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Adaptive finite element methods for the Laplace
eigenvalue problem

R.H. W.HOPPE* H.WU! and Z.ZHANGT*

Received November 15, 2009
Received in revised form August 22, 2010

Abstract — We consider an adaptive finite element method (AFEM) for the Laplace eigenvalue
problem in bounded polygonal or polyhedral domains. We provide an a posteriori error analysis
based on a residual type estimator which consists of element and face residuals. The a posteriori
error analysis further involves an oscillation term. We prove a reduction in the energy norm of
the discretization error and the oscillation term. Numerical results are given illustrating the
performance of the AFEM.
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1. Introduction

Adaptive finite element methods (AFEMs) based on residual or hierarchical
type estimators, local averaging techniques, the goal-oriented dual weighted
approach, or the theory of functional-type error majorants have been be-
come an indispensable tool in the aposteriori error analysis of finite ele-
ment approximations of partial differential equations (see, e.g., the mono-
graphs [1-3, 11, 23,27] and the references therein). For standard conforming
finite element approximations of linear elliptic boundary value problems, a
rigorous convergence analysis of AFEMs in the sense of a guaranteed error
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reduction has been initiated in [8] and further investigated in [20, 21]. Using
techniques from appro ximation theory, optimal order of convergence has been
established in [4, 6, 26].

As far as AFEMs for elliptic eigenvalue problems are concerned, residual
type a posteriori error estimators have been derived and analyzed in [27] within
the framework of AFEMs for nonlinear problems, and this approach has been
further applied in [18] for self-adjoint elliptic eigenproblems. A different tech-
nique has been used in [10] (cf. also [9] for an a posteriori analysis of mixed
finite element approximations of elliptic eigenproblems). In [5], reliability of
a residual type estimator has been shown which solely consists of edge resid-
uals. A convergence analysis in the spirit of [6] has been provided in [12, 13],
whereas quasi-optimality has been established in [7]. Estimators based on hi-
erarchical type estimators have been addressed in [15], gradient recovery tech-
niques have been considered in [19,24], and the goal oriented dual weighted
approach for eigenproblems has been applied in [3] and [16].

In this paper, we focus on the convergence analysis of conforming P1 finite
element approximations of the Laplace eigenproblem on bounded polygonal
or polyhedral domains. The error estimator is of residual type and consists of
element and edge residuals. The a posteriori error analysis also involves an
oscillation term. The selection of elements and faces for refinement uses the
standard bulk criterion (Dorfler marking) and the refinement strategy relies on
repeated bisection. The paper is organized as follows: In Section 2, we consider
the Laplace eigenproblem and its finite element discretization. The residual
error estimator, the oscillation term and the refinement strategy are addressed
in Section 3 where we also state the main convergence result in terms of a
guaranteed reduction of the energy norm of the error and the oscillation term.
The main ingredients of the proof are provided in Section 4, whereas Section 5
is devoted to the proof of the reduction result. Finally, Section 6 contains a
detailed documentation of numerical results for some selected test examples
illustrating the performance of the adaptive scheme.

2. The eigenvalue problem and its finite element approximation

We adopt standard notation from Sobolev space theory. In particular, for a
bounded domain D C R?,d € N, with boundary dD we denote by H*(D),s €
R, the standard real or complex Sobolev space with norm || - ||sp and semi-
norm |- |5 p and write L*(D) instead of H(D). We further refer to H; (D) as
the subspace of H!(D) with vanishing trace on the boundary 9D and note that
in view of Poincaré’s inequality | - |; p defines a norm on H} (D).

