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Abstract

In this paper we show theoretical convergence of a second—order Adams—Bashforth discontinuous Galerkin
method for approximating smooth solutions to scalar nonlinear conservation laws with E-fluxes. A priori error
estimates are also derived for a first—order forward Euler discontinuous Galerkin method. Rates are optimal in
time and suboptimal in space; they are valid under a CFL condition.

1 Introduction

We consider approximating smooth solutions to the following nonlinear partial differential equation posed with
initial conditions:

ou 0 .
5 + P (u) =s(u), inRx (0,7T], (1)
u=1up, in €R x {0}, (2)

where u : R x [0,7] — R and f,s : R — R. The function s is assumed to be Lipschitz. As typical for the
numerical analysis of such problems [24] 23], we do not consider boundary conditions, and instead assume the
solution has compact support in some interval [0, L].

The focus of this work is the analysis of the second order Adams—Bashforth method in time combined with the
discontinuous Galerkin method in space. The main motivation for studying this discretization is its popularity
in the hemodynamic modeling community for approximating a nonlinear hyperbolic system describing blood
flow in an elastic vessel [4]. For a selection of work simulating this model with a discontinuous Galerkin spatial
discretization coupled to the second order Adams-Bashforth scheme, see [19] 20} [T}, 2] 22} [T4], 16 Bl [5, [18]. To the
best of our knowledge, there is little analysis for this fully discrete scheme. The results presented in this paper for
scalar hyperbolic equations provide a first step towards theoretically understanding the numerical approximation
of the hyperbolic system modeling blood flow. In addition, we provide an error analysis for the first order forward
Euler in time combined with discontinuous Galerkin in space.

Discontinuous Galerkin schemes for hyperbolic conservations laws have been extensively studied, especially
when coupled with Runge—Kutta methods for the time discretization. This class of schemes was introduced in the
series of papers by Cockburn, Shu, and co-authors [9, 8 [, [6], [T0]. We recall the work from Zhang, Shu, and others
analyzing Runge-Kutta discontinuous Galerkin methods applied to scalar conservation laws and symmetrizable
systems [24 [25] 26| [15]. These papers establish error estimates for smooth solutions for both second and third
order Runge-Kutta schemes. Their analysis requires the CFL condition At = O(h*/3) for the second order
Runge—Kutta scheme and piecewise polynomials of degree two and higher. The CFL condition At = O(h) may
be used for the third order Runge-Kutta scheme for piecewise polynomials of degree one and higher and for the
second order Runge-Kutta scheme with piecewise linear polynomials.

Recent stability and convergence results have been obtained for IMEX (implicit—explicit) multistep schemes
applied to a nonlinear convection diffusion equation, i.e. [I)—(2) augmented with a nonzero diffusion term [21].
These schemes implicitly discretize the diffusion term and explicitly discretize the hyperbolic term. It is not
immediately clear how to adapt the analysis to the case of zero diffusion since the estimates depend on the
reciprocal of the diffusion parameter.

A summary of the paper is as follows. In Section 2] we introduce the numerical schemes, properties of the
numerical flux, and inequalities related to projections. The main results are also stated. SectionBland Ml contain
the proofs of the convergence results. In Section [ we provide some numerical results for inviscid Burger’s
equation and a nonlinear hyperbolic system modeling blood flow in an elastic vessel. Conclusions follow.
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2 Scheme and main results

We define notation relevant for the spatial discretization of ([I)-(2) by the discontinuous Galerkin method. To
do this, we make a similar technical modification to the flux function as in [24]. If the initial condition ug takes
values within some open set 2, then locally in time the solution to ([I)-(2]) also takes values in © [11]. We assume
the flux function f € C3(R) vanishes outside of §2 so derivatives up to third order are uniformly bounded, i.e.
there exists some constant C' depending only on f and its derivatives satisfying:

IfPw)<C, WweR, y=1,2,3. (3)

Let the collection of intervals (Ij)jyzo be a uniform partition of the interval [0, L], with I; = [z;, z;41] of size
h. Let P*(I ;) denote the space of polynomials of degree k on the interval I;. The approximation space is

Vi = {¢n:[0,L] - Rs.t. ¢u|, € P*(I;), Vj=0,...,N} (4)

The space L?(0, L) is the standard L? space; let (-,-) denote the L? inner-product over €2, with associated norm
| - ||. Let IIj, be the L? projection into Vy:

(hv, én) = (v, bn), Yo € Vi, Vo€ L*(0,L). (5)
Define the notation for traces of a function ¢ : [0, L] — R to the boundaries of the intervals:
07l = lm o(zjEe), 1<j<N, (6)
+ _ .
0T leo =l (o +2), (7)
¢_|IN+1 = E_)%?rgl>0 ¢($N+1 - 8)' (8)

The standard notation for jumps and averages at the interior nodes is given as follows:
[¢]|1J:¢_|1]_¢+|1J7 1§3§N7 (9)
1, .
{OHe; = 5(671e, +67]y), 1<j<N. (10)

Let f denote the numerical flux, that is assumed to be Lipschitz continuous and consistent.
Assumption 1. There is a constant C, > 0 such that for any p, q, u, v € R:
|f(p,q) = f(u,v)] < CL(lp—u|l+ g —vl), (11)

and

flu,0) = f(v), YveR. (12)

We also assume that f belongs to the class of E-fluxes [13].

