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Abstract: In this work, we consider a fully discrete finite element approximation of the 3D incompress-
ible magnetohydrodynamic system. The velocity and magnetic field are approximated both by piecewise
quadratic finite elements, while the pressure is approximated by piecewise linear finite elements. The time
discretization is based on the Crank-Nicolson scheme for the linear terms in the model and the explicit
Adams-Bashforth for the nonlinear terms. We establish the optimal error estimates of both the approximate
velocity and magnetic field in H'-norm and of the approximate pressure in L>-norm. In order to achieve the
optimal L2-norm error estimates of both the approximate velocity and magnetic field, we shall make use of
a special negative norm technique.
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1 Introduction

This work is concerned with the following 3D incompressible magnetohydrodynamic (MHD) equations under
the influence of body forces [3, 11, 21, 25, 28]:
%—vAu+Vp+(u-V)u+sB><(V><B) =f inQx(0,T],
B
%+yV><(V><B)—V><(u><B):O in Q x (0, T], (1.1)

V.u=0, V-B=0 inQx(0,T],

where Q ¢ R3 is an open bounded domain with a smooth boundary, u, B and p denote the velocity field, the
magnetic field and the pressure, respectively. The three parameters v, y and s are given by v = Re™!, u = Re,, !,
s = M?/(Re Rep,), respectively, with Re and Re,, being the Reynolds number and the magnetic Reynolds num-
ber, and M > 0 being the Hartman number. For convenience, we shall often write r = (x, y, z) € Q, and the
magnetic field B as B(t) or B(x, t); the same for the pressure p and velocity u.

System (1.1) couples the incompressible Navier—Stokes equations with Maxwell’s equations, and is con-

sidered in conjunction with the following initial boundary conditions 3, 11, 21, 25, 28]:
u(0) = up(r), B(0)=Bo(r) in Q, (1.2)
u=0, B-n=0, nxVxB=0 ondQx][0,T], '

where V - up(r) = 0 and V - By(r) = 0, with n being the unit outward normal vector of 0Q.

*Corresponding author: Jun Zou, Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong,
e-mail: zou@math.cuhk.edu.hk

Yinnian He, School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an 710049, P.R. China,

e-mail: heyn@mail.xjtu.edu.cn

Guo-Dong Zhang, School of Mathematics and Information Sciences, Yantai University, Yantai, 264005, Shandong, P.R. China,
e-mail: gdzhang@ytu.edu.cn



358 = Y.He, G.-D.Zhang and ). Zou, Fully Discrete Finite Element Approximation of the MHD Flow DE GRUYTER

We will frequently use the following spaces in our subsequent analysis:
M=L§{(Q), X=H}Q)?, W={CeH(Q);C- nly =0},
H={vel’Q)>, divv=0, v-n|yq = 0},
V=XnH, Wo=WnH, HYQ)=H"Q)?, k=0,1,2,3,

as well as the following trilinear forms:

b(w,u,v) = ((W-V)u + %(V-w)u, v)Q

= %((w -V)u, v)g - %((w -V)v,u)q forallw,u,veX,
d(v,B,C)=(vxB,VxC)q forallve X, B,C ¢ W. (1.3)

For the coupled MHD flow system (1.1)-(1.2), we are interested in its variational formulation: find
(u(t), p(t), B(t)) € X x M x W such that it satisfies for all (v, g, C) € X x M x W the system

(ug, V)g +v(Vu, Vw)q — (p, V- V)qg + (V- u, q@)q + b(u,u, v) + sd(v, B, B) = (f, v)q, (1.4)
(B¢, C)g + u(VxB,VxC)g—d(u,B,C)=0. (1.5)

There are wide studies of the stability and convergence of the fully discrete second-order schemes based
on the finite element spatial discretization for solving the time-dependent Navier—Stokes equations. For fur-
ther exposition, we let 0 < h < 1 be the spatial mesh sizeand 0 < 7 = % < 1 a time step size, and we let uhm,
B;I” and p,’f be the finite element approximate solutions of u, B and p at t = t,,,, respectively. We know that,
for second-order or higher-order schemes for solving the time-dependent Navier—Stokes equations when the
nonlinear term is treated explicitly, the stability or convergence is often achieved under the conditions of the
form Th™* < C, for some a > 0; see, for example, [2, 20, 23, 29]. These conditions can be improved, e.g.,
in [13], where the Adams-Bashforth and Crank-Nicolson schemes were considered in combination with
a finite element spatial discretization for solving the 2D time-dependent Navier—Stokes equations. It was
proved in [13] that the stability and convergence are guaranteed under the condition 7 < Co and with the
following error estimates:

lu(tm) - ulllo < ko~ (tm)7?,

IV(tn) - aMllo < K02 (tn)T,

Ip(tm) = Pjllo < kO™ (tm)T
for all t,;, € (0, T]. Here o(t) = min{1, t}, and x is a generic positive constant depending on the data v, Q, T,
up and f. Hereafter, we use x to denote a generic positive constant depending on the data v, u, s, Q, T, uo, Bo
and f. It was further shown in [15] that the convergence and stability of the Euler semi-implicit scheme for
the 3D MHD equations can be also ensured under the condition 7 < Co.

In this work, we consider the Adams—Bashforth and Crank-Nicolson schemes for the time discretizations
of the nonlinear and linear terms, respectively, and the finite element method for the spatial discretization
for solving the time-dependent coupled MHD flow system (1.1)—(1.2) in three dimensions. Due to the explicit
treatment of the nonlinear terms in the model, we cannot achieve the desired stability estimates of the fully
discrete finite element solutions; therefore, it is hard for us to derive the optimal error estimates by means of
existing approaches for both the Navier—Stokes equations and the coupled MHD flow system. We shall over-
come this technical difficulty by a delicate induction method. Moreover, we are able to establish the optimal
second-order convergence of the numerical velocity and magnetic field in the L?-norm by using a special
negative-norm technique, while the standard discrete duality strategy [12-14, 19, 30] does not work.

The rest of the work is organized as follows. In § 2, some basic assumptions and inequalities related to
the MHD flow and the basic properties of the finite element solution for the 3D MHD flow are presented.
In § 3, we provide some estimates and smoothing properties of the finite element solution (uy, pn, By). In§ 4,
we develop a fully discrete finite element approximation based on the Crank-Nicolson/Adams-Bashforth
scheme for the 3D MHD equations and then derive its truncation error estimates in § 5. In § 6, we establish
the optimal error estimates for the numerical solution (uj, By, py) and present some numerical experiments
in § 7 to verify the convergence orders of the numerical scheme.
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2 Finite Element Spatial Discretization for the MHD Flow

In this section, we discuss the finite element spatial discretization for the MHD equations (1.1)—(1.2). To do
so, we first introduce a triangulation of the domain Q. For the sake of technical treatments, we assume that
the boundary of domain Q is a closed convex polyhedron; the actual curved boundary case can be treated
using some well-developed technicalities for the curved boundary in combination with the finite element
error estimates established in the current work. Let T3, be a triangulation of the polyhedral domain Q, and let
XpncX,MpcM= L%(Q) and W; ¢ W be some continuous piecewise finite element spaces defined on 7. We
shall also need the following subspace of Xj:

Vi = {vy € Xpn; (V- Vp, qn)a = O for all gn € My}.

The finite element spaces X, ¢ X, M ¢ M = L(Z)(Q) and Wj;, ¢ W will be made clearer later.

Throughout this paper, we make the following two assumptions on the prescribed data and the solutions
to system (1.4)—(1.5), which specify the regularities of the data and solutions needed for our main results.
Hereafter, c, x and c;, x; for i > 0 are some generic positive constants depending only on some of the given
datav, u, s, Q, T, ugp, Bp and f.

Assumption (A0). The initial data uy € H2(Q) NV, By € H>(Q) n Wy and the force f satisfy

sup (IEOIF o + 6O, o + (010} + 0l3 o + IBol o < xo-
<t<

Assumption (A1). Problem (1.4)-(1.5) has a unique solution (u(t), p(t), B(t)) € X x M x W, with the a priori
estimates

T
j(uw(t)ug,g +IV xBOIE o) dt < k.
0

Also, we assume that the domain Q is smooth to ensure the following estimates [4, 6, 7, 17, 26].
Assumption (A2). The unique solution (v, q) of the steady Stokes problem
-Av+Vg=g, V-v=0inQ; V|3q=0,
for prescribed g € H*2(Q)3 with k = 2, 3 satisfies
Vi, + 1gllk-1,0 < clglk-2,0;
and the steady Maxwell equations
VxVxC=h, V-C=0 inQ, nxVxC=0, C-n=0 onoQ,
for the prescribed h € H2(Q) with k = 2, 3 admit a unique solution C € Wy which satisfies
ICllk,0 < clhlli-2,q.
We shall often use the Stokes operator A; = —PA and the Maxwell operator A, = PV x Vx, with
D(A1) = H*(Q)’nV, D(4,) =H*(Q)nW,.

Here P is an L?-projection from L?(Q)3 into H.
Now we make a standard approximation assumption on the finite element space system (X, My, Wp)
[1,5,9,10,17, 18, 24, 27].

Assumption (A3). For eachv e H(Q)NV, g € H-1(Q) n M and C € H(Q)3 n Wy, for i = 2, 3, there exist the
approximations mpv € Vi, prnq € My and J,C € Wy, such that

IV(v - maV)llo,a < c1h Y IVlia, lIg - prgllo.a < c1hitlgli-1,0,
IC — JnCllo,a + IV x (C = JaC)llo,a < c1h " (IClli=1,0 + IV x Clli-1,0),
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along with the inverse inequalities (with g > p)
IVVnllo,o < c1h ' IVallo,o  forall vy € Xp,
IChlize < ch* @ PYChlle,  IVChlloa < c1h IChllo,a  forall Gy € W,
and the so-called inf-sup inequality

V-vp,
sup (V -V, qn)a

> Bilignllo,o forall g, € Mp.
A e 1
Here is an example of the finite element spaces (X, My, W) that satisfy Assumption (A3) above (cf. [3, 25]):

Xy, = {vy € C(Q)nX; vilg € P2(K)> forall K € Ty},
Mp = {qn € C(Q) N M; gnlk € P1(K) forall K € Tp},
Wy, = {Ch € C(Q) N W; Chlg € Po(K)? forall K € T}.

Now we formulate the semi-discrete finite element approximation of system (1.4)—(1.5), whose proper-
ties will be crucial to our error estimates of the finite element solution to the fully discrete scheme: find
(up(t), pr(t), Bu(t)) € X x My x Wy, such that it satisfies, for all (vy,, gn, Cr) € Xp x My x Wy,

(e, Vi)a + v(Vup, Vi) — (V- Vi, pr)a + (V- Uy, qn)a + b(ug, up, vp) + sd(vp, By, By) = (F, vi)o, (2.1)
(Bnt, Ch)a + u(V x B, Vx Cp)g + u(V - By, V- Cp)q — d(up, By, Cy) = 0, (2.2)

with u,(0) = Prug and B, (0) = RoBo, where Py, and Ry, are the L2-projections from L2(Q)3 to V;, and Wyp,.
It follows from Assumption (A3) that, for any v € Hi(Q)} nVandC e H(Q) NnWyfori=1,2,3,

IV~ Ppvlio,0 + hIV(V = Ppv)llo.q < c2hi [Vl q,
IC - RonCllo,q + hlIV(C = RorC)llo,q < c2lIClli,q, (2.3)

We shall often use the discrete Stokes operator Ay = —PyAp, where —Ay, is defined by
(=Apup, vp) = (Vup, Vvy) forall up, vy € Xy,
and the Ap-induced discrete norm ||vy|q = ||A E Vallo,o for a € R. In particular, we have
IVallL = IVVhllo,a,  IVhll2 = 1A1nVAllo,0s  IVRI-1 = IIAI;% Vilo,o forallvy € Vp.

