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A POSTERIORI ERROR ESTIMATES FOR DARCY-FORCHHEIMER’S PROBLEM

TONI SAYAH!, GEORGES SEMAANT, AND FAOUZI TRIKI*

ABsTrACT. This work deals with the a posteriori error estimates for the Darcy-Forchheimer problem.
We introduce the corresponding variational formulation and discretize it by using the finite-element
method. A posteriori error estimate with two types of computable error indicators is showed. The
first one is linked to the linearization and the second one to the discretization. Finally, numerical
computations are performed to show the effectiveness of the error indicators.

1. INTRODUCTION

Let © be a bounded open domain of R? (d = 2,3) with Lipschitz-continuous boundary I' = 92. We
consider the Darcy-Forchheimer equation

Prtut Plafusvp—f i @ (1.1)
p P
with the divergence constraint
divu=0b in €, (1.2)
and the boundary condition
u-n=g on 09, (1.3)

where u represents the velocity, p represents the pressure, n is the unit exterior normal vector to T, |.|
denotes the Euclidean norm and |u|? = u-u. The parameters p, u and 3 represent the density of the
fluid, its viscosity and its dynamic viscosity, respectively. 3 is also referred as Forchheimer number which
is a scalar positive constant. K is the permeability tensor, assumed to be uniformly positive definite and
bounded such that there exists two positive real numbers K,, and Ky, verifying

0< Kpx-x< (K 'x)x) - x< Kyx-x. (1.4)
For the compatibility, we suppose that b and g verify the following compatibility condition:

/Qb(x)dx:/rg(s) ds.

We denote by Problem (P) the system of equations ((1.1), (1.2), (1.3)).

Darcy’s law describes the creeping flow of Newtonian fluids in porous media. It is represented by Equation
(1.1) without the non-linear term —|uju and is valid by experiment under the condition that the creeping

velocity is low and the porosity and permeability are small enough by Darcy in 1856 [3]. Forchheimer
[25] conducted flow experiments in sandpacks and recognized that when the velocity is higher and the
porosity is nonuniform, Darcy’s equation can be replaced by Equation (1.1). A theoretical derivation of
Forchheimer’s law can be found in [32].

Multiple works approximated the Darcy-Forchheimer equation by using finite element methods. Girault
and Wheeler [17] approximated the velocity by piecewise constants and the pressure by Crouzeix-Raviart
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element. They also proposed and studied an alternating directions iterative method to solve the system
of nonlinear equations obtained by finite element discretizaton. Lopez and al. [28] carried out numer-
ical tests of the methods studied in [17] in order to corroborate the results presented there. In [31],
the authors proposed and studied a mixed element approximation: the Raviart-Thomas mixed element,
Brezzi-Douglas-Marini mixed element. Salas J. et al. [33] presented a theoretical study of the mixed
finite element space, as proposed in [28]. In [34], we considered the Darcy-Forchheimer problem coupled
with the convection-diffusion-reaction problem. We established existence of solutions by using a Galerkin
method and we proved uniqueness. Then, we introduced and analyzed a numerical scheme based on the
finite element method and we derived an optimal a priori error estimates for the proposed numerical
scheme. In this work, we introduce a numerical iterative scheme, show the corresponding convergence,
establish the corresponding a posteriori error estimates and show corresponding numerical investigations.

The present work investigates a posteriori error estimates for the finite element discretization of Darcy-
Forchheimer problem.These estimates can be used to evaluate the solution errors of the discrete problem
without requiring any a priori information on the exact solution. Indeed, the a posteriori analysis controls
the overall discretization error of a problem by providing error indicators that are easy to compute. Once
these error indicators are constructed, their efficiency can be proven by bounding each indicator by the
local error. A posteriori analysis was first introduced by I. Babuska [5], developed by R. Verfiirth [37],
and has been the object of a large number of publications. A posteriori error estimations have been
studied for several types of partial differential equations such that the Stokes or Navier-Stokes equation
(see for instance [37, 10, 4, 1, 12, 13, 19]), the Maxwell and Lamé equations [30, 8]. Many works have
been established for the Darcy flow, see for instance [2, 11, 14, 29]. In [15], Chen and Wang establish
optimal a poteriori error estimates for the H(div, ) conforming mixed finite element method applied to
the coupled Darcy-Stokes system in two dimensions. For the Darcy equations with pressure dependent
viscosity, we refer to [26] and the references therein. In [20], we establish a posteriori error estimates for
Darcy’s problem coupled with the heat equation. In this paper, we study the posteriori error estimates
corresponding to Problem (P) and show corresponding numerical results.

This paper is organised as follow:

e Section 2 describes the problem and the weak formulation.

e Section 3 describes the discretization and studies the iterative scheme.
e Section 4 is devoted to the a posteriori error estimates.

e Section 5 shows numerical investigations.

2. VARIATIONAL FORMULATION

In this section, we begin by introducing several definitions and notations in order to write the weak

formulation corresponding to Problem (P).
d

Let @ = (a1, a9,...a4) be a d-uplet of non negative integers, set |a| = Zai, and define the partial
i=1
derivative 9% by

olel
= «q a2 Qg °
0x{"0x5” ... 0xy

Then, for any positive integer m and any number ¢ > 1, we recall the classical Sobolev space

wma(Q) = {v e LYN); V|a] <m, 0% € LI(Q)}, (2.1)

aOé

equipped with the seminorm
1
lwma@) ={ > / |0%v|? dx } 1 (2.2)
|a]=m 2
and the norm

1
lollwma = { 32 [0l ). (2.3)
0<k<m
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When ¢ = 2, this space is the Hilbert space H™ (). In particular, the scalar product of L?(f2) is denoted
by (.,.). Furthermore, we recall the following standard space for Darcy’s equations:

L%(Q):{UEL2(Q);/dex:O}.

The definitions of these spaces are extended straightforwardly to vectors, with the same notation, but
with the following modification for the norms in the non-Hilbert case. Let v be a vector valued function;
we set

[VllLa) = (/Q [v|9dx )7, (2.4)

where |.| denotes the Euclidean vector norm.

We introduce the spaces:
X =L*(Q)",
M = WhE(Q) N L3(9),
H = {ve X;divv e L3 @+3)(Q)},

V:{VEX;VqEM,/Vq~vdx:O}.
Q

The space H endowed with the graph norm is complete. Moreover D((2) is dense in H, and v - n belongs
to W13/2(T) for all v € H [35]. We have the following inf-sup condition (see [17] for the proof)

Vq - vdx

inf sup & =1. 2.5
B S Nl ¥ w) (25)

The velocity u and pressure p of Problem (P) are considered respectively in H and M, while b and g are
assumed to be respectively in L3%/(@+3)(Q) and L3(@=1/4(T) (see [17] for details).

In order to write the variational formulation associated to Problem (P), we introduce the mapping
v — A(v) defined by:
A: L3 — L3(Q)¢
v = A(v) = Pr=tv + é|v\v.
P p
We refer to [17, 24] for the following properties of A.
Property 2.1. We have the following monotonicity properties:
(1) for all v € L3(Q)4,
w / —1 i 2
— | KT'v-vdx > ——||v 2.6
- > 28 vl (2.6)
(2) for all v,w € L3(Q),
p
5 | (vlv = Iwlw)(v = w) dx = e [V = WilZs(qy (2.7)
where ¢, 18 a strictly positive constant.
Recall the following Green’s formula [35]
Vge M, Vv e H, /Vq-vdx:—/qdivvdx+/qv~nds. (2.8)
Q Q r

Using the Green formula (2.8) one can show that Problem (P) is equivalent to the following variational
formulation: Find (u,p) € X x M such that

vv e X, /A(u)-vdx+/Vp~vdx=/f-vdx,
Q Q Q

(2.9)
Vq € M, /Vq-udx:—/qux—l—/qus.
Q Q r
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It can be demonstrated that, for all b € L3%/(4+3)(Q) and g € L3(@=1/4(T), there is only one w; € L3(Q)/V
such that

quM,/Vq-uldx:—/qux—l—/qus, (2.10)
Q Q r

and
| s yayv < C(|Ibllpsasass ) + gl Lsa-nragry),
where C' > 0 is a constant depending only on 2 and d.