Assumption 2. The numerical fluz f is an E-fluz, which means it satisfies, for all w between v~ and v,

(o) = f@) lle, 20, 1<j< N, (13)

_ An example of a numerical flux that satisfies Assumption [land AssumptionRlis the local Lax-Friedrichs flux,
frr, defined by:

fur( o)y = (@), + 370700 elleyy V<GS N, (1)
with

Jw™ M), = max |f (w)], Vj=1,...,N. (15)

min(v= |0t o, ) Sw<max(v= o ot )

Finally, we define a discrete function « at each interior node. The fact that « is nonnegative and uniformly
bounded is a key ingredient in the error analysis.

a(v)]y, = { [ff]*i (F v = 71 Loy, i [olls; #0. "
2 ’f ({v}z;)] if [v]|, = 0.




Lemma 1. There exist constants C,, Cy and Cy such that

0<a()|s; <Car VY ,vt)eR?’ VI<j<N, (17)
1
. f'({v}a,)| < ao)]a, + CO‘[UH%. . Y ,vT)eR? V1< <N, (18)
S (0} lollay < @, + Cilolley, VT, 0h) €R?, VIS N. (19)

The constants Cy and Cy depend on the derivatives of f.

The proof of Lemma [I] follows the one in [24]; the definition for « slightly differs from the one given in [24]
so that it is suitable for the error analysis of the Adams—Bashforth scheme.
An additional assumption is made for the numerical flux.

Assumption 3. There is a constant C' > 0 such that for any v, € Vi, and v € C(0,L):

la(vn)]s; — )], | < Cllon = vllw, V1< j < N, (20)

Remark 1. Assumption [d is used in the error analysis for the Adams—Bashforth scheme. It is easy to check
that the local Laz-Friedrichs flux defined by ([I4) satisfies ([20).

We now introduce the discontinuous Galerkin discretization on each interval.

d A .
%j(vv¢h) = ~/I f(’l})% + / S(’U)(bh - f(U_=U+)|Ij+1¢;|$j+1 + f(v_7v+)|1j¢;|lﬂj V1< j <N - 17 (21)

I;
d .
Ho(w.on) = [ FOG2+ [ s)n = F0™ ) lasdi | (22)
Havtoon) = [ 105+ [ )+ F 07 e o (23)

For some number M > 0, define At = T/M. The second order in time Adams-Bashforth scheme is: given
u% €V and u,lI eV, forn=1,....M — 1, seek uZH € Vy, satisfying

J

J

3 1 _ .
upttey, = / up dn + AtEHj(UZa bn) — Atgﬂj(uz Lon), VeéneVh, VY0<j<N. (24)
1;

Since ([24) is a multi-step method, two starting values are needed. We choose u = Il ug for the initial value,
and we choose uj = @, where @} satisfies the first-order in time forward Euler scheme defined below.
With the choice 112 = Ijug, for n =0,..., M — 1, seek &ZH € Vy, satisfying

/ iyt on :/ Uy dn + At Hj(ay, ¢n), Vo € Vy, V0O<j<N. (25)
I .

J I;

The initial value u}, is computed using (Z5)) with a time step that is small enough so that the following assumption

holds:
|up — Tput|| < AFHY/2, (26)

Theorem 2] below shows that (26]) is a reasonable assumption if the time step used for the forward Euler method
is small enough.
The main result of this paper is the convergence result for the Adams-Bashforth scheme (24)).

Theorem 1. Assume the ezact solution u belongs to C2([0,T]; H*(Q)). Let u} satisfy @8). Under Assump-
tions [, B, [@ and the CFL condition At = O(h?), there is a constant C independent of h and At such that, for
h sufficiently small, and for k > 2:

maxlu” —uf]| < C(At? 4 nF /2y, (27)

The proof of Theorem [l is given in Section[Bl An easy modification of the proof yields the following conver-
gence result for the forward Euler scheme (28]). Its proof is outlined in Section [l

Theorem 2. Assume the exact solution u belongs to C*([0,T); H*(Q)). Let (a), satisfy @5). Under As-
sumptions[, [@ and the CFL condition At = O(h?), for h sufficiently small, and for k > 1, there is a constant C
independent of h and At such that:

max |u" — @) || < C(At+ pFH/2y, (28)

EEREE)



Remark 2. We remark that von Neumann stability analysis conducted in [12] suggests a less restrictive CFL
condition At = O(h*/3) for the second order Adams-Bashforth scheme. Our theoretical estimates require At =
O(h?); at the moment we are unable to relax this condition.

We finish this section by recalling inverse inequalities, trace inequalities and approximations results. Let ||v]| oo =
maxgepo,z) [v(x)| denote the sup-norm. There exists a constant C' independent of h such that

H(bhHoo S Ch_l/zH(bhHa V¢h (S Vh, (29)
|¢Z7i|1§j| < Ch71/2|‘¢h”L2(Ij)’ V1< ] < N, V¢h c Vh, (30)
N 1/2
d 5 .
Szl | < ORIl Vo € Vi -
j=0

For simplicity we denote u™ the function u evaluated at the time ¢ = nAt. The approximation error is denoted

and it satisfies the optimal a priori bounds

In"| < CRM,
™o, | < CRFFV2 ¥1<j <N,
17" |oe < CRFFI/2,
Hnn-ﬁ-l _ nnH < CAthk—H.