We assume Q C R, d =2 or d = 3, to be a bounded polygonal or polyhe-
dral domain with boundary I = dQ and consider the following Laplace eigen-
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problem

—Au=2Au inQ (2.1a)
u=0 onT. (2.1b)

We set V := H}(Q) and denote by a(-,-) : V x V — C the sesquilinear form
a(u,v) :=(Vu,Vv)o q, u,v € V. The weak formulation of (2.1a), (2.1b) amounts
to the computation of an eigenpair (#,A) € V x C, u # 0, such that

a(u,v) =A(u,v)oq, vev. (2.2)

It is well known (cf., e.g., [17]) that the set of eigenvalues A of (2.2) is a
countably infinite sequence of increasing real, strictly positive numbers with
finite dimensional eigenspaces and that eigenfunctions belonging to different
eigenvalues are L*-orthogonal. We assume that the eigenfunctions u € V are
normalized, i.e., |luljo.o = 1. Moreover, regularity theory (cf., e.g., [14]) tells
us that an eigenfunction satisfies u € VN H!'*"(Q) with r € (1/2, 1] depending
on the opening angles at corners and edges of Q.

For the finite element approximation of (2.2) we assume that {.7;(Q)} is
a family of shape regular simplicial triangulations of Q. We refer to .4;(D)
and .7;(D), D C Q, as the sets of vertices and faces of 7;(Q) in D C Q. We
denote by hr and |T| the diameter and area of an element 7 € 7;(Q) and by
hp the diameter of a face F € #y(D). For F € .7(Q) such that F =T, NT_,
T. € 7;(Q), we define @p := T, UT_ as the associated patch. We use Ay as a
measure for the granularity of the overall triangulation .7;(Q).

Throughout the paper, we will also use the following notation: If A and B
are two quantities, we say A < B, if there exists a positive constant C that only
depends on the shape regularity of the triangulations but not on their granular-
ities such that A << CB. We write A =~ B, if both A < Band B < A.

We refer to V; as the finite element space of continuous, piecewise linear fi-
nite elements with respect to the triangulation .7;(Q) and consider the discrete
eigenvalue problem

a(ug,ve) = A(ug,ve)oe, Ve €Vy. (2.3)

The set of eigenvalues A, of (2.3) is a finite sequence of increasing real, strictly
positive numbers and eigenfunctions belonging to different eigenvalues are L2-
orthonormal. Moreover, as far the approximation of an eigenpair of (2.2) by
(2.3) is concerned, there holds (cf., e.g., [25]): If (u,A) € V x R is an eigen-
pair of (2.2), there exists an eigenpair (uy,As) € Vy x R of (2.3) such that for
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¢ € Ny the following a priori error estimates are satisfied

lu—uli0 < Cihy (2.4a)
llu—uello.o < Crhylu—ui o (2.4b)
A=A < Crlu—ulf g (2.4¢)

where C; > 0 is a constant that only depends on (u, ) and the shape regularity
of the triangulations.

3. The aposteriori error estimator and the main
convergence result

The a posteriori error analysis involves a residual-type a posteriori error esti-
mator as well as an oscillation term. The estimator is given by

1/2
ni=( ¥ m+ ¥ ni) 3.1

TeZ,(Q) FeZ)(Q)

where N7, T € 7;(Q), and g, F € .%;(Q), stand for the element and the face
residuals according to

nr = Achrlidlor, Mr = hy Ve - [Vuello.r- 3.2)

Here, i/ is the elementwise constant function #iy|7 := \T|*1fT uedx, T € 7(Q),
and [Vuy] denotes the jump of Vuy across F € .Z(Q).
The oscillation term is given by

1/2
osce(uy) := ( Z OSC%(ZM)) (3.3)
TeJ(Q)
oscr (up) := Aghr|jug — d|o,7-
The refinement of a triangulation .7 is done by a bulk criterion, also known

as Dorfler marking, that is standard in the convergence analysis of adaptive
finite elements for nodal finite element methods [8]. Given universal constants

0®1,0; € (0,1), we select sets of elements //l ) c T1(Q),1 <v<2,and a set
of faces .#.z, C #,(Q) such that

o ¥ m+ ¥ nF)< Y m+ ¥ omi o G

TeZ(Q) FeZy(Q TE.///(?I) FG///@
L

(O)) Z osc? < Z osc?. (3.4b)
Te7(Q) TesS)
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Based on the bulk criterion, we generate a fine mesh 7,1 (Q) as follows: If
T e //7“) U%y(z) or F=T,NT_ € .#gz, we refine T or Ty by repeated
<l 0

bisection such that an interior nodal point pr in T or interior nodal points
p+ € Ty are created [21]. The convergence analysis is based on the reliability
and the discrete efficiency of the estimator 7, a perturbed Galerkin orthogo-
nality and a reduction in the oscillation osc(u;) which will be addressed in
detail in the subsequent section. We note that the interior node property can
be circumvented following the approach in [7] which is in the spirit of [6] and
yields quasi-optimality. Nevertheless, the numerical results reported in Sec-
tion 6 document optimal decay rates for our approach.