Similarly to the discrete Stokes operator Ay, we define the discrete Maxwell operator A,y as follows: for any
By € Wy, AopBp = Rop(Vh x V x By + ViV - By) € Wy, satisfying

(A2pBp, Cp)q = (Az%hBh, Az%hch)g =(VxBp,VxCpg+ (V-Bp,V-Cp)q forallCy € Wy,
We will also use the A,,-induced discrete norm ||By|l, = [|A z%hBh llo,o for any a € R. Then we have
IBrl2 = IBAIZ o, IBAIZ = 142, Brl2 o = IV - Bl o + IV x Ball2 o,
IBnlI3 = ||A2hBh||(2)’Q = [Ron(Va XV x By + V4V - Bh)ll(z),g,

1 B, Cy)
IBrls = |A;: Balo.q = sup BrCnlo
chew,  Cnllx

We end this section by recalling some stability and error estimates of the solution (u(t), p(t), B(t)) to system
(1.4)-(1.5) and the numerical solution (uy(t), px(t), By(t)) to the semi-discrete system (2.1)—(2.2) [16].

Lemma 2.1. Under Assumptions (A0O)—(A3), it holds that

T
O3 o + IpOI2 o + BOIZ o + j[uu(t)ni,g +pO13 o + IBOI3 o] dt < x,
0 T

lun(OI2 o + IBR(OIZ o + j[uwh(t)ng,g +IVBR(DIZ o] dt < k.
0
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Theorem 2.1. Under Assumptions (A0)—(A3), the following error estimates hold for all t € (0, T]:

T
lu(t) = an(t)l13 o + IB(t) = Br(DIg ¢ + j[nwu(t) —up(t)§ o + IVB(®) - Ba(t)I3 o] dt < kh*,
0 T
j[nu(t) —up()I3 o + IB(D) - Ba(t)II§ o] dt < kh®,
0
a(®)[lu(t) - an(t)l3 ¢ + IB() - Br(Dllo,o] + K20 (®)Ip() - pr(t)llo,0
+o(OR*[IVu(t) - un(O)F o + IVB(E) - Br(0)I3 o] < kh.

Lemma 2.2. Under Assumptions (A0)—(A3), there hold

14, PrA1v — Vllo,q + hIV(A, PrA1V = V0,0 < ch|IVli,q,
IAT PARVH — Villo,o + hIV(AT*PARvy — Vi)lo,0 < chilIVal;

forallv e H(Q)nV and vy, € V, withi = 2,3, and

1A} RorA>C — Cllo,o + hIV(A53RonA2€ - C)llo,q < ch'lClli,q0,
IA3*PA21Ch — Chllo,q + hIV(A3  PA2kCh — Ch)llo,q < chi||Chll;

forall C € H(Q) N Wq and Cy, € Wy withi = 2, 3.

3 Basic Estimates and Smoothing Properties of Discrete Solutions

In this section, we present some discrete inequalities of finite element functions and some smoothing prop-
erties of the finite element solution (uy, pp, By) to the semi-discrete system (2.1)—(2.2). First, we recall some
discrete Gadliardo—Nirenberg estimates [17, 18]:

1 1
IVVRlLs + VRl < Cllvvh"(iQ"Alhvh”(iQ’ IVVillLs < cllApvrlo  forall vy € Vi,
lAnPnvllo,o < cllA1vllo,o forallv e D(Aq). (3.1)

By using Assumptions (A2)—(A3) and some similar arguments to the ones used by Heywood and Ran-
nacher in [17], we can prove the following discrete Gadliardo—Nirenberg estimates.

Lemma 3.1. Under Assumptions (A2)-(A3), there hold, for any C, € Wy,
[Chlizs < clChll1,0, NChll1,0 < C”Az%hch"O,Q: (3.2)
IChlls + IVChls < ClAZ,ChlE o I1A20ChlZ o,

IVCrlirs < cllA2nChrllo. (3.3)

Proof. First, we can easily get (3.2) using the fact that W;, ¢ W and the following inequalities from [7]:
IClzs < cllClli,a, NClli,0 < ¢V xCllo,a +¢cllV-Clo,o forallCe W.
To derive (3.3), we define the discrete Laplace operator Ay, on Wy, by
(=DnCh, Pn)a = (VCh, V) forall Cp, pp € Wh,
and recall the following inequalities [17]:
IVChllLe < cllArCrllo,q,

1 1
IChllLeo + IVChILs < clIVChll olARChIlG o forall Cp € Wh. (3.4)
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Now let C € Wy be the solution to the system

VxVxC=PA,Cp, mxVxC|yg =0.
Then we have from Lemma 2.2 and Assumption (A2) that

[IV(C - Cp)llo,a + hlCll2,0 < chllA2nCrllo,q- (3.5)
By using Assumption (A3) and (3.5), we can derive

(VCh, Vopp)
18nChllo.q < sup o Verla

< ch™'V(Ch - O)llo,a + clICll2,0 < clA2xChllo,0,
¢,,ewh "¢h”0,Q

Now (3.3) follows from this and (3.4) and hence concludes the proof of Lemma 3.1. O
Lemma 3.2. Under Assumptions (A2)—(A3), the following estimates hold for all uy, vy, Wy, € Vj:
b(up, Vi, Wp) = —b(ap, Wy, Vy),
[b(up, Vi, Wp)| + |b(Wp, up, Vi)l + [B(Vh, Up, Wh)|
o Hwald ¢ bt
< 7||Ahuh||0,ollvh||1 Vil IWnll-1 + ?IlAthllo,Qlluhlll lapll; Iwp|l-1. (3.6)

Proof. The first relation comes from a direct computing. To derive (3.6), we let ¢, = Aglwh for eachwy, € Vy,
then apply the inverse inequality to get

IWRII§ = (Wn, Anpr)a = (VWh, Vor)a < [Wrl1IWrl-1 < ch™! [Whllo[Whll-1.
Now we rewrite b(up, v, Wy) as
b(up, Vh, Wp) = (g - V)(Vy — AT PARVR), Wh) + (Ph(up - V)AT PApvy, Wh)
+ %(v - (up — AT PApup)vy, Wh). 3.7)
But, using Lemma 2.2, we can readily derive
(g - V)(Vi = AT PARVR), Wi)| < [apllLeo V(v — AT PARVR) 0,0 Whlo
< chIVURlZ o IARuAlE o1 4RValo.alwrlo
< cllunl? Iunl 14vilo,lwal -1,
|(Pr(up - V)AT*PARVR, Wi)| < IV(Ph(up - VAT PARVR)lo,0lWhl-1
< clV((up - V)AT PARVR)llo, [Whl -1
< cllVuplis V(AT PARVR) s IWh -1
< clIVunl? ol ArunlE 1AV lo, Wil 1,
%I(V - (up — A7 PApuy)vy, Wil < [V(ay - A_lpAhVill)HO,Q"Vh"f"O wrllo
< clApunllo,allVVallg olARVRIG o IWRI-1.

Combining the above inequalities with (3.7) yields

b0, i, Wil < & ColAnnl,a vl IVl Il + ol Axvalo.alund sl Twnl 1.
Similarly, we can estimate b(vy, up, Wp,), b(Wy, up, vy); then (3.6) is a consequence of these estimates. [
Lemma 3.3. Foralluy € Vi, By and Cy, € Wop, the trilinear form d in (1.3) satisfies the estimates
|d(utn, Br, € + |d(un, Co, Bo)l < 1 Axuwnlo,allBrl B4l 1Chl-1
+ 2 unl Hn 3 14218, alIChl 1 (3.8)

C 1 1
|d(ar, Br, Cp)| + |d(up, Cp, Bp)| < ?Buuh”—l”Bh"f IBxll; 1421 Crllo,0

C 1 1
+ ?3"uh"—l||A2hBh||0,Q||Ch||f ICxll5 - (3.9)
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Proof. We write u = A]'PApuy, B = A5 PA>pBy, and rewrite d(up, By, Cy) as

d(up, By, Cp) = (up x By, V x Cy)q
= (up x (By = B), VxCp)a + (up —u) x B, Vx Cp)g + (Ron[(B- V)u - (u-V)B], Cy)q
=: Il +Iz +I3. (3.10)

Then we can derive by using (3.1)-(3.3), (2.3), Lemma 2.2 and Assumptions (A2)—(A3) that

lullz,0 < cllupll1, IBll1,o < clBxll1,
lall2,0 < clAnurlo,e,  IBl2,a < cllA2rBrlo,q,
-1 2 -1
IV % Crllo,a < ch™"lICrllo,a,  ICrllg < ICAlI1ICkI-1 < ch™"ICrllolICrll-1.

Using these estimates, along with (3.1)—(3.3), we can bound I, I, and I3 as follows:

1o

I < V2|uplle By, — A3* PAonBallo,olIV x Cllo,a < cllunll; lunl3 |1 A2xBrllo,allChll-1,
11

I, < V2Bl lup - A7 PApupllo,ollV x Chllo,o < clByll; IBl; IAnunllo,allChll-1,

1 1
I3 < |A3,Ron[(B - V)u - (u- V)B]llo,o|Crll-1 < cllA; [(B- V)u - (u- V)B]lo,olICrll-1
< c|Blze(IVullz2 + [VValz2)Crll-1 + c[IVBIs ([alle + [IValze) + c[VVB| 2 [l | Crll-1

1 1 1 1
< c[IBll7 1Brl; IAnunllo,a + cllA2nBrllo,allurlly lunll; HICh]-1.

Now it follows readily from the above inequalities and (3.10) that

1 1 1 1
|d(up, Br, Cp)| < clBnll{ IBnll; lAnanllo,olChll-1 + cllA2nBrllo,ollunl; lugl; I1Call-1. (3.11)
Similarly, we can rewrite d(uy, C, By) as

d(up, Cp, Bp) = ((up —u) x Cp, Vx Bp)g — (W x (V x (B = B)), Cp)a — (Rop[u x (V xB)], Cx)a
=tJ1+]2+]s. (3.12)

Then we can deduce from (3.1)-(3.3), (2.3), Lemma 2.2 and Assumption (A3) that

1 1
J1 < V2llup — ullelChllz2 IV x Ballzs < cllAnunllo,alBal; IBxll3 ICkI-1,
1 1
J2 < V2|ullz IV x (Br — B)lo,allChllo,a < cluxll; luxll; 142nBnlo,alChll-1,

1 1
J3 < 1433 Ron[ux (V x B)]llo,allCrll-1 < 1A [wx (V x B)]llo,alIChll-1
< cluflzeo(IV x Bllz2 + IV x V x Bll2)[|Cpll-1 + c[[Vull 3|V x Bl 6 [|Cp -1

1 1
< cllupll{ larl; 1A2:Brllo,ollChll-1.-

A direct application of these estimates to (3.12) yields

1 1 1 1
|[d(up, Cp, Bp)| < clBxl{ IBrll; |Arurllo,alChll-1 + cllA2nBrllo,allunl; lunl; IChll-1,
which, along with (3.11), gives (3.8). Similarly, we can prove (3.9). O

Next, we derive some smoothing properties of the semi-discrete solution (up(t), pn(t), Bx(t)) to system (2.1)-
(2.2).

Lemma 3.4. Under Assumptions (A0)—(A3), it holds, for all t € [0, T],

t
lun(6)I5 + sIBr(O)IIF + j[VIIuhH% + SUIBn5 + [uncllg + sIBrelg] dt < k.
0
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Proof. Summing up equation (2.1) with (vy, gr) = (Apup, 0) and equation (2.2) with C, = sA,,Bp, and using
Young’s inequality, we obtain the energy inequality

dt”Ah wpll$ + vIAnunl§ o +2 ||Bh||1 + sulAnBnll§ o

2 dl’
+ b(up, up, Apup) + sd(Apun, By, By) — sd(up, Bp, A2pBp) < < ||Ahuh||0 ot = ||f||0 o (3.13)

2

Then, using (3.1)—(3.2) and Young’s inequality, we further derive
[b(up, up, Apup)| < [[upllzeVugllz2 |Apuplze < COHVuh”(%)’Q"Ahuh"E’Q
< ARl o + (%)3c3||Vuh||3,QuA% w2 o,
s|d(Anun, By, Bn)| < sV2|Apunllz2 ||Bh s IV x Bl

< scollAnunlio,alld hBh lo,allA2nBn IIO ollVx By IIO Q
< R”Ahuh"é’() + 1_6||A2hBh||0’Q + 42Vt s IV x Ball§ olA3 hBhHO o

sld(an, Bn, A2pBn)| < (IBpllzsIVunllLs + ||uh||L°°||VBh||L2)||A2hBh||O,Q
< SCO”Vuh”O ollAnun ||0 all4; hBllo allA2nBnllo,o

44 1
1 4onBrl3 o + 2 IARuAG o + - (H) S2chIVuRl2 o IlA2,Brls -
Combining the above inequalities with (3.13) yields

||uh||1 +VIApunllg o + ST ||Bh||1 + sullA2nBullg

(o]

;IIfIIO a + @+ IVuRlg o + IBnllg ¢ + IV X Ballg o) (Iunll§ + sIBxl?).

