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Abstract: In their article “Coupling at a distance HDG and BEM”, Cockburn, Sayas and Solano proposed
an iterative coupling of the hybridizable discontinuous Galerkin method (HDG) and the boundary element
method (BEM) to solve an exterior Dirichlet problem. The novelty of the numerical scheme consisted of using
a computational domain for the HDG discretization whose boundary did not coincide with the coupling inter-
face. In their article, the authors provided extensive numerical evidence for convergence, but the proof of
convergence and the error analysis remained elusive at that time. In this article we fill the gap by proving the
convergence of a relaxation of the algorithm and providing a priori error estimates for the numerical solution.
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1 Introduction

The goal of this article is to conclude the work started by Cockburn, Sayas and Solano in the article Coupling
at a distance [7], where an iterative solution method for a classic exterior elliptic problem was introduced. The
proposed scheme amounted to a Schur complement-style algorithm that alternates between a Hybridizable
Discontinuous Galerkin Method (HDG) for an interior problem and the Boundary Element Method (BEM) for
an exterior problem. At the time of publication, the novelty of the method resided in the use of non-touching
grids for the discretization of each of the two problems. The ready availability of two separate, uncoupled,
codes for each of the discretization methods and the eagerness to show the viability of such a non-touching
coupling led to the choice of an iterative alternating procedure — even though the problem in question is in
fact linear.

When [7] was published, the technique for transferring information between the two grids had only been
recently incorporated into the HDG literature [8] and, despite the fact that convincing numerical evidence of
convergence at an optimal rate was provided, a rigorous analysis of the coupled scheme proved elusive at
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the time. A few years after Coupling at a distance appeared, a method for the analysis of HDG discretizations
involving the transfer technique — that we now like to call the transfer path method — was developed in [5]
for interior elliptic problems. Since then, both the transfer technique and the analysis method have been suc-
cessfully employed for the study of linear [21, 32, 33], and non-linear [22, 24, 25, 27, 28] interior problems,
as well as problems with interfaces [23, 31], however the analysis of the HDG-BEM coupling had fallen by
the wayside and remained unfinished.

The current special issue honoring Francisco-Javier Sayas, one of the co-authors of the original article,
seemed like the perfect venue for the missing analysis. In that sense, the present communication shall not
be considered a novel contribution, but rather the conclusion, long overdue, of the original work, an after-
note to the original work Coupling at a distance. With that in mind, we will stick to the iterative alternating
procedure proposed in [7], even if a more efficient monolithic approach where the HDG and BEM discrete
systems — along with the discrete coupling terms — are solved simultaneously is possible. The study of such
amonolithic scheme applied to non-linear problems is the subject of ongoing work that will be communicated
in a separate publication [26].

The method proposed in [7], rather than approaching the problem as a single coupled unit, follows the
spirit of domain decomposition methods. It relies on an iterative approximation of a Dirichlet to Neumann
mapping through the independent solution of an interior and an exterior problem that communicate through
their Dirichlet and Neumann traces. Since these two problems are dealt with independent solvers, we will ana-
lyze their discretizations separately. After establishing the well posedness of the independent discretizations,
we will then prove that, at the discrete level, the alternating solution of an interior Dirichlet and (with HDG)
an exterior Neumann problem (with BEM) converges to the solution of the original unbounded problem. This
latter result constitutes the main contribution of this article.

We will describe the problem setting and its reformulation as a system of coupled interior/exterior prob-
lems at the continuous level in Section 2. The discretizations of the interior problem and the boundary integral
formulation for the exterior problem are described respectively in Sections 3 and 4. Finally, in Section 5, we
show that it is possible to define a relaxation of the iterative process presented in [7], alternating between the
solution of the interior and the boundary problems, that converges to the solution of the original problem.

2 Continuous Formulation

2.1 Problem Setting

Consider a bounded domain Qg c R? that has a smooth parametrizable boundary that will be denoted by
[o := 0Qp. We will denote the unbounded complement of its closure by
Q5 := R*\ Qq.

In this section, we will be concerned with the analysis of a discretization for the following diffusion problem:

V.qt=f in Q, (2.1a)

g + xvut® = 0 in Q¢, (2.1b)
u® =y,  onTy, (2.10)
u®t=0©(1) asx — oo. (2.1d)

The function f will be taken to be compactly supported and square integrable on Q. The diffusion coefficient
K is a strictly positive matrix-valued function such that, denoting the identity matrix is as I, the difference
(I - k) is compactly supported in QF. This condition implies that outside of supp(I - k) equations (2.1a) and
(2.1b) in fact coincide with Poisson’s equation. We will also require that there exist positive constants k and
K such that, for any component function x;; of x it holds that

K < kjj(x) <k forallx e Q.
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Figure 1: Left: The artificial boundary I' splits the domain of definition of problem (2.1) into an unbounded region Qext and
a bounded annular domain Q. Right: The computational domain Q, is discretized by an un-fitted triangulation (blue), with
boundary ', U To .

The Dirichlet boundary data ug will be considered to be an element of the trace space H 3 (T'o). The radiation
condition at infinity (2.1d) is equivalent to assuming that there is a constant us, such that u = ug, + O(Jx|™1)
(see [18]).

2.2 Interior and Exterior Problems

To deal with the unboundedness of the domain, later on we will make use of an integral representation
that will reduce the computations to a bounded domain. To this avail, we introduce an artificial, smoothly
parametrizable interface I' enclosing Qo, the support of f and the support of (I — k). We will also require that
I' Ty = @. The domain interior to I will be denoted Q, while the unbounded complementary region will be
denoted Qex¢. The boundary of Q will be denoted as 0Q and consists of two disjoint components: the artificial
boundary I' and the original problem boundary Ty, so that 0Q = I' U T'g. We will denote the unit normal vector
to 0Q, pointing in the direction of Q¢ for points in I' and in the direction of Qg for points in Ty, by n. This
geometric decomposition, depicted in Figure 1, splits our region of interest into two disjoint domains and
allows us to rewrite the problem (2.1) in terms of an interior and an exterior problem coupled by continuity
conditions at the artificial boundary I'.

Since we aim to use an integral equation formulation, for the exterior problem we will prefer a second
order formulation and will eliminate g®! from the system. We will represent the solutions to (2.1) as the
superposition

utot —u+ uext and qtot =q+ Vuext’

where the functions u and q are supported in Q, while u®! is supported in Qex. The pair (u, q) satisfies the
interior problem

V.gq=f inQ, (2.2a)
qg+xVu=0 inQ, (2.2b)
u=g onf, (2.2¢)
qg-n=A onT, (2.2d)
u=1ug only. (2.2e)

On the other hand, the exterior function u®* satisfies

—Autt =0 in Qext, (2.3a)
ut=g onT, (2.3b)
vu.n=-A  onT, (2.30)
u®=0(1) as|x| - oo. (2.3d)

Above, the boundary value g € H 3 (I') corresponds to the trace of u'°t over the artificial boundary I', while
AeH: (T') is the value of the normal flux. These two functions are unknown at this point and will have to be
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retrieved as part the solution process. However, the knowledge of g (resp. A) is enough to fully determine the
solution to (2.2) or (2.3) considered as independent problems — as long as the equation containing A (resp. g)
is removed from the system. This observation will motivate the alternating solution scheme to be described
in Section 5.

2.3 Boundary Integral Formulation for the Exterior Problem

We will now reformulate (2.3) as a boundary integral equation. To do that, we will make use of some standard
results from potential theory; we refer the reader interested in further details to the classic references [13, 18]
for a comprehensive account, or to [12] for a more concise treatment.

We start by introducing the single layer and double layer potentials defined respectively for n € H (D),
pueH () andx € R2\T as

Su(x) = J G(x,y)u(y) dry (single layer),

Dn(x) := | Onw)Gx, y)n(y)dry (double layer),

o (R

where G(x,y) is the Green function for Poisson’s equation. The functions defined by these two potentials
satisfy equation (2.3a), and the following jump conditions:

[Sull :==0, [V8ul:=u, [Dnl:=-n,[VDn]:=0,
where the jump operator is defined for y € I' and scalar and vector functions v and v respectively as
[v] := im(v(y —en) ~v(y +en)) and [v]:= Uim(v(y -en) - v(y + en)) - n(y). (2.4)
In a similar fashion we can define the average operators as
= S im0y - em) + vy + em) and (V) = 3 lim(vly —en) + vy + em) -ny),  (25)
and use them to define the following boundary integral operators:
V= {8u}, K'p:={V(Sw}, Xn:={Dn} and Wn:=-{V(Dn)}.