The constant C' is independent of h, At but depends on the exact solution u and its derivatives.

3 Proof of Theorem [1

For the error analysis, we denote
X" =uy — pu™.

The proof of Theorem [I]is based on an induction hypothesis:
X < h*2, YO << M. (36)

Since x° = 0, the hypothesis (B8] is trivially satisfied for £ = 0. With the assumption (Z8]), it is also true for
¢=1. Fix € {2,..., M} and assume that

X"l < h*2 vo<n<e—1. (37)

We will show that ([B7) is valid for n = ¢. We begin by deriving an error inequality. We fix an interval I; for
0 <7 < N. It is easy to see that the scheme is consistent in space and the exact solution satisfies

3 1 B 3. S
5 [ uron =5 [ wion = s on) - SHin o), VIS M-, (38)
I; I;

In the above, the notation u} is used for the time derivative of u evaluated at ¢™. Subtracting (38) from (24])
and rearranging terms, one obtains:

3 1
/ (uZH —up — At§u? + At§u?1) on
I’.

J

Summing over the elements j = 0,..., N and adding and subtracting the L? projection of u at t™ and t"* yields
the equality:

L L 3 1 L
[roert o= [ (- ue o atgur - arguront [T0r = o+ von. 69
0 0 0



with the following definition for n > 1

N
Z( ( 7¢h) ( " 17¢h))
j=0

<
N =

N
b (én) = At; J:ZO (Hj(up, on) — Hi(u", én)) —

The second term on the right hand side of ([BYJ) vanishes due to the property () of the local L? projection.
To handle the first term, we obtain from the following Taylor expansions for some ¢ € [t"~!,¢"] and some
¢ et

1
’U,n+1 —u" = At’U/? + §At2utt + = At Uttt'(,
1
u;kl — ’U,? = —At’u;lt + §At uttt'f-
Thus we have

3 1 1
u” — "t Atiu? — Atgu? L= _A (= umk + um| ).

4
Hence ([B9) becomes:

L L
/ (= ") dn < CAP / (6n] + ™ (6n)- (40)
0 0

Cauchy Schwarz’s inequality and Young’s inequalities imply:

L
/ (L = X") én < CAL + Atl|gn|? + 0" (6n). (41)
0

We choose ¢p = x™ in inequality [{@I]) to obtain:

L
|0t =) < oA 4 A + 50
0
So, the following error inequality holds for n > 1:

1 1

I - 3 HX I? < CAL + At + Sl = x"I17 + 0" (x"): (42)
It remains to handle the last two terms in ([2). The proofs of the following two lemma are given in the next
section.

Lemma 2. Assume that At = O(h?). The following holds for n > 1:
" = X"P < A+ CAt(IX"IP + X" THI%) + CAtR*H, (43)
Lemma 3. Let n > 2 and assume || x"|| < h*/2, |[x* Y| < k%2, and At = O(h?). The following holds:

" (x") SCM(IIX"II2 + HX’HIIQ) +CA° + CAL(1+ 26’1)h2’““

— (= —25 Atz a(up)|z, X"z, — (5 —28 Atz ey X" ay, Ve > 0. (44)

For n =1 one has the following:

br(x) <CAt|x |? + CAt (1 4 2~ 1)p2FH1
1 N
+ 3l - (5 - 26)At Y~ a(up)la, [X'Ple,, Ve > 0. (45)

j=1

Substituting the bounds from ([@3), [@), @A) (with ¢ = 1/4), and using the fact that a(u}) and a(u} ') are
nonnegative, the error inequality ([@2) simplifies to:

P = XTI < CAE + CAt (17 + I 1P + X" 17) + CALR*+ 0> 2, (46)



and
X" THP = IxX"1? < CAE® + CAL||X"|]> + CALA* ! + ClIx™|?, n=1. (47)

Summing @) from n =2,...,¢ — 1 and adding to ([@T) one obtains:

{—1
IX[I* < CAE + CR* !+ CIX 1P + CAL Y x>
n=0

Gronwall’s inequality and assumption (20) immediately gives
X2 < CoTe” (At4 + h2k+1) 7
where Cy is independent of £, h and At. Employing the CFL condition At = O(h?), one has:
Il < (CaTeT)? (h4 + hk+1/2) .
The induction proof is complete if h is small enough so that
CoTeTh < 1,
implying that for k > 2:
I < (ComeT) 2 (3 4 WE112) < 2
Since |[n"|| < Ch¥*1 and |[u™ — uf|| < ||n™|| + ||x"|| we can conclude:

lu" — ul|| < C (At2 + hk+1/2) .