The main result of this paper states a reduction both in the | - || g-norm of
the error u — uy and in the oscillation osc(uy).

Theorem 3.1. Let (u,A) € V xR, be an eigenpair of (2.2) and (ug,Ay) €
Vi x Ry an eigenpair of (2.3) such that (2.4a)—(2.4c) hold true. Further, let
oscy be the oscillation term as given by (3.3). Assume that ®; > 1/4 in (3.4D).
Then, there exist hymax > 0 and constants 0 < p < 1, C > 0, depending on
hmax, O1, 07, and on the shape regularity of the triangulations, such that for
hy < hmax there holds

|u— Mg|ig +COSC%(H@) <p (]u — Uy |ig +C OSC%Jrl (ugH)) . (3.5)
The proof of Theorem 3.1 will be presented in Section 5.

4. Reliability, local efficiency, perturbed Galerkin orthogonality,
and oscillation reduction

We first show reliability in the sense that up to a higher order term the residual-
type error estimator 1, from (3.1) and the oscillation term osc(uy) from (3.3)
provide an upper bound for the energy norm error (cf. Theorem 3.1 in [10]).

Theorem 4.1. Let (u,A) € V xR and (us,Ay) € Vy X R be eigenpairs of
(2.2) and (2.3) such that (2.4a)—(2.4c) are satisfied. Moreover, let 1, and oscy
be the error estimator (3.1) and the oscillation (3.3), respectively. Then, there
holds

A+N

u—ugl} o S N7+ oscf(ug) + w3 - (4.1)

Proof. Setting e := u — uy and denoting by Py, : V — V, Clément’s quasi-
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interpolation operator (see, e.g., [27]), by (2.2) and (2.3) we find

le|Tq = (Ve,V(e—Pye))oq+ (Au— Ay, Pye)og

= Z (A.gu[, PVK 0T+ Z V”f] R/[e)O,F
TeF(Q) FeZ(Q )

+ (lu — Ay, 6)079

= Z (ﬁ,gﬁ/g—l—)l,g(u(g —ﬁg),e—PVie)o,T
Te(Q)

+ ), (Ve [Vul,e—Pe)or+ (A‘M%)He”og (4.2)
FEJ[(Q)

where we have used (cf. Lemma 3.2 in [10])

1
(Au—=Rur, €)oo = 5(A+A) el o

We conclude by straightforward estimation in (4.2) taking into account the
well-known properties

Iv—Bovllor < Chrlvliog. v =Bovllor < Chil vy,
of Clément’s quasi-interpolation operator, where Dy := |J{T' € 7,(Q)|47,(T")
(T # &} and Dy == U{T' € F(Q)|M(F) NA(T') # 2). O

Corollary 4.1. Under the assumptions of Theorem 4.1 there exists /1; > 0
and a constant C; > 0, depending on 4| and C; from (2.4b) as well as on the
local geometry of the triangulation, such that for 4, < h; there holds

u—uglt o < Co(nf +osci(ug)). 4.3)

Proof. Taking (2.4b) and (4.1) into account, there exists C > 0, depending
only on C; and on the shape regularity of the triangulation such that

u—ul} o < C(n7+osci(ug) +hi |u—uli o).