We are now in a position to recast the exterior problem (2.3) in terms of boundary integral equations. To that
avail, we will represent u®*! in Qey as
U™t = Dg — A + U (2.6)

and extend it by zero for x € Q. The constant u, captures the far field behavior of the function and will have
to be determined. Since u®* = 0 in Q, by applying the integral operators above to the integral representa-
tion (2.6), the boundary condition (2.3b) leads to

1 1
U™} = —g=Kg - VA+ = Ueo,
2 2
giving rise to the integral equation
1 1
(5 —fK)g:—V/l+ 5 Uoo- (2.7a)
To ensure that u®! = ug, as |X| — oo, we must impose the additional restriction
(A, 1)r = 0. (2.7b)

Equation (2.7a) will be used as part of the alternating scheme described in Section 5, where an approximation
of A will be produced by a numerical solution of the interior problem (2.2) and the density g solving (2.7a)
will be then used as the Dirichlet datum for (2.2).
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Therefore, if T has two continuous derivatives and A € H™2 (T) is problem data satisfying the constraint
(2.7h), then the unique solvability of equation (2.7) and continuous dependence on problem data follow from
standard results in boundary integral equations (see, for instance [14, Section 6.4]). Moreover, there exists
a constant ¢ > 0, depending only on I" and the norms of (% - %)"1and V, such that

lglli/2,r < cllAll=1/2,r. (2.8)

Moreover, from this estimate and the representation formula (2.6), it follows that there exists Cgg > O such
that
1u™la < CorlAll-1/2,r + tcol- (2.9)

2.4 Variational Formulation for the Interior Problem
In this subsection, we will study the interior Dirichlet boundary value problem obtained from (2.2) by remov-

ing (2.2d) altogether and considering that the boundary trace g, appearing in (2.2c), is known. This yields
the problem

V-gq=f inQ, (2.10a)
klg+vVu=0 inQ, (2.10b)
u=2¢, onoQ. (2.100)

Above, the source term f € L?(Q) and the Dirichlet boundary data &, € H 3 (0Q) is given by

ug only,
o =
g onl.

To derive the weak formulation of this system, we test (2.10a) with an arhitrary w € L?(Q) and (2.10b) with
v € H(div; Q), integrate by parts and incorporate (2.10c) leading to

(V - q, W)Q = (f, W)Q’
(x'q,v)o -,V -v)qg =—(v-n,&)oa,

where (-, )g and (-, -)sq denote the L2-inner products over Q and 0Q, respectively. From the three preceding
equations, we arrive at the variational problem:

Problem. Find (g, u) € H(div; Q) x L?(Q) such that

Aq,v)+B(v,u) =F1(v) forallv e H(div; Q), (2.11a)
B(q, w) = F»(w) forallw e L2(Q), (2.11b)

where the bilinear forms A : H(div; Q) x H(div; Q) — R, B : H(div; Q) x L2(Q) — R, and the functionals
F1 : Hdiv; Q) » Rand 5, : L2(Q) — R are defined by

A(q,v) == (x"'q, V),

B(g, w) :=-(W, V- q)q,
F1(v) := ~(&, V- n)oq,
Fo(w) == —(f, wa.

The well-posedness of (2.11) follows from standard arguments of Babliska—Brezzi theory [11, Section 2.4]
and the solution satisfies

-1 1
lqllaiv,0 + lullo,a < Cstank? (Ifllo,a + 1€oll1/2,00) = Cstank? (Ifllo,q + lgll1/2,r + luoll1/2,r,)- (2.12)
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We will, however, not solve the problem as stated above and instead will consider a slightly different
version posed in a subdomain. This approach, known as the transfer path method will be described in detail
in Section 3.2, and will require us first to discuss the geometric setting of the discretization, which we will do
next.

3 HDG Discretization of the Interior Problem

3.1 Geometric Setting and Notation

The Computational Domain. We will consider a family of polygonal subdomains Q; ¢ Q that approximate Q
in the sense that the Lebesgue measure u(Q \ Q) — 0, as h — 0. We will refer to any such Qj as a computa-
tional domain and will triangulate Qj, by a shape-regular triangulation 75, as depicted in Figure 1. A generic
element in T, will be denoted by T and the mesh parameter h will be defined as diameter of a circle inscribing
an element T € Tp,. The set 0Ty, := [ J{oT : T € Ty}, will be referred to as the skeleton of the triangulation. The
set of edges, e, of T, will be denoted by &5, and we will distinguish between those edges lying entirely in the
computational boundary
ei=feenh:endQy=¢l,

and those that are either interior or have at most their endpoints in the computational boundary
& i={eeép:enoQy # e}

We will refer to the former as boundary edges and to the latter as interior edges. Note that &, = 82 IR
Just as the boundary associated to the continuous problem (2.2) has two separate connected components,
the boundary of the computational domain can be split as 0Qp = I', U T',0, where

Th:={eec&:d(eT)<deTo)} and Tpo:={eecé&:de,Io)<d(e, D)

We will require that the computational domain Qp and the triangulation T} satisfy the following local
proximity condition: for any point in the computational boundary 0Qp, the minimum distance between x and
the boundary 0Q = T' U Ty should be, at most, of the same order of magnitude as the diameter of the smallest
triangle T € Ty, such that x € T. In view of this condition, the process of mesh refinement should not be
understood as a sequence of finer triangulations for a fixed computational domain Q. Instead, as the mesh
diameter h — 0, the process involves the passage through a sequence of pairs domain/triangulation (Qp, T3)
that satisfy the local proximity condition and exhaust the original domain Q as the refinement progresses.
We refer the reader to [24], where this condition is discoursed in more detail, and to [28] where an algorithm
for building a sequence {(Qp, )} is described.

Mesh-Dependent Subspaces and Inner Products. For the discrete formulation we will have introduce the
following mesh-dependent inner products:

(u, w)g, := z Juw forall u, w € L2(T3),
TeTy T
@, V)7, := ) Jq-v forall g, v € L*(Tp),
TeTy T
(U, whor, = Z uw forall u, w € L2(dTy),
TE{.ThaT

uw forallu, w e L>(0T),

(U, WhoT\ry *
TeT) ecOT\Ty 5

uw forallu,w e L2(0T3).
TeTh ecdT\ho o

(U, W)om\Iyo
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These inner products induce mesh-dependent norms that will be denoted, respectively, by

1 1 1
Iwlla, =W, W)z,  Iwlom, := (W, w)55, and [Wlr, := (W, W)35\p .

The finite-dimensional discontinuous polynomial subspaces that will be used for discretization, for k > 0,
are given by

Vi := {v € L*(Tp) : vIr € [Pr(T)]? forall T € Ty},

Wy, = {w € L*(T) : w|r € Pi(T) forall T € T},

My = {u € L>(&p) : ulr € Pr(F) forall F € &p},
where P (T) denotes the space of polynomials of degree at most k defined in T € Tj. Similarly, IPx(e) denotes
the space of polynomials of degree at most k defined over a edge e € &j,.

Extension Patches and Extrapolation. Since the discrete spaces are defined only over the elements of the
triangulation we will need to define a way to compute our approximations in the region Q \ Qj between the
boundary and the computational boundary. To this purpose, we will tessellate this region as follows:
« Let x; and x; be the endpoints of a boundary edge e € 0Q,.
o LetX; and X; be the corresponding points in 0Q — as determined by the mapping (3.1).
e Let 01 and 0, be the straight segments connecting x; to x; and X, to x».

We will refer to the open region of Q \ Qj delimited by e, 61 and 6, and the segment of 0Q connecting
X1 to X, as an extension patch and will denote it by TX, It is clear that for every e € Ty, there is one and only
one such T (this justifies subindex in the notation) and that

o= |J T
eely

It also follows from this construction that for every T*! there is only one element T, in the triangulation
such that Eﬁm N T, = e. We will use this fact to define an extrapolation operator that will extend the value of
the piecewise polynomial functions defined on T, onto the corresponding extension patch T¢X, thus extend-
ing functions the discrete spaces above into the full domain Q. With this in mind, we will define the values
of polynomial function p on TS by extrapolating the values of the corresponding polynomial from T, and
will denote its as Ep(x) for any x € T,

For a given domain Q and corresponding triangulation J7, the usual notion of the exterior normal vec-
tor is well defined for almost all points in the boundary, with the possible exception of the vertices of the
triangulation. We will define the exterior normal vector to the computational domain, nj in the usual man-

ner, and extend the definition to ny(x) = t(x), where t(x) := ﬁ, for those vertices for which the standard
normal vector is not well defined. On the other hand, we will define the unit normal vector exterior to each
element T € Ty as np, which will coincide with the exterior normal ny on element edges belonging to the
computational boundary T'y,.

