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Well-posedness and convergence analysis of PML
method for time-dependent acoustic scattering
problems over a locally rough surface

Hongxia Guo* Guanghui Hu'

Abstract

We aim to analyze and calculate time-dependent acoustic wave scattering by a
bounded obstacle and a locally perturbed non-selfintersecting curve. The scatter-
ing problem is equivalently reformulated as an initial-boundary value problem of
the wave equation in a truncated bounded domain through a well-defined trans-
parent boundary condition. Well-posedness and stability of the reduced problem
are established. Numerically, we adopt the perfect matched layer (PML) scheme
for simulating the propagation of perturbed waves. By designing a special absorb-
ing medium in a semi-circular PML, we show well-posedness and stability of the
truncated initial-boundary value problem. Finally, we prove that the PML solution
converges exponentially to the exact solution in the physical domain. Numerical
results are reported to verify the exponential convergence with respect to absorbing
medium parameters and thickness of the PML.

Keywords: wave equation, well-posedness, PML, convergence.

1 Introduction

The scattering problems over a half-space with local perturbations have widely consid-
ered in the fields of radar techniques, sonar, ocean surface detection, medical detection,
geophysics, outdoor sound propagation and so on. Such problems are also referred to as
cavity scattering problems in the literature; see e.g. [1}2,|30,39] where variational and
integral equation methods (see also [1,[2]) were adopted to reduce the unbounded phys-
ical domain to a truncated computational domain in the time-harmonic regime. In this
paper we concern the time-dependent scattering problems governed by wave equations.

If the domain of the wave equations is unbounded, one can either use transpar-
ent /absorbing boundary conditions to minimize the spurious reflections or absorbing
boundary layers, which are usually referred to perfectly matched layers (PML), to bound
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the unbounded physical domain by truncated computational domain in the numerical
simulation. A major challenge is to construct the temporal dependence of the transpar-
ent boundary condition [21] or the artificially designed absorbing medium (see e.g., [24])
in the PML method. The PML scheme is initially introduced by Bérenger for 2D and 3D
Maxwell equations [7,[8]. The basic idea of the PML is to surround the physically com-
putational domain by some artificial medium that absorbs outgoing waves effectively.
Mathematically, a PML layer method can be equivalently formulated as a complex
stretching of the external domain. Such a feature makes PML an effective for mod-
eling a variety of wave phenomena [12,/16,123,136]. Due to its barely reflective absorption
of out going waves, PML turns out to be very popular for simulating the propagation of
waves in time domain [26-28].

For time-harmonic scattering problems, the PML formulation was introduced in
[17] to locally perturbed rough surface scattering problems. We also refer the read-
ers to |18125,29] for the analysis of acoustic scattering problem in the whole space and
to |4L|13] for electromagnetic scattering problems where the convergence rate depends
exponentially on the absorption parameter and thickness of PML layer. In theory it
is crucial to investigate well-posedness, stability, convergence of the PML formulation.
This paper is concerned with the mathematical analysis and numerical simulation of the
time-dependent acoustic scattering problem in a locally perturbed half space with the
following issues:

(1) well-posedeness and stability of the time-dependent problem using the Dirichlet-to-
Neumann (DtN) operator;

(2) well-posedness and long-time stability of the PML formulation in a truncated do-
main;

(3) convergence of the solution of the PML formulation to that of the original problem;

(4) numerical tests of the exponential convergence of the PML method.

To the best of our knowledge, the mathematical investigation of the convergence/error
analysis of the PML problem for wave equations is far from being complete, in compari-
sion with the vast works for time-harmonic scattering problems. Existing results mainly
concern the well-posedness and stability of PML problem; see e.g., [3,9,/10}/14] where
the absorption parameter was all assumed to be a constant. Using Laplace transform
and the transparent boundary conditions (TBC), the exponential convergence with re-
spect to the thickness and the absorbing parameter has been justified in [19,20] for
time-dependent acoustic scattering problems in the whole space. Later the approach of
applying Laplace transform [19}20] has been extended to the cases of waveguides [11],
periodic structures as well as electromagnetic scattering problems in the whole space [38].
See also [5,31,37] for the analysis of the time-dependent fluid-solid interaction problems
and electromagnetic scattering problems. Nevertheless, the exponential convergence re-
sults in the aforementioned literatures are not confirmed by numerical examples. On
the other hand, as far as we know, a comprehensive analysis is still missing for the PML
method to the acoustic wave equation in a locally perturbed half space.



In this work, a perturbation of the half plane {x : 9 > 0} can be caused by either
a bounded obstacle imbedded in the background medium or a compact change of the
unbounded curve z9 = 0; see the geometry shown in Figure|l} Firstly, we adopt the ap-
proach of [19] to prove well-posedness of the scattering problem in proper time-dependent
Sobolev spaces by using a well-defined TBC (Dirichlet-to-Neumann operator). We com-
plement the earlier work [19] by describing mapping properties of the DtN operator and
by connecting the TBCs defined over a finite and an infinite time period, which seem not
well-addressed in the literature. Motivated by [19], a circular PML layer with special
medium properties will then be defined to truncate the original problem. A first order
symmetric hyperbolic system is derived for the truncated PML problem, which is similar
to those considered in [6[19,20]. The well-posedness and stability of the truncated PML
problem are justified by Laplace transform, variational method together with the energy
method of [10]. The convergence of the PML scheme is based on the stability estimate
of an initial-boundary value problem in the PML layer and the exponential decay of the
PML extension problem to be proved using modified Bessel functions. Such a technique
is also inspired [19].

This paper is organized as follows. In the subsequent Section 2, we first introduce
the mathematical model and rigorous define the transparent boundary condition (TBC)
to reformulate the scattering problem to an initial-boundary value problem in a trun-
cated bounded domain. Well-posedness and stability will then be shown in Section 2.2.
In Section 3, we derive a PML formulation in the half plane by complex coordinates
stretching inspired by [164/19,20,[34] and study the well-posedness and stability for the
PML problem. We analyze the exponential convergence of the PML method in the half
space in Section 4. In the final Section 5, two numerical examples are reported to show
the performance of the PML method.

2 Mathematical formulations

Let Ty be a local perturbation of the straight line {(z1,0) : 1 € R} such that Ty
coincides with o = 0 in |z1| > R for some R > 0 and that I'g is a non-selfintersecting
C?-smooth curve. Denote by  C R? the unbounded domain above I'y, which is supposed
to be filled by a homogeneous and isotropic medium with the unit mass density. Let
D C B}, = {z € Q: |z| < R} be a bounded domain with the Lipschitz boundary
0D such that the exterior of D is connected; see Figure Physically, the domain D
represents a sound soft obstacle embedded in . Write R2 = {z € R? : 25 > 0},
I'L:={z € Q:|z| = R}. It is obvious that B}, is a Lipschitz domain.

The time-dependent acoustic scattering problem with the Dirichlet boundary con-
dition enforcing on the obstacle 9D and the locally perturbed rough surface I'y can be
governed by the initial-boundary value problem of the wave equation

O2u(x,t) — Au(z,t) = O f(x,t)  in (Q\D) x (0,T),
u(z,t) =0 on (0D UTy) x (0,T), (2.1)
u(z,0) = dwu(x,0) =0 in (Q\D).



Here, T' > 0 is an arbitrarily fixed positive number, the function f represents an acoustic
source term compactly supported in BE \D and u denotes the total field. In the exterior
of BE, the total field v = 4™ + u™ + u*¢ can be divided into the sum of the incident
field u*, the reflected field u™¢ corresponding to the unperturbed scattering problem in
the homogeneous half space x9 > 0 and the scattered field u*¢ caused by D and the
perturbation of the straight line 9 = 0. The first two components of v will be explained
as follows.

