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Abstract: Backward stochastic differential equations (BSDEs) appear in many problems in stochastic optimal
control theory, mathematical finance, insurance and economics. This work deals with the numerical approx-
imation of the class of Markovian BSDEs where the terminal condition is a functional of a Brownian motion.
Using Hermite martingales, we show that the problem of solving a BSDE is identical to solving a countable
infinite-dimensional system of ordinary differential equations (ODEs). The family of ODEs belongs to the class
of stiff ODEs, where the associated functional is one-sided Lipschitz. On this basis, we derive a numerical
scheme and provide numerical applications.
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1 Introduction

This paper deals with the numerical approximation of the class of Markovian backward stochastic differential
equations (BSDEs) on the interval [0, T], where the terminal condition is a functional of a Brownian motion.
BSDEs were first introduced by Bismut [7] in the linear case and later developed by Pardoux and Peng [43]. In
the past decade, BSDEs have attracted a lot of attention and have been intensively studied in mathematical
finance, insurance and stochastic optimal control theory. For example, in a complete financial market, the
price of a standard European option can be seen as the solution of a linear BSDE. Moreover, the price of an
American option can be formulated as the solution of a reflected BSDE. These equations have also been widely
applied for portfolio optimization, indifference pricing, modeling of convex risk measures and the modeling
of ambiguity with respect to the stochastic drift and the volatility. See, for instance, [4, 5, 12, 14, 21, 32, 33].
In general, many of these equations do not have an explicit or closed form solution. Due to its importance,
some efforts have been made to provide numerical solutions. For instance, a four-step scheme has been pro-
posed by Ma, Protter and Yong in [38] to solve forward-backward SDEs. In [3], Bally has proposed a random
time discretization scheme. Discrete time approximation schemes have been also proposed by Bouchard and
Touzi in [8] and Chevance in [13], for instance. In Chevance’s work [13], strong regularity assumptions of the
coefficients of the BSDE are required for convergence results. In [15] a cubature method for BSDEs with appli-
cation to nonlinear pricing was proposed. Gobet, Lemor and Warin [25] presented a discrete algorithm based
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on the Monte Carlo method to solve BSDEs. Fujii and Takahashi [22] proposed an analytical approximation
for nonlinear FBSDEs with perturbation scheme.

Recently, Fourier methods for solving forward-backward stochastic differential equations (FBSDEs) were
proposed in [29] and a convolution method in [31]. A new algorithm based on the regression-later approach
is also proposed in [24]. In [26], a numerical scheme for solving BSDE with Malliavin weights was designed.
Other recent references can be founded in [1, 6, 11, 23, 27, 35, 47], among others. In 2014, Briand and
Labart [9] presented an algorithm to solve BSDEs based on Wiener chaos expansion and Picard’s iterations.
In their approach, the regression coefficients are computed with a weighted Monte Carlo method by Malliavin
calculus. In our approach, the regression coefficients are determined exactly as solution of countable systems
of ordinary differential equations (ODEs).

Most of the above numerical algorithms are not explicit. One of the major difficulties is to solve dynamic
programming equations, which involves computing conditional expectations at each step across the time
interval. This computation can be very costly in high-dimensional problems. As introduced above, the pur-
pose of this paper is to develop a new probabilistic numerical scheme to solve Markovian forward-backward
SDEs. We will discuss the particular case where the terminal condition is assumed to be a Gaussian functional.
In our class, by developing the solution of a Markovian BSDE as a Fourier-Hermite expansion, we show that
the problem of solving a BSDE is identical to solving an infinite countable system of ordinary differential
equations (CODEs). The family of ODEs belongs to the class of stiff ODEs, where the associated functional
is one-sided Lipschitz. On this basis, we derive a numerical algorithm for the BSDE via the standard Euler
scheme, with respect to the solution of the countable system of ordinary differential equations.

This paper is structured as follows. We will introduce the basic theory of BSDEs, the generalized Hermite
polynomials and develop the solution of Markovian BSDEs as a Fourier—Hermite expansion in a Hilbert space.
We will show their connection to countable system of ODEs and derive a numerical algorithm to solve the
corresponding BSDE. Finally, we will propose two numerical experiments to illustrate the performance of the
scheme.

Notations and assumptions

We will use the notations of El Karoui, Hamadéne and Matoussi [20]. We consider a filtered probability space
(Q, F, P, F), with F = Fr, F = (F¢)o<t<T a complete natural filtration of a d-dimensional Brownian motion W,
and T a fixed finite horizon. For all m € IN* and x € R™, |x| denotes the Euclidean norm of the vector x. For
the matrix A € R™4, we define its Frobenius norm by |A| := /Trace(AA*). The matrix A can be considered
as an element of the space R™*¢ .

«  Weintroduce the sets

L2/(F0) := {XOtejo.1) € R™, F-measurable and | X| 2 = E[|X]*]*/? < oo},
S$2(R™) := {(Yt)te[O,T] € R™, continuous and adapted such that || Y]3, = ]E[ sup IYtIZ] < oo},

te[0,T]
T

HER™) := {(Zt)te[O,T] € R™, continuous and adapted such that [|Z||3, = IE[( JIZSI2 ds)] < oo]».
0

o All the equalities and inequalities between random variables are understood in the almost sure sense
unless explicitly stated otherwise.

« Thespace ’(N) := {(X;)ien : Y;Ixi|> < 0o}, equipped with its natural inner product, is a Hilbert space. We
can identify each element of the space I2(IN) as an infinite-dimensional vector. We will use this identifi-
cation and clarify the cases unless explicitly stated otherwise.

e (x,y) denotes the usual inner product on R™ or on I2(IN).

o For x ¢ R™, we define the gradient operator
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2 Definitions and estimates

In this section, we introduce the general concept of backward stochastic differential equations (BSDEs) with
respect to a standard Brownian motion. In the last part of this section, we recall classical estimates from
the theory of BSDEs. In the filtered probability space (Q, ¥, P, F), BSDEs are a special class of stochastic
differential equations. The main difference is that these equations are specified with a prescribed terminal
value as shown in the following equation:

{ -dY; =g(t, Y, Zpdt - ZedWy, O0<t<T, 2.1
Yr=2¢.
The latter system can be written equivalently as the following stochastic integral
T T
Yt=§+Jg(s, ys,zs)ds—JzSdWS, 2.2)

t t

where
o ¢ is the terminal condition of equation (2.1) and is assumed to be an Fr-measurable and a square-
integrable random variable,
o the mapping (¢, y, z) — g(t, y, z) is generally called the generator of the driver of (2.1).
A solution of the backward stochastic differential equation (2.1) is a couple of progressively measurable
processes (Y, Z) such that:
(@) [, 1252 ds < coand [, 1g(s, Vs, Zs)| ds < oo,
(ii) (Y, Z;) satisfies equation (2.1).
In general, we do not have a unique solution to equation (2.1). The existence and uniqueness of a solution
can be proved under the conditions given in [42], which involves the Lipschitz continuity of the generator
function g. In this case,
(Ye, Zosest € 87(R™) x I (R™?).