Using The Banach-Necas-Babuska Theorem (see for instance [6], Theorem A.1 in [36]) one can show that
(2.9), and equivalently the problem (P) admits a unique solution (u,p) € X x M satisfying the relations

1/
Il 20y < C(ills gy + luallZa) + 161220 ) o)

VPl vy < C(lullzorzqey + 1ll2aggy + 1l 2o )-

For further details of the weak formulation corresponding to Problem (P) presented in this section, We
refer to [17].

3. DISCRETIZATION AND a posteriori ESTIMATION

In this section, we introduce an iterative numerical scheme to solve the weak variational formulation
(2.9) of the Problem (P), and study its convergence. We establish the corresponding a posteriori error
estimate in a second step.

From now on, we assume that 2 is a polygon when d = 2 or polyhedron when d = 3, so it can be completely
meshed. For the space discretization, we consider a regular (see Ciarlet [16]) family of triangulations (73)y,
of  which is a set of closed non degenerate triangles for d = 2 or tetrahedra for d = 3, called elements,
satisfying,

o for each h, Q is the union of all elements of Tp,;

e the intersection of two distinct elements of 7 is either empty, a common vertex, or an entire
common edge (or face when d = 3);

e the ratio of the diameter h,; of an element  in 7 to the diameter p, of its inscribed circle when
d = 2 or ball when d = 3 is bounded by a constant independent of h: there exists a positive
constant ¢ independent of A such that,

max b <o. (3.1)
KETh Pr
As usual, h denotes the maximal diameter of all elements of 7. To define the finite element functions,
let r be a non negative integer. For each k in T, we denote by IP,.(k) the space of restrictions to x of
polynomials in d variables and total degree at most r, with a similar notation on the faces or edges of .
For every edge (when d = 2) or face (when d = 3) e of the mesh 7j, we denote by h. the diameter of e.

We shall use the following inverse inequality: for any numbers p, ¢ > 2, for any dimension d, and for any
non negative integer r, there exist constants C;(p) and Cj(gq) such that for any polynomial function vy,
of degree r on an element s or an edge (when d = 2) or face (when d = 3) e of the mesh 7p,

d_d

[onllzey < CrP)AR *[|vnllr2(s)

and (3.2)
d-1_d-1

||vh||Lq(e) < CJ(Q)heq 2 ”UhHL?(e)-

Cr and C; depend on the regularity parameter o of (3.1). In all the rest of the paper and for the sim-
plicity, we will omit the dependency of C; and C'y with p and q.
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Let X5, € X and M; C M be the discrete spaces corresponding to the velocity and the pressure given
by:

Zn ={qn € C°(Q); VK € Th, anls € P1},
Xy ={vn € 2% VE € T, vl € PE}, (3.3)
M, =7y, ﬂLO(Q)

They satisfy the following inf-sup condition (see [33]):

/th-vh dx
Vqn € Mp, sup

> Billanllar, » (3.4)
vheXn, [vallx

where 7 is a positive constant independent of h.

Problem (2.9) can be discretized as following:

Vv, € Xp, .A(uh) - vy dx + Voo - v dX:/ f-vy,dx,
Q Q Q (35)

Yqn € My, /th~uhdx:f/bqhder/gqhds.
Q T

Q
It is shown in [33] that there exists a unique uy; € Xj, such that

Van € M, [ Van-wnsdx=— [ bandx+ [ gauds, (3.6)
Q Q r
and uy,; satisfies the following bound,
| (Bl gy g + N9l 520 ) @)

It is also shown in [33] that Problem (3.5) admits a unique solution (up, pn) € Xp x M}, satisfying exactly
similar bounds as (2.11). We refer to [33] for the proof of the following a priori error estimates:

L3¥a Q)

Theorem 3.1. The solutions (u,p) of (2.9) and (un,pp) of (3.5) verify the following a priori error:
If (u,p) € WH4(Q)4 x W23/2(Q), then there exists strictly positive constants Cy,C) independent of h
such that

[ —upl[r2q) < Cuh,

3.8
IV(p = pr)ll3/2.0 < Cph. (3.8)

3.1. Iterative algorithm: To compute the solution of the non-linear problem (3.5), we introduce the

following iterative algorithm: for a given initial guess u(,)L € X}, and having ufl at each iteration 7, we

compute (u ”1, pﬁfl) solution of

Vv, € Xp, /a(u}j‘lfuh) vy dx + = /K "uptt vy dx + = /| Dt vy dx
Q
/Vp“rl Vhdx:/f-vhdx7 (3.9)
Q
Vg, € My, /th~u2+1dX=—/bqhdx—i—/gqhds,
Q Q r

We next address the convergence of Scheme (3.9). The analysis of convergence has two principal steps.
The first is to derive an uniform bound to the numerical iterative solution with respect to the iteration
index. Then the obtained bound is used to study the convergence of a linear explicit scheme.

Theorem 3.2. Problem (3.9) admits a unique solution (wjt',pit') € X, x My,. Furthermore, if the
initial value u) satisfies the condition

luhllzz@) < Li(f, ung, @), (3.10)
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where
Ll(fv Up,l, @ ) (60 +£10é)% (311)
with
2
_( 2p 3p 1 9 1 3uK3, 45
lo = (,UKm> ((2uKm+§)||fHL2(Q)+(§+ 2me)||uhl||L2 Q)+ ||uhl||L3(Q) (3.12)
o (2 (3.13)
=\ ok, .
and if o > o* with o* = 4(y1 + /77 + 72)? where
SﬂKM 3, -4
= h l
fyl 3me CI 2 \/717
352 _2d 84 _d
Y2 = 2PMK C;lh 3 ||uh,l|‘%3(g) + 37C§)h 2 ||f||L2(Q)2
8 K 2p¢,
[3 Mcjh—*fjufc, max(—2% 1)),
uKp,
then the solution of Problem (3.9) satisfies the estimates
) |22 ) < La(f upg, ), (3.14)
and -
L
g 350y < 25 =L, upy, ). (3.15)

Proof. To prove the existence and uniqueness of the solution of Problem (3.9) which is a square

. . . . . . . . 1 +1  i+1
linear system in finite dimension, it suffices to show the uniqueness. For a given uj,, let (u;}",p; ") and

(ugl,pgl) two different solutions of Problem (3.9) and let w;, = uit! — ugl and &, = p?{l pitt then

hl h2 >
(W, &) is the solution of the following problem:
Vv, € Xy, / awy, - Vi dx + H/ K= Ywy, - vy dx + é/ |u2|wh-vhdx+/ V& - v dx =0,
Q P Ja P Ja Q

Yqn € My, /th~wth=0
Q

By taking (vp,qn) = (wp, &) and by remarking that é/ lui||[wn|?dx > 0, we obtain by using the
P Ja
properties of K1 the following bound:

Ko
(o + T)||Wh||2L2(Q) <0.

Thus, we deduce that wj, = 0. The inf-sup condition (3.4) deduces that &, = 0 and then, we get the
uniqueness of the solution of Problem (3.9).