3.1 Proof of Lemma

Choose ¢, = X! — x™ in @) and use Cauchy-Schwarz’s and Young’s inequalities to obtain:
X" = X"P < CAES + 20" (T = X", (48)
We will now obtain a bound for b(¢y,) for any ¢y, € Vj,. By definition, we write

b" (¢n) = 01 + 02 + 05,

where
N
91=2At2/1_(f(u2)— %—lmz/ — pury)

——AtZ ({ui}) = >>|mj[¢h1|zj+%AtZ(f({uz*n—f(u"*)ﬂmwhnmj, (49)

N

— n n n—1

n=ny [ (Bt st = st = s ) (50)
:——Atz ) = TR [onlls, + Atz ay I ) = F T D)l [l (51)

Using Taylor expansions, we write for some ¢}, ¢&, ¢~ and ¢J~ %
flup) = f () (g —u™) = f1(" =),
fRund) =1 G){upt —{u"}) = f(E X" = {n" D),
Flup™) = f(u G =) = ETHET =,
FEup™) = f@™™) = () Qup ™ = 1) = FGETHE = {1,

n

n

3 =~ =
<



Using the above expansions in the definition of 6, trace inequalities and the CFL condition At = O(h?), we can

obtain for any € > 0
101] < ellgnll® + Ce At(Ix"1* + Ix" M%) + Ce™t Ath*F2, (52)

The term 65 is bounded using Lipschitz continuity of s, approximation results, Cauchy-Schwarz’s and Young’s
inequalities. For any ¢ > 0, we have

by < Ce PALR 2 4+ Ce AR (I + I HIP) + ellonl®.

Lastly, the term 3 can be rewritten using the definition (I6).

== _Atz a(up)le, [up]le; [én]l2; + Atz |r][ Z_l”rj [Pn];
7j=1
3
= - iAtZ a(uZ)le [X ]le [¢h]|w1 + Atz |wj [Xn71 - nn71]|1j [¢h]|%
j=1

Using Young’s and Cauchy-Schwarz’s inequalities, approximation results, trace inequalities, boundedness of «
and the CFL condition, we have

03] < ellgnl|* + Ce At(IX" 1P + X" %) + Ce ™ At A2,
Combining the bounds above yields
b(gn) < elldnll* + Ce At(Ix"I* + X" I1*) + Ce T ALA*HE, - We >0, Vi € Va. (53)
We choose ¢ = 1/4 and ¢, = x™ — x" ! in (B3] and substitute the bound in (@8) to obtain (@3]).

X" = X" < CAL + CAt(IN" | + X" 7HI%) + CAth*H 2. (54)

3.2 Proof of Lemma

As in the proof of Lemma Bl we write
bn( n) =01+ 09 +93,

where the definitions of 61, 65,03 are given in ([@J), (B0) and (&I respectively for the particular choice ¢p, =
Unfortunately we cannot make use of the bound (53) since the factor At is missing in front of €||¢||*. A more
careful analysis is needed, and we will take advantage of the CFL condition. Define

N
n d¢h
() = a3 [ (i) = S Atz (R }) = £y 6], (55)
=01
Using the function F which is linear in its second argument, we rewrite the term 6; as
3 n 1 n—1 1 n—1 n
9125'7_—(”7)()_5‘7:(”_17)( )+§-F(”_1=X _X)

We now state a bound for the term F(n, x").

N
F(n,x") < CAt|x"||> + C(A + e ) At B2+ 4 sAtZa(uﬁ)hj [X"]2|mj, Ve > 0. (56)
j=1

The proof of (50) is technical and can be found in Appendix [I} The bound for F(n — 1,x" 1) is identical.

N
Fn—1,x""") < CAtx" > + CA+ e HALtE* M + eAt> a(up e, X" Ple,, Ve>0. (57
j=1

We are left with bounding F(n — 1, x" "1 — x™). Following the technique used for bound (E2)), we can obtain

Fln—1,x""1=x") < [IX"' = x"I” + CAt|x"||? + CAt B2, (58)



Combining the above with (54), we have for n > 2

01 CAL(IX"II” + " 7HIP + I 721%) + C(1 + 267 At h2H

N
+ ALY o) o, X, +€Atz e, X" le, + CALS, Ve > 0.

j=1
For n = 1, since x* = 0, inequalities (56]) and (B8) imply

N
61 < CALX 2 + O+ YA 4 eAt S aluh) o, X Pla, + X2 Ve > 0.
Jj=1

The term 65 is bounded using Lipschitz continuity of s, approximation results, Cauchy-Schwarz’s inequality:
02 < CAL(X [+ ™ |+ I+ ™ HDIX® < CAL(IX™ P + Ix*H1?) + CAt h*+2.

For the term 03, we use the definition (I6) and write

3 - n— n
5 uh |r] ]|r][ |zJ + Atz |r] ! -n 1]|rj [X ”zj

H'MZ

After some manipulation we rewrite 63 as:

1 U N N
0 — —§At2a(u2)|zj[ la — 54 > a(up e, X",
j=1 j=1
N 1 N
—l—AtZ (Of(uz_l) - O‘(U‘Z)) |1j [anl - nnil]le [X |ac] 5 Z |m] nl 77”71”:6]' [anl - Xn]le
N N
FAED T aup) o, X =0 e T = X ey A aup) e [T = xM) = 0" = ) e, Xy
4 =
+5 Atz Uh |zJ |zj[ |r] + Atz |zg ”zj [Xn_lﬂmj- (59)

We now bound the terms in the right-hand side of (B9)) except for the first two terms. We write
aluy™ e, = alup)le, = (aluh ™o, = o™ le,) + (a(u" e, = a(u)]e;) = (a(up)le, — au™)ls,).
From (20) and (@), we have
la(uy™la, = alup)le, | < Cllup™ = u" oo + Cllupy — u"[lo + 5 \ /(") | = 1 (™), ] -
With a Taylor expansion, we obtain

<C (||u"_1 - u;fl”m + |lu" = up || + At) , V1I<j<N.

aluy e, — alup)ls,

With the assumption ||x"| < h%/? and ||x" | < h*/2, bound 29) and approximation results, we have

}a(ug—l)m —au})]s,| < C(h+AL), V1<j<N.