—_————

Figure 1: Geometry of acoustic wave scattering problem caused by a bounded obstacle
D and a locally perturbed curve I'y.

The incident field 4™ is generated by the inhomogeneous wave equation in R?:

O2u(x,t) — Au(x,t) = Oy f(x,t)  in R% t>0,
u(z,0) = u(z,0) =0 in R2

Obviously, the incident field «" takes the explicit form

o) = [ Gty r 0 dy i B xR,
R2
where * denotes convolution between G and 0;f with respect to the time ¢ , and
H(t— |z —yl)
2m\ /12 — |z — y[?

is the Green’s function of the wave operator 92 — A in the free space R? x R. Note that
H is the Heaviside function defined by

Gla,t;y) =

0, t<0,
H(t)::{l t > 0.

The reflected field u"¢ caused by the incident field ™ and the Dirichlet curve x5 = 0 is
governed by

Ofu(z,t) — Au™(x,t) =0 in RZ, ¢>0,

u(z,0) = gu"(x,0) =0 in RZ,

u"(z,t) = —u'(x, t) on x9=0,t>0.



Denote by y* = (y1,—y2) the reflection of y = (y1,y2) by the straight line zo = 0.
Through simple calculations, we obtain the expression of the reflected field u"¢ by

u(z,t) = —/RQG(x,t; y*) x 0uf(y, 1) dy

t
= —// Gz —y*,t — )07 f(y, ) dydr.
0 JBE\D

Evidently, the sum 4" +u"¢ denotes the total field to the unperturbed scattering problem
that corresponds to u™ and the Dirichlet curve 2o = 0. The function u*¢ consists of the
scattered wave from the bounded domain D and the local perturbation {x € T'g : x2 #
0,z € R}.

Throughout this paper, we suppose that for any bounded domain g, f € H?(0,T; L?())
and that fl;—0 =0, f = f|(0,T) where

f € H2(0aOO§L2(QO))7 ”f”Hz(O,oo;L2(Qo)) < HfHH2(O,T;L2(QO))'

This implies that the source term 9; f on the right hand side of (2.1)) belongs to H'(0, T; 2\ D).
Hence, applying the approach of J. L. Lions (see [32, Theorem 8.1, Chapter 3] and
[32, Theorem 8.2, Chapter 3]) there exists a unique solution u € C(0,T; H}(Q\D)) N

CY(0,T; L*(Q\D)) to (2.1).

2.1 A transparent boundary condition (TBC) on a semi-circle

The aim of this section is to rigorously address the Dirichlet-to-Neumann map for the
wave equation in a locally perturbed half-plane. We shall follow the spirit of [19] for
a bounded sound-hard obstacle but complement the definition of DtN there by describing
mapping properties in time-dependent Sobolev spaces and connecting the DtN operators
defined over a finite and an infinite time period. More precisely, we shall define the time-
domain boundary operator 7 by

Ju=0u on Tfx(0,T), (2.2)

which is called the TBC. Thus, the time-domain scattering problem ([2.1) in the un-
bounded domain over the local rough surface can be reduced into an equivalent initial-
boundary value problem in the bounded domain QF, := BE\D:

0?u — Au = O f in QE x (0,7,
Ohu=Tu on FE x (0,7), ’

u|t:0 = &gu|t:0 =0 n QE

In what follows we derive a representation of the boundary operator .. Let Hé/ 2(FE),
HYX(Th), H-V2(T)), HO_I/Z(FE) be Sobolev spaces defined on the open arc I'j;. Then



Hé/Z(FE) and H_l/Q(FE), H1/2(F§) and Hgl/Q(FE) are anti-linear dual spaces [33]. For
u € H}(B}), we have u|F; € H3/2(FJ]§).
Consider an initial-boundary value problem over a finite time period

2u(x,t) — Au(z,t) =0  in (Q\B}) x (0,T),

u(e) = 9(o.1) on T x (0.7),
u(z,t) = on (Iﬁoﬂx\ > R) x (0,T), (2.4)
u(z,0) = 8tu( 0)=0 in (Q\B})

where g € C(0,T; Hy*(T)) N CY(0,T; H-Y/%(T'})) satisfying g(z,0) = dg(x,0) = 0.
By [15 Chapter 7], there exists a unique solution u to the above equations satisfying

w € C(0,T; HY(Q\B})) N CH0,T; LX(Q\BY,)),
where HY(Q\B};) = {u € H'(Q\B}) : u =0 on {To N |z| > R}}.

Definition 2.1. The DtN operator .7 : C(0,T; Hé/Q(FE)) — C(0,T; H-Y2(T'})) over
a finite time period (0,7’) is defined as

Tg=0u on Tfx(0,T),

where u € C(0,T; H} (Q\FE}) nCcH0,T; LQ(Q\EE)) is the unique solution to |D

Consider another initial-boundary value problem but over an infinite time

Pw(x,t) — Aw(z,t) =0 in (Q\Bij%') x (0, 00),
w(z,t) = g(x,t) on FJ]% x (0, 00), (2.5)
w(z,t) =0 on (ToNlz| > R) x (0,00), '

w(z,0) = daw(x,0) =0 in  (Q\B}),
with the initial-boundary value
g€ L2(0,00; Hy*(TH)) N H'(0,00; HY2(TH)), §(x,0) = 0,§(2,0) =0.  (2.6)

Definition 2.2. The DtN operator .7 : L2(0,00; Hy/*(T'})) — L2(0,00; H-Y/2(T}))
over the infinite time period (0, c0) is defined as

T§=0w on I x (0,00),
where w € L?(0, o0; Hg(Q\FE)) N HY0, oo; L%Q\%)) is the unique solution of 1)

Lemma 2.1. Let g be the boundary value of the problem and denote by g its zero
extension tot >T. Then

Tg=Tg in L*0,T; HV*T})).



Proof. Tt is obvious that the extension g fulfills the regularity and initial values specified

in ([2.6). Define v := u — w, where u and w are the unique solutions to (2.4]) and (2.5),
respectively. It then follows that

—Av(z,t)=0 in (Q\Bj) % (0,T),
=0 on I'Lx(0,7),

0 on (IpNiz| > R)x(0,T),
x,0) = dpv(z,0) =0 in  (Q\Bf).

(2.7)

By uniqueness to the above system (see e.g., [15,[32]), we get v =0 in (Q\B+) x (0,7,
implying that 8,v = 0on I'5x (0, T). Hence, we obtain that 4= Tgon ILx(0,7). O

From the proof of Lemma we conclude that the definition of 7 ¢ is independent
of the values of g in ¢t > T'. Below we want to derive an expression of T by Laplace
transform. For any s € C with Re(s) > 0, applying Laplace transform to with
respect to ¢, we see that wy, = % (w) satisfies the Helmoholtz equation

—Awp + s2w, =0 in Q\B, (2.8)
together with the radiation condition
owr,
\/’F(T +swp) =0 as r=|z| = occ. (2.9)
,

Let ¢ : Hé/Q(FE) — H_1/2(FJ}§) be the DtN operator in s-domain defined by
Yqgr, = Orwy, on I‘E.

where wy, is the unique solution to ([2.8])-(2.9) satisfying the boundary value wy, = g7, on
I't and wy =0 on TgN {z : |z| > R}. Then it follows that

T=L"10902.
Next, we derive a representation of the DtN operator ¢. In the polar coordinates (r,8),

wy, can be expanded into the series (see e.g., [19,[30,39])

L(r,0;s) 7(R,s)sinnf, r >R, 6¢cl0,m],

n:l
where

2 [T 2 (7
wi (R, s) = 77/0 wr(R,0,s)sinnf df = /0 Jr(R, 6, s)sinnd df.

s

Here K, (z) represents the modified Bessel function of order n. A simple calculation
gives

owy, > K'(sR) )
Gwr(R,0,s) = It = § =" Lwi (R, s) sinnf. (2.10)
or “— Kn(sR)

The DtN operators 4 and .7 have the following properties.



