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1 Introduction

Let p > 2 be a prime and denote by F,, the finite field of order p which we identify with
the set of integers {0, 1,...,p — 1}.

The linear complexity L(S) of an N-periodic sequence S = 09, 01,... over F,, is
the smallest nonnegative integer L for which there exist coefficients dy, dp, ...,d;, € F,
such that

ag; +d10’i,1 + - +dLUi7L =0 foralls > L.

The linear complexity is of fundamental importance as a complexity measure for
periodic sequences (see [14, 15, 16, 17, 8]). Motivated by security issues of stream
ciphers, in [19] Stamp and Martin proposed a different measure of the complexity of
periodic sequences, the k-error linear complexity, which is defined by

Li(S) = mTin L(T),

where the minimum is taken over all N-periodic sequences 7 = Ty, 7y, ... over IF,, for
which the Hamming distance of the vectors (09,01, ...,0n-1) and (79, 71,...,Tn—1)
is at most k. Evidently we have

N> Lo(8) = L(S) > Li(8) > Ly(S) > ... > Ln(S) = 0.

The concept of k-error linear complexity was built on the earlier concepts of sphere
complexity SCy(S) introduced in the monograph [7] and weight complexity introduced
in [4], see also [3, Chapter 2.3.4]. The sphere complexity SCj(S) of an N-periodic
sequence over IF,, can be defined by

SCy(S) = mTin L(T),
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where the minimum is taken over all N-periodic sequences 7 # S over F,, for which
the Hamming distance of the vectors (09,01, ...,0n_1) and (7o, 71,...,7n_1) IS at
most k. Obviously we have

Li(S) = min(SCi(S), L(S)).

The weight complexity WC(S) of S is the minimal linear complexity of all sequences
with Hamming distance to S exactly k.

Let d > 1 be a divisor of p — 1 and « a fixed primitive element of F,,. Then the
cyclotomic classes of order d give a partition of F; = IF,, \ {0} defined by

Dy={a" :0<n<(p-1)/d—1} and D;=0a'Dy, 1 <j<d—1.

For fixed cp,cy,...,cq—1 € F,, the cyclotomic sequence of order d is the p-periodic
sequence C = (p, (1, . .. defined by
0 .
G = ’ ph’ , i=0,1,.... (1.1)
¢j, (imodp)eD;, 0<j<d-—1,

As p-periodic sequence, C is defined by its first p terms. Hence it is sufficient to define
Gfor0<i<p-—1.
In the case that

Cj:j7 OSJSd_L

we have
¢i=indgi, 1<i<p-—1, (1.2)

where ind, i denotes the discrete logarithm modulo d of 7, i.e. the unique j with i = a9
for some jo = jmodd and 0 < j < d — 1. Some cryptographic properties of the
sequence C with (1.2) were analyzed in [5, 10, 12, 13, 21]. In particular, these results
support the assumption of the hardness of the discrete logarithm problem. This paper
provides further indications on how hard the discrete logarithm problem is. In the case
d = 2 the sequence (1.2) is called Legendre sequence, see [6, 20]. The k-error linear
complexity over I, of the Legendre sequence £ was determined for all & in [1],

P, k=0,
Li(L)=1< (p+1)/2, 1<k<(p-23)/2, (1.3)
A cyclotomic sequence of order 4 defined with
00203:1and(:1:cz:0 (1.4)

is investigated in [3, Chapter 8]. Hall’s sextic residue sequence H [11, 9] is the cyclo-
tomic sequence of order 6 with

00201:03:1and02:04:0520.
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The main objectives of this paper are to find systematically sequences with high k-
error linear complexity in view of their suitability for stream ciphers and to analyze
some famous sequences suggested in the literature. In particular, we extend (1.3) to
arbitrary cyclotomic sequences. Under a certain necessary restriction on the choice of
the ¢; we prove that

—1)p-1 —1
Lk(C):(d)%d(p)H, lgkng—l.

For the above mentioned special examples we also prove explicit results on the k-error
linear complexity for k > (p — 1)/d.

2 Preliminary results
First we recall [2, Theorem 8].

Lemma 2.1. Let f(X) € F,[X]| be a polynomial of degree at most p — 1 and S =
00,01, - . . the p-periodic sequence over I, defined by

o= f(i) for 0<i<p-—1.

Then we have
L(S) = deg(f) + 1.

Next we prove a result on the stability of the linear complexity.