Finally, for every edge e € 82 we will denote the ratio between its distance to the boundary and the

diameter, hr,, of its parent element as
_ d(e, 0Q)

hr,

e

Te:

and will define the boundary proximity parameter as

Ry := maxre,,
ee&?

and will assume for this work that the family of admissible domains and triangulations (Qp, 73) is such that:

(1) Ry - 0ash— o0,

(2) Inp - Nl = o(h%) as h — 0, where the normal njy should be understood as coinciding with o for those
points in which the standard normal vector is not defined.

3.2 Transferal of Boundary Conditions

Having introduced all the necessary geometric concepts we can now return to the interior problem (2.10)
which we will now pose in a polygonal computational domain Qj ¢ Q satisfying the admissibility require-
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ments discussed in the previous subsection. In addition, we will need to define a bijective! mapping

¢:00,—>0Q, x+—X (3.1)

assigning a point X € 0Q to every point x € 0Qy.
For any fixed computational domain Q, the solution pair to (2.11) satisfies the related problem

V-q=f inQy, (3.2a)
Klg+Vu=0 inQp, (3.2b)
u=g@d onoQp, (3.20)

where the boundary condition (pg can be calculated by integrating equation (2.10b) along a path connecting
0Q to 0Qj. More precisely, if we denote the distance between x and X by I(x), and by ¢ the unit vector %,
the boundary conditions on I', can be expressed in terms of the flux g and the trace of u on 0Q, as

1(x)
<pg(x) =& o p(x) + J K lq(x + t(x)s)- t(x)ds forall x € 0Q. (3.3)
0
Note that the required bijectivity of ¢(x) implies that ¢ can not be tangent to a boundary edge. Thus, the
solution of (2.11) also satisfies the abstract formulation
Alq,v)+ Ar(q,v) + B(v,u) = F1(v) forallv e H(div; Qp),
B(g,w) = Fo(w) forallw e L*(Qp),

where the bilinear forms A : H(div; Qp,) x H(div; Q;) — R, B : H(div; Q1) x L2(Qr) — R, and the function-
als F; : H(div; Q) —» Rand % : L2(Qp) — R are defined by

Aq,v) := (x'q,v)q,,
1(x)

Ar(g,v):= ) J( J x—lq(x+t(x)s)-t(x))v(x)-nh ds dSy,
ecoQp e 0

B(gq,w) :=-(W, V- q)q,,
F1(v) :==(ép o P, V- np)oq,,
Fa(w) == =(f, w)q,.
Beyond the difference in the domain of definition, the system above differs from the original problem (2.11)
in the presence of the term Ar, introduced by the transfer of boundary condition. The well posedness of

problems of this form was established in [20]. On the interest of brevity, we shall not repeat the argument here
and instead will now discuss the discretization of this problem along with that of the integral equation (2.7).

3.3 Discrete Variational Formulation

Having defined all the required notation, we can now state the HDG discretization of (2.10) which, for
Dirichlet data éy € H %(aQ), seeks an approximation (qy, un, tip) € Vi x Wy x M, satisfying

(K qp, V)7, = W, V- V), + (U, V- RpdoT, =0, (3.4a)
(V- qpn, W), + (TUn, W)oT, — (Tln, W)oT, = (f, W)T,,, (3.4b)
(M> @p - Mp)omyp\00, = 0, (3.4¢)

(ith, Woay = (2", Woay, (3.4d)

1 As numerous numerical experiments have shown [8, 9, 27, 28], the algorithm is robust with respect to the particular choice
for this mapping, so long as distance between x and its corresponding X remains comparable to the local mesh diameter. In this
article we will limit ourselves to consider solely those computational domains Qj for which such a mapping exists.
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for any test (v, w, u) € Vi, x Wy, x Mp,. Following [8], the approximate boundary data on 0Qj appearing on
the right-hand side of (3.4d) is given by

1(x)
(pg" (x) :=&p0p(x) + J K 1Eq,(x + t(x)s) - t(x)ds for x € 0Qp, (3.4e€)
0

where E denotes the extrapolation operator. The numerical flux in the normal direction gy, - nj, is defined as
qn-np=qy-np+t(up - p) onoTy, (3.5)

where 7 stabilization function. Throughout this analysis we will only require 0 < 7 < T < co, where T denotes
the maximum value of 7.

Note that the terms (itp, v - np) o, and (tin, W), , given in (3.4a) and (3.4b), respectively, can be split
into the contributions of the interior edges and of the boundary edges as

_ N q
(Un, V- mn)og, = (Un, V- M) aT,\00, + (@5 V- MRy,

(Tity, Wyag, = (Tith, Whag00, + (TOA", Woq, -
Replacing now the numerical flux (3.5) in (3.4c) results in
(Ms qp - NR) o700, + (M, T(UR — Uk))oT\0Q, = O.

In order to apply known results from functional analysis, we rewrite the numerical trace iy, in terms of
averages and jumps. For this, we use the equation (3.4c) and separate the term featuring iy, as

0 = (U, qp - NR)oT,\0Q, + (Ms TUR) TR0, — (M> TUR) 3T,\0Q

D J(HQh “Mp + TUUR — TUUR)
TeTy EEaT\th e

Y [ant+ 2rtwndp - 2vin)

ee&) e

J([[qh]] +27{up} - 2tap)u  forall u € My.

€

Above, we have used the fact that the hybrid variable u, is single valued, and the average {- } and jump [ -]
operators are defined for every edge e in a fashion analogous to (2.4) and (2.5). Then, taking as test function

1 =1[qn] + 2tfun} - 2ty € My,
in the expression above, we deduce that

1 .

up = ET [gn] + fun} oné;.

We make use of this identity to obtain

. . 1,
(@, V- M)o00, = (s VD e, = 5 (1[4l VD + unk, [VDe
and
(Tln, Womnoa, = 2(T{w}, tn)e; = ([qnl, fwhe; + 2(t{w}, furb)e: .
In this way, replacing the definition of (pg" - see (3.4e) — in (3.4a) and (3.4h), together with the foregoing
identities, we obtain that (3.4) is equivalent to finding (g, up) € Vi x Wy such that
An(qn, v) + Ar(qy, V) + Bu(v, up) = F1 p(v) forallv e Vp, (3.6a)
Br(qp, w) + Br(qp, w) - Ch(up, w) = Fo p(w) forallw e Wy, (3.6b)
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where the bilinear forms Ay : Vp x Vi, = R, By, Br : Vi x Wy — R, G, : Wy x Wy, — R, and the functionals
F1,n: Vp —> Rand F, , : Wy — Rare defined by

1
‘Ah(qh’ V) = (K_lqh; V)‘Th + 5<T_1[[qh]]’ IIV]DE;I’ (3.73)
1(x)
Ar(q,v) := Z ( j K 1g(x + t(x)s) - t(x))v(x) -np ds dSy, (3.7b)
eCth e 0
Br(gn, w) := ~(W, V- gp), + ([qn], Wb e; (3.70)
1(x)
Br(qp, w) = Z jr( J K 1q,(x + t(x)s) - t(x))w(x) ds dSy, (3.7d)
ecQy e 0
Cn(un, w) := (Tun, W)om, — 2(t{un}, {fwhe: (3.7¢)
F1.r(W) := —(§o ° @, V- np)oq,, (3.79)
?Z,h(w) = _(f’ W)‘T;, - <T£0 ° ¢s W>BQ)1- (3.7g)

The unique solvability of the scheme (3.6) will be proved by an energy argument. To that end, for e € 0Qp,
and v € L*(T%), it is convenient to define the following norm on the extension patch T

1(x) 1
Ivile := ( J I [v(x + st(x))|? ds dSX) .
0

e

This norm is equivalent to the standard L*( T%)-norm as shown first in [20] for the two-dimensional and
later extended to three dimensions in [21]. That is, there exist positive constants C§ and C$, independent of h,
such that

Cilville < vligex < C3lIVIIe. (3.8)

This equivalence holds true under certain conditions on the transferring vectors t(x) (cf. [20, 21])) ensur-
ing, roughly speaking, that they cannot deviate too much from the vector normal to e.
We also introduce the element-wise constants

! \%
e o Lo Mlle e g X

. , (3.9)
& \/E Xe’\?k ||X||Te mv Xe\?k "X"Te

where V¥ := {p € [P (Tt U T.)]? : p #+ 0}. These constants are independent of h, but depend on the polyno-
mial degree k and the mesh regularity parameter as shown in [5].
We now proceed to derive an energy inequality that will lead to the well-posedness of (3.6).