Remark 2.1. If the generator function g is identically equal to zero, the BSDE (2.2) is reduced to the following

stochastic equation:
T

Y= é- JstWS.
t
This preceding simplification can be associated with the martingale representation theorem in the filtration
generated by the Brownian motion. The process Y is a martingale and we have explicitly

Y = E(§| o).

Proposition 2.2 ([41]). If the function g is continuous globally and Lipschitz in its second and third coordinate,
then the couple (Y, Z) satisfies

T T
IE( sup |Y¢l? + J|ZS|2 ds) < C]E(lé’lz + Jlg(s, 0,0)|? ds).
0

0<t<T
0

The preceding inequality shows how the solution of the BSDE is governed by the terminal condition ¢ and
the generator function g.

3 BSDEs and Hermite polynomials

The purpose of this paper is to develop a numerical scheme to solve the below Markovian forward-backward
SDE (3.1), where the terminal condition is assumed to be a Gaussian functional. A forward backward stochas-
tic differential equation (FBSDE) is a system which consists of two equations: the first is an It6 process and the
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second is a backward stochastic differential equation. The following BSDE is an example of a FBSDE where
the forward component is a standard Brownian motion:

{ -dY; = g(t, Wy, Y¢, Zp)dt — Ze dWe, 0<t<T, (3 1)

Yr = p(Wr).

In this section, we will introduce Hermite polynomials, list some useful properties of these polynomials
and highlight their connection to BSDEs via the conditional expectation operator. We assume the following
general hypotheses:

(H1) There exists a positive constant K > O such that
18(t1, X1, Y1, 21) = 8(t2, X2, ¥2, 22)| < K(Ix1 = x2| + [y1 = yal + |21 = 221)

and

sup |g(t,0,0,0)[ < K.
te[0,T]

(H2) The function ¢ is Lipschitz.

From [43], one can represent the couple of processes (Y, Z) by the solution u of the following parabolic partial
differential equation:
Ye=u(t,W;) and Z;= (Vyu)(t, W), tel0,T], (3.2)

where the function u solves the equation

%(t, X) + %Au(t, x) +g(t, x, u, Vyu) =0, (3.3)

u(T, x) = p(x), with (t,x) € [0, T] x R9.

We recall that V,u denotes the gradient of u and the differential operator A denotes the Laplacian operator
with respect to the space variable x. Explicitly,

d aZ
Au(t,x) =: ) 52 -
i=1 9X;
Under some regularity assumptions, it is known that the previous PDE (3.3) has a bounded unique solution u
with a bounded derivative in the space coordinate. This result establishes a direct connection between the
solution of equation (3.1) and the solution of the PDE (3.3).

3.1 Hermite polynomials and martingales

Hermite polynomials belong to the family of orthogonal polynomials and appear in many areas such as
physics, chemistry, mathematics, etc. These polynomials appear naturally in the study of the propagation of
the heat equation and in the study of quantum harmonic oscillator, for instance. The most famous applica-
tion of Hermite polynomials is in the Schrédinger theory of quantum physics. The system of the probabilists’
Hermite polynomials (H,(x)),en can be easily defined by Rodrigues’s formula. For x € R and every positive
integer n,

n
Hy(x) = (—1)"6”(2/2%8""2/2, with n > 1and Ho(x) = 1.

The components of the sequence (H,(x))nen are orthogonal polynomials with respect to the Gaussian weight
function

1 2
p(x) = —e X2, xeR.
V2m

Hence, for (n, m) € N?, any pair (H,(x), H,;(x)) satisfies the orthogonality relationship

o

j Ho(OHn ()b () dx = 1l

-0
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where 6, denotes the Kronecker symbol. The first few Hermite polynomials are:

Ho(x) =1,
Hi(x) = x,
Ho(x) =x%>-1,
H3(x) = x> - 3x,

Hi(x) = x* - 6x% + 3.
In general, Hermite polynomials satisfy the following recursion relation:
Hp1(x) = xHn (x) = nHp-1 (). (3.4)

This recursion relationship is very useful for generating values of H,,(x) for a given x in a fast way. If we assume
that H, has the following representation:

n
Hp(x) = Y anix,
k=0

where a, i € R, then one can deduce immediately from (3.4) the individual coefficients a, x by identification.
One can also integrate Hermite polynomials analytically against any Gaussian density. For this reason, we
introduce the non-central moments of a Gaussian random variable Z ~ N(u, ), which are given by

o .V

_l(ZT
j 7€ 4z =E[2"] = (i0)"Ha( L) foralln o, (3.5)
27-[0-2 10

and i2 = —1. Although the last expression involves the imaginary unit i, the outcome is always a real num-
ber since the complex numbers cancel out for each integer value of n. We introduce a new notation for a
“generalized” Hermite polynomial, that is,

HE (x) := 9%1,,(%), (3.6)

which gives (as stated above) also a real value for any 6 > 0. Taking the limit as 6 — 0, we obtain the result
HO (x) = x". (3.7)

The “generalized” Hermite polynomials satisfy the orthogonality relationship

co 12
HY00HD 022 dx = 6"n! 6,1,
_E[O n m m nm

with respect to the Gaussian density with mean 0 and variance 8. We can use formula (3.5) for the non-central
moments to derive the result

o _l(zHy2 n n
e 2V o [70.2]
j Hyp(z)——— dz = E[ Y ankzk] =Y aniH " (W).
% V2mo? k=0 k=0

In the last inequality, we have extended and used definition (3.6) for imaginary numbers. The last expression
can be simplified by using the umbral composition formula for (generalized) Hermite polynomials

1 2 2 2
Y awcHy ") = HY o HEOY ) = Hy ).
k=0
We point out that the last expression also yields the correct answer for g > 1. Using the same type of deriva-
tion, one can generalize this result to

1(z#y2

(o)
=5(
e 2o 9_02]
| B = az - B 0. (3.8)
2 V2mo?
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For the generalized Hermite polynomials, we have the following addition formula:

n n _

Hx+y)= Y (0 )y HE (). (3.9)

k
k=0

The last formula can be proven directly via a Taylor expansion of HLG] (x +y). From the generalized Her-

mite polynomials expression, it is easy to see that H,[f](Wt) defines a sequence of martingales. Applying

formula (3.8), we obtain immediately that

E[H (Wp) | F] =HI W), 0<t<T

We will call these Hermite martingales. For each Hermite martingale, we obtain the explicit martingale rep-

resentation formula
T

mi ) - B o = [ nl, ow) dw,
t
where we have used the fact that aHLt] (Wy)/ox = nH ml(W[). For a positive 6, we introduce below the nor-
malized system (H%)gs0. Each element A of the system (H?)gs is defined by the following normalization:

= 1
HLG](X) = WH?] x), 6>0.