Lemma 2.2. Let S be a p-periodic sequence over F, and 0 < ko < (p — 1)/2. Then
we have

Lk(S) = Lk0<5) for k() S k S p— Lko(S) - ko.

Proof. By the definition of the k-error linear complexity and by Lemma 2.1 for 0 <
m < p— 1 there exists a polynomial f,,(X) € F,[X] of degree L,,(S)— 1 and a subset
Sm C F), of cardinality at least p — m such that o; = f,,,(¢) for all i € S,,,. Hence, for
any k > ko we have

(@) — fr,(i) =0 foralli € S, NSk,
and
deg(fr — fry) < Liy(S) — 1.

Since [Sk N Sk,| > p — k — ko we have either fi(X) = fi,(X)orp —k — ko <
deg(fr — fr,) < Lk (S) — 1, or equivalently, either Li(S) = Ly, (S) or k > p —
LkO(S)—k‘o—f—l. 0

Now we describe the standard method for finding the unique polynomial f(X) €
F,[X] of degree at most p — 1 satisfying f(i) = (; for all i € F,,.
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Let o, d be as defined above, and put p = a(P~1/¢_ First we construct the unique
polynomial g(X) = ap+a; X+ - -+a4—1 X! of degree at most d— 1 with g(p’) = ¢;.
We consider the Vandermonde matrix

V= (p”)i;:lo

The inverse of V' is given by

V—l — (d—lpi(d—j))dfl

,j=0°
Consequently the solution
(a07a1) AR | ad*l) - (CO7 017 A 7cd71)V_1
of the linear equation system (X, X1,...,Xq_1)V = (co,c1,- .-, cq—1) is explicitely

given by
d—1

aj=d 'Y ep, 0<j<d-1.
i=0
Evidently the polynomial
FX) = g(XPV/4) = gy + a; X7 + -+ ag_ XD 2.1

satisfies f(i) = ¢; = ¢; if i?~1/% = pJ ie. (imod p) € D;, fori = 1,2,...,p — 1.
Moreover, the polynomial

f(X) :aoXp_l—Q—a]XpTil +"'+ad71X<d_1)pT7] 2.2

of degree at most p — 1 satisfies f(i) = (; foralli =0,1,...,p — 1.

3 General results on the k-error linear complexity

The following theorem indicates how to determine the exact value for the k-error linear
complexity of a sequence defined by (1.1) for a certain range of .

Theorem 3.1. Let p > 2 be a prime, d a divisor of p — 1, cg,c1,...,ca—1 € Fp, a a
primitive element of F,, and C the p-periodic sequence over T, defined by (1.1). Put
p= a(pfl)/d and

b zgcipij, 0<j<d-1.
i=0
Let t be the smallest index such that by # 0 then
L(C)=p—-tlp—1)/d for 0<k<tlp-1)/d.
Additionally, if by # 0 and 1 is the smallest index with T > 1 and b, # 0, then
L(C)=p and Lp(C)=p-7(p—-1)/d for 1<k<t(p—-1)/d—1.
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Proof. Note that by = dag and b; = daq—; for1 < j <d—1.

If ¢ is the smallest index such that b; # O then the corresponding polynomial (2.2)
has degree (d —t)(p — 1)/d. With Lemmas 2.1 and 2.2 we get the first assertion of the
theorem.

If by # 0 and 7 is the smallest index with 7 > 1 and b, # 0, then the polynomial
(2.2) has degree p — 1, and the polynomial (2.1) has degree (d — 7)(p — 1)/d. Conse-
quently with Lemma 2.1 we have L(C) = p, and since f(i) = ¢;, 1 <i <p— 1, we
have L;(C) = p—7(p—1)/d since each polynomial that coincides with f(X) in at least
p — 2 positions is either equal to f(X) or has degree at least p — 2. With Lemma 2.2
we obtain L (C) = Ly (C) for 1 <k <7(p—1)/d — 1. O

Theorem 3.2. For a p-periodic sequence C over IF,, defined by (1.1) and an integer
0 <t <dwe have

LC)<(d—t—1)(p—1)/d+1 for k>t(p—1)/d+1.

Proof. We choose d — t different cyclotomic cosets Dj,,...,D;, , and calculate the
polynomial h(X) = ag+a1 X +- - +ag_s—1 X4 ! of degree at most d —t — 1 which
satisfies h(p/i) = ¢;,,4 = 1,...,d—t. Then the polynomial g(X) = ag+a; X P~ /44
cbag_ g Xt De=1/d satisfies g(j) = ¢ for atleast (d—t)(p—1)/d = p— (t(p—
1)/d + 1) different j with 0 < j < p — 1. With Lemma 2.1 we get the assertion. O

4 k-error linear complexity for some selected generators

4.1 Discrete logarithm sequences

Applying Theorems 3.1 and 3.2 and using ideas from [18, Chapter 8] we obtain the
following results.