Lemma 1. Let ap = Rk~ 1(x - E%h%?%) and By, = 5‘1E%th%?%. It holds
_1 1 1 _1
(1-ap)lx thllé,gh +(1 _Bh)”Tzuh”th + 172 (up - {{uh}})llﬁgh\agh +lt72 [[qh]llléz
1.1
< |kZh™28p e ¢||§Qh + [fllo,allunllo,0y- (3.10)

Proof. By taking v = g, and w = uj, in (3.6), and subtracting the resulting expressions we obtain

1
12 qul2 g, + zur% [9411Z. +Ar(qn, ) + Br(gn, un) + C(un, un)
= (%0 ° &, qn - nn)oq, — (f, un)7) = (T80 ° P, Un)oq,- (3.11)

First of all, after performing algebraic calculations, we observe that € is a semi-definite operator from
Wy x Wy to R. In fact,

Chlun, un) = (Tup, un)om, - 2(rfun}, funkye: = 173 n - funhl3y, o0, + 173 unl3g, - (3.12)

We will now obtain a lower bound for the non-positive terms of left-hand side of (3.11). In this direction, the
operator At can be bounded as follows. Let e ec 0Qj and x € e. By the Cauchy-Schwarz inequality and the
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definition in (3.9),
1(x)
1 1 _1
J K1q,(x + tX)s) - £(x) ds < 1(X) 2 ||k L qpllle < hi rek %2 Coyllx gy,
0

where we have used the bound I(x) < hrer. Then, by the discrete trace inequality, we have

~Ar(@n qn) < A1(@n, @) S KK Y hE ralkE gyllellgy - mnlle
eCth

< Rax 'Kk gy}, (3.13)
The same arguments yield to
1=1 1_1 _1 1
~Br(qy, un) < [Br(gp, un)l < K 'K2RRAZT? K72 qpllo,0, /T2 unllo,00,
11 1_1/1, 1 1, 1
<) RRRITE (SR @l g, + ST IR o, ) (3.14)
Therefore, combining the above estimates and (3.11), we deduce that
1 1
(1 - Rk~ '% — k'K Rph3T2) K gyl o, + (1 - KR Rah3T2) 2 unldy,
_1 1
T2 1gndlE; + 172 (un = funDl3g, 00,
< (80 ° @, gp - nnYoq,| + I(f, un), | + (T80 © P, un)oq,l-

Finally, the result follows by the discrete trace inequality applied to the boundary terms on the right-hand
side, Young’s inequality and the definition of ay and f. O

Corollary 1. The HDG scheme (3.6) is well-posed for h sufficiently small.

Proof. Let f =0 and &, = 0. By (3.10) we obtain that g, = 0. Moreover, since 7 > 0, we have that uy = 0 on
the boundary Qp, and up = {up} on 0Ty; therefore uy, is continuous. These facts, together with (3.6b) lead to

0=—(up, V-v)g, + (v, uh)g; = (Vup,v) forallve Vy.
Thus, taking v = Vuy we conclude that up = 0 since it vanishes at the boundary. O

The energy estimate in Lemma 1 provides the stability bound for the vector-valued unknown q;,. On the other
hand, the stability for the scalar approximation uy can be obtained by a duality argument that we omit since
it is not need it for the analysis of the coupled problem. We refer the reader to the proof of [5, Lemma 3.5] or
the proof of [33, Theorem 3.1] for details regarding the duality argument employed in this type of unfitted
HDG methods. Therefore, it is possible to conclude that there is a constant Cypg > 0, independent of h, such
that

J(@n> un) + lunlla, < Capc(Ifila, + 1K2h™3 & o llag,)s (3.15)

where, for convenience of notation of the forthcoming analysis, we have denoted
_1 1 1 1 1
J(gn> un) = (162 qylig, + 1T unl3g, + 177 (un = unbl3s, 00, + 1777 [g411Z. ) (3.16)

Having established the well posedness of the discrete formulation, in the following section we will study
the behavior of the discretization error.

3.4 A Priori Error Analysis

To establish a priori error bounds for the HDG discretization, we will make use of a tool introduced by
Francisco-Javier Sayas, Jay Gopalakrishnan and Bernardo Cockburn in [4]. The idea is to use a projection,
known as the HDG projection, to decompose the discretization into a component involving the approximation
properties of the discrete spaces V;, and Wy, and another component involving the error introduced by pro-
jecting into these spaces. The HDG projection over V, x Wp, denoted by Il(g, u) := (Ilyq, [Iyu), is the unique
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element-wise solution pair of

(yq, v)r = (q, V)1 forall v e [Pr_1(T)]°, (3.17a)
(ITwu, w)t = (U, W)t forall w € Py_1(T), (3.17b)
(yq -n+ tyu, P)e =(q-n+71u,u), forallu e Pi(e), (3.17¢)

for every element T € Ty, and e c 0T. The approximation properties of II are stated in Section 6. Using this
projection we can then define

e1:=Mlyq-q;, & :=MNyu-u, and I9:=q-TMyq, [':=u-Iyu,

where Iy is the HDG projector onto Vy, and Iy is the HDG projector onto Wy. The terms £7 and €% are known
as the projections of the errors and the terms I9 and I are the errors of the projections. The full discretization
error can then be split as

q-q,=€1+I7 and u-up=¢e"+I"

We will now show that the scheme (3.6) is consistent and the discretization error is driven solely by the
approximation properties of the discrete spaces, as encoded by 19, and I*. We start by noting that from (3.6a)
and the decompositions above, it follows that

An(q-€1-11,v) + Ar(q - €7 -19,v) + Bp(v,u—e* - I") = Fy p(v) forallve Vp. (3.18)

However, since q and u satisfy (2.10) in a distributional sense, we have that g € H(div; Qj) and therefore
[q] = Oin &;. This also implies that u € H'(Qp) since Vu = —-x~q € L?(Qy). Hence,

1(x)

An(g, V) + Ar(q, v) + Bp(v,u) - Fp(v) = (K g, V)3, + ) ( j x—1q<x+t(x)s)-t(x))v(x)-nh ds dSx
ecoQp e 0

+ ([[V]]! {{uh}}>6‘; - (uy V. V)(J'h + <€O ° ¢) V- nh)th
= (K_lqs V)'Th + <|[V]]’ {{U}Dg”] - (ua V. V)‘Th + <u; V- nh)tha

where in the last equality we have used the fact that q satisfies the transfer equation (3.3) and u satisfies
(3.2¢). Then, by integrating by parts and considering equation (3.2b), we obtain that

An(q,v) + Ar(q, V) + Br(v, u) - F1 n(v) = (IV], {ub)e; — (u, v-np)og, + (U, V- np)oq, = 0.
Analogously, from (3.6b) we have
Br(q-€1-19,w) + Bp(q - €T -1, w) - Cph(u - " - I", w) = F5 p(w). (3.19)

Analyzing the terms above that involve q € H(div; Q) and u € H'(Qp), and using again the facts that q
satisfies the transfer equation (3.3) and u satisfies (3.2c), it is easy to verify that

Br(q, w) + Br(q, w) - Cu(u, w) = Fo,n(W) = —(Tu, W)og, + 2(Tu, {wh)e: + (U, W)oq, = 0.

Putting these arguments together it follows from (3.18) and (3.19) that the scheme is consistent and the
following error equations for (€9, %) € V};, x Wy, hold for all (v, w) € Vi, x Wy:

An(€,v) + Ar(€9,v) + By(v, e¥) = —Ap(I1,v) - Ar(I1,v) + Byp(v, I'),
Br(e?, w) + B(eq, w) - C(e¥, w) = =Br(I?, w) - Bp(I, w) + Cr(I*, w).

