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Some Error Estimates for the Finite Volume
Element Method for a Parabolic Problem

Panagiotis Chatzipantelidis - Raytcho Lazarov - Vidar Thomée

Abstract — We study spatially semidiscrete and fully discrete finite volume element
methods for the homogeneous heat equation with homogeneous Dirichlet boundary
conditions and derive error estimates for smooth and nonsmooth initial data. We show
that the results of our earlier work [Math. Comp. 81 (2012), 1-20] for the lumped mass
method carry over to the present situation. In particular, in order for error estimates
for initial data only in Lo to be of optimal second order for positive time, a special
condition is required, which is satisfied for symmetric triangulations. Without any
such condition, only first order convergence can be shown, which is illustrated by a
counterexample. Improvements hold for triangulations that are almost symmetric and
piecewise almost symmetric.
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1. Introduction

We consider the model initial-boundary value problem
uw—Au=0,inQ, w=0, ondQ, fort=>0, withu(0)=wv, inQ, (1.1)

where €2 is a bounded convex polygonal domain in R%. We restrict ourselves to the homoge-
neous heat equation, thus without a forcing term, so that the initial values v are the only data
of the problem. This problem has a unique solution w(t), under appropriate assumptions on
v, and this solution is smooth for ¢ > 0, even if v is not.

To express the smoothness properties of the solution of (1.1), let, for ¢ > 0, H C Ly(9)
be the Hilbert space defined by the norm

k= (X0 002) " where ) = [ wo, (12)
j=1
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and where {\;}52,, {¢;}72, are the eigenvalues, in increasing order, and orthonormal eigen-
functions of —A in €2, with homogeneous Dirichlet boundary conditions on 0€2. Thus
lw|o = [|w|| = (w,w)"? is the norm in Ly = Ly(Q), |w|; = ||[Vw| the norm in H} = HL(Q)
and |w|y = [[Aw]| is equivalent to the norm in H?(2) when w = 0 on 9. Eigenfunction
expansion and Parseval’s relation show for the solution u(t) = E(t)v of (1.1) the stability
and smoothing estimate

|E(t)v], < Ct "= D2)y|,, for0<¢<p, and t>0. (1.3)

In fact, since the smallest eigenvalue is positive, a factor of e, with ¢ > 0, may be included

in the right-hand side, and this holds for all our stability, smoothing and error estimates
throughout our paper. Since our interest here is in small time we shall not keep track of
this decay for large time below. We shall also use the norm [[wl|ex = >, o), SUp,eq| Djw(z)|

in C* = C*(Q), with C = C° the space of continuous functions on Q. Here for v = (71, 72),
D} = (0/021)"(9/0x2)™ and |7] =1 + 72.

We first recall some facts about the spatially semidiscrete standard Galerkin finite element
method for (1.1) in the space of piecewise linear functions

Sy ={x € C: x|; linear, V7 € Ty; x|oa = 0},

where {7} is a family of regular triangulations 7;, = {7} of Q, with h denoting the maximum
diameter of the triangles 7 € T,. This method defines an approximation u,(t) € Sy, of u(t),
for t > 0, from

(unt, x) + (Vup, Vx) =0, VxeS, fort>0, withu,(0)=uvp, (1.4)

where v, € S, is an approximation of v. It is well known that we have the smooth data
error estimate, valid uniformly down to ¢ = 0, see, e.g., [12],

un(t) — u(®)|| < Ch2Jvls,  if on — v]| < Ch2|o]s, for ¢ = 0. (1.5)

We also have a nonsmooth data error estimate, for v only assumed to be in Ly, which is of
optimal order O(h?) for ¢t bounded away from zero, but deteriorates as t — 0,

lun(t) —u(t)|| < CR* |||, if vy, = Pw, fort>0, (1.6)

where P, denotes the orthogonal L,-projection onto Sj. Note that the choice of discrete
initial data is not as general in this case as in (1.5). We emphasize that the triangulations 7y,
are assumed to be independent of ¢, and thus the use of finer 7, for ¢ small is not considered
here.