Theorem 4.1. For d > 1 the sequence C = (y,(1, ... defined by (1.2) with o = 0
satisfies

p : k=0
Li(C)=3 (d—Dp-1)/d+1 : 1<k<(p—1)/d—1
0 : k>d-1)(p—1)/d

Ford>3and (p—1)/d <k <(d—1)(p—1)/(2d) we have

@001 5y o< @k D/ 1)) (- 1)

1.
d d +

Proof. With
d—1 d—1



288 Hassan Aly, Wilfried Meidl, and Arne Winterhof

and
(0=1Pb = (=173 e = (=173 i’

= p—dp’+(d-1)p™" =d(p—1) #0,

Theorem 3.1, and the fact that the cyclotomic sequence produces (d — 1)(p — 1)/d
nonzero terms per period we obtain the first part of the theorem. The upper bound of
the second part follows from Theorem 3.2.

Finally, we prove the lower bound of the second part. Let f(X) € F,[X] be a
polynomial with f(i) = ¢; = indg i for at least (d — 1)(p — 1)/d — k elements 1 <4 <
p—1withi & Cy_;. For atleast (d — 1)(p — 1)/d — 2k of these elements we also have

f(ai) =indg (i) = 1+indgi =1+ f(4).

Hence, the polynomial F(X) = f(aX) — f(X) — 1 of degree at most deg(f) has at
least (d — 1)(p — 1)/d — 2k zeros. Since F(0) = —1 # 0 we get deg(f) > deg(F) >
(d —1)(p — 1)/d — 2k and the result follows by Lemma 2.1. O

Theorem 4.1 gives only a nontrivial lower bound if £ < (d — 1)(p — 1)/2d. Next we
prove a lower bound which is nontrivial for all k < (d — 1)(p — 1) /d.

Theorem 4.2. We have
(p—1-k)((d—1)(p—1) —dk)
2(d-1)(p—1)

Proof. Let S C T, be any set of cardinality [S| > p — 1 — k and f(X) € F,[X] any
polynomial with

Li(C) > +1.

fi)=¢, i€sS.
Let us consider the set
D={a=i"5:indga #0, i,j € S}.
We have |D| < (d — 1)(p — 1)/d and there exists an a € D such that there are at least

SIASI = =1)/d) _ dlp—1-k)(p—1—-Fk—(p—1)/d)
|D| - (d—1)p

representations a = i~'j, i, j € S. Select this a and let
R={i € F} : £(i) = G and f(ai) = Cur).

We see that |[R| > (p— 1 —k)((d—1)(p—1) —dk)/(d — 1)p.
Moreover, we have either indg (ai) = indg a + indg 4 or indg (ai) = —d + indg a +
ind, 7. Hence, at least one of the polynomials

hi(X) = f(aX) — f(X) —indg a and hy(X) = f(aX) — f(X) +d —indg a
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has at least |R|/2 zeros. Since h1(0) = p —indg a # 0 and h,(0) = d —indg a # 0 we
get
deg f > max{degh;,deghy} > |R|/2

and the result follows by Lemma 2.1. a

For concrete values of d we can improve the lower bounds of Theorems 4.1 and 4.2.
We present the result for d = 3.

Theorem 4.3. Forp > 7 and d = 3 the sequence C of Theorem 4.1 satisfies

p : k=0
Li(C) = 2p—1)/34+1 : 1<k<(p—-1)/3-1
BT DB+ s (p-1D)B3+1<k<(p-1)/2
0 : k>2(p—-1)/3,
and additionally

4p—1)/9+1< L 1s(C) <20 —1)/3+ 1.

