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Abstract

We introduce a model of random f.g., torsion-free, 2-step nilpotent
groups (in short, 72-groups). To do so, we show that these are pre-
cisely the groups that admit a presentation of the form (A,C | [a;,a;] =
[1,e (i < j), [A,C] = [C,C] = 1), where A = {a1,...,an}, and

C = {c1,...,cm}. Hence, one may select a random 72-group G by fixing
A and C, and then randomly choosing exponents A¢;; with [A¢; ;| < ¢,
for some £.

We prove that, if m > n — 1 > 1, then the following holds asymptoti-
cally almost surely, as ¢ — oo0: The ring of integers Z is e-definable in G,
systems of equations over Z are reducible to systems over G (and hence
they are undecidable), the maximal ring of scalars of G is Z, G is inde-
composable as a direct product of non-abelian factors, and Z(G) = (C).
If, additionally, m < n(n — 1)/2, then G is regular (i.e. Z(G) < Is(G")).
This is not the case if m > n(n —1)/2.

In the last section of the paper we introduce similar models of random
polycyclic groups and random f.g. nilpotent groups of any nilpotency step,
possibly with torsion. We quickly see, however, that the latter yields finite
groups a.a.s.

Contents

1 Introduction

2
2 Preliminaries 5
2.1 Nilpotent groups . . . . . . . . ... e 5
2.2 E-definability . . . ... ... o 6
2.3 Ring of scalarsof a 7o-group . . . . . . .. ..o 8
8

8

11

3 Defining Z in m»>-groups

3.1 Small centralizers and maximal ring of scalars . . . . . . .. ...
3.2 C-small elements and Malcev bases . . . . .. ... ... .. ...


http://arxiv.org/abs/1612.02651v1

4 Random 7»-groups 13

4.1 mo-presentations and theirspan . . . . .. ... .. ... ... .. 13
4.2 Mainresults . . . . . ..o 17
5 General polycyclic models 21
6 References 23

1 Introduction

In [1], Cordes, Duchin, Duong, Ho, and Sénchez introduced a model of random
finitely generated nilpotent groups. Such model is the analog of the few-relators
and the density models of random finitely presented groups, where one takes a
free group F,, = F,(a1,...,an), and then adds a set of random relations R.
Every relator is chosen among all words of a certain length ¢ on the alphabet
AT = {aF!, ... aE!'}, with uniform probability. The length ¢ is thought of as
an integer variable that tends to infinity, and the number of chosen relators is
taken to be a function of £. For instance, |[R| = (2m + 1)% (0 < d < 1) in the
density model, whereas |R| is constant in the few-relators model. One can then
calculate the probability p, that a group G = F,,/{{(R)) satisfies some property
P, for a fixed ¢. The limit p = limy_, o, py, if it exists, is called the asymptotic
probability that G satisfies P. If p = 1, then G is said to satisfy P asymptotically
almost surely (a.a.s.) For example, a well-known result of Gromov [5] states that,
in the density model, G is hyperbolic if d < 1/2, and finite if d > 1/2, a.a.s. See
[8] for more information on random f.p. groups.

Since all finitely generated nilpotent groups are quotients of free nilpotent
groups by some finite set of relators, one can easily adapt the procedure above
to the class of f.g. nilpotent groups: it suffices to replace F},, by an s-step rank-
m free nilpotent group N, = Ns . (A). Then, as before, one chooses a set R
of random words of length ¢ on the alphabet AT!. These words are added as
relators to N, yielding a random f.g. nilpotent group G = N, ,,,/((R)). An
alternative model was introduced in [2], where f.g. torsion-free nilpotent groups
are considered as subgroups of unitriangular matrices.

In [4], we studied the structure and the Diophantine problem of random
f.g. nilpotent groups generated according to the model used in [1]. With similar
intentions, in this paper we restrict our attention to the class of f.g., torsion-free,
2-step nilpotent groups, which we call -groups. We first introduce a model of
random 7To-groups G, and then we apply some of the techniques developed in [4]
to obtain information regarding their Diophantine problem and their structure.

The approach we use relies on the fact that all f.g. nilpotent groups are
polycyclic, and therefore, that they admit a polycyclic presentation (see [7]).
One can thus select m2-groups by randomly specifying polycyclic presentations
P, making sure that the P’s are chosen in a way that the resulting groups are
To-groups, and that any 7o-group can be chosen this way. The following result,
which we prove in Section 4, allows one to do so. One would like to extend this



approach to the class of all (torsion-free) f.g. nilpotent groups, but, as far as we
know, all reasonable generalizations yield finite groups a.a.s. In this paper, the
rank of an abelian group is the minimum cardinality of a set of generators.

Theorem 4.1. Let G be a group, and let n,m be two integers greater or equal
than zero. Then the following two statements are equivalent. 1) G admits a
(polycyclic) presentation of the form

2 Ai .
G=<a1,...,an,cl,...,cm|[ai,aj]znct (1<i<j<n), (1)
=1

t
[a”ivcj] = [Ckvcr] =1 fOT all iajvkv’r>'

2) G is a To-group satisfying rank(G/Z(G))+rank(Z(G)) = n+m, and rank(G") <
m < rank(Z(G)).

Hence, by Theorem 4.1, a 7o-group G can be chosen by randomly selecting
a presentation of the form (1), which we call a m-presentation. To do so, fix
sets A = {a1,...,a,}, C = {c1,...,cn}, and an integer ¢, and then randomly
specify exponents A\’ such that |A\{’| < ¢ (with uniform probability). One then
can study properties of the groups obtained this way as ¢ — o0, in a similar
fashion to what we explained previously.

Remark 1.1 (Why restrict to the class of m-groups). In the last section
of the paper we introduce a more natural and general model of random f.g. nilpo-
tent groups (of arbitrary nilpotency step, possibly with torsion). However, in
Lemma 5.2 we show that such model yields finite groups asymptotically almost
surely. This is the reason why we have particularized it to me-groups.

In the same section we also provide a model for the class of all polycyclic
groups. In it, these are obtained by randomly choosing polycyclic presentations.
In this case it is proved that the resulting groups have finite abelianization a.a.s.

(Lemma 5.3).

One of the main aspects we study about random 7o-groups is their Diophan-
tine problem:

Definition 1.2. The Diophantine problem over an algebraic structure A, de-
noted D(A), refers to the task of determining what systems of equations over A
(A-systems) have solutions. An algorithm L is said to solve D(A) if, given an
A-system S, determines whether S has a solution or not. If such an algorithm
exists, then D(A) is called decidable. Otherwise, D(A) is called undecidable.
Furthermore, D(A) is said to be reducible to D(M), for M another structure, if
a solution to D(M) (if it existed) could be used as a subroutine to solve D(A).

In this paper, a reduction always takes an A-system S as input, and it
constructs an M-system Sy, that has a solution if and only if S has. Notice
that if D(Z) is reducible to D(M), then D(M) is undecidable due to the negative
answer to Hilbert’s 10th problem, which states that D(Z) is undecidable. This
idea was used in [9] (1979) and [3] (2014) to prove that the Diophantine problem



is undecidable over a certain 4-step nilpotent group, and over any non-abelian
free nilpotent group, respectively. We refer to [3] for a survey of results on this
topic.

