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Convergence of Langevin-Simulated Annealing algorithms with
multiplicative noise II: Total Variation

Pierre Bras*' and Gilles Pageés*

Abstract

We study the convergence of Langevin-Simulated Annealing type algorithms with multiplicative
noise, i.e. for V : R — R a potential function to minimize, we consider the stochastic differential
equation dY; = —oo ' VV(Y;)dt + a(t)o(Y)dW; + a(t)?Y (Y;)dt, where (W) is a Brownian motion,
where o : R — My(R) is an adaptive (multiplicative) noise, where a : R* — R* is a function
decreasing to 0 and where Y is a correction term. Allowing o to depend on the position brings
faster convergence in comparison with the classical Langevin equation dY; = —VV (Y;)dt + odW,.
In a previous paper we established the convergence in L'-Wasserstein distance of Y; and of its
associated Euler scheme Y; to argmin(V) with the classical schedule a(t) = Alog™"/?(t). In the
present paper we prove the convergence in total variation distance. The total variation case appears
more demanding to deal with and requires regularization lemmas.
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1 Introduction

Langevin-based algorithms are used to solve optimization problems in high dimension and have gained
much interest in relation with Machine Learning. The Langevin equation is a Stochastic Differential
Equation (SDE) which consists in a gradient descent with noise. More precisely, let V : R? — R* be
a coercive potential function, then the associated Langevin equation reads

dXt == —VV(Xt)dt + O'th, t Z 0,

where (W) is a d-dimensional Brownian motion and where o > 0. Under standard assumptions, the
invariant measure of this SDE is the Gibbs measure v,2 of density proportional to e~2V(@)/o* and for
small enough o, this measure concentrates around argmin(V’) [Dall7| [Bra2l]. Adding a small noise
to the gradient descent allows to explore the space and to escape from traps such as local minima
or saddle points appearing in non-convex optimization problems |[Laz92] [DPG*14]. Such methods
have been recently brought up to light again with Stochastic Gradient Langevin Dynamics (SGLD)
algorithms [WT11| [LCCC16], especially for the deep learning and the calibration of large artificial
neural networks.

The Langevin-simulated annealing SDE is the Langevin equation where the noise parameter is
slowly decreasing to 0, namely

dX, = —VV(X;)dt + a(t)ocdW,, t > 0, (L.1)
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where a : RT™ — R™ is non-increasing and converges to 0. The idea is that the "instantaneous"
invariant measure V), which is the Gibbs measure of density oc exp(—2V (z)/(a(t)?0?)) converges
itself to argmin(V"). Although the additive case i.e. where o is constant has been extensively studied,
little attention has been paid to the multiplicative case i.e. where o : R* — My4(R) depends on X;.

The objective of the present paper is to study the convergence in total variation of the Langevin-
Simulated annealing SDE, i.e. (1.1) with non-constant o. Following [PP20, Proposition 2.5], we need
to add a correction term in the drift, giving

d
dY; = — (o0 " VV)(Yy)dt + a(t)o(Ye)dW; + | a*(t) Z 0;(00™)(Yy)4j dt, (1.2)
j=1

1<i<d

a(t) = 4 (1.3)

Vlog(t +e€)’
so that v, is still the the "instantaneous" invariant measure. We also study the convergence of
its Euler-Maruyama scheme Y; with decreasing steps and with noisy gradient estimates coming from
stochastic gradient algorithms. We assume in particular the convex uniformity of the potential V'
outside a compact set (but we do not assume that the potential is convex) and the ellipticity and the
boundedness of .

We studied this SDE and proved the convergence in L'-Wasserstein distance of Y and Y to v*
which is the limit measure of v, as a — 0, in a previous paper [BP21|, which the present paper is a
companion paper of. More precisely, we proved that W;(Y;, v*) is of order a(t) as ¢ — oo and that
Wi (Ye, V(o)) 18 of order t¢ for every a € (0,1). For more details, we refer to the introduction of
[BP21]. In particular, for applications to optimization problems arising in Stochastic Optimization
and in Machine Learning and for choices of o : R — My(R) used by practitioners, we refer to [BP21,
Section 3.

The proof for the total variation distance case relies on the same strategy developed in [BP21].
We first introduce the process X where the coefficient (a(t)) is "by plateaux" i.e. non-increasing and
piecewise constant on time intervals [T},,T),+1]. Then we give bounds on dpv(Xy,Y;) using a domino
strategy [BP21, (1.2)]. However the main difference with the L!-Wasserstein distance concerns the
total variation distance between X and Y in small time as in general, it is more difficult to give bounds
in small time for the total variation distance between two processes with close coefficients. Indeed,
considering the functional characterization and comparing it with the L'-Wasserstein distance, if
and y € R? are close to each other and if f : R — R is Lipschitz-continuous, then we can bound
|f(z) — f(y)] by [flLiplz — y|; however if f is measurable bounded, then we cannot directly bound
|f(x) — f(y)| in terms of |z — y|. Instead, the common strategy of proof in the literature is to use
Malliavin calculus in order to perform an integration by parts and to use bounds on the derivatives
of the density. In this context, [PP20] relies on a highly technical Malliavin approach inducing a
"regularization from the past" (see [PP20, Theorem 3.7 and Appendix C]).

We give bounds in small time relying on the recent paper [BPP21] and we adapt some of the proofs
to the non-homogeneous Markovian setting. These bounds rely on estimates of the density of the
solutions to SDE’s and their derivatives [Fri64|. The strategy of proof is the following: we first reduce
to the null drift case using a Girsanov change of measure. Then we introduce an artificial regularization
in order to perform a Malliavin-type integration by parts and we use Aronson’s bounds on the density
and its derivatives; we need to pay attention to the dependency in the parameter a, controlling the
ellipticity of the SDE and which converges to 0, of the constants that appear in the Aronson bounds.
Moreover, we rely on [DMR18] to give bounds on the total variation between two Gaussian laws.