Integrating both sides from 0 to ¢t and using Lemma 2.1 and Assumption (A0), we obtain
t
lun(O1F + sIBr(E)II; + J(VllAhuhIIS,Q + syl AonBrl ) ds
; 0
< K1+ J c(IVaunllg o + IV x Bullg o)(Iuxll; + sIBnl7) ds. (3.14)
0
Now, applying Gronwall’s inequality to (3.14), we readily get
t T
lup (D17 + sIBr(t)II5 + J(VIIAhuhllé,Q + SpllAznBrll} ) ds < KeXp{C J(IIthhIIS,Q + IV x Bnlig. ) dS}- (3.15)
0 0
But it follows from Assumption (A3) and Lemma 2.1 that

T T
j(uvhuh 6 o + IV x Baly o) ds < 2 [(MVuné,QMVuh 120 + IV x BIZ oIV x BulZ o) ds
0 0

T

2 j(||v<u —up)IZ o IVuRlZ o + IV x (B =By oIV x Byl2 ) ds < .
0

This, along with (3.15) and applying the Gronwall lemma to (3.14), yields

t
lun(O)1 + sIBr(OIF + J(VllAhuhllé,Q + sulAnBnll§ o) ds < k. (3.16)
0
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Furthermore, we readily derive from (2.1)-(2.2), (3.1)-(3.2) and the Holder inequality that

lunello < VIAnunllo,o + cllunllzeIVunllz2 + csIBrlrs IV x Brlis + [fllo,a

< VlAnuplo,o + clAnunllo,ollunls + clA2nBnllo,olBrlx + clifllo, 0,
[Brello < pllA2nBrllo,q + cliVurlizs IBrlizs + cllVBhllL2 [lup Lo

< pllA2nBnllo,o + cllAntnllo,oBnll:.
Combining these inequalities with (3.16) concludes the proof of Lemma 3.4. O

Lemma 3.5. Under Assumptions (A0)—(A3), the solution (up(t), pn(t), Bx(t)) to the semi-discrete system (2.1)—
(2.2) satisfies

{lane ()15 + sIBre(DIG + Iun(t)l15 + I-vARuA(t) + Vapa(OIG o + IBr(6)ll2}

t
+ J(VIluht(S)lli + SUIBre(S)IT + luneel?; + IBreell?;) ds < x  forall t € [0, T. (3.17)
0

Proof. Differentiating (2.1) and (2.2) with respect to t, we obtain, for all (vx, gn, Cn) € Xn x My x Wp,

(Untt, Vi)a + v(Vupe, Vi) — (V- Vi, Pre)a + (V- Unt, gr)a
+b(Upe, wp, Vi) + b(Up, Upe, Vi) + SA(Vy, Bre, By) + sd(Vi, B, Bnt) = (B, vi)a,  (3.18)

(Bntts Ch)a + U(V x Bpt, VX Ch)a + U(V - Byt, V - C)q — d(upe, B, Cp) — d(up, By, Cp) = 0. (3.19)

Summing up (3.18) with (v, gn) = (Un¢, pre) and (3.19) with Cp, = sBys and then using (3.6), we derive

d s d
EE”uht"é +Vlupell] + EE"Bht"(z) + SplIBpell} ,
v
+ b(upt, up, upe) + sd(Upe, Bpe, Bn) — sd(up, Bye, Bre) = gnuht"% + ;yz I3 (3.20)

where y is the Poincaré constant satisfying [lullo,q < yl[Vullo,q-
Using (3.1)-(3.2), we can estimate the three trilinear terms in (3.20) as follows:

v 4
2 2 2 2
[b(upe, up, upe)| < collupll2llupellolunels < _16||uht"1 + ;Colluhllzlluhzllo,
v 4
2,22 2 2
sld(ape, But, Bn)l < V2s|uptllzs Brellz2 |V x Bpllps < 1 anell +s Co;IIBhIIZIIBmIIo,

S 4
sld(un, Brt, Bae)l < scolBrell1 unll2[Bnlo < 1—’;||Bm||% + ﬁscélluh||§||Bht||§.
Combining these three estimates with (3.20) yields

d
a(”uht"(z) + 8IBnellg) + (VIunell$ + sulBnell?) < cu + vianls + splBrl3) (unelg + sIBrelg) + clifell g -

Integrating both sides from O to t and using Gronwall’s lemma and Lemmas 2.1 and 3.4, we obtain

t
lane(6)1F + sIBre (DG + J(Vlluhtllf + sulBpll7) ds < k. (3.21)
0

We continue estimating the remaining terms in (3.17). First, we can bound the two negative-norm terms
by directly using equations (2.1)—(2.2),

laneel-1 < viiunels + clupellunly + clBrell1Brlli + clifllo, o, (3.22)
[Breell-1 < 2ulBrells + cllunell1Brll + cllunll1Brell1 - (3.23)
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To bound the term —vApuy(t) + Vypp(t), we can use (2.1)-(2.2), (3.1)—(3.2) and Young’s inequality to deduce
vI[Apup(Hllo,a < lupe(®llo + IE()llo, + IVaplr2luplze + sV2|Byllzs IV x Bpllz:

Vv
< 2 1Anun(Blo,0 + %”AZhBh”O,Q + clup (I3 + clBnl + lune(®)llo,a + clf(Ollo,as

HlA21Br(Dllo,0 < [IBr(1) = Bre(t)llo,q + cIVUR(®)ll3 IB(E)]IF6 + clun(t)le VB (E)] 2 o2
< %IlAhuh(t)IIo,o + ClluBr(t) = Bre(t)llo,0 + clun(®)l1 IBr (b3
Then we can readily get
I=vArup + Vipallo,a < lunello + clunllrelVapllzz + csIBrlizsllV x Brllzs + [fllo,0
< lunello + clAnunllo,allunlly + cllA2nBhllo,olBrllx + clifllo,a, (3.25)

Now, combining estimates (3.21)—(3.25) and using Lemma 3.4, we can see the desired estimate (3.17). [

Lemma 3.6. Under Assumptions (A0)—(A3), the solution (up(t), px(t), By(t)) to the semi-discrete system (2.1)—
(2.2) satisfies the estimate

o(O)[Iane(OIF + SIBre ()T + [Whee ()12 + IBree(D)]124]

t
+ J 0(S)(VIARUR(S)IG ¢ + |-VARUR(S) + Vapre(S)IIG o + SUIA2nBRe(S)I ) ds

0
t

+ J a(s)(Iunee ()G + IBhee(s)11G o) ds < % forall t € [0, T.
0

Proof. Taking the sum of (3.18) with (vp, qx) = (Apup, 0) and (3.19) with C;, = sA,,Bp, we obtain
sd
2 dt
+ b(up, upe, Apupe) + b(Upe, Up, ApUpe)

+ sd(Apupnt, Bnt, Bp) + sd(Apupnt, B, Bre) A
v
= sd(un, Br, A>1Bae) — sd(n, Bre, AanBhe) = 2 lAnunellg o + — I o- (3.26)

5 o anely + vIApancllg o +

> di IBhell? + sullA2nBhellg o

Using (3.1)-(3.2), we can further bound all the trilinear terms above as follows:
[b(upe, Up, Appe)| + |bUp, Upe, Aptge)l < collupl2llapell1lAntnello,o
v 2 4 5 2 2
< R"Ahuhtno,g + ;Couuh”z”uht"p
s|d(Apupe, Bpe, Bp)| + s|d(Apupe, Br, Bre)l < scollAntnello,oliBrll2[Brell1
4 2 450 2 2
< 1—6||Ahum||0,g +28 colBrll3 IBrell7,
sld(ape, B, AonBre)l + sld(up, Bre, A2nBre)l < scollAz2uBnello,o (Ianll21Brells + IBrll2[apell1)
S _
< T’;IIAthhtllé,g +uta?scl(lupl3 + 1Brl3) (lanelf + IBrell?).
Combining the above inequalities with (3.26) yields
d
E(Iluhtll% + SIBrell?) + (V”Ahuhtll(z),g + SHIIAthhtll(z),Q)
< c(u + llupl3 + IBRlI3) (Iupell? + sIBpell]) + C"ft”(z),g- (3.27)

Multiplying (3.27) by o(t), integrating with respect to t, and then using Lemmas 3.4-3.5, we readily get

t
o) (lanc ()15 + sIBr(D)IF) + J o(OVIAREnl§ o + sullAanBrellg o) ds < k. (3.28)
0
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Furthermore, we can derive from (3.18)-(3.19) and (3.1)-(3.2) that

lunecllo < Ifello + VIAnunello,o + clunclilunlz + scliBrell1IBxll2,
I=vAnun: + Vipnello,a < Ineello + Ifello + clunellilunllz + scliBnell1lBxll2, (3.29)

IBretllo < mllA2nBhcllo,o + cltunell1Brll2 + clIBrellxunll2. (3.30)

Combining (3.29)-(3.30) with (3.28) and using Lemmas 3.4-3.5, we conclude the proof of Lemma 3.6. [

Lemma 3.7. Under Assumptions (A0)—(A3), the solution (up(t), pn(t), Bx(t)) to the semi-discrete system (2.1)—
(2.2) satisfies the estimate

o* (O [lanee (6)1G + sIBnee (D))
t

+ J () [VIapee ()12 + splBree(S)I12 + Iapeeell?; + IBreeell®, 1 ds

0

t
¥ j o(O) [neeel2, + 1Breeel?, ] ds < x, (3.31)

0
OO + [Bre (2 + Ipre (DI o] < . (3.32)

Proof. Differentiating (3.18) and (3.19) with respect to t, we derive, for all (vy, gn, Cn) € Xy x My x Wy,

(Wntee, Va)a + v(Vupet, VVp)a = (V- Vi, Preda + (V- Unet, gn)a
+ b(Un¢t, Up, Vi) + 2b(Upe, Une, Vi) + (U, Ukee, Vi)

+5d(Vy, Buee, Bu) + 25d(Vy, Bue, Bne) + sd(Vi, B, Buee) = (Fie, Vi)a, (3.33)

Bhttt> Ch)a + U(V X Bper, VX Cr)a + U(V - Brye, V- Cr)a
— d(up¢t, B, Cn) — 2d(up¢, Bnt, Cr) — d(up, Bpyt, Cp) = 0, (3.34)

Taking the sum of (3.33) with (vx, gn) = (Un¢t, pree) and (3.34) with Cp, = sBy and using (3.6), we have
sd
2 dt
+ b(Upee, Uy, Wpee) + 2b(Upe, Upe, Upee) + SA(Wpee, Bree, Br) A

v
+ 25d(Un¢t, Bnt, Bne) — 2sd(Une, Bue, Bee) — sd(Up, Bhee, Bree) = 1_6"“[["% + ;)’2 "ftt"(z)’Q- (3.35)

1d 2 2 2 2
= aneellg + viupeell; + [Breellg + splBreelly

2 dt

Using (3.1)—(3.2), we can estimate all the trilinear terms above as follows:

v

16
2 v 2 2

2|b(upe, Upt, Upee)| < Collanellillunglls < R”uhttlh + ;Co"uht"?,

4
2 2 2 2
[b(Upee, W, Upee)| < collupll2 [upeellollaeells < —lueelly + ;colluhllzlluhnllo,

s|d(un¢t, Bhee, Br)| + sld(ap, Bree, Bree)l < sco(ltpeell1Brll2 + IBreell lanll2)IBrecllo
v 2, SH 2 (4 2.2 > 4 o z) 2
< —u + —|B +( —s“c5lIBrll5 + —scglu B
16|| heellT 16|| neelll > oIBrll5 y ollunlls JIBreelg,
2
sld(anet, Bue, Bue)| + Sld(Une, Bre, Bree)l < scolltneell11Brell + scolltnell1Bnell1 Bneell
4 2, SH 2 (4 2.2 2 A 2) 2
< —u +—|B + | —s“c;llB + —scsllu B .
16|| heellT 16|| neelll > olBrelly u ollunells )IBrelly