The following is one of the main results of this paper:

Theorem 4.8. Suppose G is a random To-group obtained as above, with m >
n—1 > 1. Then the following holds a.a.s.: Z(G) = {C, the ring Z is e-definable
in G, D(Z) is reducible to D(G), D(G) is undecidable, Z is the mazimal ring of

scalars of G, and G is directly indecomposable into non-abelian factors.

Very roughly, a structure A = (A4; f1,...) is e-definable in another structure
B if the predicates "z € A" and "z € A is in the image of f;" can be effectively
expressed as systems of equations over B (see 2.3 for a formal definition). In
this case, D(A) is reducible to D(B). Hence, by the negative answer to Hilbert’s
10th problem, D(B) is undecidable for any structure B in which the ring Z is
e-definable.

We also study the structure of Z(G) and G’, and we investigate whether
Z(Q) < Is(G") = {ge G| g € G for some n € Z\{0}}, in which case G is called
regular:

Theorem 4.9. Let G be a mo-group G obtained by randomly choosing a presen-
tation P € P(n,m,¥t) asin (1), withn =2 and m = 1. Then the following holds
a.a.8.:

1. If m < n(n — 1)/2, then G’ has finite index in (C). If, additionally,
m >=n—1, then G is regular.

2. If m > n(n —1)/2, then the set {[a;,a;] | i < j} is a basis of G', G’ has
infinite index in (C'), and G is not reqular. These last two properties hold
always, and not only a.a.s.

One of the main ingredients in the proofs of Theorems 4.8 and 4.9 is the
notion of c-small elements: We say that an element g € G is centralizer-small
(or just c-small) if its centralizer (the set of elements that commute with g) is
{gt2 | teZ, ze Z(Q)}. Tt turns out that:

Theorem 3.2. Z is e-definable in any Ta-group having two non-commuting
c-small elements.

The techniques we use to prove Theorem 3.2 have a resemblance with some
arguments from Duchin, Liang, and Shapiro in [3], and from Romankov in [9].

Another important step towards proving Theorem 4.8 is given in Theorem
3.3, where we show that if all the a;’s of G are c-small, then the maximal ring
of scalars of G is Z (see Definition 2.7). A consequence of this fact is that G is
indecomposable as a direct product of non-abelian subgroups (Proposition 3.4).

In views of these results, one can try to prove Theorem 4.8 by checking
whether or not the a;’s are c-small (notice, Item 1 of Theorem 4.9 uses existence
of c-small elements as well). We will see that this is the case, a.a.s., when
m = n — 1. The case m < n — 1 remains open. The main difficulty in such case



is to find an asymptotic description of Z(G). Another problem that is left open
is that of determining what conclusions of Theorems 4.8 and 4.9 still hold when
m<mn-—1,a.a.s.

2 Preliminaries

2.1 Nilpotent groups

Following standard conventions, we call the element [g,h] = g~ *h~lgh of a
group G the commutator of g and h, and we denote the subgroup of G formed
by all its commutators by G’. More generally, we define inductively G; = G,
Ge = G' = {(G,G]) = {lg,h] | g,h € G}), and Gpy1 = {[G,G,]). The
subnormal series G; > Gy B> ... is called the lower central series of G. If
Gs+1 = 1 for some s, then G is said to be s-step nilpotent, or just nilpotent. For
example, G is 1-step nilpotent if and only if it is an abelian group, and it is
2-step nilpotent if and only if

Gz ={|G,[G,G]]) = (91,92, 93]] | 9: € G}) = 1,

which is the same as saying that all commutators belong to the center of G, i.e.
to Z(G) = {ge G| [g,h] =1 for all h € G}. The element [g1,[g2, g3]] is called
a 3-fold commutator, and it is usually denoted by [g1, g2, g3]. Inductively, an
n-fold commutator is defined as (g1, ..., g9n] = [91, [92,- - -, gn]]-

We say that G is a mo-group if it is finitely generated, torsion-free, and 2-step
nilpotent. Observe that, in this case, G/Z(G) and Z(G) are free abelian groups
of finite rank. The rank of an abelian group H is the minimum cardinality of a
generating set of H, which we call basis of H.

Let C = {c1,...,cm} S G be a basis of a free abelian subgroup satisfying
G’ <{C) < Z(G), for G a 1a-group, and let {a;{C)|i=1,...,n} be a basis of
the abelian group G/{C. For each g € G there exist a;(g),7,(g) € Z such that

g = a(lll(g) .. .ag"(g)c;”(g) . c?ﬁ”(-"). (2)

The expression (2) is called a Malcev representation of g with respect to (A;C).
The Malcev coordinates of g are given by the tuple

(1(g)s - -5 an(9);71(9), -, 7u(9))-

While the 7;(g)’s are unique, the «;(g)’a are, in general, unique only up to mul-
tiples of the order of a;{C. The following terminology will be used extensively
through the paper:

Definition 2.1. Following the notation above, (A; C) is called a Malcev basis of
G if G/{C) is free abelian, i.e. if no a;{C’) has finite order, and thus the Malcev
coordinates of all elements from G are unique.



In this case it is useful to regard the symbols «; and ~; as maps «;,y: : G —
Z, sending each g € G to its Malcev coordinates a;(g) and v;(g), respectively.
We remark that the notion of a Malcev basis can be formulated in a more general
setting for groups of any nilpotency step, possibly with torsion.

Let F,, = F,,(A) be the free group generated by A = {a1,...,an}, and let
Tjm = {[@i,,...,ai;] | 1 <iy,...,i; < m} be the set of all j-fold commutators
on the a;’s. The free s-step rank-m nilpotent group with basic generating set A
is

Ns,m = Nsym(A) = Fm/<<Ts+1,m>> = <a1, ey Qm | [ail, ey aisﬂ] = 1fOI‘ all ZJ>

Here (T} my) denotes the normal closure of T} ,, in Fy,.
The following holds in any group:

Using this and the fact that commutators belong to the center of G (for G a
To-group), we obtain that, for a fixed g € G, the maps y — [g,y] and = — [z, g]
are homomorphisms from G into [G,G]. We will implicitly use this fact from
now on.

2.2 E-definability

In what follows we use non-cursive boldface letters such as a to denote tuples
of elements: e.g. a = (a1, ...,ap).

Definition 2.2. Let M = (M; f;,7;,cx | 4, j, k) be an algebraic structure (for
the purposes of this paper, M is a group or a ring), where M is the universe
set of M, and the f;,r;, ci; are the function, relation, and constant symbols of
M. Aset A S M™ is called definable by equations in M, or e-definable, if
there exists a finite system of equations over M, X 4(21,..., Zm, Y1, --,Yn), O0
variables x = (21,...,%m,) € M™ and y = (y1,...,yn) € M™, such that, for
any tuple a € M™, we have that a € A if and only if Y 4(a,y) has a solution
yeM™.

A function f : X < M* — M! is called e-definable in M if its graph
{(a, f(a)) |ae X} € M**!is e-definable in M. Similarly, a relation r : X —
{0,1} is e-definable in M if its graph {a | r(a) = 1} is e-definable in M.

Definition 2.3. An algebraic structure A = (A; f,...,r,...,¢c,...) is called e-
definable in another structure M if there exists an embedding map ¢ : A < MF
for some k, called defining map, such that the following holds:

1. The image of ¢ is e-definable in M.

2. For every function f = f(z1,...,z,) of A, the induced function ¢(f) given
by ¢(f) (d(x1),...,0(xn)) = ¢ (f(z1,...,2n)) is e-definable in M.