This system of generalized and normalized Hermite polynomials satisfies

0 12
J HLG](X)H,G;I(X)e =0 dx = Snm, m,neNN, 6>0,
2160
—00
and we have the martingale equality
_ t\n/2 _
E[AT (W) | F¢] = (T) 29w, o<t<T (3.10)

It is not natural to obtain the preceding equality when ¢ is equal to zero. In fact, we have
t\n/2 _ 1 \n/2
(7) B Wo = (57) H W,

and the right side of the preceding equality is well defined when t goes to zero due to relation (3.7). The partial
derivative with respect to the space variable of the normalized polynomials is given by

n
0

As we are in a Hilbert space, we can express the Gaussian functional random variable Y(T, Wr) as

_ 1/2 _
axH,[f’](x)z( ) % x), 6>o0.

Y(T, Wr) = Y a(DH (Wr),
k=0
where
ar(T) := E[Y(T, Wp)H (W) H (Wr)]

and a belongs to the space I?(IN). We also remark that the above series converges in the IL%(H»~ T) sense. If we
define Y(t, W) as the conditional expectation of Y(T, Wr), we obtain, due to the martingale equality (3.10),

x _ O t\K/ _
Y(t, W) = IE[ Y ak<T)HL”<WT)|Ft] =3 (3)" vy
k=0 k=0

and the relation
t \k/2
ap(t) = (7) ax(T) foreveryt e (0, T].
One can interpret this result as follows: for all ¢ € (0, T] the coefficients ay(t) of the conditional expectation
process Y(t, W;) trace a deterministic path in our “Hermite space”. Even though the random variable Y(t, W;)

is stochastic, the coefficients ay(t) are deterministic functions of time.
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3.2 BSDEs in Hermite spaces

In this section and later on, we will consider the solution of the BSDE (3.1) in a one-dimensional framework.
Each process of the couple (Y, Z) is Markovian in the state (t, W;). In the normalized Hermite basis system
(HYtef0,17, We represent the solution of the BSDE (3.1) as the following series, for a fixed time instance ¢ in
the interval [0, T]:

_ _ k+1\1/ _
Y=Y a@BOWo, Zo= Y BoBL Wy = Y (F2)  ar 0B W, (3.11)
k>0 k>0 k>0
where 11
0B P(N), )= B[V AL W)] and Bi(t) = (——) " awe (o).

We will analyze the removable singularity problem (at t = 0) in Section 4.2.2. The expression of 8 comes from
equality (3.2), where the process Z is given by the spatial derivative of the function u in (3.2). Furthermore,
g(t, Wy, Yy, Z;) can also be decomposed as

gt We, Yo, Z) = Y. yiH (W),
k=0
where yi(t) := E[g(t, W, Yy, Zt)H,[f](Wt)]. For each t € [0, T], the coefficients yy(t) are deterministic func-
tions (via Y; and Z;) of the a(t). We will denote these functions by y(t, a(t)) to highlight the dependence with
respect to the coefficients a(t). By integrating equation (3.1) on the interval (¢, T] and taking the conditional

expectation, we have
T

E(Yr|Fe) - Ve + E( Jg(s, Ws, Ys, Zs) ds | rft) =0.
t
By the preceding decomposition of Y, Z and g in the Hermite space, we have
T

voadD o a(d) Vi(s) " i
l;)< VTki!  Vitkk! +J NE ds)Hk (W) =0.

This equation can only be equal to zero for all H ,[(t], k € N, if each of the coefficients in front of the Hermite

basis-functions is equal to zero. Therefore, we obtain the result that the ay(t) must be the solution to the
following deterministic integral equation:

t

T

t\k/2 t\k/2

(3)" @ - ax( + J<§) Vils, a(s))ds =0, k=0,1,2,.... (3.12)
t

This system can also be expressed as a (countably infinite) system of ordinary differential equations by the

partial differentiation of the latter equality. We then have

tag(t) - gak(t) +tyi(t, a(t)) =0, withk=0,1,2,.... (3.13)

The function & denotes the time-derivative of the function ay. System (3.12) is defined on the whole interval
t € [0, T] with the boundary condition (ax(T))kxen at the horizon time T when system (3.13) introduces a
removable singularity time instance at zero. We will show in Lemma 4.5 that this singular point is removable
for system (3.13). Furthermore, we use the notation y(t, a(t)) to emphasize that the y; are functions of the a.
The couple (Y, g) can be represented by (ax(t), yx(t))ken at the time instance t € [0, T]. The solution (Y, Z;)
exists if and only if the countable differential system (3.12) has a solution. Countable systems of ordinary
differential equations have been studied extensively. For early references, see [28, 37, 46].! For more recent
texts, we refer to [18, 45]. The next section will illustrate and clarify our methodology with two examples.

1 It is interesting to note that [37, Part III] studies the existence and uniqueness of solutions of semilinear partial differential
equations u¢ = uyy + g(t, X, u, uy), which we would now identify with BSDEs. Lewis considers the Fourier basis to express the
solution in terms of a CODE.
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3.3 Preliminaries examples

3.3.1 Quadratic case

In the spirit of [36], let us consider the example of the BSDE (3.1), where the driver is given by the quadratic
function
g(t,x,y,2) =az’, acR.

The preceding work is rich enough to consider this example. The couple (Y, Z) solves the BSDE

T
Y= p(Wp) +a J 22 ds - [ z, aw.
t

- — iy

By the change of variable ¥; = exp(2aY;), there exists a process Z such that
T
¥, = exp(2ad(Wr)) - IZS AW,.
t
The solution (Y, Z;) tefo, 1] of the corresponding BSDE can be represented in the system the normalized Her-
mite basis (H)¢(0,17. Therefore, the countable systems of ordinary differential equations to solve are linear
and given by

. k
ag(t) = iak(t), k=0,1,2,...,

with the terminal boundary condition (ay(T))ken at T. By solving the above linear CODEs, we can represent Y
on the whole time interval [0, T] as

V=Y w(n(L) B Wy, telom.
k=0

By the martingale equality (3.10),
Ye = Elexp(ap(Wr)) | F¢].

By the change of variable Y; = exp(2aY;), Y; defines a super-martingale and we finally obtain

¥, = 5 log(E[exp(a(Wr) | 51]), ¢ € [0, ]

3.3.2 Linear case

Let us consider the example of the BSDE (3.1) where the driver function is given by the linear function
g(t,x,y,z) = ay + bz, where a, b € R. The solution (Y¢, Zt)te[0, ] Of the corresponding BSDE can be expressed
in the system the normalized Hermite basis (Ht)[e(()’T]. From (3.11), we obtain the following representation

of y(t): y
+1
Vi(t) = aai() + b( =
From (3.13), the countable system of ODEs to solve is given by

k+1

1/2
) @), te(,TI.

a(t) = (a - £)ak(t) + b( )1/2ak+1(t), te(,T], k=0,1,2,...,

2t

with the terminal boundary condition (ak(T))xen at the horizon time T. This system of linear CODEs is row-
infinite.