Contrary to the L'-Wasserstein distance, we do not prove the convergence as t — oo of Y; and
Y; to v* since in most of the cases, v* is supported by a finite number of points and then if Y; has a



density then drv(Y;,v*) = 2. Instead, we prove the convergence in total variation of Y; and Y; to their
"instantaneous invariant measure" v, which itself converges to v* (in law, for the L'-Wasserstein
distance etc, see for example [Hwa80, Theorem 2.1] and [BP21, Lemma 4.6]) and we give bounds on
drv (Ys, ve(ry) and on dry (Y, vag) as t — oo,

The paper is organized as follows. In Section 2 we give the setting and assumptions of the problem
we consider and state our main results of convergence with convergence rates. This setting is the same
as in [BP21]. In Section 3 we establish bounds in small time for dpv(Xy,Y;) and for drv(Xy,Y;), in
inspired from [BPP21|. In Section 4, we prove the convergence of the plateaux SDE X using exponential
contraction properties. Using this convergence, the convergences of drv (Y7, v4()) and dTv(Y;g,I/a(t))
are proved in Section 5 and 6 respectively.

NOTATIONS

We endow the space R? with the canonical Euclidean norm denoted by | - | and we denote by (-, -)
the associated canonical inner product. For x € R? and for R > 0, we denote B(z, R) = {y € R? :
ly— o] < R}.

For M € (R%)®* we denote by ||M]| its operator norm, ie. |[M|| = sup,cgaxk uj=1 M -u. If
M :R? — (RH)®* we denote || M||s = sup,cpa [|M(z)|. We say that M is C for some r € NU {0} if
M is bounded and has bounded derivatives up to the order r.

For k € N and if f : R? — R is C*, we denote by V*f : R? — (R9)®* its differential of order k. If
f is Lipschitz-continuous, we denote by [f]rip its Lipschitz constant.

We denote the total variation distance between two distributions 7 and 79 on R%:

dpy (1, m2) = 28up gcpma [T1(A) — ma(A)].

Without ambiguity, if Z; and Zs are two R%-valued random vectors, we also write dpy(Z71, Z2) to
denote the total variation distance between the law of Z; and the law of Z5. We have as well

drv(my,m2) = sup {/ fdmy —/ fdry, f: R? — [—1,1] measurable} .
Rd Rd

Moreover, we recall that if 7 and 7 admit densities with respect to some measure reference A, then

dry(m,m) = /

We denote the LP-Wasserstein distance between two distributions 7 and w9 on R%:

1/p
Wp(m,ﬂz)zinf{</ |w—y|pw<das,dy>> !7T€7’(7T1,7T2)},
]Rd

where P (71, o) stands for the set of probability distributions on (R? x R?, Bor(R%)®2) with respective
marginal laws 7 and m. For p = 1, let us recall the Kantorovich-Rubinstein representation of the
Wasserstein distance of order 1 [Vil09, Equation (6.3)]:

Wi (1, m9) = sup{/Rd flz)(m —me)(dx) : f: R? — R, [fluip = 1}.

For z € R? we denote by §, the Dirac mass at z.
In this paper, we use the notation C' and ¢ to denote real positive constants, which may change
from line to line.



2 Assumptions and main results

2.1 Assumptions

Let us briefly recall the setting adopted in [BP21]. Let V : R — (0,400) be a C? potential function
such that V is coercive and

(x — |£C|2€_2V(x)/A2) e LY(RY) for some A > 0. (2.1)
Then V admits a minimum on R?. Moreover, let us assume that

V* = r%idnv >0, argmin(V)={azf,...,25.}, Vi=1,...,m* V*V(x}) >0, (2.2, Hy1)
i.e. minpa V' is attained at a finite number m* of points and at each point the Hessian matrix is positive
definite. We then define for a € (0, A] the Gibbs measure v, of density :

—1
va(dz) = Zye2V @V gy za:< / e—2<V<w>—V*>/a2dx> (2.3)
R

d

Following [Hwa80, Theorem 2.1], the measure v, converges weakly to v* as a — 0, where v* is the
weighted sum of Dirac measures:

-1

* *

v =[S (et v V) ] Y (et VAV () 26 (2.4)
Jj=1 i=1

Following [BP21, Lemma 4.6], v, also converges to v* as a — 0 for the L'-Wasserstein distance.

We consider the following Langevin SDE in R%:
Y50 =zg € RY, Y™ = bogy (Y,")dt + a(t)o (V™) dW, (2.5)

where, for a > 0, the drift b, is given by

d
bo(z) = —(00 " VV)(z) + a* Z d;(o0o " )ij(x) = — (00 VV)(x) + a*Y(z), (2.6)
j=1

1<i<d

where W is a standard R%valued Brownian motion defined on a probability space (£2,.4,P), where
o :RY = My(R) is C? and
A
a(t) = ———— (2.7)
\d1og(t + e)

where A is defined in (2.1) and with log(e) = 1. This equation corresponds to a gradient descent on
the potential V' with preconditioning ¢ and multiplicative noise ; the second term in the drift (2.6) is
a correction term (see [PP20, Proposition 2.5]) which is zero for constant o.

We make the following assumptions on the potential V:

|VV|2 < CV and supd ||V2V(3:)|| < 400, (2.8, Hy2)
reR

which implies in particular that V' has at most a quadratic growth. Let us also assume that

o is bounded and Lipschitz-continuous, V2o is bounded, V(JUT)VV is bounded, (2.9, H,)



and that o is uniformly elliptic, i.e.
Joo > 0, Yz € R, (00" )(x) > 021, (2.10)

Assumptions (2.8, Hy2) and (2.9, H,) imply that T is also bounded and Lipschitz-continuous and
that b, is Lipschitz-continuous uniformly in a € [0, A]. Let the minimal constant [b]i, be such that:

Va € [0, A], b, is [b]rip-Lipschitz continuous. (2.11)

We make the non-uniform dissipative (or convexity) assumption outside of a compact set: there
exists ag > 0 and Ry > 0 such that

Vz,y € B(0, Ro)¢, <<O‘UTVV) (z) — <O‘0’TVV) (y), = — y> > aplz — y[% (2.12, Hey)

Taking y € B(0, Ry)° fixed, letting |x| — oo and using the boundedness of o, (2.12, H.;) implies
that |VV] is coercive. Using (2.8, Hy2) and the boundedness of o, there exists C' > 0 (depending on
A) such that:

Va € [0, 4], 1+ |ba(z)| < CVV2(x).

