c

2
0μ
−1‖Ah ̄en−1‖20,Ω‖ε

n‖2−2τ,

|K12| ≤
1
32 ‖dtε

n−1‖20τ
4 +

1
32 ‖dte

n−1‖20τ
4 + 8c20(‖ ̄e

n−1‖21 + ‖ ̄ε
n−1‖21)‖ε

n‖2−2,

|K2
7| ≤

1
32 ‖dtε

n−1‖20τ
4 + 8c20‖dte

n−1‖21‖ε
n‖2−2τ

2.

Furthermore, the two terms in the right-hand side of (6.2) can be bounded by

2|(En , A−2en)Ω|τ ≤
ν
16 ‖
̄en‖2−1τ +

1
16 ‖dte

n‖2−2τ
2 +

16
ν
‖A−

3
2

h PhEn‖20,Ωτ + 8‖A
−1
h PhEn‖20,Ωτ

2,

2|(Fn , A−22hε
n)Ω|τ ≤

μ
16 ‖
̄εn‖2−1τ +

1
32 ‖dtε

n‖2−2τ
2 +

16
μ
‖A−

3
2

2h R0hFn‖
2
0,Ωτ + 8‖A

−1
2hR0hFn‖

2
0,Ωτ

2.

Now we can combine the above inequalities with (6.2) for α = −2 and derive

an − an−1 + bnτ +
ν
2 [‖e

n‖2−1 − ‖e
n−1‖2−1]τ +

μ
2 [‖ε

n‖2−1 − ‖ε
n−1‖2−1]τ

≤ dnanτ + [‖dten−1‖20 + ‖dtε
n−1‖20]τ

4 + [‖dten−1‖2−1 + ‖dtε
n−1‖2−1]τ

3

+
16
ν
‖A−

3
2

h PhEn‖20,Ωτ + 8‖A
−1
h PhEn‖20,Ωτ

2 +
16
μ
‖A−

3
2

2h R0hFn‖
2
0,Ωτ + 8‖A

−1
2hR0hFn‖

2
0,Ωτ

2 (6.11)

for all 2 ≤ n ≤ N, where

an = ‖en‖2−2 + (1 + μτ)‖ε
n‖2−2, bn = ν‖ ̄en‖2−1 + μ‖ ̄ε

n‖2−1.
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We then sum up (6.11) over n = 2, . . . ,m, use Lemmas 4.1 and 5.1 to achieve, for 1 ≤ m ≤ N,

am + τ
m
∑
n=1

bn ≤ a1 + b1τ + τ
m
∑
n=0

dnan

+ τ
m
∑
n=1
[
16
ν
‖A−

3
2

h PhEn‖20,Ω + 8‖A
−1
h PhEn‖20,Ωτ]

+ τ
m
∑
n=1
[
16
μ
‖A−

3
2

2h R0hFn‖
2
0,Ω + 8‖A

−1
2hR0hFn‖

2
0,Ωτ]

≤ τ
m
∑
n=0

dnan + κ6τ4.

Noting that dnτ ≤ κ5τ ≤ 1
2 from (6.9), we can apply Lemma 3.10 to get the desired estimate (6.10).

Lemma 6.3. Under the assumptions of Lemma 6.2, we have for α = −1, 0 and 1 ≤ m ≤ N that

σ(tm)‖em‖2α + νσ(tm)‖em‖2α+1τ + τ
m
∑
n=1

σ(tn)(
1
2 ‖dte

n‖2ατ + ν‖ ̄en‖2α+1)

+ σ(tm)‖εm‖2α + μσ(tm)‖εm‖2α+1τ + τ
m
∑
n=1

σ(tn)(
1
2 ‖dtε

n‖2ατ + μ‖ ̄εn‖2α+1) ≤ κτ
3−α . (6.12)

Proof. Wemultiply (6.6) with α = −1, 0 by σ(tn) and use σ(tn) ≤ σ(tn−1) + τ to get for n ≥ 2 that