Now, by the orthogonality properties of the HDG projection (3.17), we deduce that
*Ah(Iqi V) + Bh(V’ Iu) = (K_llq’ V)‘Th

and
—Bp(I1, w) + Cp(I*, w) = 0.
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In this way, we conclude that the projection of the errors (€9, %) € Vj x Wy, satisfy, for all (v, w) € V, x W,

An(e?,v) + Ar(e1,v) + Bp(v, %) = G1(v), (3.21a)
Br(el, w) + B(e9, w) - C(e¥, w) = Go(w) (3.21b)
with
S1(v) :== —(k 19, V)3, - Ar(I9, V)
and

Sa(w) := ~Br(I9, w).
Theorem 1. For h sufficiently small, there holds
Ik"2(q - qpla, < K219 q, + (Rak 2K +T)% K19 . (3.22)

Moreover, under elliptic regularity it holds

1

lu - unllg, < (h+(RT? + h3)Ry)IK 2 10q, + (h¥T2 Ry + 1)|Ilq, + Ru(T? + h2)[hoed? - t)lac.  (3.23)

Proof. By proceeding exactly as in the proof of Lemma 1, but in the context of the equation of the projection
of the errors (3.21), for h sufficiently small, we deduce that

J(&%, &) < 191(eD)] +192(e"),

where we recall the definition of J in (3.16). In order to bound the terms on the right-hand side, we employ
the Cauchy-Schwarz and discrete trace inequalities and obtain that

_1 _1 _ 1
1S1(eD)] < Ik 21|, Ik 2% g, + k7 ) [I9]]lI2 €2 - nl,
ecoQy

1
B 2= 2\2,. -1 _qy2
< (IR, + R Y IZ) It
erQh

where we have also used the fact that I(x) < Ryh for all x € 0Qp,. Similarly,

1
1 2 1
92l < (Y WrtEmZ) et e,

ecoQy

Therefore, by combining the above inequalities, we obtain

2 -1rq2 -2 2
J(€9, ") < k213, + (Rux*K+7) Y (I3
ecoQy

and (3.22) follows by the fact that IIK’% q-aqpla, < IIK’%I‘IIIQh +J(€9, €*) and the norm equivalence (3.8).
On the other hand, by a duality argument ([5, Lemma 3.9]), it is possible to derive that

le¥lla, < (h + (KT7 + hE)Ry)IK 219 q, + T2 hiRulIllg, + Ru(h? + TR - Olgs,
which implies (3.23). O
Corollary 2. If (q, u) € H*"*(Q) x H**1(Q) and t is of order one, then
I3 (q - apla, + Iu - unlla, < F* (1glist,0 + lulke1,0)- (3.24)
Moreover, if (q, u) € H'(Q) x HY(Q), then
J(q - qpou—up) SaF + T30+ Dglig + (T2 + DT ful . (3.25)

Proof. The first inequality follows from the approximation properties of the HDG projection stated in Sec-
tion 6. On the other hand,

J(q - o u - un) < J(€9, &) + JUA, 1) < |72 1, + (Rak 2K +T)7 k2 1 gc + (19, IV).
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But, using the approximation estimates (6.1), we have
_1 1 1 _1
Ja9,1)7? = |x 2Iqlléh + ||T21”||§Qh +Ta(I" - {{I”}})Ilﬁqh\agh +T72 [[Iq]]"i;
<M+ T RO o + (T DTl ) + B2V - g1

and (3.25) follows. O

4 BEM Discretization of the Exterior Problem

For the discretization of the integral equation (2.7) we will take advantage of the fact that the parametrization
of artificial boundary I is smooth and does not intersect with the support of the source term. It is a standard
result in potential theory that these two conditions imply that the densities A and g are both C*, which allows
for a simple, spectrally convergent discretization using interpolating trigonometric polynomials — an idea
that had been implemented in [19] coupled with the finite element method over curved triangulations. For
two-dimensional problems, an exhaustive account of the theory of periodic boundary integral equations and
their approximation can be found in the monograph by Saranen and Vainikko [29]. Here we will present only
those basic results that will be used for the coupled formulation that will be described later.

If we let y be a 27-periodic, C*® parametrization of T such that [y'(-)| > Oand t # s € [0, 27r) implies that
y(t) # y(s), then the integral operators appearing in (2.7) can be written in parametric form as

2n 2
Vg(x(t)) = J V(s, Ao y(s)ly'(s)lds and Kg(x(t) = JK(s, e o y(s)y'(s)l ds,
0 0

where the integral kernels are the two-dimensional Green function for the minus Laplacian and its normal
derivative, namely

1 (y(s) - y(0)) - n(y(s))
2m y(s) -y

The idea is then to discretize the parameterization of I into 2n equispaced points tg, ..., t2n-1 € [0, 271) and
use these points as interpolation nodes to collocate equation (2.7a). Due to the periodicity, it is natural to use
trigonometric polynomials as a basis, and we will now introduce two spaces of trigonometric polynomials

1
V(s, t) := ~%m log|y(s) —y(t)] and K(s,t):=

2

n n-1
Ty := {Z aj cos(jt) + Z bjsin(jt) : aj, bj € ]R} and "Jl"g = {An eTy,: J)ln ds = 0}.
j=0 j=1 5

For real numbers p < g and any function A € H4(0, 27) the space T, has the approximation property (see [3])

n\?-4
A= P20 < (5) Ile0.2ms

where P is the L? projector onto T,,. The Lagrangian basis for interpolation in T}, is given by
1 n-1

Li(t) := Z(l +2 )" cos(k(t - t;)) + cos(n(t - tn))) forj=0,1,...,2n-1.
k=1

These functions can be used to build the basis for "IFQ, which is given by the set
{Li-Lo:j=0,1,...,2n-1}.

If we denote by QY the interpolation operator over T9, the following estimate holds (see [29]) for g > 3 and
O<p<q:

n
It — QQulzr(0.2m < cq(i) lullie 0.2+
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where
S 1
Cq = (1 + Z ]Tq)
j=1
Therefore, if A : T — R is known, the discrete version of problem (2.7) becomes that of finding g, such that
gnoyly'(+)| € T, and
2 1 2
J (Egn - Kgn)(y(S))l/)(S) ds =- j(Wl)(y(s))l/J(S) ds forally e T, (4.1)
0 0
Note that the term involving the constant u, drops out of the formulation when testing with i € T9. To
determine u, we go back to (4.1) and notice that we can define an approximation ul to u., by testing with
any g € T, \ TO. Setting o = 1 then leads to

2n 2
uly = %( [ongeras+ [ (e —9<gn)<y(s))ds).
0 0
Hence, we first solve (4.1) for A, and then fix the value of u”, by means of the definition above. It is
clear that as the approximation A, converges, the value of ul, will converge as well. Pertaining the well-
posedness of the discrete integral equation, it is pointed out that (as shown in [29, Sections 6.3-6.5]) the
periodic operator V is a Fredholm operator of index O over the periodic space

2
Hy?(0,27) := {A € H(0,27) : JAds - 0},
0

from which the unique solvability of (4.1) follows. Moreover, for a Galerkin approximation of (4.1) it can be
shown [29, Theorem 9.4.1] that the following error estimate holds:

B 1
lg — gnllEr0,2m) < cqnP~lgllHa0,2my forg—p > 5

Combining this approximation result with the stability estimate (2.8) and the boundedness of the single layer
operator V, we arrive at

_ 1
lg — gnllar(0,2m) < Cq,vnP U Alla(0,2my forg-p > 5

5 Iterative Coupled Procedure

In Coupling at a distance, the authors proposed an iterative method to find the solution to the original prob-
lem (2.1) by alternating between the solutions of the interior and exterior problems using HDG and spectral
BEM respectively. The idea can be traced back to [6] and involves using the Dirichlet trace of u over the artifi-
cial boundary as the unknown coupling variable and alternating between the solution of an interior and an
exterior problem.

We start by observing that, from the discrete version of the transmission condition (2.2d)

2 2
I q,(x(s)) - n(x(s))n(s) ds + J An(x(s))n(s)ds =0 foralln e T,
0 0

the Neumann trace of the exterior problem can be written in terms of its interior counterpart as
An = -P(qp - n), (5.1)

where P : V, — T9, is the L2-projector onto the space of mean zero trigonometric polynomials. This suggests
the following iterative strategy: given an initial go € H 3 (T"), it can be used as Dirichlet datum for the HDG
solver which will produce a solution pair (g, uy) to the interior problem (2.2). The flux g, obtained in this
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fashion can then be transformed, using (5.1), into the Neumann datum for the exterior problem (2.3) and
the process continues until the successive solutions have stabilized. Note that n is the normal vector of the
artificial boundary T (rather than the normal vector of the computational boundary I'y, which is denoted
by njp) hence, the approximation obtained on the computational domain Qp must be first extrapolated to T
and then projected onto T9 .