To prove the bound (3.14), we need first to bound the error |ju}"" — u} || 120y With respect to the previous
value u}. The second equation of Problem (3.9) allows us to deduce the relation

Yan € My, / Van - Z+1 uﬁl) dx = 0. (3.16)
Then, the first equation of (3.9) with v;, = u?‘l u; gives
afluitt —uj |2, @+ / K7ttt (uit —ul) dx+ = / Juf [ui Tt (uit! — dx—/ £ (u)! —uj) dx.
By inserting :I:uh in the second and the third terms of the last equation we get

ol =y + 4 [ < PO / ! =
p

:/f-(uﬁfl—u )dx — = /K u, - (uit —uj)dx — = /\uh|uh u,tt — ) dx.
Q
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By using the properties of K, the Cauchy-Schwartz inequality and Relation (3.2), we get, by remarking
that the third term of the last equation is non-negative, the bound

alui ™ = w122 ) + e || W w7y < Elzolluy™ = wh 2o
PN i i s i i
+ Huh||L2(Q)Huh+1 e ;C, H ”uhHLZ(Q [y, - uy, |20
We simplify by [[u}™" — u}||12(q) to obtain
G ; PEw Bz, —dy
(a+ W)Hu =2 ) < Nflleg) + gl r2(0) + ;C?h 2 Huh||2L2(Q)7
and then we get the following bound
g™t = w20y < Lao(f, 0|22 (0); (3.17)
where
1 pEyM B3, —d o
L2(f777):7<|f 2+ ——n+=Crh™2n ) n€Ry.
ot £l L2 (o) ; SO +

Then, we are in position to show the relation (3.14). Property (3.6) allows us to deduce that the term

u;;rol = uﬁfl —uyp, is in Xj, and verifies
Yan € My, Vay - u}fol dx = 0. (3.18)
Q
We consider the first equation of (3.9) with v;, = u;fol = uﬁj‘l — uy,; and we obtain:

o [t =) w2 R DL = [ 6t - wax
Q Q
+a/( H'1fuh) up dx + — /K ! H'l uh7ldx+§/(|ul+l|*‘u2|)|u2+1|2dx
Q

ﬂ / |uh| i+1\)u§'f1 “up dx + %/ |ufl+1| uﬁfl - up g dX.
Q

By using the properties of K, the Cauchy-Schwartz inequality and the relation a?b < %( 33 b3 + 263/2 3)
(for any positive real numbers a and b), we get:

o, 7
*H Z+1HL2(Q)_§HUZ||%2(Q ||uerl uhHL2 Q)+ —Kn ||ul+1||L2(Q ;HUHIHLS

7+1

< |Ifllz2 @l luf  p20) + ||f||L2(Q)Huh,l||L2(Q) + a||uh —u}, |20 [unl 2 )

LH ; p
KM||11+1||L2(Q)|\uhz||L2(Q)+*||uh—u "zl ee @)l land | 22 @)

B

+;Huh_uh ||L3(Q)||u 1||L3(Q ;HUHH|L3(sz)||uh,l||L3(Q)‘
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We deduce by using the relation (3.2), that for any positive numbers €;,¢ =1...,4 and §;,j = 1,2, we
have the following bound:

B

a. . o
S oy = Gl gy + Sl — e + & Ko ||u’“||L2<Q o1 sy

1
<5 5, [1£]172(0) + ElHuh 1||L2(Q §Hf||L2(Q) + 5

3 7 1
to - HUH uh”i?(ﬂ)"_ (Q+ Seslfut ||L2

2¢e9
52

2
2@) T ng

Cz — I g

o T 64|\‘1h HL2(Q)
; 3/2
(((5 )*CEh~ d/zﬂu?l _uh||L2(Q) + 267 / ||uz+1||L3(Q))

3/2 i
(<—> llan,al35(q) + 2052 [uit 13

T2
ﬁ
"3,

B
+3, @)-

K 1
We choose £] = €3 = &4 = M?)—m, €9 =28 =6y = (5)2/3 and we denote
P

i (6% 3ﬂ2 _2d 45 i
Ci(llupllz2@) = 1 er C}lh 8 ||uh,z||%3(ﬂ - 70[ d/2L2(f» a2 (@),
m

which is not necessarily positive at this level.
By using the bound (3.17) , we get the following bound

wkK,

W u2||2L2(Q)+ 2 ||uz+1”L2(Q)+ ||uz+1||L3(Q)

*||u1+1||L2(Q) ||uhHL2(Q) + Cr ([ [l 22 )|y,

3p 1 3uK3,
(o + Moy + (5 + ot P

3
()

)||uh,l|\%2(9) T3,

I’I‘K L2
2p

I /\

(f uhl, )

(3.19)
We now prove Estimate (3.14) by induction on ¢ under some conditions on «. Starting with the relation
(3.10), we suppose that we have

W |22 (0) < La(f, un i, @) (3.20)

We are in one of the following two situations :
e We have [[u}"|[r2(0) < |[u}||r2(0). We obviously deduce the bound

[yt L2 @) < Li(f,ung, a),

from the induction hypothesis.
e We have |[u}""||z2(q) > ||u}|/r2(). By using the induction condition (3.20) and the fact that
the function L5 is increasing with respect to 7, we chose

(6% 362 _2d 4ﬂ

12 mc;*h Hlunllzs) + 5o CHR™ 2 La(£, Li(£, up 1, ) (3.21)
and we get

Q 352 —2d 48 - i

1 > QPMKmC?h 3 ||uh,l||2L3(Q) + 37)0?}1 d/2L2(f7 [[uj]lz2(0)), (3.22)

which gives C1(||u},||r2()) > 0 and then
[up [ 2 ) < Li(f, upy, @).

whence we deduce the relation (3.14). The bound (3.15) is a simple consequence of Equation (3.19) and
relation (3.14).
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We now focus on the inequality (3.21). It is easy to show that, Vn € Ry,

Laft.1) <~ e +20 + St —L (3.9
NJKm p o+ szm
and then to get by using the definition of L,
2 2K 2B 5, 4 2pto
La(8. Lr(8.n1,0)) € L8 e + (Vo + VEV) + 2P max(L ),
Relation (3.21) and the last inequality allow us to obtain
1 332 _2d 43 _d
1% ok, e Cth™ 3 ([ 1l [F () — 70[ 2 Lo(f, Ly (£, upg, @) > ¢(a), (3.24)
with
1
P(a) = 14 Tva =72, (3.25)
where
88K 5, _d
= Cih 4
ga! 3K, h 2 \/T’
332 _2d 88 _d
LRy Crh~3 \|uh,l||2L3(Q) + Sk, ———C3h7 3£ L2 (e,

K 201
8ﬂM 8- f+ CIhd (uffo o).

Therefore ¢(a) is a polynomial of second degree with respect to y/a and admits the only positive root
Var =2(y1 + /7?2 + 72). Thus we get that ¢(a) > 0 for all a > o*. a

Remark 3.3. Notice that Theorem 8.2 indicates that o blows up as h=%, and as 3% when respectively
h tends to zero, and B approaches +oo.

The next result provide the convergence of the solution (uf,pi) of Problem (3.9) in L2(Q)¢ x L3(Q) to
the unique solution (uy,, pp,) of the Problem (3.5).

Theorem 3.4. Assume that there exists Sy > 0 such that, for every element k € Ty, we have
hfi > ﬁOhv
(which means that the family of triangulations is uniformly regular). Under the assumptions of Theorem
3.2, and if « satisfies the condition
a > max(a”*, a™) (3.26)

o™ is the largest positive zero of the polynomial function:

~ . . . 1
H(a) = —Fo — 1o — Ao + §a3, (3.27)
where 7;(h, f,up ), i = 2,3,4 are strictly positive constants given by
Jo = LCh,
1 o= 2pl,Ch™2,
B = BOR
é _ 9ﬂ40112
32uKmp?

then the sequence of solutions (ui,pi) of Problem (3.9) converges in L?(Q)? x L%(Q) to the solution
(up,pn) of Problem (3.5).
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Proof. We take the difference between the equations (3.9) and (3.5) with v, = uﬁl —uyp, and we obtain
the equation

« . o X o . . o _ .
5”“;“ - uhH%ﬁ(Q) - 5”“2 - Uh\|i2(9) + 5”“2“ - UZH%z(Q) + ;/QK Nt =) dx

B

(e

— |uh|uh,u2+1 —uy) =0.