Let (vn)n>1 be a non-increasing sequence of varying positive steps. We define I'y, := v + -+ + v,
and for ¢t > O:
N(t) :=min{k > 0: I'yy1 >t} =max{k >0: I'; <t} (2.13)

We make the classical assumptions on the step sequence, namely

Y 4 0, Z’yn =400 and Z’yﬁ < 400 (2.14, Hy)
n>1 n>1
and we also assume that
w := lim sup % < 0. (2.15, H2)
n—00 Tn+1

For example, if v, = y1/n" with n € (1/2,1) then w = 0; if v, = 1 /n then w = 1.

In stochastic gradient algorithms, the true gradient is measured with a zero-mean noise ¢, which law
only depends on the current position. That is, let us consider a family of random fields ((, (7)) erd nen
such that for every n € N, (w,z) € Q x R? = (,,(z,w) is measurable and for all 2 € RY, the law of
(n(z) only depends on = and ({,(x))nen is an i.i.d. sequence independent of . We make the following
assumptions:

Ve e R, Vp>1, E[Gi(x)] =0 and E[|¢i ()] < C,VP2(x). (2.16)

We then consider the Euler-Maruyama scheme with decreasing steps associated to (Y;):

Yoo =xo, YP°  =Yr, + a1 (bar,) (VE°) + Curn (YE°)) + a(Tn)o (YV2°)(Wr,, , — Wr,),  (2.17)

1—‘n+1

We extend Y. on Rt by considering its genuine continuous interpolation:

Yt € [Cn, Tng), Y770 = Y2 4 (t = Tn) (baqr) (Y72) + G (V) + a(Tn)o (Y72 ) (We — W) (2.18)



2.2 Main results

Theorem 2.1. (a) LetY be defined in (2.5). Assume (2.2, Hy1), (2.8, Hy2), (2.9, Hy), (2.10) and
(2.12, Hey). Then, for every o € (0,1), if A is large enough, then for every xy € R? and for
every t > 0:

drv (}/t$0’ Va(t)) < CeC log(t)(1+|mo|2)tfa. (219)

(b) Let Y be defined in (2.17). Assume (2.2, Hy1), (2.8, Hy2), (2.9, Ho), (2.10) and (2.12, H.f).
Assume furthermore that o € CZr. Assume furthermore (2.14, H.1) and (2.15, H2), that V is
C3 with | V3V || < CVY2 and that o is C3 with |[V3 (oo ")|| < CVY2. Then, for every o € (0,1),
if A is large enough, then for every xog € R? and for every t > 0:

dTV (}7{130’ Va(t)) < C (logl/Q(t) max [VQ(.%'()), 1+ ’1‘0” %+ GC IOg(t)(1+|$0|2)tC/A2’)/;V/((é;;—1)> .
(2.20)

Remark 2.2. Depending on the step sequence (7,), we can compare the two terms arising in the
right-hand side of (2.20). For example, if 7, = y1n~" for some n € (1/2,1], then

C

o If n =1, then vy <€ " and the first term is the dominating term.

[ ] If n c (1/2, 1) then ")/N(Ct) = (Ct)fn/(lfn)_

2.3 Extensions and interpolations of the processes

Let us define the following processes that will be used as auxiliary tools in the proofs.
e We define (X;) as the solution the following SDE where the coefficients piecewisely depend on
the time; X is then said to be "by plateaux":

Xy =x0, dX[° =bgy, (X{O)dt + app10(X;°)dWy,  t € [Ty, Trqa), (2.21)
where b, is defined in (2.6) and the time schedule (7},) is defined by
T, := C(pyn' 7, (2.22)
where C(py >0, 8> 0 and a,, := a(T,). More generally, we define (X;"") as the solution of
Xy =x, dX]" =ba,, (X]")dt + appr10(X]MAWy, t € [Ty — Ty, Tior — Tol, k>mn,  (2.23)

i.e. (X;°") has the conditional law of (X7, +¢)i>0 given X7, = . We have X} = XY, The Markov
transition kernel associated to X" denoted PtX’" reads on Borel functions f : R? — R¥, PtX’n flz) =
E[f (X))

e Considering now the original SDE (2.5), we also define for every = € R% and every fixed u > 0:
}/E]m,u =, dY;:,Bu - ba(tJru) (qu)dt + a(t + u)a(qu)th, (224)

so that Y* = Y.f”o. We define the Markov transition kernel associated to Y between the times ¢ and
t+u by PY, such that for all Borel functions f : R — R*, PY, f(z) = E[f(Y{%)].

e Considering finally (2.17) and (2.18), we define for every n > 0, (Y, )i>o0, first at times I'y — 'y,
k > n, by

Yor, = Y&, oror. = Yeer,r, T W1 Gary) (V—r, ) + G (Y1, )
+a(ly)o (Y7, _r, r,) (Wrn — Wry), (2.25)



then at every time ¢ by the genuine interpolation on the intervals ([I'y — 'y, i1 —T'y))k>r as before.
In particular Y* = Y. Still more generally, we define Y;%, where u € (I'y,I's11) as

V'3

Y]
v ppr—uwu .
= Y;—(Fn+1—u),Fn+1 if t > Fn+1.