Proof. Fork < (p—1)/3 — 1 and k > 2(p — 1)/3 the result immediately follows from
Theorem 4.1.
Next we assume k > (p — 1)/3 + 1 and annotate that the polynomials

Go(X) = 1<p_2+1X<p—1>/3>7
p—1 p
2
— _ (p—1)/3
1
- — (= (p—1)/3
2(X) = =g (x0T,
satisfy
G =gi(j) forjeF,\ D,
but

G #gi(j) forje D;u{0},

i = 0,1,2. (Note that if p = 7 we may have p = 2 and thus go(0) = 0.) From
Lemma 2.1 we get L (C) < degg;+1 = (p—1)/3+1. We remark that the polynomials
gi(X) can easily be obtained with the method described in Section 2 for finding the
unique polynomial f(X) € F,[X] of smallest degree satisfying f(j) = ¢; for all
j e

Tn order to prove the theorem it remains to show that L(,,_1y,3(C) > 4(p—1)/9+1,
and that Ly (C) > (p—1)/3+ 1fork < (p—1)/2.

Let 7 = 79, 71,..., be any p-periodic sequence obtained from C by at most k
changes per period. Let ¢(X) € F,[X] be the polynomial with ¢(j) = 7,0 < j < p—1.
We obtain that ¢(j) = g;(j) for atleast 2(p—1—k)/3 elements j of IF,, for an appropriate
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choice of 7, i.e., the polynomial 1 (X) = ¢(X) — g;(X) has at least 2(p— 1 — k) /3 zeros.
If we put k = (p — 1)/3, then by the above considerations we have ¢(X) # g;(X) and
thus A(X) is not the zero polynomial. Consequently we must have deg(h) = deg(t) >
2(p—1—-k)/3=4(p—1)/9 and thus L(,_),3(C) > 4(p—1)/9+ 1. Trivially we have
the upper bound L,_1)/3(C) < L,_1)/3-1(C) =2(p —1)/3 + 1.

For k < (p — 1)/2 we have either /(X ) = 0 and thus deg(¢) = deg(g;) = (p—1)/3 or
deg(h) = deg(t) > 2(p—1—k)/3 > (p—1)/3 and we have L (C) > (p—1)/3+1. O

4.2 Cyclotomic sequences of order 4

Theorem 4.4. The cyclotomic sequences C of order 4 defined by (1.1), and (1.2) for
p # 5,17 or (1.4), respectively, satisfy

p : k=0
Lh(C) = 3p—1)/4+1 : 1<k<(p—-1)/4-1
) D241 s DA I<k<(-1)/3
0 : k>(p-1)2.
Additionally we have

Op—1)/16+1<Lg_1)4(C) <3(p—1)/4+1,
and
(p—1)/A4+1<Ly(C)<(p-1)/2+1for(p—1)/3<k<(p—1)/2.

Proof. Since
d—1

d—1
ch:Z;éO and chpjzl—p

j=0 7=0

for the sequence (1.2) with d = 4, and

d—1 d—1
> e;=6#£0 and Y cjp) = -2(p+1)
§=0 j=0

for the sequence (1.4), the cyclotomic sequence of order 4 satisfies L(C) = p and
Lp(C)=3(p—1)/4+1for1 <k < (p—1)/4 —1by Theorem 3.1.
For 0 <i < 3letg;(X) € F,[X] be the unique polynomial of degree at most (p — 1) /2
satisfying

gi(j) = ¢, JEF,\ Dy,

where (; is defined with (1.2) for d = 4 and (1.4), respectively. For the sequence (1.2)
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we have
1
- _1_ (p—1)/4 _ y(p—1)/2
90(X) 2 (4p 1 —2X X ) ,
1
a(X) = 3 (4 —p—2xPD/4 4 (p— 2)X(P“)/2> ,
1
n(X) = 3 (zp +1—2xP=-DMA_ (2, 1)X<P*1>/2) ,
! (p—1)/4 (p—1)/2
B(X) = §(p+2—2X X )

and for the sequence (1.4),

g0(X) = 7 (o4 14 2pX075 4 (p - 1)x 0/,
1

0(X) = 7 (p+3+2X0 V(4 xI2)
1

n(X) = Z(3‘, p+2pXP=1/4 4 + (1 - [,))((1771)/2)7
1 p=1)/4 (p-1)/2

B(X) = Z(l—p—O—ZX +(p+1)X )