The last term in the previous equation, denoted by 7', can be decomposed as

B

T = ;((|uﬁl\ - |u2+1|)u2+1,u2+1 —up) + E(|u;’l+1|u§l+1 - \uh|uh,u“'1 —uy) =T + Ts.

We denote by 77 and T5, respectively the first and the second terms in the right-hand side of the last
equation. Using (2.7), we have T > 0. Then we derive by using (3.15), (3.2) and (1.4),

5”“2“ - uh||%2(sz) - 5”“2 - uh||%2(sz) + 5”“2“ - uﬂ\iz(ﬂ) + %Iluz“ - uh”%?(n) + 1> < |Th|

<2 gt
P Ja
B

< =gt =gl Ls o) 1up s [ugt = unlls@
B 0 a4l . , , ,
< ;C?h 3 ||u§;rl - UZHLz(Q) ||U-;z+1||L3(Q) HUZH - uh”L?(Q)
B 3,LLK 1/3 _d _92/3 . . .
< ;( 25m) / C?h 3L1/ (f, th,a)Hu}fl — w2 Hufl —up|lp2(0)-

B 3uky,
We denote by C' = —
Y p( 26
Ko

€= T) to obtain the following bound

1
)USC’?L?/?’(f, uy,, o) and we use the inequality ab < 2—a2 + gbz (with
e

Qi & @i i Kmp
§||thrl - uh||%2(n) - 5”‘111 - uh||%2(sz) + EHuh_H - uh||2L2(Q) + 2LH‘1;:r1 - Uh||%2(9)
p
pC? | 2y i
< 2Kmuh 3l — w72 )
We choose
a _ pC?
- > h™ s, 3.28
2 2K,u ( )
1 C?
denote by C; = 5(0[ - I/;im’uh*%) and obtain
it 2 Qi 2 O |l t? )2 P i 2 < 29
§Huh —up||72() — §||uh = Wnl[12 () + Culluy™ = wj|[22(q) + Tp”uh — |72 < 0. (3.29)
We clearly have that (3.28) is satisfied if
o) > 0. (3.30)

Simple calculation shows that ¢’ () is a polynomial function of degree two that is positive for large «
and posses a unique positive zero. Since ¢(0) < 0, we deduce that ¢(«) vanishes at least once on R;. By
denoting a** the largest root of ¢(«), we deduce that ¢(a) > 0 for a > a**.

We deduce from (3.29) that, for all ¢ > 1, we have (if [|uj, — up|[12(q) # 0)

Huilﬂ —upl[r2) < ||uj, — un||L2(0),
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and we deduce the convergence of the sequence (u:™' —uy) in L?(Q)¢ and then the convergence of the
sequence u}L in L2(Q)?. By taking the limit of (3.29) and remarking that T5 > 0, we get

dim ([l = wilFagg) ) 0.

17— 400

We deduce then that [|uj"" — u||72(0) converges to 0 and uj"" converges to uy, in L*(Q)%.
For the convergence of the pressure, we take the difference between the equations (3.9) and (3.5) and we
obtain for all v;, € X}, the equation

/ V(pitt — pn)vi dx = —a/ (Wt — vy, dx + £ / K~ (uy, —uit)vy, dx
Q Q P Ja

+1

+§<<|uh| i yun, va) + §<|u¢;|<uh —uit) vy).

We get by using the inverse inequality (3.2) the following:

‘/ V(pﬁj‘lfph)vh dx’
Q

||VhHL3(Q)

o : Ivalle @
< (aHuZ*u?lHLz(Q)JruTmHllh*u;leL?(Q)) «)

g

+;cfh-%\|uh — || 22 (a3 oy + 1w £s ()-

th||L3(Q)

Owning the inf-sup condition (3.4), we deduce the relation
i 1 i i pEm i
||V(ph+1 —ph)HLS/z(Q) < 67(04|Q|1/6Huz — uh+1||L2(Q) + |Q|1/6T‘|uh — uh+1||L2(Q)
B _d ; i
O un = e (hanl ooy + [0z (0))-

d

Thus for a given mesh (given h), the strong convergence of uj to u, in L*(Q)? implies the strong

convergence of Vpi to Vpy, in L%(Q) Furthermore, the fact that p} and py, are in the discrete space of
P, finite elements M), C L(f2) allows us to deduce the strong convergence of pi, to pj, in L?() . a

Remark 3.5. One can show that
a** > max (sz‘fch, 4(£0£10h)%,2(egch)%) :

2~4 \3
where Cj, = (25(:;,)) h=24. Consequently a** tends to infinity when h becomes small or 3 approaches
+00.

Remark 3.6. The condition (3.10) supposes that the initial value of the algorithm is small related to the
data f. We can for example consider uy = 0.

Remark 3.7. Theorems 3.4 and 3.2 require the conditions o > max(a*, o) and (3.26) to get the con-
vergence of the numerical scheme (3.9). This conditions cannot be computed easily in practice, especially
for the numerical investigations. In fact, This result of convergence states that for a given mesh (for a
given h), the iterative solution (ul,p') converges to (up,pp) when i — +00.

3.2. A posteriori error estimates. As usual, for a posteriori error estimates, we introduce the following
notations. We denote by

e I'! the set of edges (when d = 2) or faces (when d = 3) of k that are not contained in 9.
e I'% the set of edges (when d = 2) or faces (when d = 3) of k which are contained in 9.

For every element k in 7p, we denote by w, the union of elements K of 7 such that Kk N K # ¢.
Furthermore, for every edge (when d = 2) or face (when d = 3) e of the mesh 7y, we denote by

e w, the union of elements of 7, adjacent to e.
e []c the jump through e € T'.
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From now on, to simplify, we set d = 3. The extension to two dimensions is straightforward and simpler.
We suppose also that b € L3(Q) and g € L3(T).

In this and the next sections, the a posteriori error estimates are established when the solution is slightly
smoother.

Let R be a Clément-type interpolation operator [18]. We have the following error estimate: for all x in
Th, for all e in Ok and for all ¢ € W3/2(Q),

g~ Budll o720y < Chclalnsssan (3:31)
and
lg = Rugllpsr2ey < Cehl*lalwa/2 () (3.32)

where C, and C are positive constants independent of h.
Remark 3.8. Relations (3.31) and (3.32) are a direct consequence of the following two properties:

o for all integers £, 0 < ¢ < 2, and for all p, 0 < p < +o00, there exists a constant C, independent
of hy, such that for all k € Ty, and all function ¢ € W*P(w,), the following inequalities hold (see
for instance [7], Theorem 1):

llg — Rudll Lo (o) < ChElalwe )

and when £ > 1
¢ — Rudlwroe) < ChE M alwen (u,)-

1
o Let s€]0,1] and p > — with p € [1,+00[ or s = 1 with p € [1,400]. Then there exists ¢, uniform
s

with respect to the mesh such that the following trace inequality (see [22|, Lemma 7.2) holds for
all g e W*P(k) and all k € Tp:

lallzoer < e(n® llalln + B * lalwero).

3.2.1. Upper error bound. In order to establish upper bounds, we introduce, on every edge (d = 2) or
face (d = 3) e of the mesh, the function

1

[
(/>2,1 = 2
wttn—g, ifeeT?y,

u;ttn, ifeeTd, (3.33)

where g is an approximation of g which is constant on each e.