σ(tn)an − σ(tn−1)an−1 + σ(tn)bnτ

≤
3
2an−1τ + an−2τ +

1
2dn−1σ(tn−1)an−1τ +

1
2dn−2σ(tn−2)an−2τ + c

α
nτ

+
16
ν
σ(tn)‖A

α−1
2

h PhEn‖20,Ωτ + 8σ(tn)‖A
α
2 PhEn‖20,Ωτ

2

+
16
μ
σ(tn)‖A

α−1
2

2h R0hFn‖20,Ωτ + 8σ(tn)‖A
α
2
2hR0hFn‖

2
0,Ωτ

2. (6.13)

Then, summing up (6.13) over n = 2, 3, . . . ,m and using (6.9), Lemma 4.1 and Lemma 5.1, we further get

σ(tm)am + τ
m
∑
n=1

σ(tn)bn ≤ 2a1τ + b1τ2 +
5
2 τ

m−1
∑
n=1

an + τ
m−1
∑
n=1

dnσ(tn)an + τ
m
∑
n=1

cαn + κτ3−α

≤ τ
m−1
∑
n=1

an + τ
m−1
∑
n=1

dnσ(tn)an + τ
m
∑
n=1

cαn + κτ3−α (6.14)

for 1 ≤ m ≤ N. Since dn ≤ κ3, we can apply Lemma 3.9 to (6.14) to obtain

σ(tm)am + τ
m
∑
n=1

σ(tn)bn ≤ eκ3T(
5
2 τ

m−1
∑
n=1

an + τ
m
∑
n=1

cαn + κτ3−α). (6.15)

But, using Lemma 6.1, we have

5
2 τ

m−1
∑
n=1

an =
5
2 τ

m−1
∑
n=1
[‖en‖2α +

ν
2 ‖e

n‖2α+1τ + (1 + μτ)‖ε
n‖2α +

μ
2 ‖ε

n‖2α+1τ]

≤ 5τ
m−1
∑
n=1
[‖ ̄en‖2α +

ν
2 ‖
̄en‖2α+1τ + ‖ ̄ε

n‖2α +
μ
2 ‖
̄εn‖2α+1τ]

+ 5τ3
m−1
∑
n=1
[‖dten‖2α +

ν
2 ‖dte

n‖2α+1τ + ‖dtε
n‖2α +

μ
2 ‖dtε

n‖2α+1τ] ≤ κτ
3−α . (6.16)

Combining (6.15) with (6.16) and using (6.8), we derive the desired estimate (6.12).

Lemma 6.4. Under the assumptions of Lemma 6.2, we have, for all 1 ≤ m ≤ N,

σ2(tm)‖em‖20 + τν
m
∑
n=1

σ2(tn)‖ ̄en‖21 + σ
2(tm)‖εm‖20 + μτ

m
∑
n=1

σ2(tn)‖ ̄εn‖21 ≤ κτ
4.
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Proof. Taking vh = 2 ̄enτ ∈ Vh and qh = 0 in (5.3) and Ch = 2 ̄εnτ ∈W0h in (5.4), then adding up the two
equations, we obtain

‖en‖20 − ‖e
n−1‖20 + 2ν‖ ̄e

n‖21τ + ‖ε
n‖20 − ‖ε

n−1‖20 + 2μ‖ ̄ε
n‖21τ

+ 3b(en−1, uh(tn−1), ̄en)τ + 3b(uh(tn−1), en−1, ̄en)τ
− b(en−2, uh(tn−2), ̄en)τ − b(uh(tn−2), en−2, ̄en)τ
− 3b(en−1, en−1, ̄en)τ + b(en−2, en−2, ̄en)τ
+ 3sd( ̄en , εn−1, Bh(tn−1))τ + 3sd( ̄en , Bh(tn−1), εn−1)τ
− sd( ̄en , εn−2, Bh(tn−2))τ − sd( ̄en , Bh(tn−2), εn−2)τ
− 3sd( ̄en , εn−1, εn−1)τ + sd( ̄en , εn−2, εn−2)τ
− 3d(en−1, Bh(tn−1), ̄εn)τ − 3d(uh(tn−1), εn−1, ̄εn)τ
+ d(en−2, Bh(tn−2), ̄εn)τ + d(uh(tn−2), εn−2, ̄εn)τ
+ 3d(en−1, εn−1, ̄εn)τ − d(en−2, εn−2, ̄εn)τ = 2(En , ̄en)Ωτ + 2(Fn , ̄εn)Ωτ. (6.17)