Lemma 2.2. The operator ¢ : Hé/Q(FE) — H_I/Q(FE) is bounded.

Proof. By the recurrence formula of modified Bessel function
n

K, (2) = —Kn-1(z) — ;Kn(z),

we deduce that

n

‘K’(SR)‘_‘n K,_1(sR) < ™ 1

K,(sR)| IsR "~ Kp(sR) |~ |s|R
Let |B,| = ‘K (R)|  Then, |B,,| < Cvn?+1 for some constant C' > 0. Given ¢ €

(sR) |"
H, 1/2(11;), we expand

= Z¢n(R) sinnf, ¢n(R / ¢(R,0)sinnd db.
n=1

By the definition of &, for any w € Hy/*(T'};) it follows that

/

- /p; ’ 2 iﬁﬁi wn(R) sin negsﬁn(m sinnf dy
- SRnil ﬁgsg (R, (R) [ sin' nt dp

- ;rsti o (5,

< Jir(3 e lenm) (S [
§C<;m'“”(R)‘2) (;mmmﬁ)”z

< Ollollgyrzgy 1y oy

(@), 6)ps

)1/2

Then, we have

(@), o)

R

”ngHflm(F;) = sup

< Cllwll 1/
- H
(ﬁGHé/Q(F;) ||¢”Hé/2(l—‘§) 0

TR

Lemma 2.3. [t holds that, for any w € Hé/Q(FE),

—Re (s ' 9w, w>F§ > 0.



Proof. Given w € Hé/Q(FE), we have

o0 2 T
w(R,0) = an(R) sinnf, wy(R) = /0 w(R, 6)sinnb db.
n=1

s

It follows from the expression of Yuy, (2.10) and Lemma we obtain
B 2\ K, (sR) . o .
—Re (s 1%@0,@0 T :—Re/ L wn(R) sinnb Wn(R)sinnd dy
_ - K;L(SR) o [T .9
_—R;R6<Kn(sR))|wn(R)| /0 sin” nf df

__ ”RiRe(K;I(SR)) lwn(R)|2 > 0.
n=1

K,(sR) -

O]

Below we write the Laplace transform variable as s = s1 + is9 with s; > 0, s9 € R.

Lemma 2.4. Let w € C(0,T; Hé/Q(FE) N CH0,T; H_1/2(FE) with the initial values
w(+, 0) = Qw(-, 0) = 0. Then it holds that

T
Re / e 2 T, Otw>F; dt <0.
0

Proof. Let w(r,t) be the zero extension of w(r,t) with respect to ¢ in R. Applying the
Parseval identity (A.4]) and Lemmas and we obtain

T T
Re / e 2 Tw, Oyw)p+ dt = Re / 6_251t/ T wow dy dt
0 R 0 rf

:Re/ / e 2 T o0 dt dy
r; Jo

1 [
=5 . Re(9op, S(Z)L>1—\; dss

1 [ o
=5 . |s|“Re(s™ Y&y, wL>FJ}5 dso
<0.

2.2 Well-posedness in the time-domain

In the subsection, we prove well-posedness of the truncated initial-boundary value prob-
lem |D in the bounded domain QE by using the variational method in the Laplace

9



domain. Taking Laplace transform of (2.3)) and using f(-,0) = 0 we obtain

Auy, — s*uyp, = sfr, in Qg\b,
u, =0 on 9D UTY, (2.11)
Orur, = Yur, on I'L.

2

We formulate the variational formulation of problem and show its well-posedness
in the space Xp := {u € H'(QL) : u = 0 on D UTy}. Multiplying the Helmholtz
equation in by the complex conjugate of a test function v € Xpg, applying the
Green’s formula with the boundary conditions on FE UTgUdD, we arrive at

a(ur, v) = .\ frodx forall ve Xg, (2.12)
QR

where the sesquilinear form a(-,-) is defined as

1
alur, v) = /Q+ <VuL -Vu+ suLv> dx — (s 'Guy, ”U>FE.
R

S

Lemma 2.5. The variational problem has a unique solution uy € Xpg with the
following stability estimate

(1+1s))]s]
s1

HVULHLZ(QE) + ||SuL||L2(Q;) <C HfL”LQ(QE)’ (2.13)

where C' is a constant independent of s.

Proof. (i) We first prove that a(-, -) is continuous and strictly coercive. Using the
Cauchy-Schwarz inequality, the boundedness of ¢4 in Lemma and the trace theo-
rem, we obtain

la(ug, v)] < |S|71HVU’L”L2(QJ§)HVUHLQ(QE) + |S|HU’L”L2(QJ§)HUHLQ(QE)

+|3|_1ngLHH—1/2(r;) HUHHI/?(F;)

IN

C”“L”Hlﬂ(r;) ”U||H1/2(p;)

Setting v = uy, it follows from the expression of the sesquilinear form a(-,-) that
— } 2 2 /o1
alur, up) = \Vur | + slup|*dx — (s~ Gur, ur)p+.
of s "

Taking the real part of the above equation and using Lemma [2.3] we have

s _
Re(a(ur, ur)) = /Q+ ﬁ|VuL\2 + s1|up|* dz — Re(s'Guy, “L>F§
R

S
> / S T2 + s fug|? da
Qf ||

S1
> 52 (HvuLHiQ(Q;) + ||5UL||iz(Q§)) : (2.14)

10



Hence, by the Lax-Milgram Lemma, the variational problem (2.12)) has a unique solution
ur, € XRp.
(ii) Combining (2.12) with the Cauchy-Schwarz inequality, it follows that

la(ur, ur)| < m”fLHLQ(QJ}%)HSULHLQ(QE)

< ﬂ||fL||L2(Q+ lsur o)
2 /2
< |||fL||L2(Q+ (IsPIVuL 2 ge) + lsusl 2
1+ |s]

<

1/2
o Ml (196elfaqy + Isuelay) - (215)

Combining (2.14) and ([2.15)) yields

S1
’ ‘2 <||VULHL2(Q+ + HsuL”LQ(QJr))

S Re( (uL, ’U,L))
< a(ur, ur)|

1+1s| ) 1/
< O Wil (Il Q+)+HSULHL2(QE)> :

Then, using the Cauchy-Schwarz inequality, we have

1/2
2
IVurl o) + lsurl sy < (VL) + IsurlZagy )
(1+ |s)ls]
< CTHfLHL%QE)’
which completes the proof of the stability estimate. O

Theorem 2.1. The initial boundary value problem has a unique solution
u(z,t) € L*(0,T; Xg) N H (0, T; L*(25)),

which satisfies the stability estimate
o] (”8tu||L2(ﬂ§) + ”V“”LQ(WR>> < CllOcf | i o/m:2205))-

0<t<T

Proof. We first prove existence and uniqueness of solutions to (2.3)). Simple calculations
show that

[ 100 g, + 19012

<o el + 19Ul gy .

11



Hence it suffices to estimate the integral

210l o ey + 1V dt
e U u .
/0 ( L2(oh) L2(Q+))

Based on the stability estimate of uy, in Lemma[2.5 we derive from [35, Lemma 44.1]
that uy is a holomorphic function of s on the half plane s; > (3 > 0, where (p is any
positive constant. Thus, by Lemma the inverse Laplace transform of uj, exists and
is supported in [0, 00).

Set u = £ !(ug). Applying the Parseval identity and the stability estimate
in Lemma and using the Cauchy-Schwarz inequality, we obtain

| et ot g + IVl )

1
= [ Il + 19 )

+oo
< O [Pl gy de
< o / 152722 g+ 1220y s
<

O [ (1R g+ 100120 0y )
1 0

This together with the Poincaré inequality proves
ue L*(0,T; Xg) N H'(0,T; L*(Q3})).