This algorithm amounts to a Schur complement strategy where the Dirichlet-to-Neumann map (DtN) for
the interior problem is approximated via HDG, and the Neumann-to-Dirichlet mapping (NtD) for the exterior
problem is approximated via spectral BEM. As we have shown in the previous sections, both of these prob-
lems are uniquely and stably solvable, therefore, it remains to show that the iterated composition of these
mappings will converge, and that the limits will in fact be the discrete Dirichlet and Neumann traces over T
of the solution to (2.1).

To explain the procedure at the continuous level we start by fixing f € L?(Q) and up € H 3 (To), and defin-
ing the mapping T : H 3 (T —>H %(F) that associates to g € H %(F) the function Tg € H %(1") given by the fol-
lowing two-step process:

Step 1: Solve the interior Dirichlet boundary value problem

V-g=f inQ,

qg+xVu=0 inQ,
(5.2a)

u=g onl,

u=uy onlp.
Step 2: Solve the boundary integral equation
1

(5 —JC)Tg: -V(g-n) onT. (5.2b)

We can then summarize the algorithm as, staring from an initial boundary datum go € H 3 ('), generating
a sequence of updates by g"™*! = Tg". The iterative process is continued until the relative change between
consecutive iterations falls below a prescribed tolerance. An essentially equivalent idea (where the problems
in the two domains are dealt with in PDE form) has been known to the domain decomposition community for
awhile; it can be traced back at least to [1], where it was used as precondition step within a Schur complement
algorithm to determine the Dirichlet trace along I of the solution. The convergence of this straightforward idea
depends on specific properties of the domains and can not be ensured in general, however a relaxed version
of the method was proposed in [10, 16] and proven to be convergent in [17].

What we will show in this section is that, as the distance between I" and I';, tends to zero, the conver-
gence of this procedure is not affected by the introduction of boundary integral equation and the transfer of
boundary information between the non-touching grids.

5.1 Continuous Problem
5.1.1 Fixed Point Operator and Relaxation

We start by introducing the space of admissible Neumann traces for the exterior problem at the continuous
level
X:={ue H‘%(F) : langleu, 1)t = 0}.

The Dirichlet to Neumann mapping for the interior problem is then defined as
S :HI(D) > X, g—E-(g¢ nlr,, (5.3)

where g8 is the first component of (g8, u$), the unique solution of (2.11) having g and ug as Dirichlet bound-
ary data on I' and 'y, respectively, and source term f, and E is a correction function defined in [7, Section 4.3].
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Dropping this correction from the analysis does not change the estimates and we will do so for simplicity. We
can deduce a stability estimate for S; as follows. From the trace inequality for functions in H(div; Q), and the
continuous dependence (2.12), we know that there exists a positive constant Cs, such that

—1
1S18l-1/2,r < Cs, %2 (Ifllo,a + Igll1/2,r + luollj2,r,) forall g € HZ(T).
Similarly, we can define the Neumann to Dirichlet map for the exterior problem as
$2:X— Hi(D), Aw g,

where g’ is the unique solution of (2.7) having A as Neumann boundary data on I'. Moreover, from the
continuous dependence (2.8), there exists a positive constant Cs, such that

1S2All1/2,r < Cs,lIAll-1/2,r forallA € X.

The iterative procedure consists on the alternated application of these mappings, and is thus described
by the repeated application of the operator

T:H:(I)— HX(I), g~ Tg:=(S2051)g,
which, by the arguments given above, satisfies the stability estimate
_1 1
ITgll1/2,r < Cs,Cs, K2 (Iflo,0 + lIgll1/2,r + lluoll1/2,r,) forallg e Hz(T).

As mentioned earlier, the simple iterative process described in previous section is not convergent in
general. However this drawback can be overcome by the introduction of an additional relaxation step and
a relaxation parameter w € (0, 1), resulting in:

Step 1: Solve the interior Dirichlet boundary value problem
vV-q"=f inQ,
q " +xvVu" =0 inQ,

=g on, (5.4a)
u™ = ug onTly.
Step 2: Solve the boundary integral equation
(% - x)g — _V(g"-n) onT. (5.4b)
Step 3: Update the Dirichlet trace
g =wg+(1-wg" (5.4¢)

We will denote the operator mapping a trace g to the update defined by the relaxed process described
above by Ty : H %(1“) —H %(F), and note that T, = wT + (1 — w)I, where I is the identity operator. The fol-
lowing simple observation will be key in our analysis.

Lemma 2. Assumethatg € Hi()is a fixed point of the relaxed operator T, (i.e. Ty g = g). Then g is also a fixed
point of the unrelaxed operator T.

Proof. If g is a fixed point of T, it follows that g = T,g = wTg + (1 — w)g. A simple calculation shows that
this implies that Tg = g. O

5.1.2 Contraction Property of T,
We will now show that the relaxed mapping is indeed a contraction and therefore, by the observation above,

the operator T has indeed a fixed point. To do so, we will adapt the ideas applied by Marini and Quarteroni
in [17], where they dealt with a primal formulation involving only PDE formulations in the two subdomains.
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We are interested in showing that the repeated application of the operator T, is a contraction. With this in
mind, we observe that the difference between successive applications T% g and T""'g will be associated with
the solution to an interior boundary value problem with source term f = 0 and boundary condition ug = 0 on
['p. With these two ideas in mind we associate to every & € H 3 (T') the function qf € H(div; Q) satisfying the

interior boundary value problem
x1g%,v)o - W5, V-v)g=—(v-n,&r forallve H(div, Q), 5.5)
W, V-q°)a=0 forallv € L2(Q). '

The problem above is a particular instance of (2.11), which has been shown to be uniquely solvable. Recalling
that 0Q = ' U T, the first equation implies that the trace of ué over I'y vanishes. With this in mind it is easy
to check that g5 = 0 if and only if & = 0 from which it follows that g5 = q¥ implies & = ). We will use this
mapping and the fact that x is symmetric and positive definite positive to define the inner product over H ; T)

(& P) = kg%, q%)a = (' q?, ¢%)q forall & v e HZ(T). (5.6)

This induces a norm over H> (T') given by

1€l 2= (£, &)
Moreover, from the definition of g% and gV, it follows that
(&) =& g% -mr =, g° - m)r. (5.7)
Lemma 3. The following estimates hold for g € H3 (T):
3
Igl* < —Cs,lgll3 /5 s (5.8)
E ’
(g, Tg) < —CIITgII%/z,r, (5.9)
Cs, K
172l < cx gl (5.10)
gl < CesolTgll1/2,r- (5.11)

Proof. The first estimate follows readily from the definition of the inner product (-, -)) in (5.6), and the

stability estimate for the interior problem

Cs,x
CK

1212 = (8. 8) = Ik 2 g1} < gl 2.r-

For (5.9) we start from (5.7) and make use of the fact that, by construction, Tg satisfies the boundary integral
equation (5.2b), leading to

(8 T9) = (T8, q* - myr = (T8, V(5 - X)1) . (5.12)

Using now the representation V(3 - X) = W+ (3 - X")V71(5 - X), it is possible to show [30] that there
exists a positive constant ¢ such that

(1
clgli/or < <g, v 1(5 - K)g>r. (5.13)

Combining the last two expressions, we arrive at (5.9). Inequality (5.10) follows readily from (5.8) and (5.9)
as follows:

Cs,K Cs,K
, Tg) < —— Tgll.
” (8, Tg) < ox gl Tgi

2 K 2
ITgl” < CSlE” Tel o, < ==

Finally, we will use the fact that g8 and g are linked by the interior problem (5.5) as follows:
Igl* = (g, 8) = (k' q%, ¢%)a = —(g° - n, &)r (by (5.5) with v = ¢%)
1
= (vi(5-%)Tsg) Gy (.2b)
r

< CpslTgll1/2,rligl/2,r
< CpsollTgll1/2,rligl,
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where in the last inequality we have appealed to an argument from [15, 17] pointing to the existence of
a positive constant o such that
lglli/2,r < oligl, (5.14)

and the constant Cps follows from the continuity of the Poincaré—Steklov operator \7‘1(% - X). O

Using the estimates from the previous lemma, we can now compute

ITugl? = w’ITgl? + (1 - w)*Igl* + 20(1 - w)(g, T2)
< I Tl + (1 - w)’Igl® - 2w(1 - w)cl Tgl} 5 (by (5.9))

wCs, K\?
< (PSS Y hgi? 1 (1 - )Ml - 2001 - w)el g o (by (5.10)

wCs, K\2, 1 2y 0 20(1-w)c,
S( K )"lglll + (1= )8l - = == lsl (by (5.11))
= C(w)llgll?,

where we have defined

Clw) := ((wg—;'_‘)z +(1-w)? - Za()((ylc;s;zz))C) = << CCS;_(E)Z + (Oéss)z + 1)(02 - 2(1 +

;)w +1
(0Cps)? ’

We note that the quantity C(w) is a continuous function of the relaxation parameter w that attains its mini-
mum value for

1+;2
v O o)

2c
L+ Gor + ox

This implies that C(w) is a decreasing function of w within the interval (~co, w,,). Therefore, since C(0) = 1,
we conclude that there exists w* > 0 such that for every w € (0, w*) it holds that 0 < C(w) < 1. Combining
this argument with Lemma 2, we have thus proven the following

Theorem 2. There exists w* > 0 such that, for any value of the relaxation parameter w € (0, w*), the mapping
T, is a contraction. As a consequence, the iterative procedure described by the problems (5.4) converges to the
functions q, u, g satisfying problems (5.2).