We note that a possible choice in (1.5) is v, = P,v, and hence, by interpolation, we have
the intermediate result between (1.5) and (1.6),

un(t) — u(t)|| < Ch*~Y?|u|y, if v, = Py, fort > 0. (1.7)

Recently, in [4], we showed results similar to (1.5)—(1.7) for the lumped mass finite element
method, which may be defined by replacing the Lo-inner product in the first term in (1.4)
by the quadrature approximation (up¢, x)n, where, with I, : C — Sy, being the interpolant
defined by I,v(z) = v(z) for any vertex z of Tp,

(Xuqu))h = /Q]h(Xlﬁ) dl’, VX7¢ € Sh-
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Figure 1. Left: A union of triangles that have a common vertex z; the dotted line shows the boundary of

the corresponding control volume V.. Right: A triangle 7 partitioned into the three subregions ,.

Improving earlier results, we demonstrated that (1.5) remains valid for the lumped mass
method, but that (1.6) requires restrictive conditions on {7}, caused by the use of quadra-
ture in (1.4), and satisfied, in particular, for symmetric triangulations. We remark that
the choice of discrete initial data in the analogue of (1.7) was incorrectly stated in [4], see
Section 3 below.

In the present paper our purpose is to carry over the analysis in [4] to the finite volume
element method for problem (1.1). This method is based on a local conservation property
associated with the differential equation. Namely, integrating (1.1) over any region V' C (2
and using Green’s formula, we obtain

/utdx— Vu-ndo=0, fort=>0, (1.8)
1% oV

where n denotes the unit exterior normal vector to dV. The semidiscrete finite volume
element approximation uy(t) € Sy, will satisfy (1.8) for V' in a finite collection of subregions
of © called control volumes, the number of which will be equal to the dimension of the finite
element space S;. These control volumes are constructed in the following way. Let z, be
the barycenter of 7 € 7,. We connect z, by line segments to the midpoints of the edges of
7, thus partitioning 7 into three quadrilaterals 7,, z € Z,(7), where Z,(7) are the vertices
of 7. Then with each vertex z € Z), = |J,os. Zn(7) we associate a control volume V., which
consists of the union of the subregions 7, sharing the vertex z (see Figure 1, left). We denote
the set of interior vertices of Z;, by Z7. The semidiscrete finite volume element method for
(1.1) is then to find @y (t) € Sy, such that

/ Upy do — / Vi -ndo =0, VzeZ), fort>0, with @,(0) = v, (1.9)
z )%

where v, € S}, is an approximation of v.
This problem may also be expressed in a weak form. For this purpose we introduce the
finite-dimensional space of piecewise constant functions

Y, ={n € Ly : n|y. = constant, Vz € Z}?; v, =0,z e Z,\ Z,?}.

We now multiply (1.9) by 7(z) for an arbitrary n € Y}, and sum over z € Z? to obtain the
Petrov—Galerkin formulation

(TUnt,n) +ap(tn,n) =0, Vney, fort>0, witha,(0)=uvp, (1.10)



254 Panagiotis Chatzipantelidis, Raytcho Lazarov, Vidar Thomée

where the bilinear form ay(-,-) : S, X Y}, — R is defined by

an(x,n) = — Z n(z) Vx-ndo, Yxé&ShneY,. (1.11)

2622 V.

Obviously, we can define ay(-,-) also for y replaced by w € H?, and using Green’s formula
we then easily see that

an(w,n) = —(Aw,n), Yw e H* necY,.

We shall now rewrite the Petrov-Galerkin method (1.10) as a Galerkin method in S,.
For this purpose, we introduce the interpolation operator J, : C — Y}, by

Jpu = Z u(2)V,,

0
2€Z))

where W, is the characteristic function of the control volume V. It is known that .J, is
selfadjoint and positive definite, see [5], and hence the following defines an inner product
(-,-) on Sy,

<Xa¢> = (X7 Jh¢)7 val/} S Sh‘ (112)

Also, the corresponding discrete norm is equivalent to the Lo-norm, uniformly in A, i.e., with

C>c>0,
_ 1/2
el < Xl < Clixll,  Yx € Sh, where [[[x]ll = (x,x)",

see [5]. Further, in [2], it is shown that

ah(X7 Jhm) = (VX7 VQ/J), vqu S Sh7

and therefore, ay(+, ) is symmetric and ay(x, Jux) = |[|[Vx||?, for x € S.
With this notation, (1.10) may equivalently be written in Galerkin form as

<I~Lh7t, X> + (Vﬂh, VX) = 0, VX € Sh, for ¢ = O, with ah(O) = Up. (1.13)