Let us consider the truncated system of ordinary differential equations with only N equations (N > 1). The

(N + 1)-dimensional vector of functions a (t) solves the following finite system of linear ordinary differential

equations:
k+1

1/2
(6 = (a- %)aﬁ’(mb( ) Za (6, k=0,1,2,....N, (3.14)
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with a% +1 = 0. We solve this system backwardly from k = N to k = 0 and obtain an explicit solution. We know
that ay(T) = E[YrH (Wr)].
o For k = N, we solve the corresponding ODE and obtain explicitly

a%(t) = (%)N/z expi{a(T - t)an(T), O<t<T.

o For k = N - 1, the corresponding ordinary differential equation is given by

. N-1 N\1/2
al ()= (a - T)a%_l(t) + b(T) al(t), 0<t<T

By the method of variation of parameter, the explicit solution of the preceding ordinary differential equa-
tion is given by the following equality, for t € (0, T]:
t )(N—l)/ 2

a0 = (7

. exp{a(T - H}ay_1(T) + N(%)N/2 exp{a(T - H)}ay(T).

We continue to solve system (3.14) backwardly and obtain the explicit solution

N
k\/ t \k/2 .
Newy = —_ )Yk _ P
a(t) = Iéak(T)(j>(7) (b(T - )T exp{a(T-1)}, j=0,1,2,...,N.
Based on this truncated system, we obtain the following representation for YEN) (the approximated solution
of the corresponding BSDE):

N

™ N K\ t\k/2 k-j Frlt]
ro-oy k;ak(r) . (T) (b(T - )7 exp{a(T - 0} |H" (W)).

From the addition formula (3.9) and interchanging the order of summation,
) 3 E\KI2 i
Y™ = exp{a(T- 0} ) ak(T)(T) (W, + b(T - 1)).
k=0
When N goes to infinity, with the aid of Parseval’s identity, it suffices to observe that

. (o)
sup (%)]a,-(T)z <ai(T)?, where Y a(T)? < oo,
t€[0,T] j=0
to conclude that the truncated solution YﬁN ) converges to the true solution Y, via a suitable change of proba-
bility measure. The convergence is understood in the ]L%(St +) sense. For these examples, we can remark that
the singular time instance t = O is in fact a removable singular point of system (3.13). We will analyze this
singularity problem in Section 4.2.2.

4 Uniqueness, existence and convergence

The existence and the uniqueness of the solution of the BSDE (3.1) is guaranteed by assumptions (H1)—(H2).
The books [18] and [45] give sufficient conditions to study the existence of solutions of countable systems of
ordinary differential equations (4.1) below or equivalently to system (3.12). In this part, we study the unique-
ness of the solution of the countable systems of ordinary differential equations (4.1) below and its truncated
solution in a finite-dimensional subspace which defines the Galerkin approximation of the solution of (4.1).
In the system of the generalized orthonormal Hermite polynomials (H)¢c(o,17, we formulate the following
countable backward problem:

{a(t) =flt,a(t)), 0<t<T, 1)

a(T) is the terminal condition,
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where a(T) = (ax(T))i=0 and f(t, a(t)) denotes an infinite-dimensional vector where each coordinate is
defined by fi(t, a(t)) = —%ak(t) + yi(t, a(t)) for each k € IN. The same definition is applied to a(t). The study
of regular ODEs is well documented and developed in the case of a finite dimension. The classical Lipschitz
condition and the Nagumo condition (see, e.g., [40, 44]) are the most known conditions of their studies. In
an infinite-dimensional space, the problem of existence and uniqueness of ODEs are more delicate to obtain.

4.1 Uniqueness of solutions

The study of the uniqueness or the existence of the solution of (4.1) is equivalent to the study of the unique-
ness or the existence of the solution of system (3.12) introduced previously.

Proposition 4.1. If the solution of problem (4.1) exists, then the solution is unique on the time interval [0, T].

Proof. We remind that the uniqueness of the solution of system (4.1) is equivalent to the uniqueness of the
solution of system (3.12). Let us consider two solutions (ai(t))izl,z of the previous system, with t € [0, T] and
al(T) = a?(T). We associate to each ai(t), the solution Yf of the BSDE (3.1) at the time instance t. Let us define

Ay () = ag(6) = @z (B),  AB*(D) =

k+1\1/2 1,2
(T) A0(k+1(t)'

From system (3.12),

T T

t\k/ t\k/ _
[ (5) " vher-vinas|=| [ () Ellgts. We. 1,28 - g(s, W, ¥2, ZD)H (W) ds .
t t

|Aay? ()] =

By the Lipschitz property of the function g,
T f k2 T
1,2 1,2 1,2
[Aa ()] < KI <§) |Aa; " (s)l ds + K JlAﬁk (s)l ds.
t t
From Lemma A.3 and the Cauchy-Schwartz inequality,
T
|Aa;* (6))* < KT exp 2(T - t) JlAﬁ}(’z(s)F ds. (4.2)
t
By It&'s formula applied to AY,> = | Y} — Y?| and the Lipschitz property of g,
T T T
1E<|AY}’2|2 + j|AZ§’2|2 ds) < 2K I EIAYY22 ds + 2KJIE|AY51’2||AZSI’2| ds,
t t t
where AZtl’2 = |Z} - Z?|. From the latter inequality and Young’s inequality (2ab < %az +eb?,a, b € R), there
exists a constant C > 0 such that
T L T
(1-€K) j EIAZI22 ds < K(z + E) j EIAY %2 ds forany € > 0.
t t

By choosing € = 2/K in the preceding inequality, there exists a positive constant C > 0 such that

T T
y J|AB,1<’2(S)|2 ds < C| Y lAay*(s)1? ds.
k=0 % t k=0

By inserting the latter inequality into (4.2), with summation over the variable k, we obtain the estimate

T
Y 18a? (61 < CK2Texp 2(T - £) x J Y 18a*(s)? ds.
k=0 t k=0
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Applying Lemma A.3 to the preceding inequality yields

Y 1Aa 2 ()1 = 0.
k=0

The latter equality implies that a}((t) = ai(t), k=0,1,2,....The preceding inequality concludes. O

4.2 Existence and convergence of the truncated solutions

As highlighted above, the study of ODEs is well documented in the case of a finite-dimensional system. In
an infinite-dimensional system, the problems of existence and uniqueness of ODEs are more challenging. In
the case of a Banach space, the study of CODEs is discussed in [28, 37, 46]. With the system (H')¢[0, 1, let us
consider the family of orthogonal projection operators (P,),>1 in the span of the first n first normalized basis
functions of (H t)[e[O,T]. We formulate the following n-dimensional problem:

{ a"(t) = Pufit, a™(t)), O0<t<T, 3)

a"(T) = Ppa(T),

where a(T) = (ax(T))k>1. For every t € [0, T], a"(t) € R"™. The result of the following lemma is the corner-
stone of the existence result of the truncation solution of the countable system of ordinary differential
equations (4.1). The convergence result is based on [18, Theorem 7.1].

In a finite-dimensional space, let us introduce the following existence theorem.

Theorem 4.2 ([16]). Let I = [to, T + to] be an interval of R and f a continuous function,
f:IxR™ - R™, (t,x) e f(t,x).
We assume also that there exists an integrable function { on I such that the function f satisfies
(f(t, x), x) < {OQ +xI*)  forall (t,x) e I x R™.
Then there exists a global solution of the following Cauchy problem:

{Y(t) = f(t, y(t)), where (t,y(t)) € I x R™,
y(to) = Yo, yo € R™.