We conclude by choosing i := C~ /%", O

Secondly, we prove discrete efficiency of the error estimator in the sense
that it provides a lower bound for the energy norm of the difference uy — uy
between the coarse and fine mesh approximation up to the data oscillations and
the data terms.
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Theorem 4.2. Let (uy,Ay) € Vi x Rk € {{,0+ 1} be eigenpairs of (2.3)
and let My as well as oscy(uy) be the error estimator and the oscillation term
as given by (3.1) and (3.3). Then there holds

N7 S lue—ug |3 o +oscf (ue)
+ (A7 = A2 lug — ugi 15,0+ (A — Arir)* 4.4)
As usual in the convergence analysis of adaptive finite element methods,
the proof of Theorem 4.2 follows from the discrete local efficiency. The guar-

anteed improvements that can be associated to the volume terms and the edge
terms will be established by the subsequent two lemmas.

Lemmad4.1. Let T € ///%) with an interior nodal point p € N (T).
Then, there holds

N S (1+ 2203 ) |ug — ugyr |7 7 + 05 (ur)
F A2 - we By A B~ At (@5)

Proof. We choose xéﬂ = %(plf +)1 , ¢ & Agillg| T, as an appropriate multiple

(p)

of the level £+ 1 nodal basis function ¢, associated with the interior nodal
point p such that

AZR e 7 < W Raiie. 1 o
Observing Vu, € Py(T) and Xéﬂ lor =0, we find a(ug,xéf’r)l) = 0, whence

AZR3 el 7 < 1 (e, 2y Do — alue, 7)) (4.6)

Since x(p)

/11 1s an admissible level £+ 1 test function in (2.3), we have

alurer, x7)) = eerrr, 1) or =0. @.7)
Adding (4.6) and (4.7) results in
PhiliigllGr = hya(uess — ue,lﬁl) + 1 (Ao (g — ugs)
(A = s, 2000 o W (Reite = ), 247 ) o e (48)
Observing the elementary relationships
|t e =~ W3] = Aghr o

el 2 lo.r = b |T 1V 56| = Al lo.r
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we conclude by straightforward estimation of the terms on the right-hand side
in (4.8). (]

Lemma 4.2. Under the same assumptions as in Lemma 4.1 let F € ./ 7,
F=T,NT, Ty € F(Q), be a refined face with interior point mg € Ny, (F)
and associated patch wf =T UT_. Then, there holds

Mr S (1+A2hg ) Jue —uyy ﬁ,wf + osci)pp ()

1o+ (A7 = A2l — g1 |I] o (4.9)
where nifp = T[%+ +n% and oscfuf () := osc%+ (ug) +oscZ (uy).

Proof. We set %éﬁ )= a(pﬁf ), ot := vp - [Vuy], where (pé(f‘f ) is the level

¢+ 1 nodal basis function associated with mg € A1 (F). It follows that

1 m m
shrl[ve - (Vudlgp = he (v (Va2 Jo.r = hra(ur 225). - (4.10)

(

On the other hand, since )(Z_":f)

is an admissible test function in (2.3), we have

alur, 20)) — Aesrgsn, 275 )o .0 =0. (.11)
Multiplying (4.11) by hr and subtracting it from (4.10), we obtain

1

SheVe- Vel 85 = hra(u—ueer 1)+ A G 2 Do (412)

+ Achp (g1 —uy, Xg(ﬁ))o@; + Aghp (ug—iy, Xéﬁ))o,w; .

Taking into account that

—1/2 1/2
2 o < P lve - Vudlor, 120 o S 1V [Vud fo.r

the assertion can be deduced by estimating the terms on the right-hand side
in (4.13). O

Proof of Theorem 4.2. The upper bound (4.4) follows directly from (4.5)
in Lemma 4.1 and from (4.9) in Lemma 4.2 by summing over all T € .# %) U

M % Jandall F € M 7, and taking advantage of the finite overlap of the patches
of . O
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Corollary 4.2. Under the assumptions of Theorem 4.2 there exists a con-
stant C3 > 0, which only depends on the local geometry of the triangulations,
such that

N7 < Cs(|ug—upi1]7 o +0scg(ug)). (4.13)

Proof. The proof is an immediate consequence of (4.5) and |4y — Ap4 1| S
|ug —ug 117 o (cf. Theorem 6.4-3 in [25]). O

The following perturbed Galerkin orthogonality holds true.