Combining the above inequalities with (3.35) yields

d 2 2 2 2
E("uhttuo + SIBneellg) + vianeells + splBreelly

2 2 2 2 2 2 2y2
< clifielly o + ¢+ IBrlly + [anl) (Ianeellg + sIBreellg) + c(lanely + slIBrell)”
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Now, multiplying by ¢?(t), then integrating with respect to t and using Lemmas 3.5-3.6, we can get
(3.31), along with the following negative-norm estimates by means of (3.33)-(3.34) and (3.1)-(3.2):

uneeel-2 < viuneello + clifeello,o + clltneelollunlly + clanellolitnels + clBaeellolBallx + cliBaclloliBnell1,
IBneeell-2 < uliBnello + cllaneclloBrlls + cllunll1Brecllo + cllunelloliBaell1,
Iuneeel-1 < Viupeels + clifeello,o + clluneeliliunly + clanelilianels + clBreell1IBallx + clBaell1iBnell1,

Breeell-1 < ulBpetlls + clluneel1IBrlly + clanllyIBreel1 + cllupell1 1Baell1 -

Bound (3.32) can be obtained directly from (3.18)—(3.19), (3.1)—(3.2) and Assumption (A3) as follows:
Vliunellz < Iftllo,q + aneello + cll(@pe - Vianllo,o + cli(un - V)unello,o
+ C[Bnt X (V x Br)llo,a + clBr x (V x Bre)llo, 0
< Iftllo,o + luaneello + clupellillunllz + clBnell1IBnlz2,
[Pnello,a < cllanells + cliftllo,a + claneello + clanelllunlz + clIiBaell1IBrll2,
UlIBnell2 < clBnetllo + clIV x (upe x Bp)llo, + clIV x (up x Bpe)llo,0

< C[Breello + clunell1Brll2 + cllunll2lBrell1- [

Lemma 3.8. Under Assumptions (A0)—(A3), the solution (uy(t), pn(t), Br(t)) of the discrete problem (2.1)-
(2.2) satisfies the estimates

t
o> (O)[Iunee(OIF + sIBee(B)117] + J o> () [VIARURe ()G o + SHIA2Bee(S)§ o ds < K, (3.36)
¢ 0
J 0> (O)Ineee($)IG + IBreee (S5 + |-VARUee(S) + VPt (S)1G o ds < k. (3.37)
0

Proof. Taking the sum of (3.33) with (vp, qn) = (Apuns, 0) and (3.34) with C, = sA»,Bp, we obtain
sd
2 dt
+ b(Upee, Up, ApUpee) + 2b(Upe, Une, ApUnee) + b(Qp, Wnee, ApUpee)

+ Sd(ApUntt, Bute, B) + 2sd(AnUnet, Bue, Bre) + sd(ApUpet, Br, Bher)

— sd(Up¢t, By, AonBnet) — 2sd(Unt, Bue, AonBnee) — sd(un, Buee, A2nBhet)

1d 2 )
5 = [neelly + VIARURellG o +

> dt IBheell + sullAanBrecl§ o

v 4
= — Anupeell? o + —Ifll? - 3.38
16|| hUneellg o v” ttllo.o (3.38)
Using (3.1)-(3.2), we can bound all the trilinear terms as follows:
[b(Unee, Un, Apne)| + [D(@n, Wnee, Annge)l < Collupll2[aneell1 lAntneello,0
v 4
2 2 2 2
< —|Apu + —cglu u ,
16|| rUeellg o > olluglls lupe
2|b(unt, Une, Apnge)l < collunelli lAntnello,ollAntneello,q
v 4
2 2 2 2
< —NAnupeelly o + —collunelllAnunelly o»
16 ’ v ’
sld(Apunee, Buee, Bn)l + sld(Aptnee, B, Bree)l < scollAnneello,olBall2 IBreells
v 2 4 50 2 2
< —[Apupeelly o + =S ColIBrlS IBheell,
16 J v
2s|d(Apunte, Bne, Bre)l < scoll Anttneello,allA2nBrello,olBrell1

v 2 4 50 2 2
< E||Ahllhtt||o,g + ;S collA2nBhellg o IBhell7,
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sld(un, Bnet, AonBnte)| + sld(nee, By, AonBnee)l < sco(luneell1IBrll2 + IBreell1 lunll2)IA26Bnetllo, 0
SU 2 4 5 2 2 2 2
< §||A2hBhtt||o,Q + }_JSCO(”uhtt"l"Bh”z + [ Breellflunll3),
2s|d(unt, Bnt, AonBnet)| < scolAnunello,alBnell11A21Bnttllo,0

S 4
< —y"AZhBhtt"(z) o+ —SCllARaRelg o IBell}.
16 ) u )
Combining all the above estimates with (3.38) gives

d 2 2 2 2
T¢Iy + SIBrecl) + VIARBReello, o + sHlA2nBhrecl o
2 2 2 2 2
< clifiellg,q + c(u + [Brll5 + lunl)(anee s + sIBreelly)
2 2 2 2
+ C(1Anunellg o + 1A2nBrellg o) (Ianelly + SIBrell7)-

Then, multiplying both sides by o2 (), integrating with respect to t and using Lemmas 3.5-3.7, we get (3.36).
Similarly, we can derive (3.37) by using (3.36) and the following bounds from (3.33)-(3.34):

[aneeello < vIAruneello, + Ifeello,o + cll@pee - V)unllo,o + cll(un - V)upeelo,o
+ cll(upe - Vupello,o + cliBree x (V x Bp)llo,o
+¢[Br x (V x Bhet)llo,q + ClIBre x (V X Bne)llo,0
< feello, + VIArUneello + claneellsanllz + cliBneell1 [Brll2
+ cllAnunello,alltnells + cllA2nBnello,alBrell1,
=AUt + Vipneello,a < neeello + Ifeello,o + clltneellillunla + clBreell1Bnll2
+ cllAnuntllo,alltnells + cllA2nBnello,alBrell1,
[Bretello < pllA2nBneello,o + HIBhetllo + clIV x (Wnee X Br)llo,0
+ |V x (up x Bnee)llo,a + €IV X (Whe X Bne)llo,0
< ullA2nBretllo,o + pIIBreello + clltneel1 IBnll2
+ cllupll2[Breells + clAntnello,lBhell1 - O

For the error estimates of the fully discrete finite element solutions in the next section, we now introduce
some Gronwall lemmas (see [19]).

Lemma 3.9. For constant C > 0 and the positive sequences an, by, Cn, dy satisfying

m m-1 m-1
am+‘ern <T Z dpant+ 71 Z cn+C,
n=1 n=0 n=0

the following Gronwall inequality holds:

m m-1 m-1
Am +T z b, < exp(r Z dn)<r z Cn + C).
n=1 n=0 n=0
Lemma 3.10. For constant C > 0 and the positive sequences ay, by, Cn, dy satisfying

m m m
am+Tans1'ZdnanT+Tch+C,
n=1 n=0 n=0
with d,7 < %, the following Gronwall inequality holds:

m m m
Am+T Y by < exp(ZT Z;)dn><r Z;)Cn + C).
n= n=

n=1
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4 Fully Discrete Finite Element Method with the
Crank—Nicolson/Adams—-Bashforth Scheme

In this section, we first discuss the time discretization of the semi-discrete finite element system (2.1)-(2.2)
to get our interested fully discrete finite element scheme to the MHD system system (1.4)—(1.5). We start with
the partition of the time interval [0, T] and the triangulation of the physical domain Q. We divide the time
interval [0, T] into N equally spaced subintervals using the nodal points

O=tog<ti<try<---<ty=T,

where t, =ntforn=0,1,...,Nand 7 = % For any continuous function f(¢t) or any discrete continuous
function @, (t) € Xy, in time, we shall use the notation

} 1 ~ ~ 1 un _ un—l

) = S ruy),  ft) = SEt) + £(tn1),  deuf = S,

and all other subsequent notation for the time and space discretizations as well as the finite element spaces
are carried over from the previous section.

We shall use the implicit second-order Crank—Nicolson scheme to handle the linear terms in system (2.1)—
(2.2) and the second-order Adams—Bashforth scheme to take care of the nonlinear term. Since the Crank-
Nicolson/Adams—Bashforth scheme involve three levels in times, we first define

(u), BY) = (up(0),By(0)) and (u;, p},B}) € Xp x My x Wy,
to solve the following Euler-backward system for all (vy, gn, Cp) € X x Mp x Wp:

(dewy, Vi) +v(Vup, VWp)a — (V- Vi, pp)a + (V- U}, gr)o

+b(uf), uf), vy) + sd(vy, BY), BY) = (£(t1), Vi), (4.1)
(d¢B}, Ch)a + u(V x By, V x Cp)a + u(V - B}, V- Ch)a — d(uf), B), Cp) = 0. (4.2)
Then we can recursively define the finite element solutions (uz, p;l', B;l') eXpxMpxWpforn=2,...,Nby

the system

(deay, Vi)a + v(Viay, VVp)a — (V- Vi, pp)a + (V- U, gr)a

n-2

_ 1 _
" 1,vh)—5b(uﬁ 2, ul 2, vp)

+ %b(uﬁ‘l, u!
3 _ _ 1 _ _ z
+ iSd(vhi Bz 1: B;ll 1) - ESd(vhi BZ 2: BZ 2) = (f(tn)svh)Q’ (43)
(diBy, Ch)a + u(V x By, V x Cp)o + (V- By, V- Ch)a
3 _ _ 1 _ _
- Ed(uz LB, Ch) + Ed(ug 2,Bl72,Cp) = 0. (4.4)
For the subsequent error estimates of the fully discrete finite element solution, we introduce the notation
enzuh(tn)_uZa gnth(tn)_BZ’ rlnzph(tn)_pz; n=1,...,N.

We first study the approximation errors of the initial values (“}11’ p}l, B}l) € X x My x Wy, defined by (4.1)-
(4.2).

Lemma 4.1. Under Assumptions (A0)—(A3), for T < % anda = -2,-1,0, 1, we have

12 1422 12 12 142.-2 12 2- 12
letlly + lldee laT> + viie s T+ ey + ldee 1377 + plle laeq T < k1777%,  Inllg < k1. (4.5)

Proof. We first integrate (2.1) with (vy, qn) € X, x My and (2.2) with C,, € Wy, from ¢ to t; to obtain
1 ¢
(drup(ty), Vh)a + = J(—VAhuh(t) + Vppr(t), vi)a dt + (V- up(ty), gn)a
to
t1 ty t

+ 1 J b(un(t), un(t), vp) dt + Sl I d(vp, Bn(t), Bu(t)) dt = 1 J(f(t),Vh) dt, (4.6)
T T T

to to to
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ty
(d¢Bn(t1), Ch)a + M% J[(V x Bp(t), Vx Cp)a + (V- Bp(t), V- Cp)ql dt

t to

- % J d(un(6), By(0), Cp) dt = 0. @.7)

to
To derive the error equations of e! and €', we subtract (4.1) with (vp, gn) € X x My, and (4.2) with C, € Wop,
from (4.6) and (4.7), respectively, and then use integration by parts to deduce
(dee', Vi)a + v(Vel, VVp)a — (V- Vi, n')a + (V- €', qn)a = (E1, Va)a, (4.8)
(dee", Ch)a + u(V x €',V x Ch)q + u(V - €, V- Cy)q = (F1, Ch)a, (4.9)

where

tl tl

(E1,Vn)a = —% J(t — to)(E:(t), vh)o dt + % J(t — to)(=VARURe(t) + VaDhe, Vi) dt

to tl tO tl
+2 j(t— )b (un(0), wn (0, Vi) de+ 5 j(t— t)de(Vn, Bu(6), Ba(6) dt,  (4.10)
t() tO

ty
(F1,Cn)a = H% J(t = t0)[(V x Bne(£), V x Cp)a + (V- Bpe(t), V - Cp)al dt

to t

-2 j(t ~ t1)de(un(0), By(0), C) dt. (4.11)

to

To continue the estimate, we introduce the L?-orthogonal projection Poy: L?(Q)> — X}, defined by
(PonV, Vi) = (V, vp)o forallv e L2(Q)3, vi € Xp.
Then we can use (4.10)—(4.11) and (3.1)—(3.2) to bound three weighted norms of the truncation error E; by

sup (E1, Vh)o
vheXy ||Vh||0

IPrE1llo < IPorE1lo,0

< COSUP HE®lo,o + I-vApun(t) + Vapr(Ollo + lAnun(®llollun(t)ll1]
<t<ty
+¢ sup [[Ba(Ol1IBr(®l2] < x,
o<t<ty
(E1,Vh)a