3. Similarly, for every relation r of A, the induced relation ¢(r) (with a
meaning analogous to that of ¢(f)) is e-definable in M.



It follows that the structure ¢(A) = (p(A); d(f),...,0(r),...,¢(c),...) is iso-
morphic to A. Often, after describing a defining map ¢, we identify ¢(A) with
A.

Example 2.4. The center Z(G) of a finitely generated group G = {g1,...,9n)
is e-definable in G as a set. Indeed, x € G belongs to Z(G) if and only if it
commutes with all g;’s, and hence Z(G) (seen as a set) is defined in G' by means
of the following system of equations on the single variable x:

n

N ([2.9i] = 27 g wgs = 1)

i=1

If, additionally, we regard Z(G) = (Z(G); L 1) as an algebraic structure with
operations and constants induced from G, then Z(G) is still e-definable in G
with defining map id : Z(G) — G, id(g) = g.

For another example, let G be a group with finite [z, y]-width n (see below
in this section). Then any g € G’ can be written as a product of exactly n
commutators (adding trivial ones if necessary), and thus G’ is e-definable in G
by means of the equation z = [z1,y2] - - - [Zn, yn]-

Given a tuple a = (ay,...,a,) € A" and a map ¢ : A — M* we denote by
#(a) the tuple in M"* consisting in the components of ¢(a;), followed by the
components of ¢(az), and so on. The following is a fundamental property of
e-definability:

Lemma 2.5. If A is e-definable in M (with defining map ¢ : A — MP¥), then for
every system of equations S(x) = S(x1,...,xy) over A, there exists a system
of equations S*(y,z) = S*(y1,...,Ykn, 21, --,2m) over M, such that a is a
solution to S in A if and only if S*(¢(a),z) has a solution z in M. Moreover,
all solutions b,c to S* arise in this way, i.e. b = ¢(a) for some solution a to

S.

Proof. Tt suffices to follow step by step the proof of Theorem 5.3.2 from [6], which
states that the above holds when A is interpretable by first order formulas in
M. O

Of course, S has a solution in A if and only if S* has a solution in M. Recall
that D(A) denotes the Diophantine problem over A (see Definition 1.2). One
immediately obtains:

Corollary 2.6. If A is e-definable in M, then D(A) is reducible to D(M).
Consequently, if D(A) is undecidable, then so is D(M).

For example, due to the negative answer to Hilbert’s 10th problem, D(M)
is undecidable for any M in which the ring Z is e-definable.



2.3 Ring of scalars of a 7,-group

Through this paper, by ring we mean an associative ring with identity. Below
we say that a map f : M x M — N between abelian groups M and N is
bilinear if, for all a € A, the maps f(a,-) and f(-,a) from M to N are group
homomorphisms.

Definition 2.7. Let f : M x M — N be a bilinear map between abelian groups.
A commutative ring A is called a ring of scalars of f if there exist faithful actions
of Aon M and N (by endomorphisms), such that f(rx,y) = f(z,ry) = rf(x,y)
forallre A, x,y e M.

The set of endomorphisms of an abelian group M forms a ring once we
equip it with the operations of addition and composition (henceforth called
multiplication). We denote such ring by End(M). As done already in the
previous definition, we simply write ax instead of a(x), for « € End(M), z € M.

Since the actions of a ring of scalars A on M and N are faithful, there are
natural embeddings A — End(M) and A < End(N). From now on we identify
any such A with the corresponding image under the natural embedding into
End(M). We say that A is mazimal if for any other ring of scalars B, we have
B < A. Of course, if it exists, such maximal ring is unique.

Let now G be a non-abelian 75-group. Then, as explained previously, G/Z(G)
and G’ are non-trivial free abelian groups. Also, the map

f1G/Z(G) x G/Z(G) — G (3)
(92(G), hZ(G)) — (g, h]

is well-defined, non-degenerate, bilinear, and its image generates the whole G’.
The maximal ring of scalars of f is also called the maximal ring of scalars of G.

3 Defining Z in m»-groups

3.1 Small centralizers and maximal ring of scalars

In this section we prove that Z is e-definable in any me-group G that has two
non-commuting c-small elements. Additionally, we show that if certain elements
of G are c-small, and they pairwise do not commute, then the maximal ring of
scalars of G is Z. We end the section by proving that, in this case, G cannot be
decomposed into a direct product of non-abelian factors.

Definition 3.1. An element g of a group G is centralizer-small (or just c-small)
if C(g) ={g'2 | t€Z, € Z(G)}, where C(g), the centralizer of g, denotes the
set of elements in G' that commute with g.

As mentioned in the introduction, the techniques used to prove the following
result have a resemblance with some arguments from Duchin, Liang, and Shapiro
in [3], and from Romankov in [9].



Theorem 3.2. Let G be a m2-group with Malcev basis (A; C'). Suppose G has two
non-commuting c-small elements a,b. Then Z is e-definable in G. In particular,
D(G) is undecidable.

Proof. Consider the set Z = [a,Cq(b)] = {[a,2] | z € Cz(b)}, and denote
¢ = [a,b] # 1. Using that b is c-small, Z = {c' | t € Z}. Since G is torsion free,
the map sending ¢! € Z to t € Z is a bijection. Torsion-freeness also allows us
to well-define binary and unary operations @, ©, ® in Z by letting

dr@cz=crt2 o) =c¢t, and P Oc'2 = iz,

We are going to prove that the ring (Z,®,®, ", ¢!), which is isomorphic to Z,
is e-definable in G.

An element g € G belongs to Z if and only if the following identities hold
for some y € G: g = [a,y], [y,b] = 1. In other words, g € Z if and only if
g is part of a solution to the system of equations (x = [a,y]) A ([y,b] = 1) on
variables z,y. Hence, Z is e-definable in G as a set. Now let ¢1,92,93 € Z.
Clearly, g1 ® g2 = g3 if and only if g1g2 = g3. It follows that the graph of @ is
e-definable in G: it suffices to take the system formed by the equation zy = 2
together with equations that ensure z,y,z € Z. Analogously, and taking the
equation zy = 1 instead of zy = z, one sees that © is e-definable in G.

Regarding ©®, consider the following system over G on variables z;, ¢ = 1,2, 3,
and zf, i =1,2.

(4)

Suppose 1, 2, T3, 2}, x5 is a solution to (4). Since a and b are c-small, 2} =
at»z; and xf, = b*22, for some t; € Z and some z; € Z(G), i = 1,2. More-
over, r1 = ¢’ and x5 = 2. We also have [z],z5] = ¢"2 = x5, and hence
x3 = c'?? = x1 @ xy. Conversely, let 1,22, 23 be three elements from G such
that 21 @ zo = x3. Then it is easy to verify that there exist 2}, z, such that
x1, T2, X3, 2}, x5 form a solution to (4). We conclude that x; ® z2 = z3 if and
only if x1, xo, x5 are part of a solution to (4). Similarly as before, © is e-definable
in G.