Theorem 4.3. Let (u,A) €V x Ry and (ug,A) € Vi x Ry, ke {£,0+1},
be eigenpairs of (2.2) and (2.3) such that (2.4a)—(2.4c) hold true. Then, there
exists a constant C4 > 0 depending on Cy in (2.4a)—(2.4¢) such that

e — g1 |7 o < (14 Cahf(1+ hp))|u—ulf g
— (1= Cahy(1+ 1)) Ju— 1|7 g (4.14)

Proof. By straightforward computation
|ug — upiq \ig =|u— M@‘ig — Ju—uppy |%’Q +2a(u—upyr,up—upyr). (4.15)
Now, (2.2) and (2.3) imply
2a(u — gy, —uerr) = 2(Au—Appqugrrue—ue1)oo
= 2 (u — ups1, 1 — U41)0,0
+2(A = Apg1) (U1, u0 —upsr)oq. (4.16)

Using (2.4b) and Young’s inequality, for some € > 0 the first term on the right-
hand side in (4.16) can be estimated from above according to

22| (u — gy 1, up — ugi)ogl

<2 Ju—ugii oo ([lu—uelloo+ [lu—ursilo)
1
<2 (14 elu-uefiot gpli-ufia)  @17)

On the other hand, using (2.4b), (2.4c) and Young’s inequality, for the second
term on the right-hand side in (4.16) we obtain
2[(A = Aggr) (g1, e — ups1)o.0

<24 = At |2+ 20) P ([lu = uello@ + llu — e log)

1
<2CH A+ M) 2H) ((1 +&)|u—uplfo+ e ug\{Q) (4.18)
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We choose € = (\@— 1)/2 in (4.17) and (4.18) and finally conclude by using
(4.16)—(4.18) in (4.15). O

The last ingredient of the proof of the main convergence result is the fol-
lowing oscillation reduction property.

Theorem 4.4. Let oscy(uy),k € {{,0+ 1}, be the oscillation terms as given
by (3.3). Assume @, > 1/4 in (3.4b) such that s := (4@,)~' < 1. Then, there
exists a constant Cs > 0, depending on C in (2.4a)—(2.4c) and on the shape
regularity of the triangulations, such that

2 2 2
0scy 1 (ry1) < 22 0scy +Cslug —upy 1)1 o (4.19)

Proof. Taking (3.3) into account, we have

OSCEH(WH) = Z Mzﬂh%'HWH —ﬁ€+1H%,T’
T'€Tp41(Q)
< Y Ahlluey —ug— (e — a0)l[5 0

T'€ 7141(2)

+ ) \AZey — A7 || — ﬁé”(z),r’
T'€ 7141(Q)

+ Y Ahgllue—a|lg g (4.20)
T'€Tp41(Q)

In view of

N1 —ug — (dggr — i), <Jes1 — uello,r
lue —die|lo,r <||uello

the boundedness of A4,k € {¢,£+ 1}, and |Ay — Apyq| S Jug — Mg+1’ig, for
the first two terms on the right-hand side in (4.20) straightforward estimation
yields

Y Aoy — ue— (g — ) |[5 g
T'€ 7141(Q)

Shilug—ueilig 4.21)
2 211.2 A (12
Y, A2 — A7 lug — |G g
T'€ 7141(Q)

< Y A=A (Aot A Bg lue|l§ o S e — e [§ - (4.22)
T'€T41(Q)
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Finally, observing (3.4b) and hy» < ghy where T € 7;(Q) is the parent of T”,
for the third term on the right-hand side in (4 20) we obtain

Y Ahpllw—adlsy < g ) OSCT )
T'eT 141 (Q) T€7f
< Z osc7 (ug). (4.23)
Te///

ForT € # (73) the refinement strategy implies ¢ < 1/2, whence for @, > 1/4

Z oscr(uy) < seosc2 (uy). (4.24)
Te ///9()
Using (4.21)—(4.24) in (4.20) allows to conclude. O

S. Proof of the error reduction property

We have now all prerequisites to prove the main convergence result of this
contribution.