) ) { 74 6bale) + Casa(2) + @) (2) (W — We,) i1 € [i, Tga]
Y()gfu =T, Y;fg,gu =

Forn, k >0, foru € [Ty, Txy1) and vy € [0,T11—u], let PXU be the Markov transition kernel associated
to Y., between the times 0 and + i.e. for all Borel functions f : R? — R, Pfuf(m) =E[f(YZ,)].

3 Bounds in total variation for small ¢

In this section we give bounds for the total variation distance between the processes X, Y and Y.
Although such bounds are straightforward for LP-distances, they are more difficult to establish for
drv. To this end we adopt a strategy similar to [BPP21].

For z € R? and for a € Rt we define the "cut" drift 62 : R¢ — R? which is the drift b, which
is null outside a compact set centred on x. More precisely, we choose R > 0 and we consider a C*
decreasing function ¢ : R — R such that 1 = 1 on [0, R?] and ¢ = 0 on [(R+ 1)?, 00) and we define
bE(y) := ba(y)(|y — x|?), so that [b?| is bounded by C(1 + ||) since b, is Lipschitz-continuous.

For o : R? = M4(R), we denote the martingale:

M(o)s =2, dM(o); = o(M(0)})dW; (3.1)
with its associated one-step Euler-Maruyama scheme:
M(o)f =z + o(x)W;. (3.2)
Lemma 3.1. Let Z be solution of the following SDE:
dZi = u(t)o,(Z)dWs,

where u : RT — (0,00) is C' and bounded. Then (Z;) ~ (M(0)p-1 ), where F RT — RT is
solution of the differential equation

F(0)=0, F'(t)= EED)

and where F(=1) denotes the (continuous) inverse function of F.

Proof. First, F' is well defined and is strictly increasing with F'(t) — oo as t — oo since u is bounded,
so that F(-D : Rt — RT is well defined as well. We have

where W is the Brownian motion defined by W, = fOt(F’(s))*lﬂdWF(s). O

3.1 Total variation bound in small time for the Euler-Maruyama scheme

Proposition 3.2. Assume that o € CI?T. There exists C' > 0 such that for every n, k > 0, for every
u € [k, Try1) and every t > 0 such that u € [Ty, Tpy1], t <Tgi1 —uw and u+t € [Ty, Tht1],

dTV(Xtmm, ﬁg’cu) < CeCa;Jlrl(1+|x|2)tr/(2r+1) + Ca;Q(an B an+1)- (33)



Proof. We apply a strategy of proof similar to [BPP21, Theorem 2.2]. However we need to pay attention
to the dependency of the constants in the bounds in (a,). Let us write

dpv (X7, VE) < doy(XP" XP™) + dov (X", Z0™) + dov (20", 27
+drv (2" X" + drv (X" Y, (3.4)

where

)Nfg’n =, djigmm = Bgn+1(‘5€f7n)dt + an+10(‘}zztm7n)th’
FTT
0 =

x, de’n = an+1a(th’")th,
Zy"t =x, Z" =1+ appr0(z)Wh

e Using [BPP21, Lemma 3.2, we have
dTV(thmv )?tgﬁm) <C(1+ ’x‘Q)t7

where the constant C' does not depend on n.

e We use [QZ04, Theorem 2.4| and we rework the bound from [BPP21, Lemma 3.5] to make explicit
the dependency in a,,. Reworking [BPP21, Lemma 3.4], we have for ¢ > 1:

E [SuPse[O,t] |Uszv,n|2q] < Cqua;il(IH:v\Q), (3.5)

Ug™ =1, dUS" = gt U™ (o7 (28, (Z27), W)

an+1\“s

z,n

Moreover, following Lemma 3.1 we have (Z,"") ~ (M (o) where the process (M (o);) does not

xT
F<—1>(t))
depend on n and where F(=U(t) = a2_,t. Thus following [Fri64, Chapter 9, Theorem 7] (also see
[BPP21, Theorem 3.1| for the application to SDE’s) and since o € C} we have

C

_ 2
IVab o (62, 9)] < eyl cly—z|?/t (3.6)
and then
Caf(dJrl) B Caf(d+1)
IV$pz(t7x7y)‘ — ‘prjw(o) (ai+1t7x7y)‘ S ﬁe_canilly_$|2/t S ﬁe—dy—l‘?/t_

Then using [BPP21, Lemma 3.5] with the adapted bound on Ug™™ (3.5) along with [QZ04, Theorem
2.4], we obtain

dry(X7", Z7") < CeComn (P12, (3.7)

The same way, we obtain
dTv(Zf’n,Xf’n) < C@C“;-ol-l(lﬂmp)tl/?.

e Following Lemma 3.1, we have (Z;") ~ (M(0)?, ) and (Z") ~ (M(J)22 .)» where both
_ n+1 n+1
processes M (o) and M (o) do not depend on n. We then use [BPP21, Theorem 2.2] to get

drv(M(0)f, M(0)f) < CeClal?yr/(2r+1)

which implies
dTV(ZtJ:m, th,n) < CeC\:v\Qai:qZT-f-l)tr/(2r+1) < CeC\:v\Qtr/(%Jrl).



e Let us now investigate dpv(X;"",Y/,). Conditionally to ¢(z), both random vectors are Gaussian
vectors with

XM~ N (x + tba,,, (T), CL?H_ltO'O'T(x)) and Y7, ~ N <:U + tha (7) + t((2), a2(u)tJUT(:U)) .
Then, conditionally to ((z) we have
vI,n T 2 T 2 T
Ay (X777, ¥15) < dry (N (24 tha, ., (2), a2y to0 T (@) ) N (@4 thay (@) + (@), a2 too (2)))

+dpy <N <:U + tha(u (7) + t¢(2), a2 qtoa’ (m)) N (:U + tha( (7) + t¢(2), a2(u)tJUT(:C))>

=: D1+ Ds.
We then refer to [DMR18| which gives bounds on the total variation between two Gaussian laws, first
in the case d > 1. Using [DMR18, Theorem 1.1] with Ay = -+ = A\g = (a(u)? — a? ;) /a2, we have
a’(u) — a?
Dy < C (M) < Ca; an — Gny1)
Ant1