Then we can use (3.1)–(3.2) and Lemmas 3.2–3.3 to estimate all the terms in (6.17) as follows:

3|b(en−1, uh(tn−1), ̄en)|τ + 3|b(uh(tn−1), en−1, ̄en)|τ ≤ c0‖en−1‖0‖Ahuh(tn−1)‖0,Ω‖ ̄en‖1τ

≤
ν
32 ‖
̄en‖21τ +

8
ν
c20‖Ahuh(tn−1)‖20,Ω‖e

n−1‖20τ,

|b(en−2, uh(tn−2), ̄en)|τ + |b(uh(tn−2), en−2, ̄en)|τ ≤
ν
32 ‖
̄en‖21τ +

8
ν
c20‖Ahuh(tn−2)‖20,Ω‖e

n−2‖20τ,

3|b(en−1, en−1, ̄en)|τ ≤ ν
32 ‖
̄en‖21τ +

8
ν
c20‖Ahen−1‖20,Ω‖e

n−1‖20τ,

|b(en−2, en−2, ̄en)|τ ≤ ν
16 ‖
̄en‖21τ +

4
ν
c20‖Ahen−2‖20,Ω‖e

n−2‖20τ,

3s|d( ̄en , Bh(tn−1), εn−1)|τ + 3s|d( ̄en , εn−1, Bh(tn−1))|τ ≤
ν
32 ‖
̄en‖21τ +

8
ν
c20‖A2hBh(tn−1)‖20,Ω‖ε

n−1‖20τ,

s|d( ̄en , Bh(tn−2), εn−2)|τ + s|d( ̄en , εn−2, Bh(tn−2))|τ ≤
ν
32 ‖
̄en‖21τ +

8
ν
c20‖A2hBh(tn−2)‖20,Ω‖ε

n−2‖20τ,

3s|d( ̄en , εn−1, εn−1)|τ ≤ ν
32 ‖
̄en‖21τ +

8
ν
c20‖A2hεn−1‖20,Ω‖ε

n−1‖20τ,

s|d( ̄en , εn−2, εn−2)|τ ≤ ν
32 ‖
̄en‖21τ +

8
ν
c20‖A2hεn−2‖20,Ω‖ε

n−2‖20τ,

3|d(en−1, Bh(tn−1), ̄εn)|τ + 3|d(uh(tn−1), εn−1, ̄εn)|τ ≤
μ
16 ‖
̄εn‖21τ +

8
μ
c20‖Ahuh(tn−1)‖20,Ω‖ε

n−1‖20τ

+
8
μ
c20‖A2hBh(tn−1)‖20,Ω‖e

n−1‖20τ,

|d(en−2, Bh(tn−2), ̄εn)|τ + |d(uh(tn−2), εn−2, ̄εn)|τ ≤
μ
16 ‖
̄εn‖21τ +

8
μ
c20‖Ahuh(tn−2)‖20,Ω‖ε

n−1‖20τ

+
8
μ
c20‖A2hBh(tn−2)‖20,Ω‖e

n−2‖20τ,

3|d(en−1, εn−1, ̄εn)|τ ≤ μ
32 ‖
̄εn‖21τ +

8
μ
c20‖Ahen−1‖20,Ω‖ε

n−1‖20τ,

|d(en−2, εn−2, ̄εn)|τ ≤ μ
32 ‖
̄εn‖21τ +

8
μ
c20‖Ahen−2‖20,Ω‖ε

n−2‖20τ,

while the two terms on the right-hand side of (6.17) can be estimated by

2|(En , ̄en)Ω|τ ≤
ν
16 ‖
̄en‖21τ +

16
ν
‖A−

1
2

h PhEn‖20,Ωτ,

2|(Fn , ̄ε)Ω| ≤
μ
16 ‖
̄εn‖21τ + 16‖A

− 12
2h R0hFn‖

2
0,Ωτ.
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Now we can combine all the above estimates to obtain from (6.17) that