4.2.1 Existence results

The following lemma provides a quadratic inequality of the functional f. This inequality is a key ingredient
to study the countable ordinary differential equation problem (4.3) or (4.1) .

Lemma 4.3. On the set [0, T] x I>(IN) and for a, B € 1>(N), the functional f satisfies the following inequality:

K
(f(t @) - fit, B, &~ B) < K(1+ 3 )la~ B forallt e [0, T). (4.4)
Proof. For a, B € 12(N), we define the system
B B
AYP = YE- 1,
azgP = 78 - 78,
Ag?’ﬁ = g(t’ W[a Y;xa Z;X) _g(t, Wt’ Ytﬁ,Zf)’

where
k+1

vi=Yy arOH (W) and Z&= Z( )1/2ak+1(t)H,[f](Wt).

k=0 k>0
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The same definition is applied to the couple (Yfg , Zf ). By the orthogonality property of (H ,[f]) keN, We have
(ft, @) - it, B), a - B) = ~5 BOZE + Blagy v ). (4.5)
Using the Lipschitz property of the function g, we obtain
EAgPAYEP < KEIAYSP12 + KE(AZEP| x [AYSF)).
By Young’s inequality, we have
E(AgPAY®F) - %lElAZf’ﬁIZ <K(1+ §)1E|Ayf’ﬁ|2.
From the previous inequality and (4.5), we obtain

K
(ftt, @) - fit. B).a - B) < K(1+ 5 )la - BP.
The proof is complete. O

The inequality of the preceding lemma is similar to the monotonicity condition in [17]. In the theory of
ODEs, from the quadratic inequality (4.4), we say that the functional f is one-sided Lipschitz with a positive
coefficient K(1 + %). The Lipschitz property implies the one-sided Lipschitz property by Cauchy-Schwartz’s
inequality. The converse is not true in general.

Proposition 4.4. The solution of problem (4.3) exists on the time interval [0, T].

Proof. The resultis a direct application of Theorem 4.2. By adding and subtracting the term (f(t, 0), a) to the
inner product (f(¢, a), a), we have

(f(t, @), a) = (f(t, @), @) - (f(t, 0), a) + (f(t, 0), ).
As the functional f is one-sided Lipschitz,
(f(t, @, 00 < K(1+ §)|a|2 F(ft,0), @), @€ P(N).
By Cauchy-Schwartz’s inequality and assumption (H1),
(fit, @), @) < K(1 + §)|a|2 + Klal.

Thus, we have

K?
(fit, @), &) < (2K + =~ ) al? + K.

We conclude the result directly from Theorem 4.2. O

4.2.2 Convergence of the truncated solution

In order to analyze the convergence of the truncated solution of problem (4.1), we provide below a lemma and
two key definitions (from Deimling [18]) to analyze the convergence result of the solution of problem (4.3). It
is important to point out that the solution of the BSDE (3.1) is deterministic for ¢ = 0. From Section 3, we can
represent the solution of the BSDE (3.1) as Y; = u(t, W;) for t € [0, T], where u solves the PDE (3.3). Recall
that problem (4.1) or (4.3) introduces a singularity problem at the time instance ¢ = 0. In order to solve this
singularity problem, we introduce the following Lemma.

Lemma 4.5. Under assumptions (H1)-(H2), the function ax(-) solves the following ordinary differential equa-
tion, for all (k, t) € N x [0, T]:

1
(0) = fi(t, a(t)) = ~E(OcFi(t, Wo) + SO%Fult, W),

where Fi(t, x) = u(t, X)H,[(t] (x) and u is the unique solution of the PDE (3.3).
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Proof. Theresult of the lemma is an immediate consequence of It&’s formula. In line with the preceding work,
by convention, we have

. 1 1 it ]
(t) = lim —(@(t = h) = ax(®)) = lim S E[u(t - h, Wen B (Wep) - utt, woH (W)

By Ito’s formula,

t
(0 = - lim %IE( j 3sFi(s, W) + %aﬁka(s, W;) ds +
~h

t
j 3 Fu(s, Wy) dWs).
t —h

t

As a martingale, the above stochastic integral vanishes with the expectation and we have
. 1
aut) = filt, a(t) = ~B( Filt, Wo) + SOLFi(t, W)).

The proof is complete O

When t is different from zero, we know that the random variable (W;/+/t) and the standard Gaussian random
variable N(0, 1) has the same probability distribution. It is enough to repeat the arguments in the proof of
Lemma 4.5 to obtain

. 1. 1
lim ae(0) = - }%E[(atu(t, Wo) + S0%ult, W) )Hi(N(©O, 1)].

From Section 3, we know that u solves the PDE (3.3). Hence,

H(N(0, 1))
Vi!

}1_{1(1) ar(t) = }1_1% IE( g(t, Wy, Yy, Zt))-

By the continuity of yx, we have
}i_{%fk(t, a(t)) = yk(0, a(0)).
In conclusion, the singular time instance 0 is in fact a regular singular point.

Definition 4.6 (Class U). A function w: (0, a] x R* — R is said to be of “class U” (or w € U in short) if for
each ¢, there exist § > 0, a sequence t; — 0* and a sequence of continuous functions p;: [t;, a] —» R* with

pi(ti) = 6t;, Dpi(t) > w(t, pi(t)), 0 <pi(t) <ein(t;, al,
where 1
Dpi(t) = lim sup —(pi(t) - pi(t - h)).
70" he(0,r] 1
The supremum in the preceding equality is taken on the variable h.

Definition 4.7 (Class U;). A function w: (0, a] x R* — R is said to be of “class U;” (or w € Uy in short) if
w € U and the function p; from the previous definition satisfy the additional condition

D7pi(t) > w(t, pi(t)) + 8; forsome §; > 0.

From [18], the Lipschitz case where w(t, x) = Lx, L > 0, and the Nagumo condition w(t, x) = ’7‘ are of the class
U and U, . The following theorem provides a convergence result of the solution of problem (4.3).

Theorem 4.8. Let us consider the previous family of the orthogonal projection operators (P,),>1 in the span of
the first n basis functions of Section 3.1. The truncated solution a" of system (4.3) converges punctually to the
true solution on the interval [0, T] when n goes to infinity.

Proof. The proof of the result is based on [18, Theorem 7.1]. Let us make the change of variable t' = T - t,
where t € [0, T]. We know from Lemma 4.3 that f satisfies the inequality

(flt',a) - f(t', B),a - B) < w(t', la-BDla—-Bl, ¢ €[0,T)anda, B € I*(N).
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The linear function (t', p) — w(t', p) = K(1 + 1—2<)p is of the class U; . Let us define the function af (t') = Pya(t"),
the error term € (t') = a™(t') — af(t') and the absolute error ¢, (t') = |€b(¢')]. As the projection operator P, is
Lipschitz with the Lipschitz constant equal to 1, the preceding quadratic inequality is also satisfied for P,f.
We then have

(Puf(t', @) = Puf(t', B), a = B) < w(t', la — D)l ~ Bl
By the linearity of the inner product, for h > 0 and small enough, we have
(en(t) — en(t' = h), en(t) = len(t)I? ~ (e (t' = h), ex(t').
Using Cauchy—Schwartz’s inequality, we obtain
len (t")” = (e5(t' = ), €5(t) = 1pn(t")])* = Pu(t’ = h)pn(t").