5.2 Discrete Problem

We will follow the main ideas introduced for the analysis of the continuous counterpart, but we will have to
adapt them to account for the additional challenges posed by the discretization and the transfer technique.

5.2.1 Discrete Fixed Point Operator and Relaxation

In this subsection we construct the discrete counterpart of the operators defined in Section 5.1.1. To that end,
we let
Xn = {u € LX) : Ve € &2, ulr, = (Epy, - n)Ir, with py, € [Pi(Te)1%},

and define the discrete version of the operator S; (cf. (5.3)) as
Sh: P(€9) = Xn,  gh > Shgn = (Eq} - )Ir,

where qi is the first component of (qi , ui ), the unique solution of (3.6) having g and ug as Dirichlet bound-
ary data on I and Iy, resp., and source term f. Moreover, by (3.15), we have that

1. 1 1. 1
J(g3, uf) < Cupc(Iflo,a, + 1K™ Zuollr, + IKZh™2 g o Pllr).
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On the other hand, consider a mesh edge e € 8;’1 and recall the bijective mapping ¢, defined in (3.1); we will
denote the image of an edge e ¢ T, under ¢ by T, := ¢p(e). Now, by considering [2, Lemma 4], it is possible
to deduce that there exists a non-negative constant Cr,, independent of h, such that

_1
IEq5 - nllr, < Cr,C&CShe? Iq5lire. (5.15)

Therefore, the above two estimates imply that there exists Cs, > 0, independent of h, such that
ISngnllo,r < Cs,h™> (Iflo,qn + 1K h™ 2 uollr, + I h™2 gn = Blir). (5.16)
Similarly, the discrete version of the operator S, is given by
Sn: Ty —Tn,  An+> Sndn =g,
where gg is the unique solution of the equation (4.1) with Neumann data A,, and satisfies
ISnAnll1j2,r = 18o01/2,r < CoEmlAnll-1/2,r- (5.17)
We can now define the discrete analogue to the operator T from Section 5.1.1 as
T TG >, T), g Tgh o= SnoQuoShe Iy o (gh o §),

where IT;, and QY are the L?-projections into ]Pk(EZ) and T9, respectively.

5.2.2 Contraction Property of T":"

We define the discrete version of (5.6). For ¢, i € T9,
(0, Y = An(@l, al) + Caul, ul) (5.18)

where (qf, u,) and (q;ll’, uy) are the solutions to (3.6) with source term f = 0, ug = 0 on I'y and boundary
data over T given by ¢ and y, respectively. This is, in fact, an inner product on T9. In order to see that, first
let us note that Cy, is a semi-definite positive operator from Wy, x Wy, (cf. (3.12)). Therefore, if (¢, Y)n = 0,
then qf =0 and G(uf, uf) = 0. Moreover, by (3.12) we have that uf is single-valued and vanishes on the
boundary. Thus, considering all this information, from (3.6b) we have that

(‘ruf, W)oT, — Z(Tuf, ﬁW}})g‘;l =—(tYop,w)r forallwe Wp.

Now, expressing the integral over 07}, in terms of summation over edges and recalling that u;l: = {{uf}} and

uf =0 on the boundary, we deduce that the right-hand side of the expression above must vanish for all

w € Wp. In particular, taking w = 1 it follows that

0= _<Tl/) ° ¢a 1>th = _<Tl/)) 1)1“-

Therefore, since 7 is positive and ¥ € Tg, we must have 1 = 0. This inner product induces the norm

ol := (@, @)}

and we notice that 1
1
ol = Il + 51772 [qy Mz, + Caluy, uy) = I, (5.19)

We now establish the relationship between the discrete norm | - |5, the continuous norms in H %(r)
and L%(T).

Lemma 4. Let g, € TY. There holds
Ignlc < lIgnll1/2,r < olignln- (5.20)
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Proof. Let gy € Tj. By employing (5.14) we have |g,ll5 , < 0?lgnll* < 0?Igxll;, where in the last inequality

we made use of (5.19). The second inequality follows by the characterization of the H 2 -norm in terms of the
Fourier coefficients of the function and, the fact that the parametrization of I is smooth, and the fact that g,
is a trigonometric polynomial (see, for instance, [29]). O

The following identity and the one in the subsequent corollary establish the connection between the inner
product (-, - )n, defined through the interior problem, and the exterior problem. This will play a key role in
deriving the discrete analogue of (5.12).

Lemma 5. Let ¢, € TO. There holds
1
(@ ¥0n =~(9. V@5 - X )Su(@ltay - $7)) - (1d- Q9. VR ((a} > ¢ - m)r
(9, (@) o ¢™)) (- W) + (@ = b, u)r, — Ar(al, ay) + Br(gp,uh).  (5.21)

Proof. Let @, € TO. By the definition of (¢, ), and equations (3.6) satisfied by (qf, uy) and (qf, uy), it
is possible to deduce the identity

(@, Y)n = Fra(@y) ~ Fon?) - Ar(gl. q)) + Br(gl, u¥)
=@ d.q) ), + (T@ o, ul)r, - Ar(gl, q) + Br(ql, u?).
Now, since ¢ is a bijective mapping, we write the first term of the right-hand side as follows:
@9, q,",’ “np)r, = (@, (q,l’f o) mp)r
=@ (q) o d™") M) — (9, (q) o p7V) - (4 —m))r
= (0. QG < ™)) - m)r — (9. (q) o7V - (my — W),

where we have added and subtracted nj, and used the fact that ¢ € T in the last step. We now conveniently
rewrite the first term on the right-hand side. More precisely, since V is invertible and self-adjoint,

(¢, Qg((q;f o) m)r=(V'iep, VQg((q;f o) m)r
= (QY(V 1), VQO((gY - ¢7Y) - m)r + ((1d - Q(V 1), VQ((qY - ¢71) - m))r,
where we added and subtracted Q3(V~1¢). Then, taking Q2(V~1¢) as a test function in (4.1) Neumann data
A= Q3(gy - $~') and unique solution g* := Sn(Qg(qf o ¢~1)), we have that
1
(@ Q) > ™) m)r = (@), (5 - X))+ (1d- QY g, VR((a) » ¢ m)r
1
- (p. V@5 - X))+ (1d - QY VQi(g} ¢,

Gathering all the above identities, we obtain (5.21). O

In the particular case of a circular interface T, the integral operators applied to trigonometric polynomials
are also trigonometric polynomials. Therefore, we have the following identity.