1
A} 2 PrE1llo,o = sup
h vpeVy ”vh "1

¢ sup [Tl (6)llo,o + 7207 (Oan(O)llx + TIARERE) o, e ()]o]

<
o<t<ty 1
+¢ sup [T[A2nBr(O)lo,alBre(t)llo] < x72,
o<t<ty
(E1,Vh)a

1A, PrE1llo,q
h vyeVy ||Ath ||0

< ¢ sup [TIf:(®)llo,0 + vTlune(®llo + Tlun ()l llun()lo]
<t<ty
+ ¢ sup [IBr(Oll11Bre(Ollo] < kT, (4.12)

o<t<t;

and to bound three weighted norms of the truncation error F; by

(F1,Cp)
IRonFillo,o = sup —a—2
crew,  [Cnllo

< ¢ sup [[|A2nBr(B)llo,a + |A2nBr(B)llo,ellun(®l:1] < x,

o<t<ty
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-1 (F1,Ch)a
IA,7 RonFillo,o = sup ————
CreWor | A2, Chllo,0

< ct207 (OIBre(Dl + TIARUR(E)llo,0lIBre()ll0]

1
*¢ sup (Tl A2nBr(Ollo,ollur(O)llo + TIARuR(O)llo,IBre(O)llo] < kT2,
<t<ty

- (F1,Cn)a
IAS2RonFillo,0 = sup —————
2h crew, 1421Chllo,Q

< ¢ Sup [TIBre(O)llo + Tlhup(Oll11Bre(O)llo + Tlun:(OlloIBr(O)l1] < k7. (4.13)
<t<ty

To further our estimates, we recall some smooth properties of the semi-discrete solution (uy(t), pn(t), Bu(t))
to (2.1)-(2.2) (cf. Lemmas 3.4-3.8):

lun (I3 + IBR(I3 + I-vArun(t) + Vipr(®)I§ o < Ko,
> (Olpnelgq <%0, " OUune(OI7 + IBre(t)l17) < Ko, r=0,1,2,
"2 (O)(lunee (1117 + IBree (D7) < Ko, r=-1,0,1,

t
J o"(s)(lune(s)12,1 + IBre(s)I2, ) ds < ko,  r=0,1,
0

Jt (4.14)

o™ () (lanee(s)IZ + IBpeel?) ds < ko,  1=-1,0,1,2,

0
t
JG”Z(S)(IIumn(S)Ilf_l + IBhete(S)lly-1) ds < ko,  r=-1,0,1,
0
t

I[GB(S)II—vAhumt(S) + Vipnet(S)§ o + 0(S)|-VARUR(S) + Vapre(S)I§ o] ds < Ko.
0

With the above preparations and for a = -1, 0, 1, we now take vy = 2A‘;l‘el‘r € Vi, gn =0 in (4.8) and
Cy = 2Aghslr in (4.9), respectively. Then, using (4.12), (4.13) and (4.14), we can deduce

a=1

2 2-a

le' iz + Idee I3T* + vile 15,1 T < v A" PRE1l] o < k7774,

a1
le' 1z + ldee 137> + plet iz, 1T — 2ulet T < A, RonFill§ o7 < k7>
To have the desired estimates of the errors in negative-norm, we take v = ZAEZelr € Vp, qn = 0in (4.8) and
Ch = 2A,7€'T € Wy in (4.9), then use (4.14) to obtain

let2, + Ideet12,7% + viet |2 T < 4|A, ' PRE1[§T* < k¥,
le'?, + Idee 12,72 + ple 1,7 - 2ullel?, T < 2p M A5 RonFallg o 7° < kT,
Combining these above estimates, we can see the first desired estimate in (4.5). The second estimate in (4.5)
can be achieved by using (3.1)-(3.2) and Assumption (A3):

1 1 1
In7llo < clldeello + clle”ll1 + cllPorE1llo < k. O

5 Error Estimates Part |

In this section, we establish the equations of the errors e" = u(ty) —uy, n" = % tt": pr(t)dt - py and
e" = By(ty) - BZ and then deduce the bounds of the truncation errors E, and F,, for n=2,...,N. The
estimates of these errors in H'- and L?-norm will be developed in the next section. For simplicity, we always
assume that vy € Xp and g, € My and C, € Wy, in this section.
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We start by integrating (2.1) and (2.2) from t,,_; to t,,, respectively, to have
ty

1
(dun(t), Vida + 7 | (-VBRUA(E) + TaPh(0), Vi)a dE + (V- Untn), dh)a

tn tna tn tn
+ 2 [ b, w0, v dersT | dn B, Bao)de= 1 [ €0, v dt
tho1 th-1 th-1
tn
(ABi(tn), Cada + & [ 1V xBal0), 7 % Chda + (V- Ba0), V- Ca)a] dt
tn thq
- % J d(up(t), Bp(t), Cyp) dt = 0.
th1

Subtracting (3.3) and (3.4) from (5.1) and (5.2), respectively, and using the formulas

th ty
1 - 1
= | p0dt-din =5 [ttt - 09t dt
th-1 th-1
3 1 1 ¢ 1
Btn) - 3@(tr) + 3t =5 [ (€= tpude+ 5 [ (- tio)put de
th-1 th-

forall ¢ € H?(ty_1, tn), we can derive
(dee",vp)a +v(Ve", Vp)g — (V- Vi, M + (V- e", qn)a

+ %b(e"’l, Up(tn-1), Vi) + %b(uﬁ’l, e" ", vp)
1 1 _ _
- Eb(e"‘z,uh(tnfz),vh) - by 2,e"2,vp)
b 2d(wn, £, Bt 1)) + 2 b(vi, B, £
1 1 _ _
- Ed(vhr gn—Z’ Bh(tn—Z)) - Eb(vh’ BZ 2) e" 2! Vh) = (En, vh)Q!
(dl’gn’ Ch)ﬂ + H(V X én’ V x Ch)ﬂ + ]J(V . én’ V. Ch)Q
3 _ 3 _ _
- Ed(en 1,Bh(tn71), Ch)_ Ed(uz 1’ gn 1’ Ch)
1 1 _ _
+§d(en_2)Bh(tn—2)) ch)"’zb(uz Z,Sn Z’Ch) =(Fnych)0,

where the right-hand side of (5.3) is defined by

th
1
(En, Vio = 5 j (€~ tu)(tn — O(Ea(0), Vi) dt
Tt
n-1 ty
1
.- j (€~ tn-1)(tn — O(-VARURE() + ViDree(D), Vi)a dt

tn—l
tn

L j (¢ = tu1)(bn — Obec(un(D), un(6), va) dt

2T
tn—l
1 tn 1 tnfl
+s j (t = to)bicCun(®), up(0), vi) dt - 5 j (¢~ tu2)bee(un(D), up(0), vi) dt
th-1 th-2

ty

b o= | (€= tae)(tn -~ O, Bal), Bal)
T

th1
th tn-1

+2 j (¢~ tn)du(Vh, Ba(0), Br(0) dt - j (¢ = ta_2)dee(vh, Bi(0), Ba() dt,

tn—l tn—z

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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and the right-hand side of (5.4) is defined by

ty ty
(Fay Ca = & j (= ta-1)(tn — OV X Bue(®), V x Cpla de + & j (€~ tao)(tn — OV - Bre(£), V - C)q dt
th-1 . th-1
- [ (€= t2)ta - Oun(o), Buco), €1 e
271 tn-1
-3 | - tdetwno. Bro, Cnde+ 5 [ - teadewno, Bro, Co e, 5.6)
th-1 th-2

while the three by- and dy-terms in (5.5)—(5.6) are defined by
bet(up(t), un(t), Vi) = b(Wnet(8), wn (), V) + b(n(t), Wnee(t), Va) + 2b(Wne, Une, Vi),
dit(Vh, B(t), Bn(t)) = d(Vh, Bnet(t), Bu(t)) + d(Vn, Bn(t), Bne(t)) + 2b(Vh, Bat, Bne),
det(un(t), Bn(t), Cp) = d(upee(t), Bu(t), Cn) + d(un(t), Bnee(t), Cn) + 2d(une, Bae, Cn).
We end this section with the bounds of the truncation errors E, and F,, forn =2, ..., N.
Lemma 5.1. Under Assumptions (A0)—(A3), the truncation errors E, and F, satisfy the bounds
T iuAg%PhEnué,Q < Ko7,

n=2

m
T Y o' ()AL PrEnll o < 07>, 1=0,1,

" (5.7)
T Y ol(t)lAy PhEnlR o < k2T?%, i=0,1,2,
n=2
m . .
T Z Ul(tn)"POhEn"(z),Q < K2T1+l’ l = O’ 1’ 23 33
n=2
mo_3
T Y A1 RonFall§ o < 27",
n=2
m . .
7Y 0 (t)lARonFulld o < k272", 1=0,1,
n=2 (5.8)

oo _1 .
7Y o' (tn)lAy; RonFall} o < k7", 1=0,1,2,

n=2

m
T z O-l(tn)"ROth”(z)’Q < K2T1+l’ i=0’ 152’ 3’
n=2

forall2 <m < N.
Proof. Using Lemmas 3.2-3.3, (3.1)-(3.2), we can derive the weighted norms of E,, from (5.5) as follows:

3 |(En, Va)al
IA,? PrEnllo,o = sup ———
vheVi [[Ag Vpllo,0

tn 3 f :
: 2
< cr§< J "ftt(t)"(zJ,Q dt) ’ CT%( J e (O dt)
_ n-1
th %
. cri( j ["uht(t)"é"um(t)"% + ||Ahuh(f)||(2),g”uhtt(f)"El] dt)
tn—Z

ty 1
2

+CT3( J [IBre (15 1Bre (DI + IARUA(E)IG o IBee (6)]1%4] dt) )

th
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) |(En, Vil
4, PrEnllo,0 = sup ————
h . vreVy, 1AnVillo,o
th l tn %
3
<c ( j ||fu(t)||ogdt) +cr( j (¢~ tu) [Unee (D12 dt>
n-1 tnfl
ty %
3
" crz( j (LARUA(OIZ o Inee (O + Itnel2funel2] dt)
tnfz

ty 1
+CT3< J [1420Br(OIF o IBree (£)12; + Bre(DI3 1B (£)113] dt) .

th-

Continuing with similar arguments, we can further derive

-3 |(En, Vh)al
A, PrEnllo,o = sup — =
vpeVy ”‘,hlll

[ tn

<ecr 3( J "ftt(t)uo 0 dt) + C‘[’Z( J (t - tn—1)2||uhtt(t)||% dt)

n-1 n-1

tn
+ CT( j (t = ta-2) [IARUR(OIG o [Unee(OIF + Nne (D13 Iune(D)I17] dt)

th-2

1
2

th 1
+ CT( I (t = tn-2)[1A20BR(D)§ o 1Bnee ()G + IBre (D)7 Bre (]3] dt) ,

tnfz

and

|(En, Vh)al

IPhEnllo < IPonEnllo,0 = sup —————
VhE)(h ”‘,hllo

tn

<c %(j

1 tn %
||ftt<t)||O a dt) + c( j (tn = Ot = ta-1)*|=VARUR(E) + VPRt (D] g dt)

n-1

2
+cr? (tn = O [1ARan(OIF o Ianee (O] + lune (D15 1AnuR(DIF o] dt)

tn 1
1
2

tn 2
1
(

tn 1
+ crﬁ( (t = tn-2)* (IARUR(OIF o [nee(OIF + Iunel 1 ARUR(OIF o) dt)
+ CTZ(

2
tn = O [1A20Br(t)I1F o IBree ()T + IBne(6)151A20Be (£)113 ] dl‘)

tn 1

tn 1
2
+ cr%( j (t = ta-2)> (1 A2nBr(D13 o IBret (DI + IBrellf1A20Br (DI ) dt) :

th-2

Combining all the above estimates with (4.14), we readily get the desired estimate (5.7). Similarly, by using
Lemmas 3.2-3.3 and (3.1)-(3.2), we can establish (5.8) from (5.6). O