Our aim is thus to show analogues of (1.5)—(1.7) for the solution of (1.13), with the
appropriate choices of vy, i.e.,

s (t) — ut)|| < Ch2H92|y|,, fort>0, ¢=0,1,2. (1.14)

This will be done below for ¢ = 2, and in the case ¢ = 1 under the additional assumption that
{Tn} is quasi-uniform. However, for ¢ = 0, as in [4], we are only able to show (1.14) under

an additional hypothesis, expressed in terms of the quadrature error operator @), : S, — S,
defined by

(th¢7 VX) - gh(dja X)? VX,Q/J € Sh7 (115>
where (-, -) is the quadrature error defined here by
5h(f7X):<f’ JhX)_(f7X)7 vaL% Xesha (116)

and requiring

lQnell < CR?[¥]l, Y4 € Sh. (1.17)
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We will show that this assumption is satisfied for symmetric triangulations 7,. Symmetry
of 7Ty, however, is a severe restriction which can only hold for special shapes of 2. For
this reason we will also consider less restrictive families {7,}. We will demonstrate that
(1.17) holds for almost symmetric families (discussed in Section 4), with the addition of
a logarithmic factor; we also show that this logarithmic factor is not needed in one space
dimension. Further, for piecewise almost symmetric families of triangulations, see Section 4,
the inequality (1.17) holds with an O(h%?) bound.

We then give two examples of nonsymmetric triangulations such that (1.14) does not
hold for ¢ = 0. In the first example we construct {7,} such that the convergence factor is
at most of order O(h) for ¢t > 0, and in the second example, with nonsymmetry only along
a line, of order O(h*?). Without any additional condition on 7}, we are only able to show
the nonoptimal order error estimate

in(t) — u®)|| < Cht™2|v|, if v, = Pyw, fort > 0.

We remark that in [11], in the more general case of a parabolic integro-differential equa-
tion, the nonsmooth data error estimate (1.14), for ¢ = 0, with an extra factor |log h|, was
stated for any quasi-uniform family {7,}. Unfortunately, this result is in contradiction to
our above counterexamples, and its proof incorrect.

We also discuss optimal order O(h) error estimates for the gradient of @, —u, under various
assumptions on the smoothness of v and choices of v,. Further, in a separate section, we
consider briefly the extension of our results for the spatially semidiscrete problem to the fully
discrete backward FEuler and Crank-Nicolson finite volume methods.

As for the lumped mass method in [4], our analysis yields improvements of earlier results,
in [3|, where it was shown that, for smooth initial data and v, = Ryv,

i (t) — u(t)|| < Ch*|v|s, fort >0,

and
|V (n (t) — u(t)|| < Che Holaye, fort >0, € >0 small.

As in the case of the lumped mass method in [4], these improvements are made possible by
combining the error estimates (1.5)—(1.7) for the standard Galerkin finite element method
with bounds for the difference § = @), — uyp, which, by (1.13) and (1.4), satisfies

(0r, x) +(V6,Vx) = —en(uns, x), Vx €Sn fort=D0. (1.18)

In the final section we sketch the extension of the theory developed above to more general
parabolic equations, considering the initial-boundary value problem

u+Au=0,in Q, uw=0, ond, fort>0, withu(0)=wv, in €, (1.19)

where Au = =V - (aVu) + fu, with @ a smooth symmetric, positive definite 2 x 2 matrix
function on 2 and /3 a non-negative smooth function.

Here, let uy(t) € Sy, denote the standard Galerkin finite element approximation of wu(t),
defined by

(unt, x) +alup,x) =0, Vx €S, fort>0, withu,(0)= vy, (1.20)
where v, € S} is an approximation of v and
a(w, @) = (aVw, Vo) + (Bw, @), for w,o € Hy. (1.21)
In a straightforward way the estimates (1.5)—(1.7) extend to the solution of (1.20).
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The natural generalization of the finite volume method (1.10) would now be to find
up(t) € Sp, such that

(Unt, X) + an(tp, Jox) =0, Vx €S, fort>0, witha,(0)=uvp, (1.22)

where, instead of (1.11), one uses the bilinear defined by

(v = 3w (- |

(V) -ndo+ | By dx), Ve Sy, e Y  (1.23)
e oV, V.