To prove the stability estimate, we define the energy function

B#) = 5 (0l ) + 1Vl ), 0<t<T.

0) = /Ot E(r) dr

Recalling the wave equation in (2.3)) and applying integration by parts, we obtain

It is obvious that

t t
/e_QslTE/(T)dT — Re/ 6_25”/ Orrud:u + Vu - V(0,u) dedr
0 0 QF
t
= Re/ 623”/ (Au+ 0; f)0-u+ Vu-V(0;u) dedr
0 Qf
t
= Re/o e 2T (T, GTU)FE dr
t
+Re /0 217 (0, . 0r0) 2t . (2.16)

12



Applying integration by parts on the left hand side of (2.16)) and using £(0) = 0 together
with Lemma we obtain

t
e 21 E(t) +281/ e HITE(T) dT
0

t
—281T I
< Re/O e (O [, O7u) 2oy AT
T

—s1t —s1t

< [ e sy e Ol gy
—s1t

= ogltag%ne @tUHL%QE) le™*! é7tf||L1 (0,T;L2(QF))
S fmex le™* " dpull?, @hH T 1z |’€_81t8tfHL1 (0,T3L2(QF))"

Letting s; — 0, choosing € > 0 small enough and applying Cauchy-Schwartz inequality,
we finally get

gaizs (190 2y + 190

IN

1/2
€ mase (100 ) + IVl ) )
< Gl omra@p)

This completes the stability estimate. O

3 The time-domain PML problem

Inspired by the PML approach for bounded obstacles [19,[20], we present in this section
the time-domain PML formulation in a perturbed half-plane and then show the well-
posedness and stability of the PML problem by applying the Laplace transform together
with the variational and energy methods.

3.1 Well-posedness of the PML problem

We surround the domain QE with a PML layer
Qb = BJF\BJr {z € Q: R < x| < p},
where Bf := {z € Q: |z| < p}. We denote Q0 := Bf\D the truncated PML domain

with the exterior boundary I'} := {z € Q : [z = p}. Let s1 = Re(s) > 0 for s € C.
Define the medium parameter in the PML layer as

()_ 17 TSRa
A=11 + s o (r), r> R,

13



where r = |z|, 0 =0 for r < R and ¢ > 0 for r > R.
In what follows, we will derive the PML formulation by a complex transformation of
variables. Denote by 7 the complex radius

T = /OT a(t)dr =rp(r),

where 8(r) = r~! [ a(r)dr. It is obvious that 3(r) = 1+ s '6(r) for r > R, where
&(r) =7r"1 [ o(r)dr. To derive the PML equations, we need to transform the exterior
problem into the s-domain. On FE, the Laplace transform of u can be expanded
into the series,
00 9 [
ur (R, s) = ZUZ(R, s)sinnf, u}(R,s) = 71/ ur (R, 0, s)sinnd df.
0

n=1

Then, let us define the PML extension %, in the s-domain as

Ky (s7)

maL(R, 8) Sinne, r > R.

fLL(T’, 07 3) =
n=1

Since K, (z) -« (%)1/26_2 as |z| = oo, ur(r,0,s) decays exponentially for large 7. It is
easy to see that uy, satisfies —%%(F%)ﬂ,; - F%g—;ﬂ]; + s%t;, =0 in Q\B}. Since 7 = r3
and dr = adr, we obtain

—V - (AViy) + safip =0, x € Q\B} (3.1)

where A = diag{/a,a/B} is a complex matrix and AVay = gagf e + %%eg. Here
e, and ey are the unit vectors in polar coordinates.

Next, we will deduce the PML system in the time-domain by applying the inverse
Laplace transform to . Since A, a and 3 are complex, to simplify the inverse Laplace
transform, we introduce the auxiliary functions

- 1_ - 1 . N .
pr = —;VuL, ay, = gauL, pr = Apy, (3.2)

to transform (3.1) into a first order system.
In Q\Bj,, define

=" Nay), p=L 7 (pr), @ =2 (ay), p* =L (BL),
with the zero initial conditions
@l¢=0 = 0, Plt=0 = 0, @*|4=0 = 0, p*|t=0 = 0.

Taking the inverse Laplace transform to (3.1) and (3.2)) and using the zero initial condi-
tions, we can write the PML system for = € Q\BE as

dii+ (o +o)u+ou*+V-p=0,
(?t;ﬁ* = *Vﬂ, atﬂ* = O'ﬂ, (33)
Op + MNp = 0p* + Aop™,
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where sa = s+ 0, sf = s+ 6, Ay = M diag{o,6}M and Ay = MTdiag{,0} M with

M::( cos sin 6 >

—sind cos 0

Since the above PML system (3.3) is a first order system, it is necessary to reduce
equivalently the time-domain scattering problem ([2.3) in the half space into a first order
PDE system:

Ou=—V-p+ f(z,t) in Qfx(0,7),

oyp = —Vu in QE x (0,7),

u=0 on (0DUTy) x (0,7), (3.4)
p-a%—l—ﬂ(fgudT):O, on I'Lx(0,7),

U|t:0 = p|t:0 =0 in QE

Below we derive the DtN boundary condition on FE x (0,7"). Taking Laplace transform
to the second equation of (3.4), we obtain that

1
pr + EVUL =0.

Then, multiplying the above equation by & = x/|z| on I'}; and using the DtN boundary
condition d,uj;, = Yuy, it follows that

pL T+ %%UL =0 on T7}. (3.5)

Taking inverse Laplace transform to and using , we have
p-a?—l—ﬂ(/otudT):O on I't x(0,7). (3.6)
Further, since o(R) = 6(R) =0, we get « = 3 =1 on ', and thus @ = u and p = p

on FE. Therefore, (@, p) can be viewed as the extension of the solution of the problem
1} Setting & = v and p = p in QE, we can reformulate the truncated PML problem

in Q; as
i+ (o +o6)u+ou +V-p=f in - QF x(0,7T), (3.7a)
op* = —Vi, 0" = ol in QF x(0,7), (3.7b)
0P + Mp = 0" + Aop* in QF x(0,7), (3.7¢)
u=0 on (0DUTy) x (0,7), (3.7d)
=0 on I} x(0,7), (3.7e)
|¢=0 = Pli=0 = @*|1=0 = P*|t=0 in QF. (3.7f)

The well-posedness of truncated PML problem will be proved by applying Laplace
transform and the variational method. In the rest of this paper, we assume that o(r)
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is monotonically increasing on [R, p] such that or < o < o0,. First, we take Laplace
transform to (3.7) with s € C and then eliminate pr, @} and pj}, to obtain

—V - (AVar) + s*afup = sfy,  in Qf x(0,7),
ur =0 on 90DUTy, (3.8)
i, =0 on T}

It is easy to derive the variational formulation of l} find a solution @y, € H} (Q;)
such that

a(tup,v) = /+ sfrodz, for allv € H&(Q;‘) (3.9)

Q

where the sesquilinear form af(-, -) : Hg () x H () — C is defined as
a(typ,v) = / AV - VT + s2afarvde.
QP

We will prove the well-posedness of (3.8). The proof of the first inequality in the subse-
quent lemma is similar to that in |19, Lemma 4.1] where the PML layer is defined as an
annular domain in the free space R? and o is a positive constant.