It is easy to check that g;(X) satisfies g;(0) # 0 and deg(g;) = (p — 1)/2 (since
p # 5,17 for the first sequence). Consequently we can apply the same technique as in
the proof of Theorem 4.3 to prove the result for (p — 1)/4+1 < k < (p—1)/3 and
k=(p-1)/4.
Moreover the existence of the (unique) polynomials by(X), b1 (X) of degree (p —
1)/4 that satisfy
bo(]) =(jifj € DoU D,

and
bi(j) = ¢;if j € Dy U D3,

enables us to use this technique for a further step. We have

bo(X) = 1—XP-D/A
h(X) = 2—p 'xEA
or
1 (p—1)/4
bo(X) = E(1+X )
1
h(X) = §(1+px<p—1>/4>7

respectively. Suppose that 7 = 79, 71, . . . is a p-periodic sequence obtained from C by
at most k& changes per period and let ¢(X) be the polynomial with ¢(j) = 7,0 < j <
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— 1. Then for at least one 7 € {0, 1} we have ¢(j) = b;(j) for at least (p — 1 — k)/
elements j € F,,. Then the polynomial 2(X) = b;(X) —t(X) has atleast (p—1—k)/
zeros. Hence, h(X) = 0 and thus deg(t) = deg(b;) = (p — 1)/4 or deg(h) = deg(t)
(p—1—k)/2 > (p—1)/4. As a consequence we have Ly(C) > (p—1)/4+ 11
kE<(p-1)/2.

[\SJN )

[ =AY

4.3 Hall’s sextic residue sequence
For Hall’s sextic residue sequence we can show the following result.

Theorem 4.5. For the k-error linear complexity over F,,, p > 7, of Hall’s sextic residue
sequence H we have

Ly(H) = k=0,

Liy(H)=5 ( —1)/6+1 D 1<k<(p—-1)/6—-1,
25( —1)/36 < Ly(H) <5(p—1)/6+1 : k= (p—1)/6,
Li(H)=2(p—-1)/3+1 D p-1D/6<k<(p-1)/5,
2(p—1)/3-2k/3 < Lp(H) <2(p—1)/3+1 (p—1)/5<k<(p-1)/4,
(p—1)/3<Lr(H)<2(p-1)/3+1 s (p—1)/4<k<(p—1)/3,
(p—1)/6<Lry(H)<(p+1)/2 : k=(p-—1)/3,
(p—1)/6<Lp(H)<(p-1)/3+1 =13 <k<(p-1)/2,
Li(H)=0 C k> (p—1)/2.

Proof. Since

d—1 d—1
> e;=3#0 and Y c;jpf =14p+p =p#0,
J=0 J=0
we obtain L(H) = pand Ly(H) = 5(pp—1)/6+1for1 <k < (p—1)/6—1 by
Theorem 3.1. Theorem 3.2 yields Ly (H) <2(p—1)/3+ 1fork > (p—1)/6+ 1 and
thus also for & > (p — 1)/4. Since H has exactly (p — 1)/2 nonzero terms per period
we have Ly (H) = 0if and only if £ > (p — 1)/2.
The polynomial

2 2
_ 7ﬁ (p—1)/6 (p—1)/3 _ 7ﬁ (p—1)/2
91,2( ) 1 1

satisfies
912(4) = ¢, JEF,\ (D1U D),
and the polynomial

g14(X) = (,0+X(” 1)/3)

+1

satisfies
914(5) = ¢y 7 €F,\ (D1 U Da).
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Consequently Ly(H) < (p—1)/2+1ifk > (p—1)/3and Ly(H) < (p—1)/3 + 1if
k>(p—1)/3+1.
From the table given below we see that the polynomials g;(X),7 =0, ..., 5, of degree
at most 2(p — 1)/3 with
9i(j) = ¢, JEF,\ Dy,

satisfy ¢;(0) # 0 and deg(g;) = 2(p — 1)/3. (Here we need p > 7.) Consequently we
again can apply the technique of the proof of Theorem 4.3 and obtain L,_;/6(H) >
25(p — 1)/36 + 1, and Lx(H) > 2(p — 1)/3 + 1 for & < (p — 1)/5 which yields
Lu(H) =2(p—1)/3+1for (p—1)/6+1 < k < (p—1)/5.
The following remains to be shown: (I) Li(H) > 2(p — 1)/3 + 1 — 2k/3 for (p —
1)/5<k< (p—1)/4 () Ly(H) > (p—1)/3+ 1 for k < (p— 1)/3, and (IIT)
Liy(H) > (p—1)/6+1fork < (p—1)/2. We will prove (I), (II) and (II) by extending
the technique of the proof of Theorem 4.3.
(I) We consider the 6 different polynomials

gil,iz(X) € FP[X]’ (i],iz) € {(07 1)7 (1’ 2), (27 3)7 (374>’ (4’ 5)7 (075)}’
of degree at most (p — 1) /2, which satisfy

gil«,iz(j)zgj’ jeFZ\(Di1UDiz)7
and observe that all of these polynomials are of degree (p— 1) /2. W.Lo.g. suppose that
Gi,.i, (X)) also satisfies g;(j) = (5 for an element j € D;,. Then among the considered
polynomials we can choose a polynomial g such that g(j) = ¢; for j # 0 and for
all j ¢ D;, U D,,, i3 # i1,1,. Then the polynomial h(X) = g;, ;,(X) — g(X) has
at least (p — 1)/2 + 1 solutions which is not possible. Consequently g;, ;,(j) # ¢; if
Jj € D;, UD,,,ie. wehave g;(j) # ¢; for at least (p — 1)/3 elements of F,,.