Proof of Theorem 3.1. The reliability (4.3), the bulk criterion (3.4a),
(3.4b), and the discrete efficiency (4.13) imply the existence of a constant
Cs > 0 depending on (3, C3, and ©;,1 < i < 2, such that for hy < hy

e — g1t o = Cy 'lu—ulf o — osci (uy). (5.1

In view of the perturbed Galerkin orthogonality (4.14), for hy < h, such that
1 —C4h5(1+h5) >0 and some 0 < € < 1 we obtain

(1= Cahp(1+ ) u—us |7 g (5.2)
< (1+Cahy(1 +h2))’”—”£’ig —SW—WH\%Q— (1 —8)\“6—”%1\%,9-
Using (5.1) in (5.2) results in
(1= Cahly(1+hp) | — w1 [T @ < (1+Cahif(1+hp) — eCg ) u—uelt o
+eosci(ug) — (1 —€)|ug —u1 [0 (5.3)

Now, invoking the oscillation reduction property (4.19) in (5.3), it follows that

1-¢)Cs!
u—upi[f o+ (lqzhrs) 05¢7 1 (ue+1) (5.4)
¢
1+q(h) —eCy! ,  e+(1-e)Cslx

u—u + oscy(u
1—Q(h£) | (‘179 1—61(}1[) ﬂ( 5)
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where g(hy) := C4hj)(1+ hj). For some 0 < pp < 1 with 3x < Csp,/Cs we set

_ C5H(pa(1—q(h)) — )
14C5 ! (p2(1 = q(he)) — )

p(he) :

and choose fz3 > 0 such that
q(hs) <min(Cs5' /2,1 —Cs3¢/(Cspa)),  2Csq(hs) < p(h3).
Then, the reduction property follows for
Hmax 1= min(iz,-|l <i<3), p:=min(py,p2), C::8+(1—8)C;1%
where

p1:= 1+ q(hmax) — gcé_l
. 1 _Q(hmaX) ’

P(hmax) > € > 2C6q(hmax)- O

6. Numerical results
As usual, our adaptive algorithm can be described by the following loop
Solve — Estimate — Mark — Refine.
Let (us, A¢) be a discrete eigenpair of (2.3). We use
e = 0.15(n¢ + o0scy) (6.1)

as an error estimator (cf. Theorem 4.1) and use (3.4a)—(3.4b) as the marking
strategy. We note that the scaling factor 0.15 in (6.1) does not affect the mark-
ing strategy. In the following examples , we set ®; = @, = 0.4. The marked
elements are bisected three times in order to introduce new interior nodes in
the marked elements.

The implementation of the adaptive algorithm is based on the Comsol Mul-
tiphysics software. Two numerical examples will be given to illustrate the com-
petitive performance of the adaptive algorithm. Denote by

O<A <A<+ and  wuj,up,---

the eigenvalues and eigenfunctions for (2.1). It is clear that the adaptive algo-
rithm depends on the eigenpair used in the a posteriori error estimates. Denote

by (u’]‘.j,)tjk’ ;) the jth discrete eigenpair of the finite element approximation
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(2.3) after ¢ adaptive iterations using the a posteriori error estimates based
on the kth discrete eigenpair. Although, our theoretical result (Theorem 3.1)
suggests to use the a posteriori error estimates based on the jth discrete eigen-
pairs when the jth eigenpair is concerned, we will discuss how to choose the
aposteriori error estimates in the situation when multiple eigenpairs are re-
quired.

Example 6.1. The eigenvalue problem (2.1) on the L-shaped domain
Q={(nd)eR*: 0<r<1,0<®<3m/2}.
The eigenvalues and eigenfunctions for this example are
M=o, up=vi/|villga: vi=Joms(er)sin@m;/3)  (6.2)

where m is some integer dependent of j and ¢ is a zero of the Bessel function
Jom; 3