This completes the proof, since the ring (Z;®,0,®, ", c!) is e-definable in
G and it isomorphic to the ring of integers (Z; +, —, -, 0, 1). O

In [4] we explain how to extend Theorem 3.2 to the class of finitely generated
nilpotent groups G (of any nilpotency step, possibly with torsion). This allows
one to prove, for example, that D(N) is undecidable over any non-abelian free
nilpotent group, recovering one of the results from [3].

Theorem 3.3. Let (A4;C) = (a1,...,an;C1,...,¢m) be a Malcev basis of a To-
group G (n = 2). Assume that [a;,a;] # 1 for all i # j, and that a; is c-small
foralli=1,...,n. Then the maximal ring of scalars of G is isomorphic to the
ring of integers Z.



Proof. Let R be a ring of scalars of G, and fix an element r € R. For each i =
1,...,n, choose a representative b, ; of r (a; Z(G)), so that b, ; Z(G) = r (a; Z(G)).
Then, in G: [ai,by] = [a:Z(G), b, Z(G)] = [a:Z(G), 7 (. Z(G))] = r[a: Z(G), a: Z(G)] =

rlai,a;] = 1, and hence a; and b, ; commute. Since a; is c-small,
bri = a?‘izi
for some t,; € Z and z; € Z(G). Thus
r(a:Z(G)) = a;" Z(Q).
Now, for any ¢, j:

[ai, a1 = [a;",a;] = [r (@i Z(G)) ,a;Z(G)] =
= [a:iZ(G), 7 (a;2(G))] = [ai, a;]".

Since G is torsion-free and [a;, a;] # 1, we obtain ¢,; = t,, for all ¢ # j. It
follows that, for all 7 € R, there exists t,. € Z such that r(a; Z(G)) = a'" Z(G) for
all i. By definition, (C) < Z(G), and G/{C) has basis A/{C). Hence, G/Z(G)
is generated by the a;Z(G)’s. It follows that r(¢Z(G)) = ¢'" Z(G) for all g € G.

Since G/Z(G) is a free abelian group, the map ¢ : R — Z given by ¢(r) = t,
is a ring homomorphism. Moreover, ¢ is exhaustive, because given k € Z, we

have

k k

¢ (Z z‘d) =D, 0lid) = k,

i=1 i=1
where id denotes the identity endomorphism of G/Z(G), i.e. the identity element
of R. Finally, notice that if ¢(t) = t, = 0 for some ¢, then r(¢Z(G)) = Z(G)
for all g € G. Hence, r is the 0 element of R. We conclude that ¢ is a ring
isomorphism. This proves that any ring of scalars of G (with an identity) is
isomorphic to Z. In particular, this is true of the maximal ring of scalars of
G. O

We remark that Theorem 3.3 is still true as long as the complement of the
commutativity graph between the a;’s is connected.

Proposition 3.4. Suppose Z is the mazximal ring of scalars of a To-group G.
Then G cannot be decomposed into a direct product of non-abelian subgroups.

Proof. Suppose G = H x K for some non-abelian subgroups H, K of G. Then
H and K are non-abelian mo-groups, Z(G) = Z(H) x Z(K), and G/Z(G) de-
composes non-trivially due to the isomorphism G/Z(G) ~ H/Z(H) x K/Z(K).
1\/IOI‘GOVGI‘7 using that [(hl,kl), (hQ,kQ)] = ([hl,hQ], [kl,kQ]) for all hl,hg €
H, ki, ko € K, we obtain G’ = H' x K.

Consider the natural actions of Z* on H/Z(H) x K/Z(K) and on H' x K’
defined by component-wise exponentiation (or component-wise multiplication if
one is using additive notation):

(r1,7r2)(h, k) = (R, k™)

10



for all (r1,7r9) € Z% and all (h, k) in H/Z(H) x K/Z(K) or in H' x K'. Since G
is a Te-group, these are faithful actions by endomorphisms that satisfy [ru, v] =
[u,rv] = r[u,v] for all r € Z% and all u,v € H/Z(H) x K/Z(K). Thus, Z? is
a ring of scalars of G = H x K. By definition, Z? is a subring of the maximal
ring of scalars of GG, which is Z by hypothesis - a contradiction. o

3.2 C-small elements and Malcev bases

Through this section we let G be a Tp-group with Malcev basis (4;C) =
(@1,...,ap;C1,...,Cm), for some n = 2 and m > 1. By definition, G’ < (C) <
Z(@G). Hence, for each [ai, a;] there exist unique integers A\’ such that:

)\”
[ai,a;] =] | ;" - (
t=1

(@)
~

For notational convenience, we will sometimes write \;; ; instead of AT As
explained in Subsection 2.1, there exist maps a; : G — Z, v; : G — Z, called
Malcev coordinates, such that any = € G can be written uniquely as:

Ha I(I) ), where c(z)= H c;”(x). (6)

i=1 j=1

In what follows we use the Malcev basis (A;C') to construct homogeneous sys-
tems of linear Diophantine equations Sy such that, if S, admits only the trivial so-
lution, then ay is c-small, provided another minor condition is met (¢ = 1,...,n).
We start by expressing the Malcev coordinates of a commutator [z, y] in terms
of the Malcev coordinates a;(x), a;(y) of x and y.

Lemma 3.5. The following identity holds for any x,y € G:
TS0 A au(@)ay (v)
[2.9] = [ [ L (7)
t=1

Proof. We use that G’ < Z(G), and that the map [-,-] behaves "bi-linearly",
together with equations (6) and (3).

_ Haal z) Haal(y) Haal 1)71_[@;11(1/)] _
- n (a3, a;] @) — n H N s (@)os (4) _ ﬁctzzjzlxifaxw)aj(y)'

ij=1 ij=1t= t=1

O

This result allows one to express the equation [z,y] = w in G as a system of
Diophantine equations. More precisely, if 2,y € G and w € G' < {(C) (in which
case a;(w) = 0 for all 4), then [x,y] = w if and only if

Z N (z)aj(y) = y(w) forall t=1,...,m. (8)

1,7=1

11



Hence, one can find all triples z,y,w € G such that [z,y] = w by finding all
solutions «;(z), o (y), vx(w) to the system formed by the equations of (8), with
the a;(x), a;(y), v (w)’s seen as variables, and then taking

v =[] @es, y=[]a@Pe,, and ==[[e®,

for arbitrary ¢z, ¢, € {(C). One may also take x, y, or w to be constants. In the
next result we apply this strategy to the equation [ag, 2] = 1.

Corollary 3.6. For any a¢ and any x € G, we have that [ag,x] = 1 if and only
if

a1 (x)
S U VD Vi S Vi : 0
: : ag—1(z) | _ ©)
AL CALE ALl Aon 0‘4+'1(17) ;
e

Proof. Note that a;(as) = 0if i # £ and ay(as) = 1 otherwise. Applying (8) on
[a¢, z] = 1, we obtain

n

Z)\fjaj(y):%(l) forall t=1,...,m.

j=1

The result now follows from the identities A = —X\*, 4,(1) = 0, and A" = 0,
which hold for all ¢, ¢, j. Since A ¢, = 0 for all ¢, in (9) we omit the column
that corresponds to these \’s, and consequently we remove the variable ay(x)
as well. O

We look at (9) as a system of linear Diophantine equations on variables
{ai(x) | i # ¢}, and we denote its matrix by M,. Below we give the main result
of this section. It provides sufficient conditions for a, being c-small, and for
having Z(G) = {C). These conditions are formulated in terms of the rank of
My, which is the maximum number of Z-linearly independent rows (or columns)
of My. Equivalently, it is its maximum number of R-linearly independent rows or
columns (this can be seen by computing the Smith normal form of M). A set of
vectors vy, ..., vy is K-linearly independent if the equation kyvy+-- -+ kyvy = 0,
k; € K, has only the solution k; = 0 for all 4.