Lemma 3.1. For any uy, € Hy(Q}), it holds that

(a) Rela(ur,ur)] +

51+J Im[a(ur,ur)] > W(”AVULHLQ of) + HS%BUL||L2(Q+ )

2
() laturun)l = (5357) 15 PUIVULlZy g, + lsusl2, 1))
Proof. Tt suffices to prove (b). For any uy, € H&(Q;), applying (a) we have

1

la(ur,urp)| > gRe[sd(uL,uL)]
> il <Re[d(uL,uL)] + SQIm[d(uL,uL)]>
|s] 51
S1 ~ -
> = I
Z 7 (Re[a(uL,uL)] + s+ o, m[a(uL,uL)]>
2
ﬂ S1 2
> (5] (145l + sz
51 251 s1 2 )
(51+Up> Is|ls +a, ‘ <HVULHL2 o lsuelizy)) -
This completes the proof. O
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Lemma 3.2. The variational problem has a unique solution uy € H&(QE) with
the following stability estimates

V)
—

1/2
S g
45 sl +lsobusles) < € ()7 (142 ) Il (310

15|\ /2 o |s+a\
Vsl + el < € ()7 (14 %) B2l g

where C' is a constant independent of s.

Proof. The first part of the lemma follows easily from the Lax-Milgram lemma and the
strictly coercivity of a(-, -) in Lemma Further, the stability estimates (3.10) and
(3.11)) follow from (3.9)), Lemma and the Cauchy-Schwartz inequality. O

The well-posedness of PML problem (3.7) in the time domain can be established by
applying Lemma

Theorem 3.1. The truncated PML problem in the time domain has a unique
solution (u,p,u*,p*) such that

we LX0,T; Hy () N HY 0, T5 LA (), w* e HY(0,T; L())),
p € L30,T; H(div, ) N H'(0, T LX), p* € H'(0,T; LX)

Proof. By simple calculations, we can obtain

/ 9011, + I3 g
—2st 2
<O ey, + IVl ) .

Hence it suffices to estimate the integral

> —2s1t 2 2
| e 0l + 1902 )

Using the stability estimate of u; in Lemma we duduce from [35, Lemma 44.1]
that uy is a holomorphic function of s on the half plane s; > (3 > 0, where (p is any
positive constant. Thus, by Lemma the inverse Laplace transform of uj, exists and
is supported in [0, oc].

Set u = % 1(ur). One deduces from the Parseval identity , stability estimate

17



(3.11) and the Cauchy-Schwartz inequality that
| e 0 g, + V0l

1 +oo ) ,
- 27T/OO ”SULHLQ(Q/J;)‘F HVUL”LZ(Q:;))dSQ

1 op 2 4o
< og(1+2) [ bl o Pl g e

1 o) 2 oo
= Cg 1+g . ||5(5+Up)fL”L2(Q;)||(5+Up)fLHL2(Qj)dS2

1 9p 2 [ree —2s1t
< Cg 1L+ . o € 0w f + UpatfHL?(Q;r)Hatf + Upf”m(gj) dt

1 9p 2t —2s1t
< og(1+2) [T e (1ul a0 10 L)

0,100l iy 1 Ly + 0ol96 s, + 0200 gy 17 o)

<

C% (1 + Up) /;OO e 2t ((1 + O-P)HattinQ(Q;') +op(l+0,+ Ui)llﬁtflliQ(Q;)
F(1+ )20, )
This together with the Poincaré inequality proves
we L*(0,T; Hy () N H' (0, T; L*(2}))).
From and the first equation of , we obtain
spp = —AVur, V-pp=-—safur+ fr. (3.12)

By the first equation of and stability estimate , we deduce from |35, Lemma
44.1] that pr, is holomorphic function of s on the half plane s; > (y > 0, where (j is
any positive constant. Thus, by Lemma it follows from that the inverse Laplace
transform of py, exists and is supported in [0,00]. Then, using the Parseval identity
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(A.4)), Cauchy inequality with € and stability estimate (3.10]), we can obtain
X ot 2
| e (1000, + 190l g0s,)
1 +0oo ) )
= | Il IVl e

1 [*e
= / ||AVuL|]2LQ(Q+ + HsaﬁuL—i-fLHiQ(Q:) dss

+00
< o / |AVuL 2, mﬁusamnﬁ o) 1721320, ds2
1 +00o ‘ ‘
< C* 51 HfLHL2(Q+) + ’|JCLHL2(Q+)dS2
T st
< C / o251 <1+ ) 10uf Wl 2 Il gy + 1F 172y |
Hence,

p € L*(0,T; H(div, 1)) N H'(0,T; L*(€2))).
By the second equation of (3.7b|) and Poincdre’s inequality, we see
oo
e 25| 9pu* |2 dt
/0 L2(Q+)
oo
| e g

C’/ o251t 52 (HVUHLz o )

< C/ 7251t 2 HVUHH Q+ + HatU”LZ(Q+ ) dt.

IN

IN

Then, in view of the solution space for u, we know u* € H'(0,T;L*(Q})). Similarly,
from the first equation of (3.7b)), we know ||0;p* ||L2(QJr = ||VuHL2 @) Which implies

p* € HY0,T;L*(Q})). O

3.2 Stability of the truncated PML problem

The aim of this subsection is to prove the stability of the PML problem ({3.7)) with o = 4.
We first present an auxiliary stability estimate.
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Theorem 3.2. Let (u,p,u*,p*) be the solution of the truncated PML problem .
Then there holds the stability estimate

g, (1004wl ) + 10+ 09lagoz + 100" + 00 )

< C/OT”atf‘i‘UfH[ﬁ(Qj) dt,
where the constant C is independent of o and T.
Proof. We apply to equation the operator 9, + o to get

O*u+V - (O + op) + (0 + &) (Oyu + ou) + 6 (du* + ou*) = Ouf + o f.
Multiplying the above equation by d,u + ou and integrating over Q;; yield

1d 1d
2dt 2dt
+ ((0 +0) (0w + ou), (Opu + JU))Q; =(Of +of, Ou+ au)Q;r .

—||Opu + ou||L2(Q+) — |0 + ou HL?(Q;) + (V- (Op+ op), Oru+ au)

» (3.13)

Since
t
/ (0 +8)(Oru+ ou), (Oru+ ou))ys dr >0,
0

integrating (3.13) from 0 to ¢ and applying Green’s first identity, we obtain

t
7”8tu+ auHL2 Q+) ||8tu + ou* HL2 @)~ /0 ((0rp + op), V(@Tu—kau))gg dz' |
3.14

t
<20kt + 3100 o ) / (0, f +0f. ru+ ou)g;: d.

Here we have used the fact that ul;—9 = u*|t=0 = 0. We then apply 0; to the first
equation of (3.7b) and (3.7c)) and eliminate the term with p*. This gives

(‘fp 4+ A10p + AoVu + Voru = 0.
Multiplying the above equation by 0;p + op and integrating over Qlj yield

1d
o — |0 + UpHLQ(QJr (V(Ou + ou), (Op + ap))Qj

+ (A1 —a)0sp, (O + UP))Q; =0.

(3.15)

Since 0 = ¢, we have A; = Ay = oI and A; — ol = 0. Thus it follows from (3.15)) that
1 9 ¢ 2
§H3tp + JpHLz(Q;r) + /0 (v(a‘ru + Uu)a (a'rp + Up))Qj dr = ||6tp|t:0HL2(Q;r)' (3'16)
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Adding (3.14)) and (3.16) we get

1 2
S0+ ouls g + 100" + 0w 2aige) + 3100 + 07l g

IA

,H@tuh 0||L2 Q*) §”8tU*’t:0”L2(Q;)
t
2
0ol + [ Onf +af Dt oy dr

It follows from the compatibility conditions in ([3.7a)-(3.7b|) and the initial conditions

B7D that

8tu|t:0 = f|t:0 =0, 8tU*\t:0 =0, 8tp’t:0 =0. (3-17)
Applying the Cauchy inequality with ¢, we have

e (100 + oul g + 100 + 0l s + 100" + 00z

T
<O [0+ ol

O

The following lemma will be used to prove the stability of truncated PML problem
(3.7) which can be directly obtained from [20, Lemma 3.2].