A standard calculation shows that the solutions of the problems (2.9) and (3.9) verify for all (v,q) € X xM
and (v;“qh) € Xp X My:

ﬁ/K_l(u—uffl)-vdx—i—é/(|u|u—|u§1|u§l+1 de+/Vp pith) - vdx
Q P Ja

i i i o1 B i lut
_ Z [/( Vp“ (h+1_uh)_;K 1uh+1 p| \uﬂ—kfh)'(V—Vh)dX (3.34)

KETH r

+/(f—fh) -vdx +a/(u2+1 —u}) - vdx],
and by using the second equations of the systems (2.9) and (3.9), the fact that divujt" = 0 (as in each

element x we have: u}fl € ]Pg(n)), and by applying the integration by parts to the term / V(g —qp) -
Q
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erldx and using the definition of ¢f, ; we get,

/Vq u—uthdx = /Vq~udx—/th'u?_ldX—/v(q—Qh) u, " dx
Q Q

= *Z[/Q*Qh b*bh)dXﬂL/bh(Q*Qh)dX (3.35)
KETh " " ’
+Z/¢h1 q—an ds} Z/gh* (a—qn)ds,
e€ok ecl't €

where f;, (resp. by,) is an approximation of f (resp. b) which is constant on each element x of Tj,.
From the error equations (3.34) and (3.35), we deduce the following error indicators for each x € Ty,

L [3 '3
0 = (it = e,
(D) _ Voit! — ot —ul) - P E-lgitt ultl 4 f
', | = Vi = atup — ) = CK g p\ uj | o 220y (3.36)
D e
0 = halballreo + Y REN65 1 llnae
e€ikr

(D2)

The term hy || by [|13(x) Which appears in 7, ;*" is an indicator since it represents the quantity (]|

b — div(u}t™) || 2o (s)) as div(uj™) = 0 in each element .

In order to establish an a posteriori error estimate, we need to bound the numerical solution uﬁl in

L5(Q2) which is the subject of the next lemma.

Lemma 3.9. Let d = 3 and let the mesh satisfy (3.1). Under the assumptions of Theorems 3.1, 3.2 and
3.4, and if the exact velocity u € W16(Q)?, there exists an integer ig depending on h such that for all
1 > 1o, the solution (u ZH,pzﬂ) of (3.9) verifies the following bound:

i, |z o) < Clu.p), (3.37)
where C is a constant depending on the ezact solution (u,p) of (2.9).
Proof. We consider the case d = 3. Let (u,p) be the solution of (2.9), (up,pn) the solution of (3.5) and
(uitt, i) the solution of (3.9).

By using (3 2) (for p = 6), the properties of the operator Ry and the a priori error estimate (3.8), the
term [|u)™ || zo(q) can be bounded as following:

lay ey < gt —upllpo) + llun — Ra(u)|ls@) + [Ra(w) — ullLo(o) + ullze)
< C(h (lu™ —unllrz) + lun — Ru(a)||r2@) + hllallwrs@ys) + ullrs@)
< C(h My = unllrz) + lun — ullzz) + [u = Ra(u)llz2e)) + Allullws@))
+[ullzs ()
< C(h M — wpllr2) + Culu,p) + [ulwrz) + Allullwreq) + [[ullrs@))-

(3.38)
As uZH converges to u, in L?(Q), then there exists an integer iy depending on h such that for all i > i
we have
[uitt = unl|p2(0) < he (3.39)
Then, Equation (3.38) gives by using (3.39) the following bound for all i > iq:

[ui Loy < Clu,p). (3.40)
O

Our main goal is to get an upper bound of the error between the exact solution (u,p) of (2.9) and the

numerical solution (u ZH, pﬁj‘ 1Y of (3.9). To get this desired result, we start by the following lemma which

can be proved by using the inf-sup condition (2.5).
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Lemma 3.10. There exists a velocity v, in X that solves the following equation : Yq € M

[V veix=3 [ [ = Ru@)b+tydx— [ (o~ Rala) ix

KETH
(3.41)
—Z/cbh — Rp(q))ds] Z/gh— (¢ — Rn(q))ds
ecok v € EEF[’ €
satisfying the following bound
[Vellzsy < Cof Z [(77,2[;2)) + hiel|b = bal| L3y ] + Z he\lgn — gllree)- (3.42)

KEThH eel"z

Proof. Equation (3.35) with ¢, = Rp,(¢) and the inf-sup condition (2.5) imply that there exists a v, € X
such that (3.41) is verified and satisfying

[ [ta=Rata)(-b+ ) — [ bula = Rula)) .

’967-}1 K K

_Z/QSMQ Ri(q)) ds | Z/gh_ )(g — Ra(q ))ds’

e€OK eEFb ¢

[Villza) < SUP m

(3.43)

< wpm Z g — Rr(@)|| 32 () 10— bnllLswy + g — Ru(@)|| 232 () 1001l 23 ()

+ ) 5allzae lla = Bu(@llzerzey] + > llgn = gllzalla = Ba(@)llza/2e))-

e€ok EEF?L

Thus, from the properties of the operator Ry, the regularity of 75, and the following Holder’s inequality
(p=3/2,¢=3)

n n n
1 1
S arbe < (3 a) (> ), (3.44)
k=1 k=1 k=1
we infer after cubing the last relation:

Villday < Ca( D (052 4+ B2IIb = bal[Fsn] + D Rellon — allise))-

KETH eEl";’L
Finally, we obtain (3.42) by taking the cubic root of the previous inequality. O

Theorem 3.11. Under the assumptions of Lemma 3.9, there exists an integer ig depending on h such that
for alli > ig, the solutions (u,p) of (2.9) and (u Z+17p§1+1) of (3.9) werify the following error inequalities:

i i 3/2 L
vellscoy + o =y e + =i [, < €[ 30 (02 +052 +02)
KETH
N (3.45)
+ 3 (= Fallzzce) + hullb = bullzsgey + > BEllgn = gllzae ) |
KETh ecl't
where zg = u — u;j'l — v, and C is a constant depending on u, {5, (resp. by) is an approzimation of f

(resp. b) which is constant on each element k of Tn, and gn is an approzimation of g which is constant
on each face e of T, NT.
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Proof. The velocity error equation (3.34) can be written as

ﬁ/K—l(u_u;‘l+1),vdx+§/(|u|u—‘u2+1‘112+1>"’dx+/v(p_p§z+1)'de
P Ja pJa ¢

== Q((|u§:r1| — \uﬂ)u#l) ~de+a/ﬂ(u2+1 - u}l) -vdx

p
+ Z [/(prZ"H - HKflquH —a(utt —uj) - é|uﬁl|u§j‘1 + 1) (v—vp)dx+ /(f —f,) - vdx].

wel, UF p p K
, (3.46)

Now, to simplify we set zg = u — u?‘l — v, and we test (3.46) with v = zg and v, = 0.