Using [DMR18, Theorem 1.2], since the p;’s are bounded independently of n and since for every 3 € R9,
y' oo (z)y > o2|y|?, we have

Dy < CVtag (14 [¢(@)]'7?).
Now, integrating over the law of {(x) and using that E|((z)| < CV (z), we obtain
drv (X", V) < Cay ' (an — ans1) + OVHL+ V2(x)).
In the case d = 1, we use [DMR18, Theorem 1.3] and obtain the same bounds.
e Conclusion: Considering (3.4), we get
dry (X" V) < O(1 + [2[2)t + CeContr (H) 12 | CeClalyr/Gr1)

+ Ca;l(an — apy1) + C\/%(l + V1/2(x))

< Qe (He)yr/ i) | 0amY(ay, — apgs).

3.2 Total variation bound in small time for the continuous SDE
Proposition 3.3. Assume that o € C,?" and let 4 > 0. There exists C > 0 such that for all € > 0,
n>0,u, t >0 such that u € [T),, Ty11], u+1t € [Ty, Try1] and t < 7,

Aoy (X", V) < CeCrmin U112 4 0 (98 (a(u) — a7/ 240, (3.8)
Proof. We have

drv(XP™ ) < dpev(XP™ XE™) + dev (X", 28" + dev (207, ZE,)

+drv (25, YE) + drv (Y, V) (3.9)

where

AXP" =07 (XE™Vdt 4 any10(X5™)dW,

An4-1



dth’n = an+1a(Zf’")th,
dZE, = a(u+ t)o(ZE,)dW;,
Yy, = U e (V5 At + a(u + 0o (V) AW

Using |[BPP21, Lemma 3.2], we have

dry (X", XP™) + dov (Y, Vi) < C(L+ |2P)t.

Using (3.7) again, we have
dTv()?f’", th,n) < CeC“;-ol-l(lﬂmp)tl/?.

Moreover, using [QZ04, Theorem 2.4| (with an immediate adaptation to the non-homogeneous case)

and establishing the same bounds as in [BPP21, Lemma 3.5|, we also have

dTV(Zgw }A;;f:,vu) < CeCa;i1(1+|x|2)t1/2.

We now turn to dpy(Z;", qu) Using Lemma 3.1 as in (3.6) we have

—(d+r)

2 2 2 Uil elo—y|?
V0, (2. y)l = [V Py (@it 2, y)| < Ct(T;Jrr)/ze clz—y*/t

To bound p; we use the change of time F' satisfying F’(t) = a™?(u + F(t)) so that
a,*t < F(t) <a,?t and a2t < FOU(t) < alt

and then
—(d+r)

a
V2, (t 2. )| = (V2 Dy, (FED (1), 2,y)] < O eelemsl*/t

y Pro H(d+r)/2

We prove as in [BP21, Lemma 6.2| that
1Z7" = ZEulh < Cla(u) = ang)t?
and then using |[BPP21, Proposition 2.3] we get for every € > 0:

drv (28", Z8,) < Cay\Set™ + Ce™ V2 (a(u) — apsr )2,

Choosing & = (a(u) — an41)¥ @ +Dt yields
drv (28", ZE,) < Cap\ 5 (a(u) — apyr)?/ @D,

e Conclusion: considering (3.9), we get

drv(X]",YE) < C(+ |2)t+ CeContr (172 o Ca, T (a(u) = an ) >/,

(3.10)

O

Remark 3.4. As in |BPP21, Theorem 2.3|, we could improve the dependency in |z| in (3.3) and (3.8),
at the expanse of further assumptions on V. However it would require to track the dependency in the
ellipticity (in a,) in the bounds proved in [MPZ21], which rely on Malliavin calculus. We believe that
it would considerably increase the length and the technicality of the present article, while bringing no

significant improvement to our final results.
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4 Convergence of the plateau SDE X; in total variation

In this section, we prove the convergence of the plateau SDE (X;) defined in (2.21).

4.1 Exponential contraction in total variation

We first show that the property of exponential contraction that holds for the L!-Wasserstein distance
under the setting described in Section 2.1 (see [BP21, Theorem 4.2]) also holds for the total variation
distance.

Theorem 4.1. Let X be the solution to
X§ =w, dX[ =bo(X])dt + ac(X])dWy, (4.1)

with a € (0, A] and where b, is defined in (2.6), so that v, defined in (2.3) is the unique invariant
distribution of X ([PP20, Proposition 2.5]). Let tq € (0,1]. Under the assumption (2.12, H.s),

(a) For every x, y € R? and for every t > to we have
drv(XF, X)) < Ca_lecl/‘IQe_p“t|x —yl, pq = e~ C2/a% (4.2)
(b) For every x € R and for every t > to we have
drv(XY,ve) < Cailecl/“Qe*p“tya(]x — . (4.3)
Proof. (a) Following [BP21, Theorem 4.2, we have
Va,y € RY, wy (X7, X} < C’ecl/a2|x — yle Pat,
Let t >ty and let f : R? — R a Borel bounded function. Then
E[f(X7)] - E[f(X))] = E[P}) f(X{y,)] — B[P F(XP4)),
where PX denotes the kernel associated to X. But using [PP20, Proposition 3.1] we have for every 2
and z, € RY,
P fles) = P 1(e0) = (VBN F© = =) = 22 [ 1065 ([ (X T,z 21

where £ € (21, 22) and (Yf)szo denotes the tangent process of (X?%), i.e.
YE =14  dYE = Vbo(XE)YEds + aVo(XE)YE @ dW,. (4.4)
Since Vo and Vb, are bounded (uniformly in a), we have
SupéERd,se[O,to] E||}/;£‘|% < 00,
where the bound does not depend on a. So that