It is known that, in general, the bilinear form ay(1), J,x) is nonsymmetric on Sj, but it is
not far from being symmetric, or |an(x, Jot)) — an(¥, Jux)| < Ch||Vx|| [V, cf. [5]. Also,
if & and 8 are constants over each 7 € Ty, then, see, e.g., [2, 6],

ah(q/]a JhX) = (avwv VX) + (5¢7 JhX)7 \V/'QZ), X € Sha (124)

and thus ap, (v, Jux) is symmetric, since as we shall show (5v, J,x) = (Bx, Jut). Therefore,
since symmetry is important in our analysis, we introduce the modified bilinear form

an(th,m) =Y 77(2)(—/

@ve) -ndo+ | Fv dx), Ve Sy, e Y (125
z€ZY ovz Va

where, for z € 7, 7 € Ty, a(z) = a(z,) and 3(z) = B(z,), with z, the barycenter of 7. This
choice of ay(-,-) leads to the finite volume element method, to find @,(t) € S, such that

<’l~ih7t, X> + &h(ah, JhX) = 0, VX € Sh, for t > 0, with ﬂh(O) = Vp, (126)

and for this the desired analogues of the estimates (1.14) are established in Theorems 7.1-7.3.

The following is an outline of the paper. In Section 2, we introduce notation and give
some preliminary material needed for the analysis of the finite volume element method.
Further, we derive smooth and nonsmooth initial data estimates for the gradient of the error
in the standard Galerkin method. In Section 3 we derive the error estimates (1.14) discussed
above under the different assumptions on smoothness of data and the triangulations {7;}.
In Section 4 we show that assumption (1.17) is valid for symmetric meshes, and discuss the
corresponding properties for almost symmetric and piecewise almost symmetric meshes. In
Section 5 we present two nonsymmetric triangulations in two space dimensions for which
optimal order Ls-convergence for nonsmooth data does not hold. In Section 6 we consider
briefly the application to the fully discrete backward Euler and Crank-Nicolson finite volume
methods. Finally, Section 7 contains the extension of Section 3 to more general parabolic
equations.

2. Preliminaries

In this section we show a smoothing property for the finite volume element method, and
discuss the quadrature associated with this method. We also derive some estimates for the
gradient of the error in the standard Galerkin finite element method which will be needed
later.
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We first recall that for the standard Galerkin method, one may introduce the discrete
Laplacian Ay, : S, — Sy by

_<Ah¢;X) = (vwa vx>7 vwax € Sh7
and write the problem (1.4) as
Unt — Apup, =0, for t >0, with u,(0) = vp,. (2.1)

Let {)\?}j\f:’“‘l denote the eigenvalues, in increasing order, and {cﬁ?}jvzhl the corresponding
eigenfunctions of —Ay,, orthonormal with respect to (-,-), where N, = dim S),. Then we
have for the solution operator Ej(t) = e#! of (2.1), by eigenfunction expansion,

( ) Eh vh—Ze Uh,th cy fOTtZO.

The following smoothing property analogous to (1.3) holds for v, € S, and t > 0,
IVPD{Ey(t)op|| < Ot 0=D2| W), €20, p,g=0,1, 20+p > g, (2.2)

Turning to the finite volume method (1.13), we now introduce the discrete Laplacian
Ay o Sp — Sh, corresponding to the inner product (-, ) in (1.12), by

~(Bw.x) = (V,VX), Y, x € Sp (2.3)
The finite volume method (1.13) can then be written in operator form as
fpy — Apiiy, =0, for t >0, with @,(0) = vy (2.4)

For the solution operator Ej,(t) = eBnt of (2.4) we have

Np,

() = Bu(tyon = Y e vy, ¢V, for t >0, (2.5)

J=1
where {A;‘};V:hl and {qb;l}jvjl are the eigenvalues, in increasing order, and the corresponding

eigenfunctions, orthonormal with respect to (-, ), of the positive definite operator —Ah. For
Ey(t) the following analogue of (2.2) holds, cf. [4, Lemma 2.1].

Lemma 2.1. For Ej, defined by (2.5) we have, for v, € Sy, and t > 0,
IV?D{EL(tun]| < Ct070P|Wo[|, €20, pg=0,1, 20+ p>q.