Using trace inequalities, we then have

N
ALY (alup e, = a(up)la;) e, < CAHL+ AT AD "%

j=1

With the CFL condition, we conclude

Atz |w] - O‘(“Z”:ﬂ;) [Xn_l]2|wj < CAt||Xn_1||2-



Similarly we have
_Atz |wg - O‘(“Z”:Ej) [nnil]le [Xnil]le < CAtHXn71H2 + CAth* 1,

The fourth term in (B9) is bounded by Cauchy-Schwarz’s inequality, trace inequalities, approximation results,
the CFL condition and ([I7):

—Atz )y T = ey X = Xy < X = X+ CACRTR X2+ C AL h2E

<" = X+ O™ + A,

The fifth term in (B9)) is handled exactly like the fourth term. Similarly the first part in the sixth term has the
following bound:

a(up)a; DT = X e, Xy < I = X+ CAIX.

uMz

For the second part, we use a Taylor expansion in time and the CFL condition:
N
ALY aui)a; 0" = 0"y ey < CAERF|X™(| < CALIX"||* + CALR*F 2,

The last two terms in ([B9) are treated almost identically, using approximation results, and the boundedness of
a:

N N
1 n— n—

5 Z uh |m] |m] |1J + Atz |m] 1”1][ 1]|z < (Ce™ 1Ath2k+1 +5Atz uh |z [ ]2|zj
o o
+aAt§: o ey, Ve > 0.

To summarize, with ([B4)), the term 65 is bounded as:

Os <CA15(||X”H2 + HX"leQ) +CAL° + CAL (1 +e7 1R
N
1 n— n—
Atz a(u) |z, X" |ay — (2 —E)AtZa(uh e, X Pa,, Ve>0, n>2.

j=1

For n = 1, the term 63 is simply bounded as:

1 N
03 < CAtHXIH2 + CAt (1 + 571)h2k+1 - (5 - E)Atza(u}ll)|mj [X1]2|zj + 2||X1||2,VE > 0.

Combining the bounds above for 6;, 1 < i < 3, we conclude the proof.

4 Proof of Theorem

The proof for the forward Euler scheme is also done by induction. It is a less technical proof than for the
Adams—Bashforth scheme. We skip many details and give an outline of the proof. Denote

€ = — My

The induction hypothesis is less restrictive than for the Adams-Bashforth method, which yields a convergence
result that is valid for polynomials of degree one and above.

1€ < h, YO<£< M. (60)
Since £° = 0, the hypothesis (60) is trivially satisfied for £ = 0. Fix £ € {1,..., M} and assume that

1€ <h, YO<n<{-—1. (61)



We now have to show that (61) is valid for n = £. We begin by deriving an error inequality. We fix an interval
I; for 0 < j < N. Using consistency in space of the scheme:

[ on =560 0 <n<, (62)
I
we obtain, after some manipulation, the error equation:

/I (€™ — &™) gn = /I (Atup —u"T +u™) ¢y, +/1 ("t = 0") o + At (H;(up, ¢n) — Hj(u™, ¢n)) . (63)

The first term in the right-hand side of (G3)) is bounded using a Taylor expansion, whereas the second term

vanishes due to ([@). Summing over the elements from j = 0,..., N results in
L L N
/ (" =€) on < cm?/ |on] + AL (H(uh, 6n) — AH; (u”, ¢n)) (64)
0 0 =0
Define
. N
D" (fn) = ALY (H;(uft, én) — AtH; (u”, 6n)). (65)
j=0

Then equation ([G4]) becomes

/0 e - o< onr /0 CJonl+ 7700, (66)
and Cauchy Schwarz’s and Young’s inequalities imply
/OL (& =€) g < CAL® + CAL|n|1* + 5" (6n). (67)
We now choose ¢, = £ to obtain:
[ e ey <car v oane P vinen (68
It then follows that
SIEPTHZ = JIENIP < SlE — €7 + OO + OAEN? + (€. (69)
The terms [|£"1 — 7| and b"(€") are bounded by:
€7 —€™)|? < CAE* + CAL|E™||* + CAt h2F 2, (70)
b (E™) < CAL|E™|? + CAt h2F L, (71)

Proof of (70) follows closely the proof of Lemma [2 but is less technical. We skip it. Proof of (1) differs from
the proof of Lemma [3 and details are given in Appendix The error inequality simplifies to:

€™ — 1I€"1* < CAE® + CALIE™ || + CALh*.