Dividing by h the previous inequality and letting h — 0", we have

(D~ Pn(t) < ((eF(t))), €R(t")),

where (eﬁ (t")) denotes the derivative with respect to ¢’ of the error term eﬁ (t"). From the latter inequality, we
obtain

Pn(t')DPn(t') < (Puf(t', a™(t") = Puflt!, afi(t), en(t))) + [(ft', an(t") - f(t', a(t"))|Ppn(t')
and
Pu(t)D™Pn(t') < (ft', a™(t)) - f(t', ay (1), € (t")) + |(fH', an(t) - f(t', a(t'))|pn(t").
Clearly,
(YD Pu(t") < w(t', Pu(t)Pn(t') + (F(L', an(t) - ft', alt)|Ppn(t"). (4.6)
Moreover, the function fi can be extended to the function f by continuity as follows:
i) = fO 101 + yk(0, @(0)) L=y, t € [0, T].

By using the function fi and noticing that al(t') — a(t') as n — co, we have |(f(t/, al(t")) - f(t', a(t")| — O
as n goes to co punctually on (0, T]. The following convergence holds:

¢"t(,t ) |Puf(T, Pra(T)) - Puf(T, a(T))| ast’ — O*. (4.7)

Furthermore, |P,f(T, Pra(T)) — Pof(T, a(T))| — 0 as n goes to co. From the evaluation of the latter result
and (4.7), for any p > 0, there exist ny, and ¢, > 0 such that forall n > ny,

Pn(t) < (% +p)t fort' [0, t,).

We know that w € U;. For a given € > 0, we choose the constant § > 0, the sequence t;, where t; < t;, the
sequence p; from Definition 4.7 such that (% + ) < &, for some ng such that n > ng. This result implies that

75
! 6 ! !
qbn(t)szt fort' < ty.
For ¢; < ty, by considering the function p; form Definition 4.7, we have
Pn(t)) < pi(t) fort' <ty.

Let us consider the time instance

t* =inf{s > t;, Pn(s) = pi(s)}.
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The continuity of ¢p, and the fact that ¢,(¢;) < pi(t;) imply that ¢p,(t*) > 0. From the result (4.6), we have the
inequality

D pn(t") < w(t*, Ppn(t™)) + 6.

As w € U, given the parameter §; > O from Definition 4.7, we have, by choosing 6 < 6;,
D™ n(t") < w(t”, pn(t™)) + 6; < D7¢n(t*)-

The previous double inequality is impossible. Furthermore, before the time instance t*, ¢,(s) < pi(s) for
s € [t, t*). Therefore, ¢, (t') < € forevery € > 0. Hence, the sequence eﬁ (t") converges to 0 as n goes to infinity.
Since aﬁ (t")) — a(t") when n — oo, we conclude that a” converges to a punctually on [0, T]. O

Solving BSDEs can be a challenging task. Theses equations appear in many mathematical problems. Unfor-
tunately, as highlighted in the introduction, for a large class of BSDEs, we do not have an explicit solution.
Due to their importance, we need robust approximation schemes to solve these equations. The following
section describes in detail our numerical algorithm and provides two numerical experiments to illustrate its
performance.

5 Euler scheme and numerical illustrations

Let us consider the unidimensional discrete-time approximation of equation (3.1). We build a partition m of
the interval [0, T], defined as follows:

n:0=tg<---<ty=T,

with A; := tiy1 — t; and |71| := max{A; : 0 < i < N - 1}. We will use decomposition (3.11) in order to solve the
BSDE (3.1) and assume that we have at our disposal the trajectories of the Brownian motion W on the dis-
cretization grids of the partition .

5.1 Euler scheme

We denote (Y, Z) the numerical approximation of the exact solution (Y, Z), deduced from the Euler approxi-
mation of the countable system of ODEs (3.13). In the Hermite basis, the couple (Y, Z) is represented by the
couple (a, B) and its numerical approximation (Y, Z) by (a, B). Following the work of Section 3.2, we have
the following decomposition of the couple (Yy,, Zt,)tent

k+1

_ iy = - It - /
Vo= Y atOB (Wy),  Zi= Y BB (W), with Bi(ti) = (— )1 e (6).

k=0 k=0 !

We also define

Vo = Y tHI (W), where i) = E[g(ti, Wy, ¥e,, Ze)H (W),
k=0
The decomposition of the couple (Y;,, Zt,) follows the same structure as in Section 3.2. Let us remark that by
decomposition (3.11), the computation of j is completely determined by &. Integrating equality (3.12) from
t; to tiy1, we have

tis1

b k2 . ti\k/2 B -

at) = () anlti) + J (3) wisands=0, k=0,1,2,...,
where [t;, ti+1] € [0, T]. It will be enough to compute the couple (@, y) on the discretization grid to have the
Euler approximation of the couple (Y, Z). We remark that the computation of Z is completely determined by
the computation of Y and its terminal condition.
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Description of the algorithm.
- Initialization: Approximate Y7 = ¢p(Wr) and for k = 0, 1, 2, ..., compute the coefficients

ax(T) = a(T), Pi(T) = Bi(T) = ak+1(T)(k;1 )1/2‘

e Fori=(N-1)toO0,oneach sub-interval [¢t;, t;;1] C [0, T], with ¢;, ti;1 € 7,
- compute y; by the following optimization problem: find
Vi, = (P1(tien), V2 (tiv1), Va(tive), ¥3(tisa)s - - .)

such that
2

)

]()_/?Hl) = lrgf E'{Hi(wtnl) - g(ti+1) Wl‘,u,l ) Yti+1 ) Z[Hl)

where H; := (I:I([)t"”],H[lt"”], H[zt"“], L)),
- fork=0,1,2,...,compute
_ ti \k/2_ ti \k/2_ 5 _
a(t) = (=) @) + 8i( =) Tadtion) = 0, Bilt) = e (6)(

i+1 i+1

k+1 )1/2
t; ’
- compute

Ve = Y at)HI(We) and Z, = Y Bi(t)HY (Wy).
k>0 k>0

The couple of coefficients (a, y) denotes the Euler approximation of the couple (a, y).

5.2 Convergence result

From Lemma 4.3, we recall that the functional f is not Lipschitz and satisfies only the quadratic inequal-
ity (4.4). We will analyze the convergence results via the corresponding CODEs by combining standard
probabilistic techniques.