6 Error Estimates Part Il

With the preparations from the previous section, we can now establish the H!- and L?-estimates of the errors
e = up(ty) - up, €" = By(t,) - By and the L?-bound of the error n™ = py(t,) —-ppforalll <n<N.
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First, fora = -2, -1, 0, 1, we add up equation (5.3) with v, = 2Aje"t € Vy and gn = O and equation (5.4)
with Cy = 245, "1 € W) to deduce

v
2 -12 2.2 2 -12 12
el —lle™ iz + ldee™llT= + 5t (le™lzq — e o, + 4le" e, DT b
2 ~12 2.2 H 2 12 =2
1%z — 1™ g +Idee™ ot + S (1€ asy — 1™ Moy + 418", )T + Y K
| 1 i=1
< ZT(En,Aze" + EAZdte”T>Q + 21<Fn, A%, E" + EAghdfenT>Q’ (6.1)

where K1, K>, .. ., K15 are defined by

Ky =:3b(e", up(tn-1), Afe™)T + 3b(up(tn-1), "', Afe™)T,
K> =: =b(e" 2, up(tn-2), Afe™)T - b(up(ty-2), e" 2, A%eMr,

K} + K3 = -2b(e" !, e" !, Ale™ T + = b(de" !, dee" !, Ale™ T,
Ky =: -2b(e"', dee" !, Afe™) 17 - 2b(die™ 1, "1, Afe™)T?,
Ks =: 3sd(A%e", "1, By(tn-1))T + 3sd(A%e", By(tn-1), " V)1,
Ko =: —sd(Afe", €%, By(tn-2))T - sd(Afe", Bp(tn-»), €" )T,

6.2
K + K3 =: —2sd(Afe™, &" 1, e 1)1 + —sd(Afe", de" !, dee" T3, 6.2)
Kg =: —2sd(A%e", &"1, de" )17 - 2sd(Ale", de"t, £ )T,
Ko =: =3d(e"™", By(tn-1), A€M - 3d(un(t-1), "1, AG, €M1,
Kio =: d(€"?, Bp(tn-2), ASye™T + d(up(tn-2), "%, AS, €M),
K}, + K3, =:2d(e™, &1, AS, €M) - S d(dee" !, dee™t, AS, e T,
K1y =:2d(@" !, de" !, AS, €M 1% + 2d(dee" 1, €M, AS, €T
We will divide the entire analysis of the errors e and " in several lemmas for different a-norm.
Lemma 6.1. Under Assumptions (A0)—(A3) and for T satisfying
1
64CIKAT < K2, 64CéKiT%(l FVIHUT<K, T< w’ (6.3)
there holds that
my2 Vo omy2 < 1 ny2 5np2
le™la + S leTlay 7+ 7 > Sldee™laT + Vet
y n=1 m 1
+e™z + SN g T+ T Y (5lldte"llir + ple I|§,+1) < K470 (6.4)
n=1
fora=-1,0,1and 1 < m < N, where
dn = 48C§(||Ahuh(tn)||(2),g + ||A2hBh(trl)”(2),Q)’
k3= max {d,}, x4=e"T[3k;+18(1+v+uHiyl. (6.5)

1<n<N-1

Proof. For the desired error estimate (6.4), we will bound all the terms K; for 1 < i < 12 defined in (6.2) and
also frequently use the fact that e" = " + 3td e and " = £" + J1de".

For K1, K>, K5 and K¢ and a = -1, 0, 1, we get readily, from (3.1) and Lemmas 3.1-3.3,
T

1 1
|K1] < 3|b<e"‘1, up(tn-1), Aje" + ETA‘,:dte”) T+ 3|b<uh(tn_1), e"‘l,Agé" + ETAﬁdte">

IN

1
~1y 15 -1
WcouAhuh(tn_l)uo,Q(||e" lalle"lasr + 5 Tle" ||a+1||dte"||a)r

1%

1 2.2,V 02 2 2 12 12
S5 ldee" 2T +3—2||e"||a+1r+8co||Ahuh(tn_1)||o,Q(||e" 12+ S le” ||a+1r)r,

6]

IA

1 1
|b<e"‘2, up(tn-2), Aje" + ETAZdten> T+ |b<uh(tn_2), e" 2, Are" + ETAZdten) T

1 2.2, YV inp2 2 2 212,V n-22
o5 lde" 2 +3—2||e"||a+1r+8c0||Ahuh<tnfz)||o,Q(||e" 12+ 2l ||a+1r)r,
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1
IKs| < 3s|d(Agé" +SARdie"r, e, Bh(tn_1)>|r +3s

1

d(Agé” + =A%de"T, Bp(tn-1), s"‘1>l‘r
2

< coquhBh(tn_l)uo,g(Wus"-lnaué"nm n */Tﬁ||s"-1||a+1||dfe"||ar)r

1 Voo _ _
< S 1A 3T + 518" T + 83 lAamBaltaDI o 16" 1E + e 1),

1 1
IKg| < sld(Agé" + EA;"ldte"T, en2?, Bh(tn—z))lT + sld(A;"lé” + EA‘;I‘dte"T, Bi(tn_2), s”‘2>|r
1 Voo _ _
< 1A I3 + 518107 + 8 lAamBalta2)IR o 167213 + S e 212, 7 ).
For Ko, K19, K% and K4 and @ = -1, 0, 1, we can estimate, by means of Lemmas 3.2-3.3,

1
|Ko| < 3|d(e"‘1, Bp(tn-1), A5, " + iAghd[a‘"T)l‘r +3

1
d(uh(tn_l), et AS,E" + zAghdt8"1>|T
< A B (t n-1y yan ﬂ n-1 d.e"
< col2nBa(ta-Dllo.o( VAl allElavs + 1" Hastldie"laT )7

_ _ 1 _
+ ColAntin(tn-1lo,a V(€ el lars + 51e" 1||a+1||dte"||ar)r
idn22 M ang2 214, B 2 n-1y2 , Yy n-1)2
< —ldee27? + 12, 1 + 8c21AamBa(taDI2 o (1€ 12 + Llem 2,
16 16 4 2
_ [T
+ 8e3lARB(tn-0IF o (1" 1 + B e 112,17 ),

|K10| < ld(e"‘z, Bp(tn-2), A5, " + %Aghdtenr>|r + |d(uh(tn,2), en2, A%, E" + %Aghdt8"1>|r
< 2eld@ e + K jeniZ 7+ 8c3lamBa(tn G o (1€ 213 + 21" 12, 7)
+ 8CAlARB(n-DIF o (1212 + B e 212, 1),
K3l < 2|b(é”"1, el Afe" + %AZdte'H'){r
< oVWIARE" o, 0 (1€ M lal@"last + 5 1™ a1 e T )
< o€+ S5 N + 8c31Ane" 1 o (16" 1 + 21,7 ),
1Kyl < 2’b<é"’1, dee™, A%E" + %Azdte”r)lrz ¥ 2|b<dte"’1, gl A" 4 %Ade"r)‘Tz
< colAne™ Mlo.o(Vldee™ M allelas + Idee™  lasldee™laT)T>
< %Ilénlliﬂr + %zlldte"llﬁr2 +8c31A4ne" I o (ldee™ Mg + Idre" iz, )T,
For K% with different a, K7 and Kg, we can estimate, by means of Lemmas 3.2-3.3,
IK3| < %|b<dte”‘1, dee™t, Afe" + %Aﬁdﬁ”‘r)’ﬁ (fora = -1, 0)
< collAndee" .o VW€ ol + 3 1€ asaldie" o )
< %Ilé”lliﬂr + 3izllalte"llfﬂ2 +8cgllAnde™ I o (Ide”™ Mg + Idee" 5,4 )T,
IK3| < %|b(dte”_1, die™ 1, Ape" + %Ahdte"1>lr3 (fora = 1)
< colAndie™ o,o VWlide" 11"z + 3 Idie™ I 1Andie" I gldie 7 )
< e + B%Mdte"u%rz + 8cAndce™ 2 o (Idee™ 2 + |Andee™ Mlo.alldee™ 11 )7°,
IK3| < Zs|d(A‘,’!‘é” + %Aﬁd,e”r, g1 é"‘1>lr
< olldane™ oo WIE™ ol arn + vTﬁ||é"-1||a+1||alte"||ar)r

Voisng2 1 2.2 2 Zn-12 an-1y2 , Hyzn-1)2
< 5518t T + 55 1dee" o™ + 8cglAane™ "l o 1€" e + S1E™ a7 )T,
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1 1
IKs| < 25|d<AZé” + EAZdte”‘r, &1, dte"‘l)’TZ + Zs|d<Aﬁé" + EAZdte"‘r, die™ 1, é”‘1>“rz
< collA2nE" Mo, o (VVIdee™ Hlalle"last + dee™ Hlasr ldee™laT)T?

Vooong2 1 2.2 2 an-112 -12 -1 3
< 3518 T + 5 1dee” o™ + 8cglAane™ Tl o (1dee™ g +ldee™ a1 )T,

A

1 1
IK3| < zsld(Agé” + EAZdte”T, dee™ 1, dte”‘1)|13 (fora = -1, 0)

-1 -1 5 -1 3
collAzndee™ Hlo,o(VVIidee™ M lalle™lar1 + Idee™  larlldee"laT)T

IA

IN

Voisnp2 1 2.2 2 -12 ~12 -12 5
3318 aun T + 55 ldee™lat” + 8cpllAandee™ "l o (1dee™ g +dee™ Mgy DT,

A

1 1
IK2| < zsld(Azé” + EAzdte”T, dee™ 1, dte”‘1)|13 (fora = 1)
1 1
< scollAandie™ Moo (VVIdee™ I lI€™ 2 + ldee™ I3 ||142hdt€"_1||5,Q||dte"||1T)T3
vV oo 1 _ _ _ _
< 351" 5T + S5 ldee Izt + 8cglAndie™ I o (Idee™ T + 1Azndie™ M lo,alldee™ )T,
For Kh and a = -1, 0, 1, we get readily, from (3.1) and Lemmas 3.1-3.3,
1
K}, < 2’d<é"’1, el AS e + iAghdte"T)lr
ne e _ 1 .
< coVulIARE" Mo, o(IE" HallE s + ille" Yasrlldee™lat)T
M a2 idnzz 204, g"1)12 an-12 , Hyzn-1)2
S =151 T + 55 1 dee a7 + 8cpllAne™ lIg o\ 1E" I + S IE" gt T )75
32 32 ’ 2
sn—1 n-1 a zn 1 a n 2 n-1 zn-1 a zn 1 a n 2
|K12| < 2|d(e" ", dig" ", A5, € +§A2hdts T)|T° +2|d(de" ", €, AS,E +§A2hdte T)|T
< collAne" oo (Vrlldee™ HallE™last + Idee™ Hlarldee™laT)T
+ CollAzhén_lllo,Q(\/ﬁlldten_l||a||€_"||a+1 +lde€™ Hlar1lldee™laT)T?
_ 1 e _ _
< %IISHIIEMT + Rlldte”llﬁrz + 8c(2)||Ahe” III(Z),Q(IIdt'S" L2 + |\ dee™ 1||§+1T)T2
+ 8C(2)||A2h5"71II(Z),Q(IIdtB"*lIIﬁ + ||dten71”§+1)r)‘r29

1 1
G| < 3|a(deem, dent, ag,en + A% den )| (fora=-1,0)

IA

-1 -1 & -1 3
colAndee™ o, (Vulldee™  lallElar1 + dee™ lar1lldee™ laT)T

K ony2 1 2.2 2 -1)2 -1y2 -1)2 5
35 1€ e T+ 55 1deelaT™ + 8cgllAndee™ I o (1dee™ g + Idee™ Mg DT,

IA

1 1
K3, < E’d(dte"‘l, dee" !, AS, & + zAghdtenr>’T3 (fora = 1)

1 1
-1 -1 & -1)2 -12 3
< collAndie™ “llo,a(Vulldee™ TI1lIE" 2 + Idee™ "Ml 1A2ndee™ g gldee™ I T)T