Summing from n = 0,...,¢ — 1, and using the fact that £€° = 0, one obtains:
-1

I€°)? < CAL + Cr2F Yy oat S Jlen)%
n=0

We now apply Gronwall’s inequality:

€ < CaTeT (AR + 12441,
where Cy is independent of £. Employing the CFL condition At = O(h?), one has:

€4 < (C4TeT)1/2 (AH— hk+1/2) _ (O4TeT)1/2 (h2 4 hk+1/2) '
Hence the induction is complete if h is small enough so that
CiTe'h < 1.

Since ||n*|| < CRFL and ||u® — uf || < ||n*]| + ||€*]| one obtains:

Juf — uf | < C(At+ E+172),

and we conclude the proof.
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5 Numerical results

5.1 Scalar case

In this section, we use the method of manufactured solutions to numerically verify convergence rates. Solutions
to the inviscid Burger’s equation,
ou 0 (1,
L — |z =0 72
ot oz (2“ ) ’ (72)

are approximated using the Adams-Bashforth scheme ([24). We consider the following exact solution to (2]
posed in the interval [0, 1]:

u(z,t) = cos(2mx) sin(t) + sin(27x) cos(t).

Convergence rates in space, given in Table Il are calculated for polynomial degrees k = 1,2,3 by fixing a small
timestep At = 10~ so the temporal error is small compared to the spatial error. The spatial discretization
parameter h = 1/2™ for m = 1,...,5, and we evolve the solution for ten timesteps. Our results yield a rate of
k + 1 in space, verifying the fact that the convergence estimate in Theorem [Il is suboptimal.

Errors and rates in time are provided in Table 2l We fix h = 1/4, vary At = 1/2™, m = 10,...,13, and
consider high polynomial degrees k = 8,9 so the spatial error is smaller than the temporal error. We evolve the
solution to the final time T'= 1 s. We recover the expected second order rate in time.

k=1 k=2 k=3
h L? error rate L? error rate L? error rate
5.000x107% | 3.07771x10~Y  — | 1.72638x1072  — | 1.72640x1072

2.500x1071 | 6.27869%x1072 2.29 | 8.38603x1073 1.04 | 8.34443x10~* 4.37
1.250x1071 | 1.61362x1072 1.96 | 1.07254x1073 2.96 | 5.34700x1075 3.96
6.250x1072 | 4.07971x1072 1.98 | 1.35112x10~* 2.98 | 3.42942x10°6 3.96
3.125x1072 | 1.03845%x1073 1.97 | 1.70494x107° 2.98 | 2.26734x10~7 3.91

Table 1: Errors and rates in space for the manufactured solution to Burgers’equation.

k=8 k=9
At L? error rate L2 error rate
9.766x10~% | 3.01560x10~7  — | 3.04272x10°7

4.883x10~* | 7.53310x10~8  2.00 | 7.60427x10"8 2.00
2.441x107* | 1.88202x10~% 2.00 | 1.90062x10~8 2.00
1.221x107% | 4.87902x1072 1.94 | 4.74971x1079 2.00

Table 2: Errors and rates in time for the manufactured solution to Burgers’equation.

5.2 System case

In this section we compute convergence rates for a hyperbolic system that is the motivation for this work: a
model which describes one-dimensional blood flow in an elastic vessel:

0 [A 0 0

ot [Q] - o 0%2 + %(Al/J - 0) - |:—27TV%%:| ’ (73)
A

p=po+ (A Ay), W= [ (& Ag)dE. (74)

Ao

The variables are vessel cross sectional area A and fluid momentum ). The parameters are the reference pressure
po = 0 dynes/cm?, the reference cross sectional area Ag = 1 cm?, the non—dimensional Coriolis coefficient v = 1.1,
the fluid density p = 1.06 g/cm?, and the kinematic viscosity v = 3.302 x 1072 cm?/s. For these computations
we use a typical form for the function relating area to pressure [I7]:

¥ =BAV? - A?),
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with 3 = 1 dynes/cm?®. In defining the numerical flux for our computations, we use a version of the local Lax—
Friedrichs flux suggested for nonlinear hyperbolic systems in [7]. With U = [4,Q]T and A (U) and A\2(U) the
eigenvalues of the Jacobian of the flux function in (73)), the flux is defined with:

J(U™ |4, Ut|y,) = max (|A (U |g,)], [AM(UT[e,)| [A2(U ||, [A2(UF]2,)]) -
To compute errors and rates, we solve (([3) in the interval [0, 1] with the following exact solution:
A(x,t) = cos(2mz) cos(t) +2, Q(z,t) = sin(2mz) cos(t).

The discretization for a hyperbolic system follows the same procedure as for a scalar hyperbolic equation. For
these simulations, we employ the second-order Adams—Bashforth scheme (24) with the local Lax—Friedrichs
numerical flux.