Theorem 5.1. Under assumptions (H1)-(H2) and considering the previous subdivision m of the interval [0, T],
there exists a positive constant C, independent of the partition m, such that

N-1 ti+1
max ]Elyti_-Yti|2+IEz J |Z[»—Z[i|2dSSC|7T|.
0<i<N =0 ;

Proof. The proof of the theorem is deduced from the couples («, 8) and (&, 8), which represent, respectively,
the couples (Y, Z) and (Y, Z). During the proof, the strictly positive constant C may take different values from
line to line, but independent of the partition 7. With 0 < i < N — 1, we define for every t; € mand s € [t;, ti+1],
the quantities
Aay(t;) = ax(ti) — a(t;),
ABi(s, t;) = Bi(s) — Bi(ty),
Ay(s, t;) = yi(s) - yi(ti),

where Bi(t;) = (ktLil)l/zakﬂ(t,-) and Bi(6) = (X1)Y2 1 (¢). We also define the positive quantity

tiv1
Ui = Y bt + [ 18Buts, t0F ds.
k=0 i
From the following system:
t: k2 o g
(Lt . t
an(t) = () anttin)+ [ (F) s ds,

t;

_ ti \k/2_ ti \k/2_
() = () @lti) + A=) Taltina),

i+1 i+1
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we deduced that

tis1
ar(t) - a(t) = @eltien) - anltnn)(1-) "+ [ ((2) v - (25) pateien) ) as.

tiv1 tiv1
ti

By adding and subtracting in the integral term of the above equality the term (%)"/ 2yx(tir1) and using Jensen’s
inequality, we get

tiv1 tiv1
ti\k/2 _ ti\k/2 ti \k/2| _
el = 8atil+ [ () 1w - mattianlas+ [ |(2)7 - (75) 7 [ mctias.
t; t;

By the inequality ab < 5-a® + 3eb?, € > 0, we have

tiv1
A.
Ba(t)? + [ 18Bi(s, 6D ds < (1+ 21 )bl + 28,1081t €0
ti

tivy
(14 i)( [ 1) 0t - e as

A; ]
tin1 /2 1 /2 2 s
; j|(§)/ ‘(t,-%) ! ||yk<ti+1)|ds> +2 [ 1Buts) - Bt ds.
t; t;

By noticing that yx(s) — Vx(ti+1) = Yk(S) — k(s + A;) + Ayr(s + A, ti+1) and using the Holder inequality, there
exists a positive generic constant C such that for every € > 0,
tiv1 A
Ba(t)? + [ 18Bi(s, 0P ds < (1+ 21 )dau(tin)? + 28,1884t €0
t;

tiv1 tiv1
+2 j 1Bi(s) — i) ds + (CA; + Ce>( j IVk(S) - yi(s + A2 ds)
t t;
ti+1
+(CA; + Ce)( J |Ayk(s + A, tis1)|? ds + A,-zli'k(ti+1)|2)- (5.1)
ti
Remark 5.2. The following hold:
t,’+1 ti+2
j IAVk(S + Ay, i) ds = j IAyk(s, tin)? ds, (5.2)
l’i ti+1
[Vi(S) = Pic(tisn)] < K(law(s) — ar(tiva)] + 1Aai(tiv1)] + 1ABK(S, tix1)]). (5.3)

Equation (5.2) is obtained from the Lipschitz property of the driver function g. Inserting (5.2) and (5.3) into
inequality (5.1), there exists a positive constant C such that for every € > 0 and A; small enough, we have

tiv1
Aa(t)1? + j IABi(s, )2 ds

ti
tiv1 tiv1

< ChEIAak(tiv1)? + 20| ABK (i, )% + 2 j 1BK(s) - Br(ti)I? ds + c;f( j lyk(s) = yi(s + A2 ds)
t; t;
tivo tis2
+ le( J lax(s) - ai(tin1)* ds + J IAB(s, tis1)* ds + Aizl)_/k(fm)lz), (5.4)
tiv1 tiv1

where c2€ = (1 + Ai/e + CAi(A; + €)) and ¢4 = (CA; + Ce).
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From inequality (5.4), taking € = % and 77 small enough, there exists a positive constant C, independent
of i1, such that

tiv1
Ui < (1400 Upsy + (Cl| +1) ) j yi(s) = yi(s + Ap)l> ds +2 ) AilABi(ti, ty)]
k=0 t k=0

tiv1

tiv2
+2) j |Bi(s) - Bi(t)|* ds + (Clm| + 1) ) ( j |a(s) — ax(tiz1)* ds + A%lyk(ti+1>|2).

k>0 t k>0 tin

By the Lipschitz property of g, we deduced the following decomposition:
yk(s) = yi(s + M)l < K(lak(s) — ax(s + D)l + |Bi(s) = Br(s + Ai)l).

We then have
tiv1
Ui <(1+0iC)Upsy + C(iml +1) ) J |Bi(s) = Bi(s + A)I* ds + lak(s) — ax(s + Ay)|* ds
k>0 ti
tiv1

+2 Y B0t O +2 Y [ 1Bis) - Bultl ds

k>0 k>0 ti

tis2
+(Clm| +1) Z( j |ai(s) - ax(tiz1)* ds + A1~2|)7k(fi+1)|2>-

k=0 tiv1

By Lemma A.2 applied to the preceding inequality, there exists a constant C > 0 such that for |7] small enough,

N-1 N-1

max U < Ylar(T) - (DI + Y. Ag(@) + B, (B) + 217l Y. Y 1AB(ti, ti)?, (5.5)

<i< =0 i=0 i=0 k=0
where

tiv1 tiv1
By (B) = Cil +1) Y j 1Bi(s) ~ Bi(s + AP ds +2 Y, j IBi(s) - Bi(ti)|* ds
k>0 s k>0 ti

and

tiv1

tiv1
Ag(@) = C(lnl + 1) ) J lak(s) — ax(s + Ap)|* ds + (Cla| + 1) ). ( j |ax(s) - ax(tiz1)]* ds + A,~2|)7k(ti+1)|2>-
k=0 t k=0 ]
Remark 5.3. « By Bessel’s inequality and with the aid of [48, Lemma 3.2], there exists a constant C > 0
such that for |77 small enough,

N-1
Y Ag(@) < Clnl.

i=0
o Using the L,-regularity result (see [48, Lemma 3.1]), there exists C > 0 such that for |77| small enough,
N-1
Y B < Clnl.
i=0
From the previous remark and Lemma A.2, we derive from (5.5)

N-1

max Y |ax(t;) - ar(t;)|* < C Y |aw(T) = ax(T)|* + Cla| + 2|z Y Y |ABx(ti, t)]*.
0O<i<N 4
k>0 k>0 i=0 k>0
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From inequality (5.1) and choosing € = z_lc’ there exists a positive constant C such that

tiv1 ti
Uit 3 Y [ 1BK0) - BrltdPds < 1+ Ca)Ui+2 Y [ 1Bils) - Butti-0) ds
2 k>0 ti kzoti?1
t;

+ Ci( J lyk(s) - yr(s + Ap)I® dS) + " NiIABk(tia, tia))?

ti-q k=0
tiv1
+ Ci( > I la(s) — ax(t;)|* ds + Al-2|)7k(ti)|2>,
k=0 ¢

where ¢; = (CA; + 1).
Summing both sides of the preceding inequality over the variable i from 1 to N — 1 and from Remark 5.2,
there exists a positive constant C > 0 such that

N-1 g N-1 i . N-1 N-1
Zl Ua+5 ) > Jlﬁk(s) - Br(ti)I* ds < ;(1 +CA)U; + 2|m] Y Y IABk(ti1, ti1)* + Clrl.

i=1 k=0 t i=1 k>0

Applying inequality (5.5) to the latter inequality, there exists a constant C > 0, independent of 77, such that

tiv1

N-1 N-1
>y j |Bi(s) = Bi(ti)|* ds < Clmt| + C Y |aw(T) — ax(T)* + 2|zt Y Y 1ABiltio1, ti1)l (5.6)
i=1 k>0 ti k=0 i=1 k>0

From (5.6) and (5.5), the theorem follows. O

5.3 Applications and numerical illustrations

In this section, we illustrate our scheme with two examples. As highlighted above, several problems in finance
or in insurance can be formulated as a solution of BSDESs. For realistic applications in finance and insurance,
we refer to [19, 21] and the references therein for further details.