an − an−1 + ν‖ ̄en‖21τ + μ‖ ̄ε
n‖21τ ≤ 2‖ ̄ε

n‖20τ +
1
2dn−1an−1τ +

1
2dn−2an−2τ

+
16
ν
‖A−

1
2

h PhEn‖20,Ωτ +
16
μ
‖A−

1
2

2h R0hFn‖
2
0,Ωτ (6.18)

for all 2 ≤ n ≤ N, where

an := ‖en‖20 + ‖ε
n‖20,

dn−1 := 16c20(ν
−1 + μ−1)(‖Ahuh(tn−1)‖20,Ω + ‖A2hBh(tn−1)‖20,Ω)

+ 16c20(ν
−1 + μ−1)(‖Ahen−1‖20,Ω + ‖A2hεn−1‖20,Ω).

Multiplying both sides of (6.18) by σ2(tn), we can derive

σ2(tn)an − σ2(tn−1)an−1 + νσ2(tn)‖ ̄en‖21τ + μσ
2(tn)‖ ̄εn‖21τ

≤ 2τσ(tn−1)an−1 + 2σ(tn)‖ ̄εn‖20τ + dn−1σ(tn−1)an−1τ + 2dn−2σ(tn−2)an−2τ

+ σ2(tn)[
16
ν
‖A−

1
2

h PhEn‖20,Ωτ +
16
μ
‖A−

1
2

2h R0hFn‖
2
0,Ωτ] (6.19)

for all 2 ≤ n ≤ N. Then the desired error estimates follow for 1 ≤ m ≤ N by summing up (6.19) from n = 2 to
n = m, using Lemmas 4.1 and 5.1 and Lemmas 6.1–6.3:

σ2(tm)am + τ
m
∑
n=1

σ2(tn)(ν‖ ̄en‖21 + μ‖ ̄ε
n‖21) ≤ κτ

4 + 3τ
m−1
∑
n=1

dnσ(tn)an

≤ κτ4 + 6τ
m−1
∑
n=1

dnσ(tn)[‖ ̄en‖20 + ‖ ̄ε
n‖20]

+ 6τ
m−1
∑
n=1

dnσ(tn)[‖dten‖20τ
2 + ‖dtεn‖20τ

2] ≤ κτ4.

With the previous estimates of the errors en = uh(tn) − unh, ε
n = Bh(tn) − Bn

h, we are now ready to establish the
L2-bound of the error ηn = p̄h(tn) − pnh for all 1 ≤ n ≤ N.

It follows from Assumption (A3), (3.1)–(3.2) and Lemmas 4.1, 5.1 and 6.1–6.4 that

‖ηm‖0 ≤ κ(‖dtem‖0 + ‖em‖1 + ‖em−1‖1 + ‖em−2‖1) + κ(‖εm−1‖21 + ‖ε
m−2‖21) + c‖P0hEn‖0,Ω ,

which yields

σ2(tm)‖ηm‖20 ≤ cσ
2(tm)‖dtem‖20 + cσ(tm)‖e

m‖21 + κ(σ(tm−1)‖e
m−1‖1 + σ(tm−2)‖em−2‖1)

+ κ(σ(tm−1)‖εm−1‖21 + σ(tm−2)‖ε
m−2‖21) + cσ

2(tm)‖P0hEm‖20,Ω ≤ κτ
2. (6.20)

Now it follows readily from (6.20) and (4.14) that, for all 2 ≤ m ≤ N and some θm ∈ [tm−1, tm],

σ2(tm)‖ph(tm) − pmh ‖
2
0 = σ

2(tm)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩
1
2 (ph(tm) − ph(tm−1)) + η

m
󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

0,Ω

≤ 2σ2(tm−1)‖pht(θm)‖20,Ωτ
2 + 2σ2(tm)‖ηm‖20,Ω

≤ 2σ2(θm)‖pht(θm)‖20,Ωτ
2 + κτ2 ≤ κτ2. (6.21)

In summary, we can now conclude the following error estimates by combining (6.20)–(6.21) with Lem-
mas 6.3–6.4 and using Theorem 2.1 and Lemma 4.1.