First, we test our adaptive algorithm by calculating the first eigenpair
(u1,A1), where A ~ 11.3947473 and u; is defined by (6.2) with m; = 1. We
use the first discrete eigenpair for error estimates. Figure 1 shows the asymp-
totic behaviors of the errors of approximate eigenfunctions (left) and the er-
rors of the approximate eigenvalues. Both the errors of the eigenfunctions ui ,
in energy norm and the a posteriori error estimators 7}y decay at the rates of
O(DOFs(¢)~'/?) which are quasi-optimal. The decay of the errors of the eigen-
functions u; , in L* norm is O(DOFs(¢)~") which is much faster than the de-
cay in energy norm. This shows that the assumptions (2.4a)—(2.4¢) in our main
theorem are reasonable. The decay of the errors of approximate eigenvalues
lllyf is O(DOFs(¢)~!) which is quasi-optimal. Figure 2 plots the mesh (left)
of 5472 elements and the eigenfunction u}j (right) after 7 adaptive iterations.
The mesh is finer near the origin due to the singularity of the eigenfunction i
there.

Next, we consider to approximate the 10th eigenpair (u19,A10), Where
Ao = 70.8499989 and u is defined by (6.2) with m;¢ = 3. Since the discrete
1st-9th eigenpairs are also obtained by-product during the calculations, we test
two cases. In one case, we use the 10th discrete eigenpairs for a posteriori er-
ror estimates, while in another case we use the 1st discrete eigenpairs. Figure 3
plots the errors of u}&g, u}%, “%O.E’ u{_é (left), and 11185, 1112, Allo,z’ lll‘g (right)
versus the total number of degrees of freedom. We see that '

(DOFs(£)~*/?)

‘ulo - ”%8,5}179 = O(DOFS(@A/Z% ‘ul - M%?p 10 O(DOFs
Juro —ulo |, o = ODOFs(6)"), |1 —uj[, , = O(DOFs(¢)~"7?)

%
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Figure 2. The adaptively refined mesh (left) of 5472 elements and the eigenfunction u}ﬂ (right)
after 7 adaptive iterations for Example 6.1.
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and

| A10 — Alg,| = O(DOFs(¢) ™), | A1 —A{%| ~ O(DOFs(¢)~*/%)
|A10— Ay (| = O(DOFs(¢)™"), |A1 = A 4| = O(DOFs(¢)™").

In the first case that the 10th discrete eigenpairs are used in the a posteriori
error estimates, the decays of the errors of the 10th approximate eigenfunc-
tions and eigenvalues are quasi-optimal, the decays of the errors of the 1st ap-
proximate eigenfunctions and eigenvalues are not. However, this verifies our
main theorem for the 10th eigenpair. In the second case that the 1st discrete
eigenpairs are used in the a posteriori error estimates, the decays of the errors
of both the 10th and the 1st approximate eigenfunctions and eigenvalues are
quasi-optimal. Notice that the 10th approximate eigenpair (“187571118. ;) con-

verges a little faster than (ujy,, A}y ,). We suggest to use the a posteriori er-
ror estimates based on the 10th discrete eigenpairs if only the 10th eigenpair
is cared, and to use the a posteriori error estimates based on the 1st discrete
eigenpairs if the first ten eigenpairs are all needed, since the singularity of u;
usually dominates the others Figure 4 plots the mesh (left) of 7491 elements
and the eigenfunction u! 10 s (right) after 8 adaptive iterations. The mesh is not
finer near the origin because the eigenfunction ug has no singularity there.

Example 6.2. The eigenvalue problem (2.1) on the domain with a crack
Q={(n¥)eR*: 0<r<1,0< 0 <2m/2}.
The eigenvalues and eigenfunctions for this example are
A= ocjz, uj=vj/ ijHQQ, Vi =Jp,2(ajr)sin(m;0/2) (6.3)

where m is some integer dependent of j and «; is a zero of the Bessel function
I, 2
J

First, we test our adaptive algorithm by calculating the first eigenpair
(u1, A1), where A; = 12 = 9.8696044 and u; is defined by (6.3) with m; = 1.
We use the first discrete eigenpair for error estimates. Figure 5 shows the
asymptotic behaviors of the errors of approximate eigenfunctions (left) and
the errors of the approximate eigenvalues. Both the errors of the eigenfunc-
tions u}’ ;, in energy norm and the a posteriori error estimators 7}, decay at the

rate of O(DOFs(¢)~!/2) which are quasi-optimal. The decay of the errors of
the eigenfunctions u%_[ in L? norm is O(DOFs(¢)~!) which is much faster than
the decay in energy norm. This again shows that the assumptions (2.4a)—(2.4c)
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Figure 4. The adaptively refined mesh (left) of 7491 elements and the eigenfunction u%g 3
(right) after 8 adaptive iterations for Example 6.1.