Proposition 3.7. Suppose rank(M;) = n — 1 for some £ = 1,....,n. Then

[ag, 2] = 1 if and only if

)

T = Q?E(w)c(:r). (10)

If, additionally, \o% + 0 for some t and k # £, then Z(G) = (C), and ay is
c-small.

12



Proof. If rank(M;) = n — 1, then (9) admits only the trivial solution. Then,
by Corollary 3.6, [ag,x] = 1 if and only if a;(z) = 0 for all ¢ # £. Tt follows
that [ag,«] = 1 if and only if the Malcev representation (6) of x is as in (10).
Assume now, additionally, that ;¢ # 0 for some ¢ and k, and let g € Z(G).
Then [ag, g] = 1, and by what we just proved,

g=a;"Ve(g).

Applying Corollary 3.6 to a, and g, we obtain that Ay xece(g) = 0 for all ¢.
Since Ay k¢ # 0, we have ay(g) = 0, and thus g = ¢(g) € (C). We conclude that
Z(G) = {C). That ay is c-small follows now from (10) and Z(G) ={C). O

4 Random 7p-groups

4.1 my-presentations and their span

In this subsection we study groups G that admit the following specific type of
polycyclic presentation:

G =(AC|[ana] = [ [, [A,C]=[C.Cl =1, 1<i<j<ny, (11)

t=1

for some sets A = {ay,...,a,} and C = {c1, ..., ¢}, with n,m = 0. We call (11)
a To-presentation, and we let P(n,m) denote the set of all such presentations.
More precisely, P € P(n,m) if and only if P has the form (11) for some exponents
Ay, and some sets A, C' with |A| = n, |C| = m. We remark that, through the
paper (and as already done in (11)), we often make no distinction between a
presentation and its corresponding group.

The goal of this subsection is to prove the following:

Theorem 4.1. Let G be a group, and let n,m be two integers greater or
equal than 0. Then the following two statements are equivalent. 1) G ad-
mits a To-presentation from P(n,m). 2) G is a T2-group with rank(G/Z(Q)) +
rank(Z(G)) = n+ m, and rank(G') < m < rank(Z(G)).

Consequently, G is a To-group if and only if it admits a To-presentation.

While proving this we will obtain interesting information regarding the struc-
ture of G, see Corollary 4.4 and Lemma 4.5. In particular, we will show that if
G has presentation (11), then (A;C) is a Malcev basis of G.

Lemma 4.2. Theorem 4.1 holds if n = 0,1 or m = 0.

Proof. The forward direction is immediate. To prove the converse, assume
that G is a 7o group satisfying Items 1) and 2) in Theorem 4.1. If m =
0, then rank(G’) < m = 0. Hence, G is a free abelian group. Moreover,
rank(G/Z(G))+rank(Z(G)) = rank(G) = n, and thus G admits the m5-presentation

{ar,...,an | [a;,a;] = 1 for all 4, j).
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This presentation belongs to P(n, 0).

Suppose n = 0,1. By hypothesis, rank(Z(G)) = n + m — rank(G/Z(Q)),
and m < n + m — rank(G/Z(@G)). Consequently, rank(G/Z(G)) < n < 1. This
implies, again, that G is a free abelian group. Then, as before, rank(G/Z(QG)) +
rank(Z(G)) = rank(G) = n+m, and G admits the mo-presentation {ay, c1, ..., ¢ |
[a1,¢] = [¢j,cx] = 1 for all4, 4, k) (if n = 0 omit a1). This presentation belongs
to P(n,m), as needed. O

We adopt the following standard convention regarding the projection of ele-
ments onto quotient groups: Suppose K has been obtained from another group
(or monoid) H by adding some relations, and let 7 : H — K be the canonical
projection of H onto K. To avoid referring to m, we speak of elements h from
H seen in K (or projected onto K), rather than of elements m(h). Similarly, for
hi,he € H, instead of writing w(h1) = w(hs), we say that h; = he in K, or
h1 =k ho. For example, if a group G has a generating set A, then we speak of
(A*1)-words seen in G, and of equalities between (A*!)-words taking place in
G.

The next result is fundamental for our purposes.

Lemma 4.3. Let G have a To-presentation as in (11), for n =2, m = 1. Then
there exist maps o, vi : G — Z such that each g € G can be written uniquely as

n

g=[ar [Te. (12)
=1 t=

in the sense that if g = [[,a;" [1,¢i* for some x;,y., then, necessarily, x; =
ai(g) and yr = v(g) for all i,t.

Proof. Let Ng = N(A) x Z™(C') be the direct product of the 2-step free nilpo-
tent group N (A) with basic generating set A, and the free abelian group Z™(C')
with basis C. Ny admits the presentation (A4,C | [A,[4,4]] = [4,C] =
[C,C] = 1). Hence, G can be obtained from Ny by adding the relations
ri; = lai,a;] 1, ct_M’” =1lforalll<i<j<n.

Using presentation (11) and the identity aja; = a;a;[ai, a;]~1, one sees that
any g € G can be written as in (12) for some a;’s and ~;’s. We next show that
these a; and ~; are unique. To do so, it suffices to prove that g = 1 in G if
and only if a; =4, = 0 for all ¢ and ¢. Assume that g =[]a{" [[¢/* =1in G.
Then, in Ny, g equals a product of conjugates of elements r; ;:

n m
_ a; veo_ —1,.+1 _ R 2 —Lij At
g=]ad [T =no [Twitritjwe =n ] (W%J e :
7 t=1 €

1<i<j<n t
(13)

where ¢; ; is the sum of the exponents of the 7; ; appearing in the the expression
above, for each i < j. In the last step we have used that all commutators and
¢’s belong to the center of Ny. Hence, the equality (13) takes place in Ny =
N(A) x Z™(C). By definition of direct product, and since (A4; {[a;, a;] | i < j})
is a Malcev basis of N(A), we have that o; = ¢ = 0 for all i and j < k. We
conclude that [ ], ¢/* =1 in Ny, which can only occur if 44 = 0 for all ¢. |
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Corollary 4.4. Suppose G is a group with To-presentation (11), with n = 2,
m = 1. Then the following holds: 1) G is a Ta-group with Malcev basis (A4;C). 2)
Z(G) admits a basis of the form C L D for some set D. 3) rank(G/Z(G)) = n—
|D|. 4) rank(G/Z(G)) + rank(Z(G)) = n+m. 5) rank(G") < m < rank(Z(G)).

Proof. To see that G is 2-nilpotent it suffices to show that all commutators be-
long to the center. To do so, one may use the formulas [zz,y] = 2~ ![z, y]z[z, ],
[z,y] = [y,2]7!, and the fact that G = (A U C), C < Z(G), to express any
commutator [g, h] as a product of commutators from {[a;,a;] | 1 <i,5 < n}. By
definition, the latter belong to Z(G), and hence so does [g, h]. We also obtain
that G’ < (C)), because each [a;, a;] equals a product of elements from C*!.