By f(z2) = By f(21) < C||flloolz2 — 22la™"  sup  E[[Y{[la,
¢eR 5€[0,t0)

and then [P2 f]Lip < Ca™'(|f||o. Then we obtain
drv (X7, XY) < Ca™"Wi(XE,, XLy,) < Ca~'eOV/ cput]g |

(b) As v, is the invariant distribution of the diffusion (4.1) we have

dry (X7, v4) < /

R
< CGCI/QQG_patVan —[).

dry (XF, XY) va(dy) < CeC1/7" empat / 2 — y|va(dy)
d d

R
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4.2 Convergence of the plateau SDE
Let (T},) be the time schedule defined in (2.22) and by a slight abuse of notation we define

an :=a(T,) = A4 : = e~ C2/an, (4.5)

and  pp, 1= pg,, =
V1og(Ty, +e) e

We recall that [BP21, Lemma 4.3]
0 < an — any1 = (nlog®?(n))~L. (4.6)

Proposition 4.2. Let v,, a € (0, A], be the Gibbs measure defined in (2.3). Assume that V' is coercive,
that (z — |z2e~2V@/A%) ¢ LY(RY) and (2.2, Hy1). Then forn > 2,

C

d < —. 4.7
TV(Varw Van+1) — nlog(n) ( )
Moreover, for every s, t € [ap41,an], we have
C
d < . 4.8
v (Vs, ) < nlog(n) (4.8)

The proof is given in the Appendix A.1.
We now prove the convergence of the SDE "by plateaux" for the total variation distance.

Theorem 4.3. Let X be the process defined in (2.21) and (2.23). Let to be defined as in Theorem 4.1.
If A > max(y/(1+ B1)Ca, /(14 B)C1) where Cy and Cs are defined in (4.2), then for all o € RY
and for all CET) < C(r), for all large enough n > n(CET)), on the time schedule (T,,) we have

dv (X5, vy, ) < Caytn HHEFDO/A o (—(CET))1—02/A2 (8 + 1)n6—(ﬁ+1>cz/A2) (1+ |zol) (4.9)

and for every t € RT\ (U,,1(Tn, Tn + to]) we have

. C(l+|x
Ay (X2, vagy) < (1 4 [ol)

= t(1+6)_1701/A2 log(t+e) (410)

Proof. For fixed 2 € R? and using Theorem 4.1, we have for every bounded Borel function f : R — R,

_ 2 — _
E(f (X7, —p,)] = Elf (Zansr)] < Cagye/onsiePonsa st £ Ble — Z,

n+1’7

where Z,, |, ~ Vg, ,,. Now integrating x with respect to the law of X7 yields

_ 2 _ _
drv (X3, s Van,) < Cay L €O/ 0nr1emPanes (Tni1=Tn) WL(X5°,va,) + Wi (Vay 15 Vay))

arﬁﬂ#nﬂ
nlog®?(n)
Ly 1= ecl/ai-ﬂ efpan-H(Tn‘H*Tn) (411)

(1 + |zol),

where we used [BP21, Theorem 5.1] and [BP21, Proposition 4.4]. We use the bound on pu, given by
[BP21, (5.5)]. Then to bound drv (X[, vy, ,) for any t € (T, + tg, Tj,41), we apply Theorem (4.1) on
the time interval [T},,¢] which length is not smaller than ¢ty and we conclude as in the proof of [BP21,
Theorem 5.1]. O

Remark 4.4. The condition that ¢ does not belong in any interval [T},, T}, + to] is a technical condition
which is specific to our strategy of proof. However this condition is not a problem for the convergence
of Y} and Y; since for these two processes, the time schedule (73,) is only a tool for the proof.
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5 Convergence of Y; in total variation

We now consider (Y;) as defined in (2.5) with extended definition (2.24).

5.1 Preliminary lemmas

Lemma 5.1. Let A\ € RY. There exists C > 0 such that for every n >0, u > 0 and every x € R%:

supE {e/\‘th’nq <0’ and supE [e)‘|ytgfu‘2] < ceM’, (5.1)
>0 £>0

Sketch of proof. By Ito’s Lemma, we have for k > n and for t € [T, — Ty, Tr1 — Ty):
@ (M) < AT (XM, AXT) + AKX + 202 X PN P axe ),
= ANXTTP ( — 200 VV(XP™), XP™MYdt + 202 4 (XP" T(XP))dt

+ 20,1 (XPT, o (XP) AW, + a2, Tr(aaT(Xt))dt)

+ 2)\26>“X?n‘2ai+1(Xf’n)TJUT(Xf’n)Xf’ndt
the "dominating" term is — (oo ' VV(X;"), X" )dt which makes E[eNX:"*] decrease. Using assump-
tion (2.12, H.y), we have for | X;""| large enough,

—(oo "VV(XP™), XP") < —Cadag| XP"2.

Moreover, using the facts that T and o are bounded, that a, — 0, that [VV| < CV'/2 and that
ool > g%]d, for large enough |X;""| and large enough n, the coefficient in dt in the last equation is
negative. We deal with the cases where | X" | is not large enough or where n is not large enough the
same way as in the proof of [BP21, Lemma 6.1] and [BP21, Lemma 7.1|, where more details can be
found.