Let 7 = 79,71, ... be a sequence obtained from H by at most k < (p—1)/4 changes,
and let ¢(X') be the polynomial with ¢(j) = 7;. Then t(X) # g;, 4, (X) for all consid-
ered pairs (i1,4,), and for at least one pair (i;,4,) we have t(j) = g, i, (j) for at least
2(p — 1 —k)/3 elements j of F,,. Consequently h(X) = ¢(X) — g;, 4,(X) has at least
2(p—1—k)/3 zeros, and hence deg(h) > 2(p—1—k)/3. Note that since 2(p—1—k)/3 >
(p—1)/2aslongas k < (p—1)/4 we have deg(h) = deg(t) > 2(p — 1 — k)/3 which
completes the proof of (I).

(IT) Let by(X) and b;(X) be the (unique) polynomials of degree (p — 1)/3 for which
we have by(j) = ¢;if j € Do U D, U Dy and by(j) = ¢ if j € Dy U D3 U Ds,
and let again ¢(X) be a polynomial with ¢(j) = ¢; for at least p — k terms. Then for
at least one ¢ € {0, 1} we have b;(j) = t(j) for at least (p — 1 — k)/2 elements of
F,. Suppose that the degree of ¢(X) is smaller than (p — 1)/3. Then the polynomial
h(X) = b;(X) — t(X) of degree (p — 1)/3 has at least (p — 1 — k)/2 zeros which is a
contradiction as long as k < (p — 1)/3. This completes the proof of (II).

(WD) Let do(X), d1(X), d2(X) be the (unique) polynomials of degree exactly (p —1)/6
and do(]) =(j if j € DoUD», d; (]) = if j € D1UD, and dz(]) = if j € D3UD:s.
For at least one ¢ € {0, 1,2}, a polynomial ¢(X') with ¢(j) = ¢; for at least p — k terms
satisfies t(j) = d;(j) for at least (p — 1 — k) /3 elements of F,. Suppose that the degree
of ¢(X) is smaller than (p — 1)/6. Then the polynomial A(X) = d;(X) — t(X) of
degree (p — 1)/6 has at least (p — 1 — k)/3 zeros which is a contradiction as long as
k< (p—1)/2. 0



294 Hassan Aly, Wilfried Meidl, and Arne Winterhof

Appendix to the proof of Theorem 4.5:

W(X) = ¢ (3= p) = (1425 x0-0/0 2201

—(14p)x@®=D/2 4 X2(p—1)/3) ,

1
- - (r—1)/3 2(p—1)/3
g1(X) 3(1+X +X )
n(X) = 6%((B;p—1)+(1+p)X<1"1>/6+2X<1’—1>/3

—(14p)XP=D2 4 p(p+ Z)XZ(pfl)/3> ,

G(X) = é (B4 9) = (1 + 22X/ 42X W1/ _ (1 4 )X -1
+(1+2) X200/3)
1
(X)) = g(2 AXED/3 4 px2e- 1>/3)
1
$(X) = o (Bp+1) + (1 +p) X=/6 4 2px =1/
(14 p)XP=D/2 4 2 X2 1>/3)
1 Lo L Ly _  xo-np
g01(X) = —(1+-X7 + =XV — pX'® ,
p+1 p p
L ((p=1D(p+2) (p—1)/6 -
X) — + (2= p)xP-/6 _ x-1)/3
ma(x) = o (L= o)
(p—1(1 2P)X(p1)/2>
1
p4(X) = 3 (3—1—(p—2)X(1’_1>/6+(3—3p)X<P‘1)/3
+(2p 1)X<P—1>/2)
is(X) = 1< 7 +X<;nl>/61X<zol>/3x<znl>/2>
’ p+1\p—1 p— 1 :
1
go,5(X) 5 (1 X ) ,

Acknowledgments. The authors wish to thank Tanja Lange for her very helpful com-
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