5.3.1 Application 1

The solution of problem (4.1) in Section 4, dwells in the infinite-dimensional space. For numerical purposes,
it is desirable to consider the solution into a finite-dimensional space. In our numerical implementation, we
consider the orthogonal projection operator (Py)i>1 in the span of the k first orthonormal basis functions as
introduced in Section 3.2.

Let us consider the unidimensional discrete-time approximation of equation (3.1). We build a partition
7 of the interval [0, T] defines as follows:

O=to<ty<...<ty=T, Aj:=tiy1-t; and |n]=max{A;:0<i<N-1}.

For our numerical simulation, we define the following parameters:

e kis the number of the basis functions,

o M s the number of simulated paths of the Brownian motion,

o N isthe number of the discretization instances on 7.

Due the propagation of the error during the backward approximation of the solution of the BSDE, we will be
interested in the initial value of the solution. We will assume that we have at our disposal all the trajectories
of the Brownian motion at the time instances of the partition 7.
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Figure 1: Error curve on (Yo, Zo), with k = 7, M = 10000.

The first example is defined by the following BSDE, inspired from the work of Ruijter and Oosterlee [29].
The underlying process is the Brownian motion (W¢)o<¢<r. We consider the system

{—dYt=g(t, W, Ye, Zo)dt - Z; dWe, 0<t<1,
Yy = (W),

where the functions g and ¢ are defined as follows;
¢(x) =cos(x+1), xeR,
g(t, Xe, Y, Ze) = Ze(Ye + 1) — %(Yt —sin(2(t + Wy)) + cos(t + Wy)).
The exact unique solution of the above BSDE is defined almost surely by the couple
(Ye, Z¢) = (cos(Wy + t), —sin(W; + t)).

The exact value of the couple (Y, Z) at zero is (Yo, Zo) = (1, 0). By the comparison theorem of BSDEs, the
couple of processes (Y;, Z;) is included in the bounded domain [-1, 1] x [-1, 1]. Figure 1 shows the log-
representation of the relative error curve induced by the numerical approximation of (Yo, Zo).

5.3.2 Application 2

The second example is defined by the following BSDE. As in the first example, the underlying process is a
Wiener process W and the terminal condition is a functional of W. We consider

{—dYt:g(t, Wy, Yy, Zp)dt — Zy dW,, 0<t<1,
Yy = ¢p(W),
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Figure 2: Error curve on (Yo, Zo) with k = 6, M = 10000.

where the terminal condition and the driver functions are defined as follows:

¢(x) = xarctan(x) - In(V1 + x2),
1

W, Y Zy) = ———— .
8t We, Y, Z1) 2(1 + tan2(Z,))

It is easy to check that the solution of the above system is
1
(Y¢, Zy) = (_E In(1 + Wtz) + Wy arctan(Wy), arctan(Wt)).

By noticing that the function x — In(x) satisfies the linear growth condition and the function x +— arctan(x)
is bounded, one has
(Ye, Ze)ostst € S2(R) x HA(R).

Figure 2 shows the log-representation of the relative error curve induced by the numerical approximation of
the couple (Yo, Zp). Modulo the choice of |77] and the number of basis functions k, the numerical illustra-
tions show a stable convergence order regarding the approximation of the couple (Yo, Zp). Nonetheless, the
convergence regarding the estimation of the initial value Y, is more stable and quicker than the approxima-
tion of Z, in the first example. The convergence of the method could be accelerated by two-step schemes or
Runge—Kutta methods (cf., e.g., [2, 10, 30, 34]).

6 Conclusion

This paper covers the numerical approximation of the class of Markovian backward stochastic differential
equations (BSDEs), wherein the terminal condition is a functional of Brownian motion. BSDEs appear in many
problems in finance, insurance, and their numerical solutions can be challenging to compute especially in
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high dimensions when several risk factors are involved. The main difficulty is to solve a dynamic program-
ming problem, which involves computing conditional expectations at each step across the time interval. This
computation can be very costly especially in high-dimensional problems. In our class, by developing the solu-
tion of a Markovian BSDE as a Fourier—Hermite expansion, we show that the problem of solving the BSDE is
identical to solving a countable infinite-dimensional system of ordinary differential equations (CODEs). The
family of ODEs belongs to the class of stiff ODEs, where the associated functional is one-sided Lipschitz. The
use of Hermite polynomials is very useful for calculating the conditional expectations in an exact way during
each time-step, thereby eliminating a potential source of error in our algorithm. On this basis, we derive a
numerical algorithm for the BSDE via the standard Euler scheme with respect to the solution of the count-
able system of ordinary differential equations. It is interesting to note the simplicity of our algorithm. The two
examples show a stable convergence regarding the computation of the solution of the BSDE. This research
could be developed further by investigating non-Markovian cases with applications to pricing problems and
risk management issues.

A Appendix
LemmaA.1. Forany a > O and forany a, b € R,

1

(@a+b)? <1+a)a*+ (1 + —)bz.

a
Proof. The result is a direct consequence of Young’s inequality. O
Let us recall the classical discrete Gronwall lemma (see, e.g., [48] or [39]) .
Lemma A.2 (Gronwall inequality (1)). Let us consider the partition

n:0=ty<---<ty=T

of the interval [0, T], and let A; be its mesh. We consider the families (ay)o<k<y and (by)o<k<n, assumed to be
non-negative, such that for some positive constant y > 0, we have

ax-1 < (1 +yApax+byx, k=1,...,N.

Then
N
max a; < e”T(aN + z bi).

0<i<N i

Lemma A.3 (Gronwall inequality (2)). Let y, b, a: R* — R be three continuous functions such that b is non-
negative and

t
y(t) < a(t) + J b(s)y(s) ds.
0

Then
t

t
y(0) < a(t) + J a(s)b(s) exp< J b(u) du) ds.

0
Moreover, if the function a is non-decreasing or monotone, we have

t
y(0) < alt) exp( j b(s) ds).
0

Funding: Theresearch leading to these results has received funding from the European Union Seventh Frame-
work Programme ([FP7/2007-2013]), [FP7/2007-2011]) under grant agreement no. 289032.
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