Lemma 3.3. It holds that

(nax lou||, - @b < Jnax 05w 4 oul| ;2 @)

The main result of this subsection is stated as follows.

Theorem 3.3. The solution (u,p,u*,p*) to the truncated PML problem satisfies
the stability estimate

o‘%l%’%omtu”wmzﬁHatp”ﬂmtﬁ”at“*HL?(Q;f)++”8tp*||L2<Qt>)

T
< C [ 10t 0 pngap
Proof. Tt follows from Lemma [3.3] that

0SteT 10l o) = 0Lier 10+ oull 2 o) + oLter loull o)

IA

Similarly, we obtain

Orél%}fr HatpHB(Q;r) < 2021%}% |0 + UPHLZ(Q;L)-

21



Using (3.7b)) and Lemma

*
oLier 10 2oy = orgtiXTHUuHLQ ) < oSter 10+ oull 2 a)-

By (3.7¢) and Lemma one deduces
* >k k
o 10" 2y < 2 10" + 0"l 2
- 20%&3)%”8%4_01)”9(93)'

The desired estimate of Theorem [3.3 follows from Theorem [3.2] and the above estimates.
O

4 Convergence of PML method

In this section, we shall prove convergence of the PML method. First, we discuss the
stability of an auxiliary problem for (&, p, @*, p*) over the PML layer QF, ;. Consider

Qi+ (oc+06)i+ou*+V-p=0 in QF,, x(0,7),

op* =—-Vu ou* = —ou in QFp,,; x(0,7),

3tp+A1p Op* + Aop* in QF,,; x(0,7), 1)
on (THuUTy) x (0,T), '

71:5 on T} x(0,T)

i|t=0 = Pli=0 = @*|t=0 = P*|1=0 in Qpy;-

Below we prove a trace lemma which will be used in proving the stability of the above

auxiliary problem (4.1)).

Lemma 4.1. Let £ € H?(0,T; Hé/2(I‘;f)). Then there exists a function ¢ € H%(0,T;
HY(0F,,1)) such that ¢ =0 on T} % (0,T), ( =& on I} x (0,T) and

||8152CHL2([)7T;L2(Q+M ) = CP1/2||62‘5||L2(0TH 1/2(rh)) (4.2)
||V8tC||L2(O7T;L2(Q;ML)) < Cp 1/2”6156”L2 0,T; H1/2(F+)) (43)

Proof. Expand £(6,t) as follows
o0 2 T
£(0,t) = Zgn(t) sinnf, &, = / £(0,t)sinnf db.
n=1 TJo

Let xn, € C®[R, p] such that x,(p) =1, 0 < xn(r) < 1, |x,| < C8; " for r € [R, p], and
supp(xn) C (p — 0n, p), where 6, = (p — R)/v/1+ n?, n € Z. Define the function

¢(t,r,0) an Xn(r) sinnd.
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Then, it is clear that ( =0 on I'f; x (0,7), ( = on I'f x (0,T). Tt is obvious that
T a2 Tom P = 2
/0 Hat(HLQ(Q;ML) dt = /0 /0 /R ‘;ﬁn(t)xn(r) smn&’ r drdfdt
T o p
T " 2 2
= /0 22/1% gn(t)} ‘Xn(r)| rdrdt
n=1
T S p
< ) ix)
0 2 n=1 p—n

Tﬂ_ oo
< — E 1)
= /0 2Pn:1 n

5;; (t) |2r drdt

& (1) dt

T
< _ 24112
— /0 ’p R|Hat§HH71/2(F;r) dt
S Cp”atQ'f||%2(07T;H71/2(F;))'
This proves (4.2)). Similarly, one can prove (4.3)). O

Theorem below describes the stability of the solution to the problem (4.1]) in
Q]ﬁ v 1t can be easily proved by combining Lemmas and together with the
Parseval identity. Since the proof is quite similar to [19, Theorem 4.3], we omit the
detailed proof.

Lemma 4.2. Let s1 = 1/T, (¢, P, ¢*, ®*) be the solution of the PML problem in
Q;ML. Then

10 2070205, F IV - Pli20 1220,
2 2 -1
< (1 + UT) T (pHat é.HLQ(O,T;Hfl/Q(F;L)) +p ”até.H[?(O,T;Hé/Q(F?))) .
We also need an estimate for the convolution proved in |19, Lemma 5.2].

Lemma 4.3. Let g1, g2 € L*(0,T). For any Re(s) = s1 > 0, it holds that

lov+ ellziory < e (_ max 121+ is0)]) Lol (40)

The following result follows directly from the proof of Lemma

Lemma 4.4. Givent >0 andw € L?*(0,T; HS/2(F;§)) with the initial condition w(-,0) =
0, it holds that

Re /Ot (g (/OTw(x,n) dn> e, m) ) dr > 0.

Now, we are ready to verify the exponential convergence of the time-domain PML
method.
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Theorem 4.1. Let (u,p) and (u,p,u*,p*) be the solution of the problems and
with s1 = T, respectively. Then

e (Ilu — @l o) P — p”L?(ﬂ?;))

IN

C (1 + oT)2p¥2e= 0 (=57 924
pT? “e 107 @l 2 (0,T;H-1/2(T'F))

2 —17p3/2,_ —,6(p)
01+ 0T 12 () oyl e

where C' > 0 is a constant.

Proof. By (3.4]) and (3.7a)-(3.7b)), it follows that

E)(Z‘a;ﬂ)Jrv.(p_p):o in QF x (0,7), (4.5)
8(176;16) +V(u—1)=0 in Qf x (0,7). (4.6)

Multiplying both sides of (4.5) by a test function v € Xpg, using the DtN boundary
condition (3.6)) and Green’s first formula, we obtain

(W, v>ﬂ+ —(p—p, VU)QE - <9</0 (u—1a) dT), v>r§

R
t
:<ﬁ-:&+9</ deT),U> .
0 Tk
Define
¢
w:i=u—1u, w*::/uﬁdT.
0

Taking v = w in (4.7)) and applying (4.7)) with p — p|¢=o = 0, we have

1d . o L
57 (Il )+ 1V 201 ) = (7 (@), wipg, = (5 3+ 7 ( /0 adr),w) - (43)

Denote the spaces

t
X(0,T;9Qk) == {v € L™®(0,T; LA (), v* = /0 vdt € L®(0,T; Hl(Q;))},

T
Y(0,T;TF) == {¢ : /0 (6, v)p dt < 00,¥ v € X(0, T ng)}.

It is clear that X (0, T} QJ}E) and Y (0,7} FE) are Banach spaces with the norms, respec-
tively

1/2
10l x(0,7505) = S (IIUHL2 b+ HW*HLQ o ) 7 (4.9)

[ Jo (6, dt)
19lyoroy = sup o]
vex (0,108  1Vlx(0,1:0%)

(4.10)
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Multiplying both sides of (4.8) by e~2%* and then integrating from 0 to t. Since w|i—g =
lt=o = 0, taking the real part of the resulting identity and using Lemma and trace

theorem, we obtain
_ _ A t .
e Slt“’”%{(o,T;ng) < CH€ slt(p-x + 9(]0 udr))H Y (0,T5T}) e wlly (0.T5T%)
_ PN t . _
< Clle 81t( x—i_g(fOUdT))H Y (0,750%) e thX(QT;QE)'
Hence, by taking s; — 0
, t
v ) ; y(/Ad)H . @
50 (1170 + 196" I a0 oy (1D
It is clear that 7 fo udr) = —5 - & on FE, where 15 defines the PML extension of p
)H — it suffices to estimate ||(p —