Let o, ¢ : G — Z be the maps of Lemma 4.3. To prove that G is torsion-free,
assume ¢g* = 1 in G for some g € G and some k # 0. By the previous Lemma
4.3, we must have have a;(g*) = 0 for all i. Observe that a;(¢g*) = ka;(g), and
so a;(g) = 0 for all i. It follows that g € {(C), which, again by Lemma 4.3, is
a free abelian group with basis C, and thus we must have g = 1. This proves
that G is a To-group.

Since G’ < {(C), G/{C’) is an abelian group. By Lemma 4.3, it is free abelian
with basis (the projection of) A. It follows that (A4;C) is a Malcev basis of G.

We next prove that Z(G) has a basis of the form C u D for some set D.
Indeed, it is well known that this occurs if and only if, for any basis E = {e; | i}
of Z(G), the coordinates of each ¢; € C' with respect to E are coprime. To show
this is the case, suppose the coordinates of ¢; € C' are all divisible by some d # 0.

Then, in G,

for some k;’s (the second equality holds because E € Z(@)). Denote w = [ el
As before, a;(c;) = 0 = a;(w?) = da;(w), and so a;(w) = 0 for all i. It follows
that v (w?) = dy;(w). We finally obtain that 1 = v;(c;) = v;(w?) = dv;(w).
Hence d = —1, 1, as needed.

Let CuD be a basis of Z(G), with D = {dy, ...,d|p|}. We now show that the
vectors {a; = (a1(d;),...,an(d;)) | 7 =1,...,|D|} are linearly independent. In-
deed, suppose not. Then there exist integers k1, ...,k p| such that Zj kja; = 0.
Let g = [[;4;". Then a;(g) = 0 for all i. Writing g in its Malcev representation
form we obtain, in G,

— ko — O‘l(‘]) ve(9) — ’Yt(!])_
g 1;[] Ual UC Uc

This is a linear combination in Z(G) between elements of the basis CuD. Hence,
we must have k; = v(g) = 0 for all j and ¢. This proves that the a;’s form a
set of linearly independent vectors.

From this it follows that G/Z(G), which is equal to

(A,C|C=[AAl=dy = =dp =1)
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is a free abelian group of rank n — |D]. On the other hand, Z(G) has rank
|C| + |D| = m + |D|, and so rank(G/Z(G)) + rank(Z(G)) = n + m. Finally,
since (C') is a free abelian group with basis C, and G’ < {C) < Z(G), we obtain
rank(G') < |C| = m < rank(Z(G)). O

We next show that every me-group admits a 7o-presentation:
Lemma 4.5. Any mo-group G admits a presentation of the form

|1C| i
G = (A, C | [ai,a4] ]_[ct : =[C.Cl=1, A<i<j<|A]), (14)

where C' = {c¢;} is a basis of Z(G) and A = {a;} projects to a basis of G/Z(G
Moreover, the tuple (A;C) is a Malcev basis of G.

Proof. The result is immediate if G is a free abelian group. Assume it is not.
Since finitely generated nilpotent groups are finitely presented, we have that G =
(A,C| rq,...,71) for some relations r; (which we see as words on (A U C)*!).
Each [a;,a;] can be written as a linear combination of the ¢;’s, because G’ <
Z(G). Let Ay ; be the coeflicients of these combinations, and let P € P(n,m)
be the To-presentation given by A, C, and these A; ; ;’s. We claim that G admits
the presentation P. Indeed, denote by H the group presented by P. It is clear
that all relations from P hold in G. On the other hand, using the relations from
P, we may rewrite each word ri, both in G and H, into the form

rE = Ha?"ncz“.
i t

Since (A; C) is a Malcev basis of G, and 7, = 1 in G, we must have a; = v = 0
for all ¢,¢, and hence r, = 1 in H as well. It follows that G = H, as needed.
The last statement of the Lemma follows directly from Corollary 4.4. O

An immediate consequence of the previous two results (Corollary 4.4 and
Lemma 4.5) is that:

Corollary 4.6. The class of To-groups coincides with the family of groups that
admit a To-presentation.

Proof of Theorem 4.1. The degenerate cases n = 0,1 or m = 0 were treated
in Lemma 4.2. Assume n > 2 and m > 1. Then the implication 1) = 2)
follows from Corollary 4.4. Conversely, suppose G is a To-group satisfying 2),
and let A = {a1,...,anc)}, C = {c1,...,cm(q)} be bases of G/Z(G) and Z(G),
respectively. By Lemma 4.5, G admits a mo-presentation P € P(n(G), m(G)) of
the form

G = (A, C | [ai,a;] = ]‘[ A —[C,Cl=1,1<i<j<n(G)), (15)
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and (A4;C) is a Malcev basis of G. Notice that the first relations in (15) express
each element of the generating set {[a;,a;] | i < j} of G’ < {(C) < Z(G) as a
linear combination of the ¢;’s. It is well known (from basic facts of the theory
of abelian groups) that the rank of G’ coincides with the rank of the matrix
M whose rows are {(A1,ij, - Am(@).i,;) | # < j}. Moreover, column operations
in M (interchanging two columns, and adding or subtracting one column to
another different column) correspond to changing the basis C' (on the other
hand, row operations correspond to changing the generating set of G’, but this
is of no use to us). Hence, by choosing a new basis of Z(G), which we still
denote C, we may assume that the last m(G) — rank(G’) columns of M are 0.
We thus have

G=(AC [ana] =& i Oy s [A,C] = [C,C] = 1),
where r = rank(G’). By hypothesis, » < m < m(G), which allows us to split
C into two sets: Co = {c1,...,cm} and C1 = {¢my1,- -+, Cme) ) (C1 is empty if
m(G) = m), and to rewrite (4.1) as

ij

G=(AUC,Cy|[anaj] =" ...a" ..., (1<i<j<n(@)),

[4,C1] = [C1, Ca] = [ [ e, [A U C1,Co] = [Co, Col = 1),
t=1
Finally, notice that |[A U C1| = n(G) + m(G) —m = n+m —m = n, and so the
above presentation belongs to P(n,m). This completes the proof of Theorem

4.1 O

4.2 Main results

Through this section we fix integers n,m, and sets A, C, with |A] = n > 2, and
|C| = m > 1. We make the harmless assumption that all presentations from
P(n,m) use the sets A, C'. Thus, from now on, a group G admits a presentation
from P(n,m) if and only if there exist integers A ; ; such that

m ..
G =(AC|lana] =[] [AC)=[C,Cl=1, 1<i<j<m) (16)
t=1
We denote by P(n, m, £) the set of o-presentations from P(n, m) with exponents
satisfying |\, ;| < € for all ¢,4, j.
In this section we prove the two main results of this paper, namely Theorems
4.8 and 4.9. We start by estimating the number of vectors (with bounded integer
entries) that are linearly independent with a given set of vectors.