By construction, (3.41) and (3.35) imply that we have with g, = Ruq
for all ¢ € M, / Vq-zodx =0. (3.47)
Q

Hence (3.46) reduces to

ﬁ/ K*1z0~z0dx+ﬁ/ K™ 'v, - zgdx
pPJa pPJa
+ b / (Juju — [uj ™ ) (u —ujth) dx — s / (Juju — Juj ity - v, dx
P Ja P Ja
—a [t =) a2 [ (0 ) 20 dx
Q P Ja
+ Z [ (= Vp,t —a(u —u)) — %K*1u2+1 — %uﬂuﬁl +f5) - 2o dx+/ (f—15) 2o dx]
Reﬂ:, K K

(3.48)
We decompose the fourth term of the left hand side as following

5 G = ) vy = 2 [ ) v 2l v
P Ja P Ja P Ja

Equation (3.48) gives by inserting +u in the second term of the right hand side and by using Property
2.1, the following inequality

_ L1113
it g <
pJa

- 3 4 8 4 )
A it al i 2 b= v 2w g
P Ja P Ja P Ja
v [ it = gzl s+ 2 i g ol 2 gt )l o dx

Q P Ja P Jo
+ Z [/|—Vp?fl—%K71u2+1—a(u2+1—u2)— g\uﬂu?l—%-fﬂ |Zo| dx +/|f—fh\|z0|dx].
K

KETh o
(3.49)
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By using the relation u—u}"" = zy + v, and taking into account that W(Q) C L>(Q), the last bound
allows us to obtain the following inequality

1K, i 297
7||Z0||2L2(Q) + Cm Hu —u +1HL3(Q)d < T”VTHLZ(Q) ||ZOHL2(Q)

B
+;||u||L6(Q)(||Z0||L2(Q) + [[vellL2@)lIvellzs @)

7+1

5 7 i
p(||VrHL2(n) + [|1Zoll 2 Iy, [l o) Vel o) + ella)™ — uj [l L2q) 120l 20

LB

~ ||uz+1

= uhllzz o) lull e @) 2ol 220

; B
— o) (Vellz2 ) + l1Zollz2@) [1ZollL2(0) + ;Hu
7 I — z 2 7 /8 7
+ > =Vt - K "ttt — a(uptt — ) - ;|uh|u L Bl 2oy llZoll 2w
KETH

+ ) I = fullo2ge) l1Zoll2)-
KETH
(3.50)
Following Lemma 3.9, there exists an integer i9 depending on h such that for all ¢ > 4, uh is bounded
in L5(Q). Furthermore, we use following inverse inequality

1+1

[t — ) || oo ) < A7V ulT = ul |l 20

and the convergence of the sequence u to uy, in L(Q)¢ to deduce that we can choose iq sufficiently large

uwK,

such that for all i > iy we have |[u}t* — u} || () < —==~. Thus, Equation 3.50 gives:

uK,

m K3 K
TPHZOHQLQ(Q) +Cm HU —u +1HL3 Q) = P

—Ivilizz2 (@) 1Zoll 2 )

B
+;||u||L6(Q)(||Z0HL2(Q) +Ivellzz@) Ivellzs @)

+;(”V7'HL2(Q) + llzoll 22 ) 0y [ oy Vel Lo @) + alluh™ = ujllr2q) l1Zoll L2 (o)
Ko, By i
+T [Vellz2@) Izoll L2 (@) + =l = willz2) lallze@) IZzoll2@) + D If = full2e) ol L2(r)
p P KETh
i [ i i B i
+ Z |- Vth - ;K 1uh+1 - a(uhH —uy) — ;‘uh|uh+1 + fullz2(s) 120l 2 ()
KETH

(3.51)
1 1
We use Lemma 3.9 and the decomposition ab < 2—(1 + 251)2 for all the terms containing b = ||zo||£2(q)

in the right hand side of Equation (3.51), with € sufﬁc1ently small such that all the terms of ||z z2() in

m

the right hand side will be absorbed by the term

HZ0||L2(Q) of the left hand side of (3.51). We then

get, by using the inequality ||v,|z2(q) < |Q/*/®||v,||r3(q) and by taking the square root of the inequality,
the bound

i 3/2 i %
IZol 2 () + [[u = w, [ s g < (”"’”“LS(Q) ) M= Eallzo + D g = wh e
KETh KEThH
(3.52)

% ul % 7 B T [y4%
+ § ' | — Vp! i+1 /LK 1 +1 oz(uh‘*‘1 —uy) — ;|uh|uh+1 + thLQ(N))a
KETH

where C' is a constant depending on (u,p). By using Relations (3.42) and (3.52), and the following
inequality:

IN

[u— u;j_l”L?(Q) 1zoll 2y + [IVrllz2()

< lzollz2 ) + 121 vell Lo

A\
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we get the desired result. O

Remark 3.12. Theorem 3.11 gives an upper bound for the error u— uHrl = 29+v, in L?(Q)¢ and an up-
per bound of v, in X which is a part ofu—u;j'1 Furthermore, it gives an upper bound of |ju— u ||L3(Q)
but unfortunately, with the indicators to the power of 2/3.

In the next theorem, we will bound the error between the gradient of the exact and numerical pressures
with respect to the indicators in L3/2(Q)%.

Theorem 3.13. Under the assumptions of Theorem 3.11 and we assume that f € LQ(Q)d, then there
exists a positive real number i1 depending on h such that for all i > i1 we have the following bound
between the solutions (u,p) of (2.9) and (uj', pit') of (3.9):

IV =2l < €Y (102 02 +0)
KETH

+ 3 (= Fllzzgo + halle = bullzscey + 3 b llgn = gllzsco)) .

KETh eel?

(3.53)

where C is a constant depending on (u,p).

Proof. Let (u,p) and (u}™,pit!) the solutions of (2.9) and (3.9). We test Equation (3.34) with vj, = 0
to get,

/Vp it vix=-E [ k- Y(u —uﬁl)-vdx—é/(\u\u—|u2|uﬁl+1)-vdx
P Ja P Ja
i i i Hor—1_ i B i
+ z; [/,.;(_Vphﬂ —a(uj, — uh+1) _ ;K 1uh+1 _ ;‘uh|uh+1 +f),) - vdx (3.54)
KETh

+/(f—fh)~vdx +a/(u2+1—u2)~vdx].

K

By using the Cauchy-Schwartz inequality, we get after dividing the previous inequality by ||v||zsq)

‘/ ’+1 vdx‘
HVHL2(Q)

Wi = Ol e + i = i o)

[vllLe @
1/2||v 1
+Cl( Z ||f — fh||%2(K ) H HL2(Q) ﬂ ‘/ |u|u o |uh|uz+1) v dx (355)
T HVHL3(Q) Vs )
2 v —1..1 Q440 1/2 HVHL2 Q
( S - Vot - alu - uit) - MK it - B rui it +fh||%2(n)) Hﬂi()
KETH P VilL3(Q)

By using the relation ||v||z2(q) < |QY°||v|[13(q), all the term of the right hand side of the previous
bound can be treated as in the previous theorem except the third one which can be bounded as following;:

< [l = ug a,v) |+ [ Gug i = w ), v)
< (= [l 2o llal| o) + ([0 [1zs @l = w2 0) [[V]]2s )

We consider Relation (3.55). We use the following triangle inequality
1+1

[(jufa = fuj uj, v)

(3.56)

lu = upllr20) < [u— w20 + [[upt = ujll2 0
the fact that the term [|uj || e(q is bounded, the inf-sup condition (2.5) and Theorem 3.11, to get the

desired error bound on the pressure given by Equation (3.53). O

Remark 3.14. The bounds (3.45) and (3.53) constitute our a posteriori error estimates where we bound

the error between the evact solution (u,p) of (2.9) and the numerical solution (uj™*, pit') of (3.9) with

respect to the indicators 7],2 l), n(Dl and 1, DZ) But to get the bounds of the indicators which are the

subject of the next subsection (Sectzon 3,2,2), we need to add the following theorem where we add a
supplementary bound giving an error bound of the exact and numerical solutions.
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Theorem 3.15. Under the assumptions of Lemma 3.9, there exists an integer i depending on h such that
for alli > iy, the solutions (u,p) of (2.9) and (wjt*,pitt) of (3.9) verify the following error inequalities:

12 o~ b ) + Vo - g e < O] 30 (05 022 4 2)
g RETh . (3.57)
+ 3 (1= Fillzzgo + helle = bullzso + D héllgn = gllusco) )|
KETh ecl?

where C is a constant depending on the exact solution (u,p) of (2.9).