Adaptive FEMs for the Laplace eigenvalue problem 297

in our main theorem are reasonable. The decay of the errors of approximate
eigenvalues A/, is O(DOFs(¢)~!) which is quasi-optimal. Figure 6 plots the
mesh (left) of 6135 elements and the eigenfunction u%j (right) after 7 adap-
tive iterations. The mesh is finer near the origin due to the singularity of the
eigenfunction u; there.

Next, we consider to approximate the 10th eigenpair (u10,419), Where
Ao &~ 57.5829409 and u; is defined by (6.3) with m;o = 8. We also test two
cases. In one case, we use the 10th discrete eigenpairs for a posteriori error
estimates, while in another case we use the 1st discrete eigenpairs. Figure 7
plots the errors of ”104’ u{ ¥ “}oz’ “1 ¢ (left), and )LIOK’ ll o )LlO ” 11_5 (right)
versus the total number of degrees of freedom. We see that /

Juro =il |, o = O(DOFs(6) '), |ur —ui$, , ~ O(DOFs(£)~"/7)
Juro — o], o = O(DOFs(6) '), |ur —ui,|, , = O(DOFs(£)~'/?)
and
|A10— 20| = O(DOFs(¢)~"), |24 — 21| ~ O(DOFs ()27
210 = Aip,¢| = O(DOFs(¢) ™), | A1 — A | = O(DOFs(¢)™").

In the first case that the 10th discrete eigenpairs are used in the a posteriori
error estimates, the decays of the errors of the 10th approximate eigenfunc-
tions and eigenvalues are quasi-optimal, the decays of the errors of the 1st ap-
proximate eigenfunctions and eigenvalues are not. However, this verifies that
our main theorem for the 10th eigenpair. In the second case that the 1st dis-
crete eigenpairs are used in the a posteriori error estimates, the decays of the
errors of both the 10th and the 1st approximate eigenfunctions and eigenval—
ues are quasi-optimal. Notice that the 10th approximate eigenpair (”10 o )Llo Z)

converges faster than (“{0,571110,15)- Again, we suggest to use the a posteriori
error estimates based on the 10th discrete eigenpairs if only the 10th eigenpair
is cared, and to use the a posteriori error estimates based on the 1st discrete
eigenpairs if the first ten eigenpairs are all needed. Figure 8 plots the mesh
(left) of 9327 elements and the eigenfunction u%&s (right) after 8 adaptive iter-
ations. The mesh is not finer near the origin because the eigenfunction u;( has
no singularity there.

Finally, we present a comparison of the convergence rates between adap-
tive and uniform refinements. We denote by A% i the jth discrete eigenvalue of

the finite element approximation (2.3) after £ uniform refinements. Figure 9
plots convergence rates of 4/¢ . A{{) ;» A{';, and 4 , for Example 6.1 (left) and
for Example 6.2 (right).
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after 7 adaptive iterations for Example 6.2.
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Is is shown that

|A10— Alg,| = O(DOFs(¢)™ ), A1 — [ (| ~ O(DOFs(¢)~ ")
|A10— A{y | = O(DOFs(¢)™1), A1 — A{',| = O(DOFs(¢)*)

where u = —2/3 for Example 6.1 and u = —1/2 for Example 6.2. The con-
vergence rates of the discrete eigenvalues from the adaptive finite element al-
gorithm are quasi-optimal. As for the case of uniform refinement, the decay
of the error of A{|, , is quasi-optimal because the eigenfunction u¢ has no sin-

gularity, while the decay of the error of A{', is not quasi-optimal due to the
singular eigenfunction u.
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