Lemma 4.7. Let V = {v1,...,Vs} be a collection of 1 x t linearly independent
vectors with entries in Z (s < t). Denote by I' the set of all 1 x t wvectors
with entries belonging to a finite set I < Z. Then there are at most |I|‘V‘
vectors from It that, together with the v;’s, form a set of linearly dependent
vectors. Consequently, there are at least |I|' — |I|* wvectors from I' that are
linearly independent together with the v;’s.
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Proof. Let M be the t x s matrix whose i-th column consists in the coordinates
of vi, for i = 1,...,a. We have rank(M) = s, and thus there are s rows among
all rows ry,...,ry of M that form a set of linearly independent 1 x s vectors.
For notation purposes, we assume these are rq,...,rs. Foreach k =s+1,..., ¢,
the vectors ry,...,r,, r; are linearly dependent, and hence there exist rational
numbers g1, - - ., qks Such that

rey = Z qril;. (17)
i=1

By linear independence, the g;’s are unique. Now suppose v = (n1,...,n;) € I*
is a linear combination of the v;’s, and let M’ be the matrix obtained from M
by adding v as a column to the right of M. For each k = 1...,t, we have that
the k-th row of M’ is rj, = (rg,nk). Notice that M and M’ have the same rank
s, and that the first s rows of M’ form a set of 1 x (s + 1) linearly independent
vectors, while the remaining rows are a linear combination of the first s rows.
By this and by unicity of the gx;’s in (17), v}, = X,_; qii¥} for all k > s+ 1. In
particular,

S
ng = Z qein; forall k>=s+1. (18)

i=1
It follows that, when choosing v, one has only freedom to specify its first s
entries, because the remaining ones are given by (18). There are |I|® ways of
selecting s integers from I, and hence there are at most that many v’s. The last

statement of the Lemma follows immediately from this and from the fact that
'] = |1]". O

We will need the following notation: for a group G with presentation P €
P(n,m) asin (16), we denote A; j = (Mij,- -5 Am.ij) (1 <), and we let Mp
be the following matrices, for k =1,...,n:

Mpykz(—A,fk —)\gflﬁk A£k+1 Aan), (19)

here T stands for transposed.

We recall that Corollary 4.4 states that any group with presentation (16) is
a Tp-group with Malcev basis (A4;C). This fact will be used extensively from
now on (sometimes implicitly). Recall also that D(G) denotes the Diophantine
problem over G (see Definition 1.2).

We are now ready to prove Theorems 4.8 and 4.9.

Theorem 4.8. Suppose a To-group G is chosen by randomly specifying a pre-
sentation P from P(n,m,¥t) as in (16), withm =n—1> 1. Then the following
holds asymptotically almost surely as ¢ — ©: Z(G) = {(C), all the ay’s are
c-small, and [a;,a;] # 1 for all i < j.

Moreover, a.a.s.: Z is e-definable in G, D(Z) is reducible to D(G), D(G) is
undecidable, Z is the mazximal ring of scalars of G, and G is directly indecom-
posable into non-abelian factors.
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Proof. Let G and P be as in the statement of the theorem. Observe that the
m x (n—1) matrices Mp (19) are precisely the matrices of Corollary 3.6. Hence,
by Proposition 3.7, ay is c-small provided that rank (Mp ) = n — 1 and that
Atk # 0 for some ¢, j. In this case, by the same proposition, Z(G) = {(C).
Furthermore, since (A4;C) is a Malcev basis of G, [a;,a;] # 1 if and only if
Ati,j # 0 for some t. Thus, to prove the first paragraph of the theorem it
suffices to show that, a.a.s., A¢; ; # 0 for all ¢,4, j, and that rank(Mp ) = n—1
for all k.

Note that one may select P € P(n,m,{) by first specifying the vectors
)\172, RPN ’)‘17"7 then A213, RPN ,AQyn, then A314, ceey Agﬁn, and so on. In what fol-
lows we understand that P is chosen this way. In this case, at the moment when
the vector A;; (i < j) is chosen, all vectors Ay j» with ¢/ < i or i =1i,j < j
have already been selected (i’ < j).

We proceed to bound the number of presentations P € P(n, m,f) such that
Atij # 0 for all ¢, < j, and such that rank(Mp i) = n — 1 for all k. Denote
the set of such P’s by S(n,m,£). Observe that A; ; appears only in

Mpﬂ' = (7A11i . 7A1',11i )\i,i+1 . Ai,j . )\z,n)
(we omit the transpose symbols) and in
Mpﬁj = (—)\17j . —Ai)j - _)\j—l,j )\j7j+1 . )‘jﬂl) .

Denote the vectors preceding A;; in Mp; and in Mp; by A; ;1 and A; 2,
respectively. The method for selecting P described above ensures us that, every
time we choose A; ;, all the vectorsin A; ;1 and A; ; 2 have already been specified.
For this reason, to choose a presentation that belongs to S(n,m,¢), it suffices
to select vectors A; j € I™ in the order explained previously, making sure that,
at every step, A; ;1 U {A;;} and A; ;2 U {\;;} are sets of linearly independent
vectors, with A; ;1 and A; ; > already being linearly independent due to previous
selections.

Now fix i < j. By Lemma 4.7, there are at most L1l vectors v with
entries in I (i.e. v € I'), such that A, ;1 v {v} is a set of linearly dependent
vectors, where L = 2¢, and similarly for A; ;. It follows that there are at most
LIAvial 4 LAzl vectors v e I™ such that A; ;1 U{v} or A; ;2 U {v} are linearly
dependent. Hence, there are at least L™ — LlAiiil — LlAiiz2l ways to choose
Aij € I such that A; ;1 v {A;;} and A; ;2 U {\;;} are linearly independent.
Since |Ai,j,1| = j — 2 and |Ai,j,2| =14 — 1,

S(n,m, 0> [[ (E™—L72—L") = p(L).
1<i<j<n

By hypothesis, m >n—1>j—2>i—1forall 1 <7< j < n, and hence all
factors above are polynomials of degree m with leading coefficient 1. It follows
that p(L) is a polynomial of degree mn(n — 1)/2, with leading coefficient 1 as
well. Notice that [P(n,m, £)| = (L + 1)"™*(»=1/2_ Therefore

lim 7|S(n,m,€)| = 1.
=0 [P(n,m,0)]
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As observed previously, this shows that a.a.s. Z(G) = (C), all a;’s are c-small,
and [a;, a;] # 1 for all ¢ # j.

Finally, observe that the following holds a.a.s. a) G has a pair of non-
commuting c-small elements, namely, a; and as (by what we have proved so
far). b) Z is e-definable in G (by Theorem 3.2). ¢) D(Z) is reducible to D(G),
and D(G) is undecidable (by Corollary 2.6). d) The maximal ring of scalars
of G is Z (by Theorem 3.3). e) G is directly indecomposable into non-abelian
factors (by Proposition 3.4). This completes the proof of Theorem 4.8. O

For the next result, recall that G is regular if Z(G) < Is(G') = {ge G | g' €
G’ for some t € Z\{0}}.

Theorem 4.9. Let G be a T2-group obtained by randomly choosing a presenta-
tion P € P(n,m,{), withm = n —1 > 1. Then the following holds a.a.s. as
{ — oo:

1. If m < n(n —1)/2, then G' has finite index in (C). If, additionally,
m >=n—1, then G is regular.

2. If m > n(n —1)/2, then the set {[a;,a;] | i < j} is a basis of G', G’ has
infinite index in (C'), and G is not reqular. These last two properties hold
always, and not only a.a.s.