Hence, in order to estimate Hp T+ ,7<f0
)2y 7.0+~ Since any function v € X(0,T; Q%) can be extended into Q},,, x (0,T)
such that v = 0 on I'; x (0, T) and [|v]| y ¢ 7.0+) < CHUHX(O,T;Q;ML)’ it follows by l)

that
o (@ iy

”(}3 _15) : ‘%Hy(o TTh) = sup
Ot R
€x(0,T;0F H’UHX(OT- +
VEX TR o) (4.12)
’fo ¢, F+ dt‘
< sup
veX (0,T;0%) ”UHX(OTQPML)

For any v € X(0,7;Q%,,;) it has that v =0 on Fj, and then, by divergence theorem
dt. (4.13)

T 5 T -
| @=d)-aode= [ (96 B)vlay,, + 05 Vol
0 0

Now, it follows that, for any v € X (0,7} Q]t 1), by the definition of v* and the initial

condition p — pli—g =0

T ~
[ =5 Volas,, ] -

T T -
0 _/0 (815(17—]7), Vv )Q;A{L
(4.14)

(p — b Vu )Q;A{L
T
Y R CICE I

2
25 19 oo

Combining (4.12)), (4.13)), (4.14) and using the Cauchy-Schwartz inequality, we have

IN

=Dl 2as,,, At

~ T ~
1G=5)-dllyorirgy <C [ 19 G=Plaqas, ) + 10
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This together with (4.11)) leads to
sup (||w||L2 o) + V&2 g )

< ¢ / IV = Dlas, ) + 106 = Dll o, dt

PIML)

Let ({L p, 0", p* ) be the PML extension of (@, p, @, p*). Then, (ﬂ—ﬁ,ﬁ— p, U* — U, p* —5*)
satisfies the problem (4.1) with £ = —ﬁ]rg. It follows by Theorem and Cauchy-
Schwartz inequality that

52 (Il + 1V Ia0y)

(4.15)
< C(1+0oT)’T%? (pH(?Q,aHLQ(OTH v2ry o @l

L2(0,T;HY2(T/)) )

Now we estimate each term on the right hand side of the above inequality. Since 0 is
the PML extension of @ in the time-domain for » > R, it can be written as

ﬁ(r,@,t) = i [9%1(]}{(3((52)) * Up, (R, t)] sinn#,

n=1

where 4, (R, t) = %f (R, 0,t)sinnb dh. Since u,(R,0) = 0, we have

Oyt = ; [.,2”1 ( K;L((SR))) * O¢liy, (R, t)} sin nf.

Then, since sp = sp + 6p, by Lemmas and we know that for any s; > 0
T
o612, s JRCE A
2
m 2\1 _1 ( K, (sp) .
= = 1 A 0 Rt dt
/o 2”;( et 27 (i) o)

- et () ommnl,

L2(0,T)

< 251T .- 1 2% K;L(S~) ? 8A Rt 2

> pe Z_:( +n) —ooI<nsEzD<(+<>o Kn(SR) H tun( ) )HL2(07T)
P 25T n(sp)

< P 25

>~ Re —ooglnai{—&—oo mgg<+m‘Kn(sR)‘ H t ||L2 OTH1/2( ))

< Lm0y

L2(0,T;Hy*(Th)”
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This implies that

N R2
< ce P (=55) |9,

”8taHL2(O,T;HS/2(F;)) L2(0,T;HS/Q(F;)) . (416)
Analogously, we obtain
= —p& I—R—2 ~
||6t2uHL2(O7T;HO—1/2(F;)) S C’e P (P)( p2)||8152u||L2(0,T;H_1/2(F§))' (417)
Combining (4.15)) with (4.16) and (4.16)), we complete the proof.
O

Remark 4.1. Theorem illustrates that the exponential convergence of error between
the PML solution and the original solution can be achieved by enlarging the absorbing
parameter o or the thickness p — R of the PML layer .

Remark 4.2. We remark that the results in this paper can be easily extended to the
Neumann boundary condition imposed on I'g. In the Neumann case, one should expand
the solutions in terms of cosine functions in the Laplace domain and change correspond-
ingly the solution spaces. However, we don’t know how to extend the approach to the
case of the impedance boundary condition.

5 Numerical implementation

In this section, we will present two numerical examples to demonstrate the convergence
of the PML method. The PML equations are discretized by the finite element method
in space and finite difference in time. The computations are carried out by the software
FreeFEM.

Multiply - with test functions v € H§(QF), ¢ € L2(2)), v* € Hg(2)),
qF € L2(Qj), respectively. The weak formulation of system reads as follow: find u €
L2(0,T; Hy (), p € L*(0,T; L*(Q})), u* € L*(0,T; L*(])), p* € L*(0,T; L*(2)))

such that ’
(&ga,v)Q;r + ((o + o)a, U)Q;r + (ou*, v)Q;r — (p, VU)Q; = (f, U)Q;-, (5.1a)
(0D )y + (M1B, Qgr — (08", Q) — (A2P™, ) = 0, (5.1b)
(91", v") gy — (07,4 )y = 0, (5.1¢)
0P, ¢ )t + (Vi q%)gt =0, (5.1d)
@=0 ondDUTy x (0,T), (5.1¢)
@=0 onT} x(0,T), (5.1f)
Ult=0 = Pli=0 = @*|t=0 = p*[r=0 =0 in . (5.1g)

Solutions of the weak form ([5.1)) will be numerically solved by an implicit finite difference
in time and a finite element method in space. Let {to,?1,...,tx} be a partition of the
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time interval [0, 7] and 6" = t,+1 — t,, be the n-th time-step size. Let M}, be a regular
triangulation of Q;f. We assume the elements K € Mj, may have one curved edge align
with I'g UF;’ so that Q; = Ugem, K. As usual, we shall use the most simple continuous
finite elements in the computation. The solutions u, p, ©* and p* will be approximated in
the finite element space P; for piecewise linear functions, namely, the standard Taylor-
Hood finite element for the velocity-pressure variables, satisfying the inf-sup condition.
Denote by Py the finite element space for piecewise constant functions. Define the spaces
Lh, ‘7}1, Vh and Wh as

Ly ={o € L*(%))|VK € Ty, o € Ry},
Vi ={ue H(Q})|VK € Ty, u € P1},
Vi={ue H'(Q})|VK € Tp, yk € P},
Wy ={p € L*(Q))|VK € Ty, o € P1}.

Let (up, py,ui™, pp) € Vi X (W3)2x Vi, x (W4)? be an approximation of u(t,,), p(ts), u* (t,)
and p*(t,) at the time point ¢,. The approximated solution at ¢,41, which we denote as
(uzﬂ,pzﬂ, u;;"“,p;”“) € Vi, x (W)? x Vi, x (Wp)?, will be obtained by the following
typical temporal scheme:

-1

Figure 2: Geometry of the computational domain where {x € Q : R < |z| < p} is the
PML layer.
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P
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~xn+1l _ ~xn
uyv* — (0ﬂ2+17q*)9+ =0,
on N
Q
( 6n_ ,q*) + (W’ﬁ“aQ*)gg =0,
+
Q

P

where f"*! = f(t,41) and the Dirichlet boundary condition is imposed on 69:{.

In the following numerical examples, we suppose D = (). The local rough surface is
given by

0, x € (—00, —7),
h(z) =4 03sin(4z), a€[-T,7]
0, x € (F,00).