The proof is the same for Y, replacing ax11 by a(u + t). O

Proposition 5.2. Let T, ¥ > 0. There exists C > 0 such that for every Borel bounded function
f:RT = R and every t € (0,T], for all n >0, for all v < 7 such that u € [T, Tpy1] and u+t 4+~ €
[TnaTn—i—l];

‘IE [Ptx’" f(y;fu)] ~E [Ptx’" f(X;fv")] ( < Cay2 (an — ani) | Flleovt 1V (). (5.2)

Proof. We apply [BP21, Proposition 6.4] to g, := PtX’" f with t > 0. Following [PP20, Proposition
3.2(b)], we have
2>

sup V(¢
ge(X;C’n7Yﬂ?c,u)

V2 (2)
2

sup  VI2(¢)

q)gt(x) < CHfHOOa;f_ltfl max <V1/2($)7
¢e(z, X5")

We conclude as in the proof of [BP21, Proposition 6.5].
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5.2 Proof of Theorem 2.1(a)

More precisely, we prove that for all g > 0, if

A > max (\/(ﬁ T1(2C + Co), V(1 + 5—1)02) , (5.3)

then
CeCV1og(t) (1+]zol?)

drv (Y™, V) < t(14+8) 1 —(2C1+C5) /A2

(5.4)

Proof. We follow the proof of [BP21, Theorem 2.1(b)| in [BP21, Section 7.3| based on a domino strategy
with respect to some decreasing step sequence (7,), even though Y is not an Euler-Maruyama scheme.
In this case, the step sequence (7,,) is only a tool for the proof. This way we can choose freely the
sequence (7,) in this section. We use Theorem 4.1 in place of [BP21, Theorem 4.2] and Proposition
5.2 in place of [BP21, Proposition 7.4]. For f : R? — R bounded measurable and for z € R? we write

< ‘(P’fnit,Tn _ pXmy o pXon f(z)

z,mn
\Ef(XanTn) ~Ef (Y 1) X ) o PR p

N(Tpy1—T)
% Y % Y X,n X,n
+ Z ‘Pvi“i“7Tn °© P’YN(Tn)+27FN(Tn)+1 © © P“/k71711k72 °© (P'kark—l P’Yk ) © PTn-H*ka(x)‘
k=N (T))+2
N(Tpi1)—1

Y Y Y Y X,n X,n
+ Z ‘P’Y“‘“,Tn © P’YN(Tn)+27FN(Tn)+1 © © P%—lfk—2 © (P“/k,Fk—l - P% )o PTn+1—ka(x)‘
k=N(Tni1—T)+1
Y Y Y Y X,n
- o) O+++0 o) —
+ Pfylmt,Tn P’YN(Tn)+27FN(Tn)+1 “/N(Tn+1)717FN(Tn+1)72 (P'Yend+“/N(Tn+1)7FN(T,H_1)71 “/e“d-i-“/N(TnH) X
. ( init end
=: (™) + (a) + (b) + (),
where

y = U1 — T < ynT)+1 and =Ty — UN(Tpi) S IN(Tpsr)+1-

Then we have
N(Tni1-T)

(a) < Ca;-?—lecwﬁleipnﬂnﬂ [fllscV (%) (arn — ant1) Z Vet
k=N (T )+2

1%

— _2 —
< Cap 219 flloo (an — ang1)V (@)pp -
We obtain likewise
(™) < Ca, 2 et T =T | £l (an — ans1) V() V (@),

Applying Proposition 5.2 yields

N(Tny1)—1

) Tk
(b) < Cay?i(an — ans1)||flloV () Z T 1 —Tx
k=N Tnr =T

= (Tn+17T)+1

< Cay2i(an — ans1)|| fllooV (@) log(1 /AN (T, 1))-

Applying Proposition 3.3 with » = 1 along with Lemma 5.1 yields

n

en a ! z|?)  1/2 —(d+1
() < Ol flloe (G + @ T @B = () = @)

14



But we have

da Cynr,
(T 1= YN (Tp11) = Ont1 = A(Tni1=YN(T,11)) — A(Tng1) < Cdt (Tot1) - WN(Ti) S ﬁ

We now choose v, = y1n~2/3 so that IN(T,) = n~2 and then
(Cend) < Ce Ca;i1(1+|a:|2)n71.
This way we obtain for every z € R%:

— _ -1 2
Ef (X" 1) —Ef O, —p ) < C[£lloo 02171551 (= an 1)V (@)pp 1y Cor (F1) - (5.5)

=Un+1

We 1ntegrate this inequality with respect to the laws of X;io and on and obtain, temporarily setting
= X7° and y, = Y}” and using [BP21, Lemma 6.1] and Lemma 5.1,

zo z0o Tn,N Yn,N Yn,N Yn
dov (X7, Y7l ) <dev(Xg D Xl ) Hdov (X Y2 )

_ -2 _ _ 1 2
< Canileclan-kle pnt1(Tns1—Th) dTV(X%E,Y;:) +C’vn+1ecan+1(1+|m| )’

/

~
L _ -1 =w 1
=hy 1 =0 g Bt nt

where p,, is defined in (4.11). Iterating this inequality yields

drv (X7, Y70, ) < CWnat + HpgqWn + -+ pingg - pown) < Cwpy,

where we used, since A satisfies (5.3), that !/, = O(e=¢™") for some 1 > 0 (see [BP21, (5.5)]) and that
wy, is bounded as it converges to 0. Moreover using Theorem 4.3 we have

— CeCV/108() (1+]20]?)
dTV( Tn aVa ) < dTV(XTnaYTn) + dTV( Ty ’Van) < nl—(ﬁ+1)(01+02)/142 . (5'6)

Finally, let us bound dpy(X;°,Y;"°) for any ¢ € [T, Tp+1]. If t € [T}, + to, Ty41] then we can apply
Theorem 4.1 and we proceed as in the end of [BP21, Section 6.3]. If t € [T},, T, + to], then we consider
another shifted time schedule T, := C(T)nH‘ﬁ + 2tg such that

o o _ _
UL, T+ to] 0 JIT0, T + t0] = @
=0 i=0

Making use of the new time schedule we obtain as before a bound on drv (Y™, v,)) for every t ¢
U2, [T, T, + to]. Since the time schedules (75,) and (7,) are only tools for the proof of convergence
of ¥;, we then obtain a bound on drv(Y;, v, ) for every ¢ € RT. O

6 Convergence of the Euler-Maruyama scheme in total variation

We now consider (Y;,) as in (2.17) with extended definition (2.25).