Proof. Let u € W16(Q)?. Then, Equation (1.1) allows us to get that the pressure is such that Vp €
L?(Q)?. Thus, the velocity error equation (3.34) is valid for all v € L2(Q)? and can be written as

/ (é(|u|u — [uj[u™) + V(p - pzﬂ)) vdx =2 / K ' u-— uﬁfl) ‘vdx + / (it —uj) - vdx
Q P P Ja Q
R V=S R U S B i+l iy é i|,i+1 A _ )
+ Z [ [ (=Vp}, pK uj a(uy uy,) p|uh|uh + 1) (v—vp)dx+ [ (f—1,) vdx].
HE’T}L r o

(3.58)
By taking v;, = 0 and v = (§(|u|u — |up|uj™h) + V(p — pit)), applying the Cauchy-Schwartz and
simplifying by |[v|[12(q), we get the result after using Theorem 3.11. O

Remark 3.16. Finally, the bounds (3.45), (3.53) and (3.57) constitute our a posteriori error estimates.

3.2.2. Bounds of the indicators. In order to establish the efficiency of the a posteriori error estimates,
we recall the following properties (see R. Verfiirth,[38], Chapter 1). For an element « of T, we consider
the bubble function v, (resp. 1. for the face e) which is equal to the product of the d + 1 barycentric
coordinates associated with the vertices of x (resp. of the d barycentric coordinates associated with the
vertices of ). We also consider a lifting operator £, defined on polynomials on e vanishing on de into
polynomials on the at most two elements x containing e and vanishing on 9« \ e, which is constructed by
affine transformation from a fixed operator on the reference element.

Property 3.17. Denoting by Pr(k) the space of polynomials of degree smaller than r on k. The following
properties hold:

1/2
Vo € Po(x) ellvllos < e o < ¢[[olloe, (3:50)
o ol < chi vl

Property 3.18. Denoting by Pr(e) the space of polynomials of degree smaller than r on e, we have

VuePe),  clvlloe < llowe?lloe < ¢loflo.e.

and, for all polynomials v in Pr(e) vanishing on Oe, if k is an element which contains e,

||£eU||0’fi +he | Lev |1,f~cS Chi/QHUHO’e-

We have the following bounds of the indicators:

Theorem 3.19. Let d = 3, (u,p) and (uj"",p;"") the solutions of (2.9) and of (3.9). We have the
following bounds of the indicators: for each element k € Ty,

L i i
1) < = e + [0 — w2 o), (3.60)
and
D 1
W2 < C(HWHLS(W) + llb = ballzawn) + Y hE llgn —g||L3(e)), (3.61)
e€okr

where C is a constant independent of the mesh step but depends on the exact solution (u,p).
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Proof. The bound (3.60) is a simple consequence of the definition of nffi) and the triangle inequality.
In order to prove (3.61), we consider first Equation (3.35) with ¢, = 0 and

] by on K,
q_q“_{O on Q\x,

where 9, is the bubble functions on a given element k € 7,. We obtain by using Relation (3.47) the
following equation:

/ b2 dx = — / V(bpthn) - v dx — / (b ) (b — bp) dx. (3.62)

Then we use Property 3.17, the Cauchy-Schwartz inequality and the relation ||v||z2(s) < [£]Y6(|v][ 1500,
and by multiplying by h, to get:

hillbnllL2my < chic(h Vel L2 ey + 110 = OnllL200))

L s (3.63)
< ahi|lvellps ) + hallb = ballLsw))-
Then we get by using the inverse inequality (3.2) with p = 3,
il ) < c2(IVellLage) + hellb = ballLa (), (3.64)

which is the part of the indicator 77,(3-2) corresponding to by,.

Again, we consider Equation (3.35) with ¢, = 0 and

_ [ Lew(dhate) om {k K},
1=4%=9 0 on Q\(kUK'),

where 1), is the bubble function of ¢ and ' denotes the other element of 7;, that share e with k. We get
the following equation:

/q/),i}lqu: —/ q(b—bp)dx —/ bhqu—/(gh—g)qu— Vq- v, dx.
e KUK/ KUK/ e KUK’
Properties 3.17 and 3.18 allow us to get the following bound:

1 1 _1
9511122 (e) < C(RE 1D = ballL2(wunry + hé lball2(runry + |19 = gnllL2ey + he 2 11Vell L2 (eunry ) -

By using again the inverse inequality 3.2 and the relation |[v4||z2(s) < [K|Y||[Vh||£2(s), We obtain the
bound:
1 1
hé (|5, 1l1Ls(ey < Cr(hellb = billLs(wunry + hellballs euny + BENg — gnllrse) + 1Vellsgeunny).  (3.65)
Hence, we bound the part of n,(ﬁz) corresponding to ¢j ;. Relations (3.64) and (3.65) give Relation
(3.61). O

Theorem 3.20. Let d = 3 and let the mesh satisfy (3.1). Under the assumptions of Lemma 3.9, we have
the following bound: for each element k € Ty,

K,%

D L 7 ﬂ [ i i
me) < O o e + 1 (e = o ) £ 9= )

HIE ™ = Ky sy + 1= Fll 2 + hellb = bullzsu + 3 5 llan = gllzsco) )
e€ok

(3.66)
where C is a constant independent of the mesh step but depends on the exact solution (u,p) and K;l is
an approzimation of K1 which is a constant tensor in each triangle.

Proof. Let us now prove Relation (3.66). We consider Equation (3.34) with v, = 0 and

B G R A A T
=Vi= P p

0 on Nk,
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where K, 1 is an approximation of K~! which is a constant tensor in each triangle. We obtain the
following equation:

JIETm = atur =) = 2a i = D )l -
/(K_ ~ Ky hultt ovax + & /K (u—uj)- vdx+é/(|u|u—|ufl\u§f1)-vdx
P Jk

/V pith vclx—/(f—fh)~vdx—04/(u;'fl—u};)-vdx7
K K
and then by using Lemma 3.9 and Properties 3.17 and 3.18, we get the following bound:
= Vi = ! i) = SH = D g <
B B , B S .
C(HK b K sy + e = w2+ IIE(\Ulu = uj, [uy ) + V(0 = 0" )2
it+1 i
HIIE = Eallz2e) + allu™ = wh 2 )
(3.67)
Thus we get the result by using the following triangle inequality and Lemma 3.9 :
i i i Hore—1
| = Vo = a(ujtt —uj) - EK RIARES p\ wj, [+ £ 2 ) <
i i i M1 i | L —— - i
I = Vo = a(uy™ —uj,) ~ ;Kh fuy - p\ wj, [up™t o+ £l 2 ) + EHK b= K oo [l o e)-

(3.68)
O

4. NUMERICAL SIMULATION

We validate the theory developed here by showing numerical simulations using Freefem++ (see [27]).
We consider the iterative scheme (3.9). For the stopping criterion given later, we define the iterative error

Errr — (Ilf+1 —uj |l + IV, —pﬁ)HLw(Q))

L= .
Ty, s @) + 11Ve s @)

In the definition of Errr, we consider the iterative error Huh — u}L||L3(Q) in the natural space of the

velocity L3(€2) although in the definition of 77,2?, we used the error in L?(k).

4.1. First test case. In this section, the domain (2 is the square £ =]0, 1[?> and all computations start on
a uniform initial triangular mesh obtained by dividing 2 into N2 equal squares, each one subdivided into
2 triangles, so that the initial triangulation consists of 2N? triangles. The theory is tested by applying
the numerical scheme (3.9) to the exact solution (u,p,T) = (curley, p, T') where ¢ and p are given by

(z,y) = e~ ((2=0.5)*+(y=0.5)%) (4.1)
and

p(z,y) =xx (x —2./3.)xy* (y —2./3.), (4.2)
with the choice K =1, 4= p =1 and v = 50. Here we have u.n =0 and b = div(u) = 0.