Example 1 We consider a time harmonic source term over the local rough surface.
In the computation, we take R = 2, p = 3 and set 0 = 6 = 10. A mesh of 9245 vertices,
510 edges and 18128 triangles is adopted and the terminal time is set at ¢ = 8. The time
harmonic source is supposed to be given by
—lz—zg|?

e 2

f(z,t) ;= ——=—— sin(2t), n = 0.1,

0
0.2
0.4

0.6

w

0.8

Figure 3: Numerical solutions excited by a point source over a local rough surface at
time t = 2,4, 8, respectively.

where the excitation frequency is w = 2 and the location of source is at 2o = (0,0.5). In
Figure [3, we show the numerical solution at t = 2,4, 8, respectively. It is observed that
the waves are almost attenuated in the PML layer without reflections from the interface
between the physical domain and PML layer.
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To validate convergence of the PML method, we compute the relative error

Hunum uexe HLOO(O,T;LOO(Q;;F))

E.o =

i

el oo 0,72 )

where u®*® represents the numerical solution with relatively larger absorbing parameters
o, 6 and with a larger thickness p — R of the PML layer. Note that analytical solutions
are not available in general.

1e-01}
1e-02} %
F 1e-03}
1e-04 %o,

1e-05}

5 10 15 20 25
o

Figure 4: Relative error E,.; versus PML absorbing parameter o for fixed PML thickness
p — R = 1. The vertical axis is logarithmically scaled.

5e-07
a,
0..0.‘
1e-08 * LS
%o
E -
= a
fa}
5e-08 | e
q
-]
1e-09 — . . .
25 3 35 4
p-R

Figure 5: Relative error FE,. versus PML thickness p — R for fixed PML absorbing
parameter o = 25. The vertical axis is logarithmically scaled.

Figures [4] and [f] show the decaying behavior of the relative error E,.; as the PML

absorbing parameter o or the PML thickness p — R increases. In Figure [f] we take the
PML absorbing parameter ¢ varying between 5 and 25 and fix the PML layer thickness
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at p — R = 1. Since the vertical axis is logarithmically scaled, the dashed lines indicate
that the relative error E,..; decays exponentially as o increases for a fixed layer thickness.
In Figure [5| we display the relative error versus PML thickness p — R for fixed absorbing
o = 25. We take the PML thickness p — R ranging from 2.6 to 4. It is obvious that
relative error E,..; decays exponentially as p— R increases for a fixed absorbing parameter.

Example 2 In this example, we consider a non-harmonic source term, that is not
compactly supported with respect to the time-variable. We take R = 2, p = 3.4 and set
o =6 = 25. A mesh of 11502 vertices, 553 edges and 22599 triangles is applied and the
final time is set at ¢ = 10. The source is of the form

—|z—xq|?
e 2

72‘:7
Varn !

which is located at (0,0.5). We present in Figure [6] the numerical solutions at time
t = 3,7,10, respectively. It shows that the source is excited all the time and rare
reflection occurs at the interface FE.

035

025 .

) . 03
0.2 )

. § 025
015 ’

. y 02
01

. . X 015
0.05 . 01
° X 0.05
-0.05 g . o

Figure 6: Numerical solutions for a point source over a local rough surface at time
t =3,7,10, respectively.

f(z,t) = = 0.1,

A
«>

-

(a)t=3

Figures [7| and |8 show the convergence of the relative error FE,.; versus one of the two
PML parameters ¢ and p — R. In Figure |Z|, we present the relative error E,.. versus
the PML absorbing parameter o changing from 5 to 25 for the fixed PML thickness
p— R =1.4. Asin Example 1, we observe that F,.; decays exponentially as ¢ increases.
In Figure [§] we display the relative error versus the PML thickness p — R for a fixed
absorbing ¢ = 25. We take the PML thickness p — R changing from 2.4 to 4. It is
obvious that the relative error F,..; decays exponentially as p — R increases.

6 Conclusion

In this paper we study the PMIL-method to the time domain acoustic scattering problem
over a locally rough surface. We proved well-posedness of the scattering problem and
the PML formulation. The long time stability of the PML formulations is obtained by
the energy method. The exponential convergence of the PML solution is proved and it
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Figure 7: Relative error E,.¢; versus PML absorbing parameter o for fixed PML thickness
p — R =1.4. The vertical axis is logarithmically scaled.

can be realized by either enlarging the PML absorbing parameter or the thickness of the
layer. The convergence results are verified by two numerical examples.
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Figure 8: Relative error FE,. versus PML thickness p — R for fixed PML absorbing
parameter o = 25. The vertical axis is logarithmically scaled.

Appendix A Laplace transform

For any s = s1 4+ is9 with s; > 0, so € R, we define the Laplace transform of u as

u(s) = L(u)(s) = /0 ettt dt.

Some properties of the Laplace transform and its inversion are listed as follows:

3(%) = sur — u(0), (A.1)
d*u 9 du
‘f(ﬁ) = sup —su(0) — E(O)’ (A.2)

¢
/ w(r)dr = £ (s tup(s)). (A3)
0
It can be verified from the inverse Laplace transform that
u(t) = F (e L (u)(s1 + is2)).

where .Z ! denotes the inverse Fourier transform with respect to ss.
Below is the Parseval or Plancherel identity for the Laplace transform (see equa-
tion (2.46)])

Lemma A.1. (Parseval or Plancherel Identity) If uy, = Z(u) and vi, = £ (v),then

L[ () on(s) dss = / ety () o(t) dt, (A.4)
0

21 oo

for all s1 > sg, where sg is abscissa of convergence for Laplace transform of u and v.
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The following lemma refers to [35, Theorem 43.1].

Lemma A.2. let &(s) denote a holomorphic function in the half complex plane Re(s) >
oo for some g € R, valued in the Banach space £. The following conditions are equive-
lent:

(1) there is a distribution w € D/Jr whose Laplace transform is equal to &(s), where D/JF(S)

1s the space of distributions on the real line which vanish identically in the open negative
half-line;

(2) there is a o1 with o9 < o1 < oo and an integer m > 0 such that for all complex
numbers s with Re(s) > o1 it holds that ||&0(s)||e < C(1+ |s|)™.
Appendix B Sobolev spaces

For a bounded domain D with Lipschitz continuous boundary 0D, define the Sobolev
space

H(div, D) :={u € L*(D):V-u € L*(D)}.

which is a Hilbert space with the norm

1/2
lallgdiv, py = (1l220) + IV - wli3a))
The first Green formula takes the form
(V-u,v)p+ (u, Vv)p = (u-n, v)gp forall wu,ve H(div, D) (B.1)

where (-,-)p and (-, -)gp denote the L%-inner product on D and the dual pairing product
between H~1/2(9D) and H'/?(dD), respectively.

Let I‘E be defined as in Section 2. For any u € C§° (FE), we have the Fourier series
expansion

o0
2 ™
u(R,0) = E ap sinnb, an:/ u(R,0)sinnd do.
T Jo
n=1

Define the trace function space H} (I'L) as
[e.e]

1/2
HE(T}) == ue LX) : letll oty = <Z(1 + n2)p|an|2> < +oo.

n=1

Appendix C Modified Bessel functions
We look for solutions to the Helmholz equation

Au(z) — s*u(z) =0,
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in the form of
u(x) = y(sr)eme, n=0,+1,4+2 .-,

where (r,60) are cylindrical coordinates. It is obvious that y(r) is a solution of the

ordinary equation
A’y ldy n?
— 4+ -———(1+—=)y=0.
dr? + rdr + 2 )Y

The modified Bessel functions of order v, which we denote by K,(z), are solutions to
the differential equation

d’y | dy
2 2 2 _
Z@+Z$—(Z +1/)y—0

K, (z) satisfies the following asymptotic behavior as |z| — oo

T\1/2 _
K,(z) ~ (£> e
The following estimates for the modified Bessel function K, (z) have been proved
in |19, Lemma 2.10 and 5.1] .

Lemma C.1. Let s = s1 + 182 with s1 > 0, so € R. It holds that

Re(2) 20

Lemma C.2. Suppose v € R, s = s1 + 1S9 with s1 >0, so €R, p1 > p2 >0 and 7 > 0.
It holds that

[ Ko (sp1 +7)]

< e T(1=p3/p1)
‘KV(SIOQ)’ N
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