15



6.1 Preliminary lemmas

Lemma 6.1. Let A € R". There exists a constant C > 0 such that for every k > 0, for every
u € [T, Thy1) and for every x € R%:

sup E {eA‘YFn—u’uq < ceMel, (6.1)
n>k+1

Proof. The prove is the same as for Lemma 5.1. For the adaptation to discrete time, we refer to the
proof of [BP21, Lemma 7.1]. O

Proposition 6.2. Let T' > 0. There exists C' > 0 such that for every Lipschitz continuous function
f and every t € (0,T], for all n >0, for all v such that Ty € [Ty, Tny1], 7 < Ykt1 and T +t + €
[Tna Tn+1];

|E [Pf( Vo )| —E[Pf(X3™)] {

< CllfloeV2(@) (022t~ (P+Ha(Th)=ans1)y) + a7t (4972 (a(0) = ani1)) ) - (6:2)

Proof. The proof is the same as the proof of Proposition 5.2, using [BP21, Proposition 7.3]. We also
remark that we can directly improve the bound in (a,, — ay41) into (a(T'x) — ant1)- O

6.2 Proof of Theorem 2.1(b)

More precisely, we prove that for all g > 0, if o € Cg" and if

A > max (\/(5 T 120, 1 Co), /(1 + 5*1)02) (6.3)
and if A is large enough so that
2 r/(2r+1
n(BHIC1 /A% Gr D) — 0, (6.4)

then

_ log!/?(t V2 (), 1 =
dTV(Yéxo’ Va(t)) S C < Og ( )maX [ (330), + |$O|:| + GC log(t)(1+‘x0|2)tcl/A2’y£,/t(2r+1) ) (65)

t(B+1)"1—=(2C1+C2) /A2

Proof. We still follow the proof of [BP21, Theorem 2.1(b)| in [BP21, Section 7.3| based on a domino
strategy, using Theorem 4.1 in place of [BP21, Theorem 4.2| and Proposition 6.2 in place of [BP21,
Proposition 7.4]. Let n > 0, for f : R? — R bounded measurable, we split ]Ef(X%ﬁl_Tn) -

Ef(YE 1—m,.1,)| into four terms (™), (a), (b), (c=).

n

Using Theorem 4.1, [BP21, Lemma 7.1] and Proposition 6.2 we get as in [BP21, Section 7.3]:

—2
(a) < Cagt et loo(an = ans1)VA(@)ppty

.. o —92 . .
(1) < CartyeO1otre Tt =B) | £ (0 = a1 VE().

Using Proposition 6.2 and [BP21, Lemma 7.1], we obtain

N(Tpi1)—1
_ Vk
0) = Caty (Wt VNG D an=ns)) IV @) 3T Ty
k=N(Tpy1-T)+1 < PHLT K
N(Tpi1)-1 N(Tpi1)—1
_ VYN (Tpy1—T)Vk a(l'y)—an
+Can_%_1 Z (Tn1=T) + Z Vi (a(Tk) +1) HfHooV2(x)

T — Ty T — Ty

k=N(Tp11-T)+1 k=N (T, 1—-T)+1
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But we remark that

da C(Tx — Thy1)
a(l'y) — Ay, =a(ly) —a Tn < C— n Ly — n =
(T'x) +1=a(ly) = a(Thi1) dt (Tutr) - (T = Tosr) i1 10g®? (T 41)

and then
Trt+1=YN(Tpy1) du

-3 2
(b) < Ca,yy (VN(TnH—T) + \/'VN(TnH—T)(an_anH)) [ fllcV=(x) /Tn+1T To—u)i

Tnt1=YN(Tpy1) du 1 Tn+1=YN(Tpy1)
+Ca (’YN( Trs1— T)/ + / du | [ fllooV ()

Tn+1—T Tn"rl_u Tn+1 n+1 =T

< Cay (Witonmt) + /AN (0 = ani1) ) [V @1t
+Cayty (YN 108N (1) + Tok) 1 sV ()
< Cay (Wi + (@n = an)) 1l V3 (@),
Applying Proposition 3.2 along with Lemma 6.1 yields

en a”! z|2) _ r/(2r+1 _
() < Ol oo (7t IR 1 020 = ania) )

We finally obtain for every = € R%:
Y, -4 C - Ca; ! 2 2r+1
EfOG" ) ~Ef OF, o110l < ClF oo (s €971 (an—an 1)V (@) ppdy e g Bty
The same way as in Section 5.2 we get
-1 2 2r+1

drv (Y7, Van) < C <a 4 €1 (0= 1) max [V2(z0), 1+ [o]] pdy + Cor (HHleol )7;\{((T:+1))>
and, for t € [T),, T 41],

— -2 _ _ —1 2 2r+1
dTV(Y;fmo7 Va(t)) < Ceclan+l <anjl_ C’lan+1 (a _an+1) max [VQ(m'Q), 1+ ‘xOH pn_il_1+ecan+1(1+\x0| )7;\7/((TZ+1))) )

O

A Appendix

A.1 Proof of Proposition 4.2

Proof. We use the characterization of the total variation distance as the L!-distance between the
densities, which reads

dTV(Vana Va,hq) = /
Rd

S Zan+l/
R4
_ d
- Zan+lan+1/ €
R4

2, V@V g 2AV@-V ek,

an4+1©€

dx

o2V @)V fad _ 2V (@)-V*) /a2,

dr + |Zan - Zan+1| / e—Z(V(x)—V*)/a%dx
R4

2V (an12)=V)/ad _ =2(V(ana10)-V)/a2 4 | gy

-%‘1_. Zan zzm+1azj/ 2V (@)=V)/a? g
Zan+1 Rd

Using [BP21, (B.3)] and [BP21, (B.5)], the first term is bounded by

)

Can — an+1 / o2V (ant1y)=V*) /a3, Viany1y) = V* dz < Can — On+1
Rd

an a2 an

because the integral converges by dominated convergence as for the proof of [BP21, (B.3)]. Using
[BP21, (B.3)] and [BP21, (B.4)], the second term is bounded by C(nlog(n))~!. O
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