Theorem 6.1. Under Assumptions (A1)–(A3) and for τ satisfying (6.9), the finite element solution (unh , p
n
h , B

n
h)

to scheme (4.3)–(4.4) has the following error estimates for all tm ∈ (0, T]:

‖u(tm) − umh ‖0,Ω + ‖B(tm) − B
m
h ‖0,Ω ≤ κ(σ

− 12 (tm)h3 + σ−1(tm)τ2),

‖∇(u(tm) − umh )‖0,Ω + ‖∇(B(tm) − B
m
h )‖0,Ω ≤ κσ

− 12 (tm)(h2 + τ),
‖p(tm) − pmh ‖0,Ω ≤ κσ

−1(tm)(h2 + τ).
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Figure 1: A sample mesh of h = 1
8 .

7 Numerical Experiments
In this section, we present some numerical experiments to verify the convergence orders of scheme (4.3)–
(4.4). We take a spherical domain of radius 1

2 with the center at (0, 0, 0). The conforming and shape-regular
triangulationwith tetrahedral elements is generated by the software Gmsh [8]; see Figure 1 for a samplemesh
with h = 1

8 .
For solving system (4.3), wemay change the sign of the term (∇ ⋅ unh , qh)Ω to see this system is symmetric.

Then we can apply the MINRES method to solve it, preconditioned by the diagonal block operator

PNS = (
1
τ I − ν∆ 0

0 I
)
−1

.

Equation (4.4) is symmetric positive definite, so we can apply the conjugate gradient (CG) method to solve
it. The two outer iterations terminate when the relative residual reaches 10−10. All experiments are imple-
mented using FEniCS software [22]. We set physical parameters ν = s = μ = 1 and apply the P2, P1 and P2
finite elements to discretize the velocity u, pressure p and magnetic field B, respectively.

7.1 Verification of Temporal Accuracies

In this subsection, we check the temporal convergence orders of scheme (4.3)–(4.4). The right-hand sides
and the boundary conditions of the MHD equations (1.1) are chosen such that the true solution is given by

B = (y cos(t), z sin(t), xe−t), p = 0, u = (ye−t , z cos(t), x sin(t)). (7.1)

Note that this solution (7.1) is linear in space direction; hence the computational errors mainly come from
the time discretization. We fix the mesh size h = 1

16 and refine the time step size τ to run the scheme. The
errors and convergence orders at t = 2 are illustrated in Table 1, where ew is given by ew = w(tn) − wn

h for any
function w at recorded time tn. Table 1 demonstrates that scheme (4.3)–(4.4) has the second-order temporal
accuracy. In addition, we have also plotted the exact solution (7.1) and the numerical solution in Figure 2.
We see the computational solution matches the exact solution very well.

7.2 Verification of Spatial Accuracies

In this subsection, we check the spatial approximation orders of scheme (4.3)–(4.4). To this end, we choose
the exact solution to the MHD equations (1.1) as follows:

B = (cos(y + t), cos(z + t), cos(x + t)), p = e−txyz, u = ((y2 + z2)e−t , (x2 + z2)cos(t), (x2 + y2)sin(t)). (7.2)
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τ ‖eu‖L2 Order ‖eu‖H1 Order ‖ep‖L2 Order ‖eb‖L2 Order ‖eb‖H1 Order
1
4 2.099e−4 — 2.559e−3 — 1.714e−3 — 3.857e−4 — 4.469e−3 —
1
8 2.134e−5 3.29 4.523e−4 2.50 4.111e−4 2.05 4.027e−5 3.25 7.574e−4 2.56
1
16 3.869e−6 2.46 7.946e−5 2.50 9.885e−5 2.05 7.415e−6 2.44 1.286e−4 2.55
1
32 9.295e−7 2.05 1.312e−5 2.59 2.416e−5 2.03 1.746e−6 2.08 2.165e−5 2.57
1
64 2.345e−7 1.99 2.393e−6 2.45 5.967e−6 2.01 4.320e−7 2.01 4.368e−6 2.30
1

128 5.911e−8 1.99 5.664e−7 2.07 1.482e−6 2.00 1.076e−7 2.00 1.032e−6 2.08
1

256 1.495e−8 1.98 1.420e−7 2.00 3.736e−7 1.99 2.689e−8 2.00 2.565e−7 2.00

Table 1: Errors and orders of ‖eu‖L2 , ‖eu‖H1 , ‖ep‖L2 , ‖eb‖L2 and ‖eb‖H1 with the fixed grid size h = 1
16 .