We begin by testing the dependency of the convergence of the iterative scheme (3.9) with respect to a.
We consider N = 60 and for each «, we stop the algorithm (3.9) when the error Erry < le™®
To discribe the convergence of Algorithm (3.9), we consider also the error

By — (”“2 —ul|s(0) + 1|V(p}, *p)IILsxz(m)
lal[zs) + [VPllLs/2 (0
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We mention that in the definition of Err, we considered ||uj, — ul|zs(q) despite that in Theorem 3.11 it
figures to the power 3/2.

Tables 1 and 2 show, for § = 1 and 8 = 10, the error Err and the number of iterations Nbr which
describe the convergence of Algorithm (3.9) with respect to « for u?L = 0. We remark that the best
convergence is obtained for a,;, = 2.3 when 8 =1 and for a,,;, = 12 when 5 = 10.

o 0.001 |{0.01|0.1 |1 (1.4(19|21|23|25 273 |3.7|5 |10 | 100 | 1000
Nbr | 75 74 63 |25(20 |16 |15 |14 |15 |16 |17 |20 |24 |41 | 231 | 1134

TABLE 1. Number of iterations Nbr for each . (3 =1 and uf) = 0)). In all these cases,

Err = —0.939 (in logarithmic scale).
@ 0.001 | 0.01 | 0.1 |1 6 |8 (1011|1213 |14 15|18 |21 |35 | 100 | 1000
Nbr | 693 681 | 579|232 |55 (4234 (32 |30 |31 32|34 |38 |42 |59 | 116 | 465

TABLE 2. Number of iterations Nbr for each . (8 =10 and u) = 0). In all these cases,
Err = —0.475 (in logarithmic scale).

To go far with our numerical investigations, we test Algorithm (3.9) where the initial guess uf is calcu-
lated by using the Darcy’s problem (which corresponds to 8 = a = 0). Tables 3 and 4 show, for 8 =1
and § = 10, the error Err and the number of iterations Nbr with respect to a. We remark that here
also the best convergence is obtained for a,,;, = 1.4 when 8 = 1 and for ayni, = 14 when 8 = 10. In
this case of the initial guess, we remark that the number of the iterations is slightly smaller than that
obtained for u?L = 0. Thus, in the following, all the numerical investigations will be performed with the
initial guess calculated by using the Darcy’s problem.

« 0.001 ({0.01(0.1|1 |{14(19|23|26(29(33|3.7|/4 |5 |6 |10|100 | 1000
Nbr | 74 73 62 25|20 (16 |13 |12 |13 (14 |15 |16 |18 |21|30 | 174 | 904

TABLE 3. Number of iterations Nbr for each a. (8 =1). u) is calculated by using the
Darcy’s problem. In all these cases, Err = —0.939 (in logarithmic scale).
@ 0.001 [ 0.01 |0.1 |1 6 ({1011 (12|13 |14 |15 |16 | 18|21 |28 | 100 | 1000
Nbr | 692 680 | 578|232 55|34 |31 |29 |27 |26 |27 |28 |30 |33 |40 |92 |458

TABLE 4. Number of iterations Nbr for each a. (8= 10). ul is calculated by using the
Darcy’s problem. In all these cases, Err = —0.475 (in logarithmic scale).

Furthermore, Table 5 shows the dependancy of «,,;, whith respect to h for 8 = 100. We remark that
Qmin increases when h decreases, which is consistent with the results of the Theorems 3.2 and 3.4 (see
Remarks 3.3 and 3.5).

h 0.1414 | 0.0708 | 0.0353 | 0.0283 | 0.0177 | 0.007889 | 0.00543
Qmin, | 66 68.5 80.5 82.25 82.75 85.5 87

TABLE 5. Qunin With respect to h. (8 = 100 and u(,)Z =0).

In the following of this section, we will show numerical investigations corresponding to the a posteriori
error estimate. We take = 10, « = 10 and N = 10 for the initial mesh.
On a given mesh and for the numerical calculation, it is convenient to compute the following indicators:

D D D 3
0 = (30 e+ 0EP)?)?
KeTn
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and )
L L)\2\ 3
i = (D (ie)?)*
KeTh
The iterations are stopped following the criteria
P <P, (4.3)

where 4 = 0.001. For the study of the dependence of the stopping criteria (4.3) with 4, we refer to [21]
and [23] where the authors introduce this new stopping criterion.

For the adaptive mesh (refinement and coarsening), we use routines in FreeFem-++. The indicators (3.36)
are used for mesh adaptation by the adapted mesh algorithm introduced in [9].

In Figure 1, we present the evolution of the mesh during the iterations (initial, second and fourth refine-
ment levels). We notice that the mesh is concentrated in the region where the solution needs to be well
described.

S
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o

FIGURE 1. Evolution of the mesh during the refinement levels (initial, second and
fourth).

Next, we plot and study the error curves between the exact and numerical solutions corresponding to
uniform and adaptive method.

Figure 2 plots a comparison of the global error curves Err versus the total number of vertices in loga-
rithmic scales for the uniform and adapt methods; global in the sense that they depict the sum of the
velocity and pressure errors. We notice that the errors of the adaptive mesh method are much smaller
than that obtained with the uniform method, hence the efficiency of this method.

In table 6, we present the effectivity index defined as

(L) (D)
Bl — 0+

B i i+1
= wi sy + IV = Iz
with respect to the number of vertices during the refinement levels. This effectivity index is calculated

on each mesh level after the convergence on the iterations i by using the stopping criteria (4.3). Table 6
shows that it is between 38.51 and 25.47.

Refinement Level initial | first | second | third | fourth | fifth | sixth
Number of vertices 121 313 973 2638 | 6197 | 15358 | 37703
Effectivity index 38.51 | 32.53 | 30.54 | 27.91 | 28.70 | 27.15 | 25.47

TABLE 6. EI with respect to the refinement levels.
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F1GURE 2. Comparison of the errors Err with respect to the total number of vertices
in logarithmic scale.

4.2. Second test case. In this case, we consider a more complicated geometry 3 presenting reentrant
corners to show the efficiency of the adaptive method proposed in this work. Furthermore, we take
w=p=1a=10,8=10,un=0,b =div(u) =0, f = (f,0) where

f= 0 ify > 1,
-2 ify <=1,
and K such that
K1 2 + sin(7x) sin(7y) 0.2z
0.2z 3 + sin(mx) sin(7y)
for all the numerical simulations of this section.
(0,2) (3/4,2) (5/4,2) (2,2)
(3/a5/8)  (5/4,5/4)
(0,0) o (2,0)

FI1GURE 3. Geometry.

We begin by showing comparisons between the uniform and the adaptive methods corresponding to
iterative system (3.9).

Figures 4-7 present the evolution of the mesh during the iterations. We remark that, from an iteration to
another, the concentration of the refinement is on the complex vorticity regions, namely at the reentrant
corner and some regions of 2.

Figures 8 and 9 show color velocity and pressure at the fourth refinement level. We can clearly see that
the velocity in Figure 8 justifies the concentration of the refinement showed in Figure 7.
Next, we introduce the relative total error indicator given

i

g, | L2y + [V (R )] £2r2(a)

Etot =
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where here also nZ(D) is computed after convergence on the iterations ¢ (by using the stopping criteria

(4.3)). Figure 10 shows and compares the relative total error indicator given by E:,: between the uniform
and adaptive methods.

T
o Y Error Uniform —+
~—— Error Adapt

12 F T~ 5 i
Error - h N \\

15 F .

-1.6 B

-18 1 1 1 1 1
3.5 4 4.5 5 5.5 6 6.5

Number of vertices

F1GURE 10. Comparison of the errors Err with respect to the total number of vertices
in logarithmic scale for the second case.

5. CONCLUSION

In this article, we discretize a steady Darcy-Forchheimer problem. We introduce error indicators and
establish optimal a posterior: error estimates. We perform several numerical simulations where the
indicators are used for mesh adaptation, and we show the efficiency of these adaptive methods.
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