Errors and convergence rates in space, provided in Tables [l and [ , are determined by fixing a small time
step At = 2 x 107° s and taking h = 1/2™ for m = 1,...5. We consider k = 1,2, 3 and evolve the solution for
ten time steps.

k=1

k=2

k=3

h

L? error

rate

L? error

rate

L? error

rate

5.000x 107!
2.500x10~ ¢
1.250x10 1
6.250x 1072
3.125x1072

8.50463%x 1072
6.27702x 1072
1.61152x 1072
4.05695%x 1073
1.01713%x1073

0.43
1.96
1.98
1.99

8.50463%x 1072
8.38200%x 1073
1.07125%x1073
1.34722x 1074
1.69031x107°

3.34
2.96
2.99
2.99

2.77383%x 1073
8.33345x 1074
5.31039x 10
3.34118x 106
2.10357x107

Table 3: Errors and rates in space for A.

k=1

k=2

k=3

1.73
3.97
3.99
3.98

h

L? error

rate

L? error

rate

L? error

rate

5.000x 107!
2.500x10~ ¢
1.250x10~1
6.250x 1072
3.125x1072

3.07761x 1071
6.27688x 1072
1.61145x 1072
4.05679x 1073
1.01736x 103

2.29
1.96
1.98
1.99

1.72654x 102
8.38233x 1073
1.07130x 1073
1.34717x10~4
1.68933x107°

1.04
2.96
2.99
2.99

1.72638x 102
8.33176x10~*
5.30850x107°
3.33998x 106
2.10567x 1077

Table 4: Errors and rates in space for Q.

4.37
3.97
3.99
3.98

To calculate the rate in time, we make the error in space small by choosing high order polynomials k = 8,9
on a mesh with size h = 1/4. By taking h to be constant, we avoid overly refining At due to the CFL condition.
The time step At = 1/2™ for m = 10,...,13 and we evolve the solution to the final time 7' = 1 s. Results are
displayed in Tables [ and

k=38

k=9

At

L? error

rate

L? error

rate

9.766x10~1
4.883x10~*
2.441x107%
1.221x 1074

Table 5: Errors and rates

2.90612x 107
7.27141x1078
1.82053x10~8
4.59094x 1079

k=38

1.99
1.99
1.98

2.98344x10~ "7
7.46399% 108
1.86720x 1078
4.67588x 107

k=9

1.99
1.99
1.99

in time for A.

At

L? error

rate

L? error

rate

9.766x 104
4.883x107%
2.441x107*
1.221x1074

1.88619x10~7
4.71556x 1078
1.18056x 1078
2.99433% 1077

1.99
1.99
1.97

1.91639x10~7
4.79006x 1078
1.19766x 1078
2.99764x 1077

2.00
1.99
1.99

Table 6: Errors and rates in time for Q.

The computed rates in space and time indicate that results analogous to Theorems [l and 2 can be expected
for such numerical discretizations of nonlinear hyperbolic systems. Numerical analysis for systems will be the
subject of future work.

12



6 Conclusions

In this paper we prove a priori error estimates for fully discrete schemes approximating scalar conservation laws,
where the spatial discretization is a discontinuous Galerkin method and the temporal discretization is either the
second order Adams—Bashforth method or the forward Euler method. The estimates are valid for polynomial
degree greater than or equal to two for the second order method and greater than or equal to one for the first
order method in time. A CFL condition of the form At = O(h?) is required. In future work, we will consider
a priori error estimates for numerical methods approximating nonlinear hyperbolic systems like those describing
blood flow in an elastic vessel.
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7 Appendix
7.1 Proof of bound (&d)

Using Taylor expansions up to third order, we write

Flug) = F@") = /@) h — ")+ ), — ")+ 2 )
= PO =)+ =) G
= P S WO = F @ N W+ 0 =)
=p1+-+Be,
PO — F") = P () — () + 5 7" @) gy )

2
= P~ D) + 3G~ 0 + G — ),
= P+ D = P - P o)
@D+ @ -
IS (75)

where (' and (5 are some points between uj and u”, and {u}} and u" respectively. We substitute these
expansions in the terms F(n, x™) and write:

]:(TL,XH)ZXl—f—...—f—Xg, (76)
with

N
dx” .
Xi:AthO/Ij B —Atzm% ey 1<i<6. (77)

We integrate by parts the first term in the definition of X; and use the fact that f’ vanishes at the endpoints of
the domain, namely at zy and x11. The term X; then simplifies to

1 N 0 In ny2 n |2
X, _—§At;/1j(a—xf (")) < CALX" .

Using the assumption ||x"|| < h%/? and trace inequalities, we have

N
1
o= 3oy [ o) ———Ath” e, (0121, i,
=01
< CM oeh ™ I < OB (78)

To bound the term X3 we define the following piecewise constant function u’ elementwise as:
uglr () =u"|y,, Veel;, V0<j<N. (79)
We note that
1/ (") = f'(ug)lloo < Ch. (80)

We then rewrite the term X3
N
Xo= sty [ +Ath " Has
5=0"1i
al dx™ dx
_ I(pn\ _ £l(,n n_A 1/, n
- AtZ/I_(f ()~ ) At;f(uc)/l 2

+ Afz F I ey 0™ Hay e, + A F i Dla, {0 Hay [ - (81)

Jj=1
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The second term above vanishes because of (Bl). The first term is bounded using approximation properties and

. )
Y [ ) = par B < oan + onde

Using a Taylor expansion, for some (3 we have

fr@™) = f({up}) = (" —up} < CUIX" oo + 17 00)-

Using the assumption ||x"| < h*/? we then have

AtZ F AT e, X, < CAE|X™ % + CAL B2,

For the last term in (8I)) we employ ([IJ) to obtain:

ALY f i Play 10" He; ey < CALY (i)l + Cllup]ls, |) ‘{n”}le

Jj=1 j=1

= CAtZa(uZ”J?j {77”}|mj [Xn]le

X

"}
zj

X"l |

N
+CALY  |up| (82)
j=1

Using Cauchy-Schwarz’s and Young’s inequalities, approximation results and the assumption [|[x"| < h*/2, we
obtain

N N
ALY QDo 0" e, ey < ALY alup)la, [X"][2, + Ce™ Ath*F 4 CAL|x" .