®

<
32

_ 1 _ _ _ _
1157 + S5 ldee™IiT? + 8cglAndee™ Mg o (Ndee™ T + 1dee™ 11 A2ndee™ Ho,0T)T”.
It remains to bound the two terms on the right-hand side of (6.2):
azn 1 a n V. oisn2 1 ny2.2 16 a%l 2 % 2 2
2‘(En,Ahe +ZA%de r) l‘rs Y2,y 7+ —ldee™2T2 + AT PhEnl2 oT + 8A7 PhEnl? o7,
2 Q 16 16 v ’ ’
zFAll—n 1Atxdn <.u—n2 1dn2216A%4RF2 SA%RFZ 2
|(Fn, A5, € + 5 Agdie T)Q|T—R”€ Ila+1r+3—zll t€ 2T +7II 2h RonFnllg o7 + 843, RonFnllg o7
Applying these bounds and the above inequalities of K;, then using (6.3) and (6.5), we obtain from (6.2) that
a1
2

1 1 16 5
an — ap-1 +bpt < Edn,lan,lr + Edn,zan,ﬂ +ChT + 7||Ah PhEnl§ o7

a a1 a
+ 8|4} PhEnl§ oT° + 16] A5} RonFullg o7 + 16143, RonFullg o7 (6.6)
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forall 2 < n < N, where

1%
. 2 2
an =: ez + ille"ll aT+@ +;uT)IIe o+ —Ile 12,,7,
by = v[é"? g2 [IId "2t + | dee™27],
n = VIETlgyy + MIE NG + STIdee” T + dee™ o
2 -n-1,2 =n-1 -n-1,2 =n-152 1 1
Cnoq = 8¢o(lARe" G o + 1A2nE" IIO,Q)<|Ie” o+ 1E" Mg + IIe” Iz T+ 5 IIS” II,mT)
2 -n-12 =n-1,2 12 12 1 1
+8¢o(1Ane" 15 o + 1A20E™ 15 o) (ldee™ Il + Ildte” 12 + Idee™ 2,17 + Idee™ 12, 7)T?
1 1 12 1
+8cy(lAndie" 1§ o + 1Aandee™ G o) (Idee™ M + dee™ M IR)T + Gor_ys
. -1 -1 -1
G, =: 8cj|lAnde™ IIO qUldee™ M2, + lldee™ 2, )T
1 1
+8cllAndie™ MG oldee™ Mg T (a=-1,0),
1 . -1 -1 -13 -1y, .5
Gp1 = 83l Andee™ G glldee™ M aT + 8¢5l Azndee™ g o ldee™ T

2 -1y2 -1 1y 5
+ 8¢l Andie™ 5 g lA2ndee™  llo,olldee™ T (a = 1).

Now, summing up (6.6) from 2 to m and using Lemma 5.1, we derive for 1 < m < N that

am+Tan<2a1+b1‘r+TZdnan+TZc +16(1+v! + U D128
n=1 n=1 n=1

<T z dpan + T Z %+ [2K1 +16(1 + v+ p ]2
n=1 n=1

Now we apply Lemma 3.9 to get forall 1 < m < N that

m-1
am+T Z by < eK3T{(2K1 +16(1+v i+ pu D)t %+t Z } 6.7)

n=1 n=1

We can now end the proof of (6.4) by induction. First, we know (6.4) holds for m = 0, 1 by Lemma 4.1.
Then we prove (6.4) for m = J + 1 under the assumption that it holds form = 0,1, ..., J. Based on (6.3) and
the induction assumption, we have

m-1
Ty ch<64achigA vt p)T (fora=-1,0),
n=1

m-1
T Z ci<6hcia(l+v i+ Hr 4 64C(Z)K3,T%(1 FVT )T (6.8)
n=1

Combining these estimates with (6.7) and using (6.3), we get the desired estimate (6.4) for m = J + 1. O

Lemma 6.2. Under Assumptions (A0)—(A3) and for T satisfying

64c0;<4r < K2, 64COK4T5(1 +VI 4 ’%)r <Ky, TS %, K5T < % (6.9)
there holds that
le™|2, + = IIe’"Ilzlr +T Zl(lldte 12,7+ vie"|2y)
n
+le™1?, + gue"‘uElr +T Z (ldee™|2,T + plle™|%,) < kee™ 1" (6.10)

n=1
forall1 < m < N, where ks = maxy<p<y dn, and
dn=16c5(1+v"+ }1_1)(”Ahuh(tn—1)"(2),g + "Ahuh(tn—z)”(z),g)
+16c5(1+v"+ H_l)(llAthh(tn—ﬂllé,Q + "AZhBh(tn—Z)”(z)’Q)
+ 166(2)(V_1||Ahé"_1||(2) at u_lllAzhc‘f”_lllé,Q)

+16cg(le" Tt + 18R T + Idee™ IR T + e T D).
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Proof. We can estimate all the terms K; in (6.2) with @ = -2, by using the identities

1 opa 1 _ 2 o 1 _
e"l=e"ly —die"r, e"?=e"1- Zdie"r,
2 2
n-1 an— 1 n-1 n-2 =n-1 1 n-1
e =¢ +§dt£ T, &V =¢ —zdts T

and Lemmas 3.2-3.3 and (3.1)—(3.2) as follows:
K1 < 3%||dten_1||E1T3 + 35 le" 2,7+ 8¢(1 + v HIApun(ta-1)I3 glle”I?,7,
K| < %zlldte"‘lllflr3 + 35 le" HP2yT+ 8¢5+ v HIApun(ta2)I3 glle”I?,7,
|Ks| < %Ildte"‘lllflr3 + illé"‘lllﬁlr +8¢5(1+u )| A2nBr(ta-1)IIg g lle"I1%,7,
Kol < —Ildte” W21+ = ” 35 1e" 2,7+ 8¢+ u ) A2Ba(tn )5 olle"I?,T,
|Ko| < 3—2||dte"‘1llflr *35 IIe" 2T+ %zlldte"‘lllflr3 + ;‘—zllé"‘lllflr

+8c3[(1+ v-1>||A2hBh(tn71)||é,Q +(1+ u‘l)uAhuh(tnfl)né,Q]||e" 1,7,

|K10l < 3i2||dte“*1||Elr3 + o5 IIe" 2T+ zlldte”*lllflr3 + = IIe” 2T

+8c3((1+ V71)||A2hBh(tn—2)||(g),Q +(1+ }171)”Ahuh(tn—z)"(z),g)”en 1,7,

1 Voisn-1y2 2. -1 5n-12 2
K51 < 318" 1207 + 8oy 1ARe™ g g le™ 1T,
1 -1y2 2 zn-1p2 2

IKal < 35 lldee” lor* +8cglle™ MIzle" 2,

1
2 —-1y2 2 —-1¢2 2 2
IK3] < —IIdte“ 157 + 8c3lldee™ 3 le 12,72,

KJl < == ||e" 2,7 + 8cou M I AnE™ G g lle 1%,

Ks| < —||dte" HigTh + 8cglie™ g e 2,

K3 < —||dte" HgTh + 8clidee™ M le™2, 7,

K}l < = ||e" 2T+ 8cou‘1||Ahé"-1||3 olle™?,t,

K12] < —||dte" Mot + 55 ||dte" Y3t + 8c3le™ 2 + e HIDIe™I2,,
IK3| < —Ildte” gt +8colldte” L2 nem)2, 72

Furthermore, the two terms in the right-hand side of (6.2) can be bounded by
_ v _3
2|(En, A2eM)glT < 1—6||€"IIE1T+ _”dte 12,72 + —IIA ZPhEnIIO oT +8l4, 1PhEn||0 QT
2|(Fn, Ajpe™alT < %ns“u%lr - 3—2||dte"||32r2 + 7||A;,§R0thu3,Qr + 8145 RonFllg o 77

Now we can combine the above inequalities with (6.2) for a = -2 and derive

Vv
2 12 2 12
an = An-1+bnT + E[Ile"ll,l =" T+ 5 [IIS"II,l = €™z, 0T

12 12
2 2

—1y2 —1y2 4
<dpant +[lldie™ |5 + Ildee™ 51T + [lldee 1+ ldee U7

16 s _ _3 _
+ = I4}2 PhEn 15,07 + 814, PhEnl§ o 77 + 7||A2ﬁR0th 15,07 + 8IASsRonFallg o7° (6.11)

forall 2 < n < N, where

2 2 2 =n2
n=letZ, + @+ unle™Z,,  bp=vie™Z, + ule™z,.
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We then sum up (6.11) overn = 2, ..., m, use Lemmas 4.1 and 5.1 to achieve, for 1 < m < N,

am+‘ern<a1+b1‘r+TZdnan

n=1 n=0
(2203 PuEnIR g + 814, PrEnld 7]

[—nA;gROthuo o + 8145 RonFal} 7]

i

m
<7 z dnan + xeT".
n=0

Noting that d,, T < k5T < % from (6.9), we can apply Lemma 3.10 to get the desired estimate (6.10). O

Lemma 6.3. Under the assumptions of Lemma 6.2, we have fora = -1,0 and 1 < m < N that
UL 1
altmle™ i+ voltmle T+ T 3. ottn)( 1die” T + VIETE. )
+ ot €M I2 + HO(t)IE™2, T+ T Z ot 514" BT + HIEE. ) < KT 6.12)

Proof. We multiply (6.6) with a = -1, 0 by o(t,) and use o(t,) < 0(t,_1) + T to get for n > 2 that
o(tn)an — 0(th-1)an-1 + 0(tn)bnt
3 1 1 "
< Ean,lr + ApoT + Edn,la(tn,l)an,lr + —dn,zo(tn,z)an,zr +CpT

16

+ —O(tn)llAh PhEn"o QT + 80(tn)||A2PhEnII0 oT?
16

+ 70(tn)IIA2h RonFn IIO oT +80(tn)llA; hROhF IIO ot (6.13)

Then, summing up (6.13) overn = 2, 3, ..., m and using (6.9), Lemma 4.1 and Lemma 5.1, we further get

m m-1 m-1 m
5 _
o(tm)am + T Z o(ty)bn < 2a17 + b17% + ST z an +T z dpo(ty))an + T Z %+ k378

n=1 =] n=1 n=1
m-1
<T z an + T Z dno(ty)an + T Z %+ x4 (6.14)
n=1 n=1 n=1

for 1 < m < N. Since d, < x3, we can apply Lemma 3.9 to (6.14) to obtain

m m-1 m
o(tm)am + T Z o(ty)by < e"3T(§T Z an+T Z ch+ KT3‘“>. (6.15)
n=1 n=1

n=1

But, using Lemma 6.1, we have

5 m-1 5 -1
ET Z an = E
n=1

3

2, Y2 2
{1 S a1+ D1 ]

i MH »-M

2, Vyan2 snp2 , M
[ ||a+—||e"||a+1r+||e"||,x+5|| "I3,:7]
2 2 —
3Z[||dte 2+ S1dee™ 2,07+ il + e 2, 7] < ke (6.16)

Combining (6.15) with (6.16) and using (6.8), we derive the desired estimate (6.12). O

Lemma 6.4. Under the assumptions of Lemma 6.2, we have, forall1 < m < N,

m
o’ (tm)le™ 5+ Tv Y. > ()€} + 0 (tm)l€™ G + uT Z a*(tn)IE"] < k"
n=1 n=1
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Proof. Taking v, = 2é"1 € Vy, and g, = 0 in (5.3) and Cj, = 2&"1 € Wy, in (5.4), then adding up the two
equations, we obtain
le™ 5 — ™ Mg + 2vlie™ 5T + le™I§ — le™ 115 + 2plie™ 13T
+3be™ L, up(taot), M7 + 3bUp(te-1), €™, Mt
— b(e" 2, un(tn ), €"T — b(un(ty ), e" 2, M1
—3b(e™ L, e™ L, e + b(e" 2, "2, éM)T
+3sd(e™, "L, Bp(tn_1))T + 3sd(é™, Bp(tn-1), €™ H1
—sd(é", €™, Bp(tn-2))T — sd(€", B(tn-2), €" )T
—3sd(@", "L, e V)1 + sd(é", "2, )T
~3d(e" !, Bp(tn-1), €)1 - 3d(up(tn-1), "1, EMT
+d(e" 2, Bp(tn-2), EMT + d(up(ty-2), €2, M1

+3dEe™ 1, e, &M — d(e™ 2, "2, M1 = 2(Ep, €M)aT + 2(Fp, EMaT. (6.17)
Then we can use (3.1)-(3.2) and Lemmas 3.2-3.3 to estimate all the terms in (6.17) as follows:

3|b(e™ !, un(tn-1), MIT + 3|b(up(tn-1), ", €M7 < colle™ ol Anun(tn-1)llo,olle" 1
%
32

_ _ o - vV 8 _
Ib(e"2, un(tn-2), €MIT + [b(un(tn-2), €"%, €MIT < o= €"ITT + J cGllAnun(tn-2)l olle™ 5T,

_ 8 _
< 35 1€ T + — il Anun(ta )5 ol IGT,
31b(em, e, et < e + S c2lAnem I glem 3T
’ ’ =32 1 v 0 0,Q 0>
_ - vV 4 _ _
Ib(e"™2, €™, eMiT < —lleITT + —cglAne™ g olle" 15T,
_ _ _ _ Voo 8 B
3sld(e", Bp(tn-1), € V)T + 3sld(e™, €™, Bp(tn-1))IT < == 18" 13T + =3Il A2Bnr(tn-1)IE o€ 15T,
32 v ’
_ _ _ _ Voo 8 B
s|d(e™, Bp(tn-2), €"2)|T +s|d(€", €™ 2, By(tn-2))IT < == 18" 117 + =5l A2nBr(ta-2)13 o ll€™ 2137,
32 v ’
_ _ _ Vo, 8 _ _
3sld(e", ", e" DIt < S le"IiT + T cglAane™ g ol 1T,
_ _ _ Vo, 8 _ _
sld(e", e, " It < g5 1e"lTT + T clAane™ 1 olle" 25T,
_ _ 1 - _ 8 _
31d(e™ Y, Ba(tn_1), €")IT + 3ld(Un(tn_1), €L, EMIT < L 8" 21 + = RlAnun(ta1)I2 o le" 12T
16 U ’
8 B
+ I_lC(Z)"AZhBh(tn—l)”(z),Q”en g,
_ _ 2 - _ 8 _
ld(€"2, Bu(tn2), T + |d(Un(tn_2), €"2, 81 < L1627 + = 2 lAnun(tn_2)I2 o™ 12T
16 U ’
8 _
+ }7CSIIAZhBh(tn—z)IIé,QIIE" 2|37,
_ 1 - _ 8 _ _
3ld(e™t, g™, e < ;—ZIIE"II%H HCE)IIAhe” "8,alle™ 5T,
_ 2 - _ 8 _ _
ld(e"?, e"%, &)1 < ;l—zlle"lliﬂ EC?)IIAhe” P i Py
while the two terms on the right-hand side of (6.17) can be estimated by
_ v 16 -1
2|(En, €MalT < 1—6I|e“llir + TIIAhZPhEnII(Z),QT,

_1
2|(Fn, &)al < %IIE”II%T + 164, RonFnlly o7-
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Now we can combine all the above estimates to obtain from (6.17) that
an - @y + VI IFT + plE 3T < 2]E" 3T + %dn—lan—l'r + %dn_zan_zr
+ 1, PREAIR o + 1’1—6||A;§ RowFal gt (6.18)
forall 2 < n < N, where
an := [le"§ + 1”3,
dn1 := 165 (v + u ) (IARUR(tn-1)15 o + 1426Br(ta-1)IG o)
+16c5(v! + Hil)(llAhenflllé,g + ||A2h8n71||(2),Q)'
Multiplying both sides of (6.18) by ¢?(t,), we can derive

0% (tn)an — 0% (tn-1)an-1 + va* ()€™ I3 T + ua? (tn)IE" I3 7

< 270(ty-1)an-1 + 20(t)IE"IGT + dn-10(tn-1)an 1T + 2dn_20(tn2)an o T
2 16 -1 2 16 -3 2
+0°(tn) TllAh PrEnl oT + 7||A2h RonFnllg o (6.19)

for all 2 < n < N. Then the desired error estimates follow for 1 < m < N by summing up (6.19) from n = 2 to
n = m, using Lemmas 4.1 and 5.1 and Lemmas 6.1-6.3:

m m-1

0% (tm)am + T ). 0> (t)(VIE" ] + ul™}) <kt + 37 ) dno(tn)an
n=1 n=1
m-1

<kt + 6T ) dpo(ty)[1E"F + I1€"]3]
n=1
m-1
+6T Y dno(tn)lldee" 57 + ldee™ 5T < x7*. O

n=1

With the previous estimates of the errors e = uy(t,,) — “2’ e" = By(ty) - BZ, we are now ready to establish the
L?-bound of the error n" = py(ty) —pﬁ foralll <n<N.
It follows from Assumption (A3), (3.1)—(3.2) and Lemmas 4.1, 5.1 and 6.1-6.4 that

-1 -2 -1)2 -2)2
In™llo < x(Idee™llo + lle™llx + le™ 1 + le™ *[l1) + k(le™ "1 + €™ “I7) + clPonEnllo,a,
which yields

a(tm)In™13 < co®(tm)lldre™ I3 + ca(tm)le™ |3 + k(o(tm-1)le™ 1 + o(tm-2)le™ *]1)

+ k(0 (tm-1) €™ T + 0(tm-2) €™ 2I3) + cO* (tm)IPonEnmllg ¢ < kT2 (6.20)

Now it follows readily from (6.20) and (4.14) that, forall 2 < m < N and some 0, € [tp-1, tm],

1 2
O (tm)patm) = DY = 02 (tm) |5 P tm) ~ P(tm-1)) + n"’]lo )
< 202 (tmDlIP Om)I2 o7 + 202 () I 12,
< 20° (Om)IpreOm)g o T° + KT* < KT, (6.21)

In summary, we can now conclude the following error estimates by combining (6.20)—(6.21) with Lem-
mas 6.3-6.4 and using Theorem 2.1 and Lemma 4.1.

Theorem 6.1. Under Assumptions (A1)-(A3) and for T satisfying (6.9), the finite element solution (u}, py, By)
to scheme (4.3)—(4.4) has the following error estimates for all t,, € (0, T):

la(tm) - a0, + IB(tm) - B'llo,0 < k(07 % (tm)h> + 07 L (tm)T2),
IV@(tn) - aMlo.0 + IVB(tm) - Bllo,a < k072 (tm) (R + 1),
p(tm) —phm"o,g < 1(0_1(tm)(h2 + 7).
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Figure 1: A sample mesh of h = %.

7 Numerical Experiments

In this section, we present some numerical experiments to verify the convergence orders of scheme (4.3)-
(4.4). We take a spherical domain of radius % with the center at (0, 0, 0). The conforming and shape-regular
triangulation with tetrahedral elements is generated by the software Gmsh [8]; see Figure 1 for a sample mesh
with h = %.

For solving system (4.3), we may change the sign of the term (V - u, gn)q to see this system is symmetric.
Then we can apply the MINRES method to solve it, preconditioned by the diagonal block operator

1 -1
“I-vA O
Pus=1{" .
NS ( 0 I>

Equation (4.4) is symmetric positive definite, so we can apply the conjugate gradient (CG) method to solve
it. The two outer iterations terminate when the relative residual reaches 1071°. All experiments are imple-
mented using FEniCS software [22]. We set physical parameters v = s = u = 1 and apply the P, P; and P,
finite elements to discretize the velocity u, pressure p and magnetic field B, respectively.

7.1 Verification of Temporal Accuracies

In this subsection, we check the temporal convergence orders of scheme (4.3)-(4.4). The right-hand sides
and the boundary conditions of the MHD equations (1.1) are chosen such that the true solution is given by

t

B = (y cos(t), zsin(t), xe™), p=0, wu=(yet,zcos(t),xsin(t)). (7.1)

Note that this solution (7.1) is linear in space direction; hence the computational errors mainly come from
the time discretization. We fix the mesh size h = % and refine the time step size 7 to run the scheme. The
errors and convergence orders at t = 2 are illustrated in Table 1, where ey, is given by ey, = w(t,) — w}, for any
function w at recorded time t,,. Table 1 demonstrates that scheme (4.3)-(4.4) has the second-order temporal
accuracy. In addition, we have also plotted the exact solution (7.1) and the numerical solution in Figure 2.
We see the computational solution matches the exact solution very well.

7.2 Verification of Spatial Accuracies

In this subsection, we check the spatial approximation orders of scheme (4.3)—(4.4). To this end, we choose
the exact solution to the MHD equations (1.1) as follows:

B=(cos(y +t),cos(z+t),cos(x+t)), p=e‘xyz, u=(y>+z%)e",(x*+2z%) cos(t), (x> +y?)sin(t)). (7.2)
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T lleyll,2 Order |leylly Order |[lepll;2 Order |epll;2 Order |leplly Order
% 2.099e-4 — 2.559e-3 — 1.714e-3 — 3.857e-4 — 4.469e-3 —

% 2.134e-5 3.29 4.523e-4  2.50 4.111e-4  2.05 4.027e-5 3.25 7.574e-4  2.56
11—6 3.869e-6  2.46 7.946e-5 2.50 9.885e-5 2.05 7.415e-6  2.44 1.286e-4  2.55
31—2 9.295e-7  2.05 1.312e-5 2.59 2.416e-5 2.03 1.746e-6 2.08 2.165e-5 2.57
61—4 2.345e-7 1.99 2.393e-6  2.45 5.967e-6 2.01 4.320e-7 2.01 4.368e-6  2.30
11% 5.911e-8 1.99 5.664e-7 2.07 1.482e-6 2.00 1.076e-7 2.00 1.032e-6 2.08
2% 1.495e-8 1.98 1.420e-7 2.00 3.736e-7 1.99 2.689e-8 2.00 2.565e-7 2.00

Table 1: Errors and orders of [leyll;2, leullyt, llepll;2, lesll;2 and [leplly2 with the fixed grid size h = %.

il R i i

(a) Exact solution B (b) Exact solution u

0. 1IN0 SB0 A0 2] 0 1IN0 o0 A0 2]
il i il AR

(c) Numerical solution B (d) Numerical solution u

Figure 2: Comparisons of the exact solution (7.1) and the computational solution at t = 2.

We set T = h and refine both parameters simultaneously to get the approximation errors and convergence
orders. The recorded data at t = 2.0 are presented in Table 2. We see from Table 2 that the convergence orders
of leulls, llepllz2, leplr2 and [lepllg: have the second-order accuracies, while the error order of |e,||;> seems
to yield a higher-order accuracy for this experiment. In addition, we also plot the exact solution and the
numerical solution at t = 2 in Figure 3, from which we can see that the numerical solution captures the exact
solution well.

Furthermore, we have also checked the convergence orders of | e, |12 and | ey ;2. To this end, we set T = h3
to implement the fully discrete scheme (4.3)—(4.4). The corresponding numerical errors and convergence
orders of |le,]l;2 and |lep||;2 at t = 2 are displayed in Table 3, from which we can see that |le, |12 and |ep| 2
achieve approximately the asymptotical third-order accuracies.
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Figure 3: Comparisons of the exact solution (7.2) and our computational solution at t = 2.
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h T lleyll;2 Order |leylly Order  |[lepll;2 Order |epll;2 Order |leplly Order
L1 4250e-4 - 6.476e-3 — 1.166e-2 — 2.929e-3  — 2.647e-2  —

1 1 3566e-4 0.25 5.028e-3 0.36 3.805e-3 1.61  5.434e-4 2.43  6.492e-3  2.02
T %3 4476e-5 2,99  1.243e-3 2.01  9.169e-4 2.05 8.763e-5 2.63  1.592e-3  2.02
& & 4.583e-6 3.28  2.66le-4 222  2.118e-4 211  1.878e-5 222  3.699%e-4 2.10
35 35 4.605e-7 331  5253e-5 234 5.073e-5 2.06  4.570e-6 2.03  8.349e-5 2.14

Table 2: Errors and orders of [leyll;2, lleully1, llepll;2, lesll,2 and [lep |l at t = 2 that are computed using 7 = h.

h T lleyll;2 Order |epl,2 Order
L3 3.54195e-4 — 1.15922e-3 —

11 4.63818e-5 293  1.00930e-4 3.52
L& 1.19882e-6 527  1.55159%e-5 2.70
& & 832105e-8 3.84  2.23924e-6 2.79
& 1y 1.06173e-8 2.97  2.61821e-7 3.09

Table 3: Errors and orders of |le,|l;2 and |lep|l;2 using T = h3.
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