Corollary 3. Let us suppose that T is a circular interface. For ¢, € T9, there holds

(@, Y)n = —<<p, v—l(% - ﬂc)sn(Qﬁ(qf o <zs-1)>>r — (. (q" 7Y (- )y
+ (@ o p,ulyr, - Ar(g?, q¥) + Br(g?, u?). (5.22)

We recall that the interface I' has been introduced artificially and its shape can be chosen to facilitate compu-
tations. In particular, all the boundary integrals can be explicitly computed in the case of a circular interface.
This actually the case of the numerical examples reported in [7]. From now on, for the sake of simplicity of
the exposition, we will consider T is a circular interface.
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The next lemma provides a discrete version of the inequalities presented in Lemma 3. To that end, let us
first notice that the solution u of (2.11) is actually in H'(Q). In addition, if we assume that g € H(Q), we
have the following stability estimate:

1
lglli,0 + lulli,0 < Cstanke? (Iflo,o + Igl1/2,r + lluoll1/2,1,)- (5.23)

Lemma 6. Let g, € T and assume (5.23) holds true. We have that

Ignll; < Co(D)lignll} /2 s (5.24)
where
Co(0) = COC? +T7% 414 (T2 + 1)T2)(CoanR” + 1)+ 7
and
(&ns T""gn)n < —cIT""gnll3 5. + Ca(h, Dlgnll; (5.25)
with
Ci(h, 7) == C(Rak 'K + K 'KZRRA3T? + oh 3 %2 (- n)loo.r).-
Moreover,
IT""gnll} < Co(t)c ™ (Co(r)c™ + C1(h, T))lgnll} (5.26)
and
Ignll; < C3s” AT gull} + C1(h, T)0* Igall;,- (5.27)

Proof. To prove (5.23), we start by using the definition of the norm || - ||, to compute

-5 n

2 1
Ignlly = x> gy,

However, since us" ¢ H'(Q) and g8 € H(div, Q) it follows that

1 1 1 1
2 -5 n|2 5 n n 2 31,812
||Qh + EHT 2 |[qh ]]”8}1 + "T2 (uh - {{uh }})”6‘3';,\6(2;, + ||T2Llh "th-

1, g 1, 1. g,
lgnlly < 12 (qy" - @I, + 5172 [qy" - g% 1l;
T (@ — ) = " = w000,
1 1
FlITE @ - w2, + Ik T ge IR, + Irius 2y,
1
= J(q - qp.u—up) + |2 g5 3, + IT2us|3, (by (3.16))
1
= J(q - qpu - up) + |2 @SR, + T Tus 3y, (by (2.12))
<CT+T7hT + DIglua+ (T + DT fulig + 160 g% 13, +Irius |3, (by (3.25))
<COKH 4T hE + 14 (T2 + 1)T)(Coan? + Dligall? o p + Tgnl? (by (5.23)),

which implies (5.24).

Now, let ¢, 1 € T9. By the previous Corollary 3, the Cauchy-Schwarz inequality and the continuity prop-
erties of the operators A7 and By (cf. (3.13) and (3.14)), and denoting by C a generic positive constant
independent of the discretization parameters, we can deduce that

1
(@ 9n = ~( . V(5 - K)Su(@Raf < 67)) - W (gf > 97 - (-
_ 1 1i_1/1 1 1, 1
+ CRhflxllx’%qfllgh IIK’%q;l,IIIQh + Ck 1K RphiT? (EIIK %qflléh + EllT% ufllégh)
1 _ _
<—(p. V(5 - %)Su(@0a] - 1))}r ~ (. (g 2 ¢7) - (nn — )
1 _ _1 _1
+ S CRKT + k7T ReR T ) (LI} + 1Y),
For the second term on the right-hand side we have that
(W, (g} o) - (- )1 < [Plrlgy o ¢~ el - n)lo,r

11 1 9
< ¢lrh™2 %2 k"2 q; llo, (R — N)llco,r

J1t
< oh™2 k.2 |[(ng = M)lloo,ch@UR NN R,



DE GRUYTER N. Sanchez et al., Afternote to “Coupling at a Distance” —— 967

where in the last inequality we employed (5.20) and the definition of || - [|,. Hence,

(o won < =(p. V(5 - %)su(@al - 970)

—1

1 i i1 1.1 _1
+ S C(RyK 'R + K "RIRRAIT? + Gh™ 712 [y — W) lleo,r) (NPI2 + II2). (5.28)

Now, by setting
=8, and Y= Th’"gn = Sn(Qg(qhn ° ¢71))

and recalling that (-, - )), is symmetric, (5.28) implies (5.25).
On the other hand, (5.25) implies

||Th’"gn||%/2,r < g MANT " gnlln + ¢ Ci (R, T)lllgnllli- (5.29)
Then, by (5.24) and Young’s inequality, we obtain
|||Th’"gn|||i < CO(T)"Th’ngn”%/z,r < CO(T)C_ngnm;ZI + Th’"gnlllfl +c1Ci(h, T)Co(T)|||gn|||i
and (5.26) follows.
Finally, taking g, = ¥ = ¢ in (5.28), the definition of C;(h, ) and (5.20), we obtain

1
lgal? < —<gn, v-l(z - x)sn(Q%q,," . ¢—1))>r + Co(h, T)lignll2

1
= ~(en V(5 -%) T8+ Cath, Vgl

< Cpsolgnlli/2, I T""gnlln + C1.(h, T)0? Igll;
< Coso? Ignlnl T""In + C1(h, T)0” gl

1 1
< Elllgnlll;z1 + 5CfasazIIITh’"gnIIIfl + C1(h, 1)0°Ignll;,

which implies (5.27). O

Similarly to the case of the operator T, we define the operator
Ty" T - Iy, gn - Tg"gh = wT"gn + (1- w)gy.

We can now use the previous lemmas to prove the main result of this communication, namely the con-
vergence of the iterative procedure.

Theorem 3. If the mesh parameter h is small enough, it is possible to find values of the relaxation parameter
w in the interval (0, 1) for which the discrete operator TZ’,’" is a contraction. Therefore, the iterative procedure
(5.4) converges.

Proof. Let g, € TY. By employing the estimates in Lemma 6,

1T gnl2 = @2 1T gull2 + (1 - w)2lignl + 2w (1 — w)(gn, TH"gn )
< @ Co()c M (Co(t)c™t + C1(h, D)lIgnll} + (1 - @)*Ignll}
- 2cw(1 - )T gnll} 5. + 20(1 - w)C1(h, )l
< @ Co()c H(Co()c ™t + C1(h, D)lIgnll; + (1 - @)* gl
— 2cw(1 - w)Co(MIT""gnll} + 20(1 - w)C1(h, T)lIgnl}

where in the last inequality we made use of (5.24). Then, by (5.27),

ITL " gnll2 < w? Co(t)c ™ (Co(r)c™ + C1(h, T)Ignll? + (1 - @)2lignll} - 2cw(1 - w)Co(T)Cr20 2 kgl
+2cw(1 - w)o 2 Co(1)Cp2 Ci(h, D)lIgnll? + 2w(1 - w)C1(h, Tlignl?
= C""(w)lignll7,
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where

C(w) 1= w? Co(1)c (Co(T)c™ + C1(h, 7)) + (1 - w)? - 2cw(1 - w)Co(T)Cpio 2
+2cw(1 - w)Co(1)Cpio?C1(h, T) + 2w(1 - w)C1(h, T).

Analogously to the analysis of the continuous operator, we observe that C""(w) is of the form

Ch"(w) = aw? + Pw + 1

with
- Co(1)\/( Co(T) cCo(t) . 3
a.—1+( ) )( ; +c1(h,r))+2((cpso)2(1 Ci(h, 1)) - C1(h, D)),
o1 cCo(7)
Bi=-201 Cl(h,r))<(cpsa)2 1).

The extreme value for C"""(w) is attained at
_E
2a

Since C; (h, 7) vanishes as h — 0, for a fine enough mesh it will hold that « > 0 and f < 0. Therefore, w, will
belong to the interval (0, 1) and will in fact be a minimizer of Chn. Moreover, since C""(0) = 1 and C" is
decreasing in (0, wy,) < (0, 1), we conclude that it is possible to choose w € (0, 1) such that TZ,’" is contrac-
tive. For these values of w, the convergence of the iterative process (5.4) follows from Banach’s fixed-point
theorem. O

W=wWny =

We note that for the case of a fitted geometry (i.e. whenever Q = Q) the distance parameter Ry = 0. This
implies that C; (h, T) = 0 and then

- 1+7\2 2c(1+7T c(1+7T
i) = ((—=5) + ( 2)+1)w2—2(1+ ( 2)>w+1,
c (Cps0) (Cps0)
in coincidence with the continuous case. Above, the presence of the parameter T stems from the discretiza-
tion, while the absence of factors involving k is due to the choice of discrete norms.

6 HDG Projection

Given constants Iy, lq € [0, k], T € T, and a pair of functions (q, u) € HYa(T) x H*l(T), by [4] there is a con-
stant C > 0 independent of T and 7 such that

lg+1 I+1
IMvq - qlir < hy "1qligs1,7 + hi Trlulis,7, (6.1a)
Ig+1
L+1 T
ITMwu — ullr < hy" ulye1,7 + mW"ﬂl,,T, (6.1b)
T

where 77 := max 7|y7\r- and F* is a face of T at which 7|57 is maximum. As is customary, the symbol | - |gs is
to be understood as the Sobolev seminorm of order s € R. Now, in the context of the unfitted HDG method,
the projection errors in Q} satisfies ([5, Lemma 3.8])

1
ITyq - gloc < R:ITq - gllo, + h'“*!iql;, 0,
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