Jj=1 Jj=1

In summary we have

N
Xy <At aup)|s, "2, + Ce ' Ath* T 4 CAL|Y"||* + CAt R
j=1

The bounds for X4, X5, and X¢ are standard applications of Cauchy Schwarz’s inequality, Young’s inequality,
the induction hypothesis, assumption (B]), and inequalities (30)), &), and B2)—34):

N N
d n
Xy=-At) / P )X " =+ DY P )y Oy 00" s Il
j=0"4i j=1

< CAt||X"H2 + At h2FH1 (83)
- —Atz / P, () Ath” w) (1", e,
< CAt h2k+2 + CAL| X% (84)

N N
Xo= Ga03 [ G0 PG GAS PG D
j=0"Y1i j=1
< OAt|X™||* + CAt h2F 1 (85)
We can then conclude by combining all the bounds above.

7.2 Proof of bound (1)

We rewrite, using the definition of « .
b (§") =61 + 02 + 03,

with

=0y [ (s - fum) Atz FmDle, 1€,
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6 — Atz / (o) s e

= _Atz |wj |wg [gn]le
We note that the bound for #; follows the argument of the proof of (BG), where we substitute x™ by £". A
in the previous section, we use Taylor expansions up to third order and write the term 0™(£™) as a sum of six
terms, X;, 1 <i < 6. Bounds for X; are obtained in a similar fashion, except for the term Xs which is bounded

differently because the the induction hypothesis for the forward Euler scheme is weaker than the hypothesis for
the Adams—Bashforth scheme. We have

1 N
o= a3 [ pranyer s - At Zf” AL, €7, (56)
i=071;

We rewrite the first term above. Integrating the first term by parts gives and using the assumption that f”’
vanishes at the endpoints of the interval gives:

Atz/f// g'n, d§ —AtZ/fN
N N e
- arg ;f“w")uj[@")?’nwj - At > / D e )

Now, we use the identity [53] = 2{€}?[€] + {£?}[€] to rewrite the first term in the right-hand side of (§T):

X, = Atk Zf“ ey (€2 — (") (€7, — At Z / O e (s8)

Employing the identity {52} — {&}? = 1[¢]? for the first term and inductive hypothesis ||€"[| < h'/? on the
second term gives:

X, < At— Zf” oy (€712, + CALE] oo 1€]1* < Af24 Zf” o, €|z, + CALIE]*. (89)
The first term in (89) is broken into two parts:
N
1 n ~n n
Aol Z ")y (67, = Aty Z Py = £ Q@R D) (€7 + Aty Zf” {ap ) a; (€], (90)

We use for the first term in (@0) a Taylor expansion f”(u") — f"({ap}) = f’”((”){n — &"} with the inductive
hypothesis to obtain the following bound:

o1 Z P ™) ey = f Wi)la, )€ la; < CALIE™*. (91)

For the last term in (@0), since [u" ] = 0, we rewrite it using the identity [£"] = ["] + [a}]:

At_Zf” h} |zJ gn |zJ = At an h} |r] ”zj [gn] |r] +At an {uh} |zJ [uh”r] [gn] |r]

(92)

The first term in (O2)) can be estimated with trace inequalities and approximation results. The second term in
[@2) is bounded using inequality (I9) and the induction hypothesis:

N
o1 Zf” Dl (€7 e, < CAth™ ™ o[l + At g Z (a(@)lz, + CllE)lz, ) (€71,
J 1
1 N
< CAH|E"|* + Atz Y aldh)la, (€7, + CALA™ a7 |5 ]1€"1
j=1
1 N
< CAHE | + Atg Y ala)le, €, (93)
j=1
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Combining all the estimates gives:

1 N
X2 < At D al@)la, € s, + OALIE"2. (94)

j=1

This bound is added to the bounds for the other terms X;’s to obtain:

N
1
01 < CALIEP + (5 +€) D AR, €72, + CAHL + )2,

j=1

The term 62 is bounded using Lischitz continuity of s:

0y < CAL||E™||* + CAt h2F 2,

The term 65 is rewritten as

N N
03 = —AtZa(ﬁZ)uj [gn]2|wg + Atza(aZ”wj [77"]|zj [gn]le

Jj=1 Jj=1

Using Young’s inequality and approximation results we obtain

N
O3 < (—1+)At Y a(iif)s, [€")]a, + CALRHT!, Ve > 0.

j=1

This means that by choosing £ = 1/3 in the above, we conclude

b (E") < CAL€™||? + CAt h2F+L,
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