Proof. As already observed in the proof of Theorem 4.1, the presentation P
indicates how to write each commutator [a;, a;] as a linear combination of the
basis C. The matrix Mp consisting on the coefficients of these combinations is
precisely the matrix whose rows are the X; ;’s. Hence, rank(G’) = rank(Mp).
Let r = min{m,n(n —1)/2} and L = 2¢ + 1. We claim that rank(Mp) = r a.a.s.
Indeed, in a similar way as we did in Theorem 4.8, and having in mind that
m > r — 1, one can repeatedly apply Lemma 4.7 to see that there are at least

p(L) _ Lm(Lm _ L) o (Lm _ Lr—l)Lm(—T+n(n—1)/2) (20)

ways of choosing all the A; ;’s (i.e. of choosing P) so that rank(Mp) = r. The
degree of the polynomial p(L) is mn(n—1)/2, and its leading coefficient is 1. On
the other hand, there are L™"("~1/2 ways of selecting P € P(n,m, ). Hence,
the probability of chossing P such that rank(Mp) = r tends to 1 as £ — 0, i.e.
rank(G') = rank(Mp) = r a.a.s.

Ifr =m < n(n—1)/2, since rank(G') = r = m = rank((C)) a.a.s., and
G’ < {C), we obtain that G’ has finite index in (C) a.a.s. If, additionally,
r = m — 1, then Z(G) = (C) by Theorem 4.8, and thus Z(G)* < G’, a.a.s.,
where k is the index of G’ in {(C'). This proves that, in this case, G is regular
a.a.s., completing the proof of Item 1.

Suppose m > n(n —1)/2 = r. Then, a.a.s., the elements {[a;,a;] | 1 <17 <
Jj < m} are linearly independent as elements from {C, and so they form a basis
of G’. As we saw in the proof of Theorem 4.1, performing column operations
on Mp (interchanging two columns, and adding or subtracting one column to
another different column) corresponds to changing the basis C of (C') by means
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of Nielsen transformations. Therefore, by choosing a new basis C, we may
assume that the last m — r columns of Mp consist entirely of zeroes. In this
case all [a;, a;]’s belong to {c1,..., ¢ ), and hence G’ has infinite index in (C).
Moreover, since C' is a basis of {C), no power of ¢,, equals a linear combination
of the [a;, a;]’s, which implies that G is not regular. Notice that these last two
properties hold always, and not only a.a.s. This completes the proof of Item
2. O

5 General polycyclic models

In this section we introduce natural models of random polycyclic groups and
random finitely generated nilpotent groups, of any nilpotency step and possibly
with torsion. These are based on choosing random polycyclic or nilpotent pre-
sentations, respectively. We quickly see, however, that the model of random f.g.
nilpotent groups yields finite groups a.a.s. This is the reason why we particu-
larized it to the class of To-groups in the previous sections. On the other hand,
the model of random polycyclic groups yields groups with finite abelianization
a.a.s. This could be the starting point of future work on random such groups.

We follow [7] for the following definitions. A group G is called polycyclic if it
admits a finite subnormal series with cyclic factors. A presentation (x1, ..., 2, |
R ) is called a polycyclic presentation if there exists a sequence S = (s1,...,8n)
with s; € N U {00} and integers a; k,bi jk,¢ijx such that R consists in the
following relations:

xi' = R;; with R;; = x?j_i“ coexpin for 1 < i < n owith s; < o0, (21)
-1 _ . _ bt bijn . .

v, xjr; = Rj; with Rj; = o, --apon for 1 <i < j <, (22)

xixjxi_l =R, ; with R; ; = xff,fl”l ceeppidn for 1 < i< j < m. (23)

The relations from (21) are called power relations, and the ones from (22) and
(23) conjugacy relations. The presentation above is a nilpotent presentation if

_ bijj+1 bi;
Rji = wjoBy™ - aphon (24)

L e e ChddL GG,
Rz,] - $J$j+1 ‘,Enl s (25)

foralll <i<j<n.

Lemma 5.1. [7] Let G be a finitely generated group. Then the following hold:
1. G is polycyclic if and only if it admits a polycyclic presentation.
2. G is nilpotent if and only if it admits a nilpotent presentation.

3. If G is torsion-free and nilpotent, then G admits a nilpotent presentation
without power relations, i.e. s; = foralli=1,...,n.
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In views of this result, and in a similar fashion to what we did with m-groups,
one may model random polycyclic (or f.g. nilpotent, respectively) groups G by
fixing a set X = {x1,...,2,} and exponents S = (s1,...,8,), s; € N u {00},
and then randomly choosing the exponents a; 1, b; ;x and c; ;. of a polycyclic
(nilpotent) presentation (X | R). This is done in the same way as for 7o-
groups: the exponents are selected among all integers of magnitude at most ¢
(with uniform probability), and ¢ is thought of as tending to infinity (see the
introduction).

We assume n > 2 and n = 3 for the “polycyclic and nilpotent models” above,
respectively - otherwise the resulting groups are always abelian. X and S remain
fixed until the end of the section. The epimorphism that projects from a group
onto its abelianization will be denoted by ab.

Lemma 5.2. The model of random mnilpotent groups introduced above yields
finite groups asymptotically almost surely as { — 0.

Proof. Let G be a group given by randomly choosing the exponents of a nilpotent
presentation (X | R). The conjugacy relations (24), (25) of such presentation
state that [z;,x;] = xj_le,i and [z;,2; '] = xj_lRw- forall1 <i < j < n. Thus,
in the abelianization of G, ab(x;ZRj,i) = ab([zj,z;]) = 1 and ab(acj*ZRi,j) =
ab([%;, 2;]) = 1. Taking j =n — 1 and any i < j,

ab(a, "y R 1,4) = ab (zhin=rn) = 1.

It follows that ab(x;,) has finite order in G/G’ a.a.s. Using that G/G’ is abelian
and a simple induction argument on the identities

ab(xj_le-,i) =ab (:L’fijjﬂl ---xfj’f’") =1 (1 <i<j<n)

we obtain that ab(zy) has finite order for all k = 1,...,n, a.a.s. Since G/G’
is abelian and it is generated by the ab(xy)’s, the whole abelianization G/G’ is
finite a.a.s. In this case, by Corollary 9 from Chapter 1 in [10], G is finite. O

We remark that the above result holds even if all s;’s are fixed to be o, i.e.
even if the nilpotent presentations considered have no power relations.

A very similar approach serves to prove that the corresponding model for
polycyclic groups yields groups with finite abelianization a.a.s. This result may
be the starting point of future work on random polycyclic groups.

Lemma 5.3. The model of random polycyclic groups introduced above yields
groups with finite abelianization a.a.s.

Proof. Let G be a group given by randomly choosing the exponents of a poly-
cyclic presentation (X | R). The conjugacy relations (22), (23) of R in the
abelianization of G become ab(z;) = ab(R;;) and ab(z;) = ab(R;;), for all
1<i<j<n Takingti=n—1and j =n,

ab(Rpn—1) =ab (:L’f:“”’"’") =ab(ztmm) = ab(Ru—1.n) -
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It follows that ab(x,) has finite order a.a.s. Similarly as before, using induction
and the identities ab(R;;—1) = ab(R;—; ;) for i = 2,...,n, one sees that ab(zy)
has finite order in G/G’ for all k = 1,...,n, a.a.s., in which case G/G’ is finite
because it is abelian and it is generated by ab(z;),..., ab(xy,). O
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