0.1 0.2 0.3 0.4

3.43e-15 0.455

(a) Exact solution B

0.1 0.2 0.3 0.4

1.62e-15 0.455

(b) Exact solution u

0.1 0.2 0.3 0.4

1.67e-07 0.455

(c) Numerical solution B

0.1 0.2 0.3 0.4

5.19e-08 0.455

(d) Numerical solution u

Figure 2: Comparisons of the exact solution (7.1) and the computational solution at t = 2.

We set τ = h and refine both parameters simultaneously to get the approximation errors and convergence
orders. The recorded data at t = 2.0 are presented in Table 2.We see from Table 2 that the convergence orders
of ‖eu‖H1 , ‖ep‖L2 , ‖eb‖L2 and ‖eb‖H1 have the second-order accuracies, while the error order of ‖eu‖L2 seems
to yield a higher-order accuracy for this experiment. In addition, we also plot the exact solution and the
numerical solution at t = 2 in Figure 3, fromwhich we can see that the numerical solution captures the exact
solution well.

Furthermore,wehave also checked the convergence orders of ‖eu‖L2 and ‖eb‖L2 . To this end,we set τ = h
3
2

to implement the fully discrete scheme (4.3)–(4.4). The corresponding numerical errors and convergence
orders of ‖eu‖L2 and ‖eb‖L2 at t = 2 are displayed in Table 3, from which we can see that ‖eu‖L2 and ‖eb‖L2
achieve approximately the asymptotical third-order accuracies.
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0.4 0.6 0.8 1

0.247 1.14

(a) Exact solution B

-0.002 0 0.002

-0.00325 0.00325

(b) Exact solution p

0.1 0.2

0.000504 0.25

(c) Exact solution u

0.4 0.6 0.8 1

0.243 1.14

(d) Numerical solution B

-0.002 0 0.002

p

-0.00342 0.00341

(e) Numerical solution p

0.1 0.2

0.00107 0.25

(f) Numerical solution u

Figure 3: Comparisons of the exact solution (7.2) and our computational solution at t = 2.
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h τ ‖eu‖L2 Order ‖eu‖H1 Order ‖ep‖L2 Order ‖eb‖L2 Order ‖eb‖H1 Order
1
2

1
2 4.250e−4 — 6.476e−3 — 1.166e−2 — 2.929e−3 — 2.647e−2 —

1
4

1
4 3.566e−4 0.25 5.028e−3 0.36 3.805e−3 1.61 5.434e−4 2.43 6.492e−3 2.02

1
8

1
8 4.476e−5 2.99 1.243e−3 2.01 9.169e−4 2.05 8.763e−5 2.63 1.592e−3 2.02

1
16

1
16 4.583e−6 3.28 2.661e−4 2.22 2.118e−4 2.11 1.878e−5 2.22 3.699e−4 2.10

1
32

1
32 4.605e−7 3.31 5.253e−5 2.34 5.073e−5 2.06 4.570e−6 2.03 8.349e−5 2.14

Table 2: Errors and orders of ‖eu‖L2 , ‖eu‖H1 , ‖ep‖L2 , ‖eb‖L2 and ‖eb‖H1 at t = 2 that are computed using τ = h.

h τ ‖eu‖L2 Order ‖eb‖L2 Order
1
2

1
3 3.54195e−4 — 1.15922e−3 —

1
4

1
8 4.63818e−5 2.93 1.00930e−4 3.52

1
8

1
23 1.19882e−6 5.27 1.55159e−5 2.70

1
16

1
64 8.32105e−8 3.84 2.23924e−6 2.79

1
32

1
181 1.06173e−8 2.97 2.61821e−7 3.09

Table 3: Errors and orders of ‖eu‖L2 and ‖eb‖L2 using τ = h
3
2 .
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