Proof. Introducing the square root G = (—ﬁh)l/Q . S, — S), of —A,, we get

IVoRl® = ((—An)vn, va) ZM (vn, &5)° = [1Ghoal-

j=1
Since the norms ||| - ||| and ||-|| are equivalent on Sy, we find, for ¢ > 0,
Np,
~ ~ ~ ~ o _ ~h ~ ~
IV? D En(t)onll* < ClIGHDLEn(t)unll® = C (X)) 700 (AL (on, 0F)?
j=1

< O D |G, 2 < C O[T, 12 O
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The quadrature error functional (-, -) defined by (1.16) has an important role in our
analysis below. For this reason we recall the following lemma, cf. [3].

Lemma 2.2. For the error functional €y, defined by (1.16), we have
len(f, )| < CRPFANPFLIVT], VfeH, ¢eSy, and pq=01.

Proof. Since [ (Jyt — 1) dr = 0 for ¢ linear in 7, for any 7 € Ty, see [5], we have that
Jnp — 1) is orthogonal to S}, the set of piecewise constants on 7,. Hence

Eh(faw):<f7‘]h¢_¢):(f_th7Jh¢_¢)a

where P, is the orthogonal projection onto Sj,. The lemma now easily follows since we have
[Jntp =l < Chl[VY || and [[Puf — fll < CRIV]. 0

The following estimate holds for the quadrature error operator @, in (1.15).
Lemma 2.3. Let A, and Qy, be the operators defined by (2.3) and (1.15). Then
[VQuxll+ Rl AQuxll < CRPHIVPX], - VX € Sy p=0,1.
Proof. By (1.15) and Lemma 2.2, with ¢ = Q,x and ¢ = 1, it follows easily that
IVQiXII? = en(x, Qnx) < CRPHY|VPX| [VQpx,  for p=0,1,

which shows the desired estimate for |VQux||. Also, by the definition of A,, Lemma 2.2
with ¢ = 0 shows, for p =0, 1,

IALQrXII? = =(VQux, VALQRX) = —en(x, An@QiX) < CR||VPX | | AnQnx]-

Since the norms ||| - ||| and ||| are equivalent on Sy, this implies the bound for the remaining
term ||AnQnx||- O

In addition to the orthogonal Ls-projection P, our error analysis will use the Ritz pro-
jection Ry, : H} — Sj defined by

(VRyw,Vx) = (Vw,Vyx), VYx €S
It is well known that R;, satisfies
|Ryw — wl|| + h||V(Ryw — w)|| < Chwl|,, forw e H?, q=1,2. (2.6)

We close with some estimates for the gradient of the error, slightly generalizing those of
[4, Theorem 2.1].

Theorem 2.1. Let u and uy, be the solutions of (1.1) and (2.1). Then, fort > 0,

Chlv|s, if [V (vn —0)|| < Chlvls,
IV (un(t) = w(E)l < § Cht='2loly, if Jon — ]| < Chlvls,
Cht=v||, if vn = Pyo.

Proof. In |4, Theorem 2.1] this was shown with v, = Rpv in the first two estimates, and
thus it remains to bound V Ej,(t)(v, — Ryv). With ¢ := v, — Rpv we find easily, by Lemma
2.1, for smooth data, [|[VE,(t)9(0)| < ||[VY(0)|| < Chlvls, and for mildly nonsmooth data,
IVEL()9(0)]] < Ct=2[[9(0)[| < Ct~'2h]v};. O
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3. Smooth and Nonsmooth Initial Data Error Estimates

In this section we derive optimal order error estimates for the finite volume element method
(1.13), with initial data v in H?, H' and L,. For v € H?, the error estimate is the same as
that for the standard Galerkin finite element method, and this is also the case for v € H®,
provided the family of finite element spaces is quasi-uniform. In the case v € Lo, with
discrete initial data v, = P,v, in order to derive an optimal order estimate analogous to
(1.6), we need to impose condition (1.17) for the quadrature error operator Q. In Section 4
we verify this condition for symmetric meshes. In the general case we are only able to show
a nonoptimal order O(h) error bound in Ly, whereas for the gradient of the error an optimal
order O(h) bound still holds.

The estimates and their proofs are analogous to those for the lumped mass method
derived in [4], since the operators Ej, A, and @y, defined in Section 2, have properties
similar to those of the corresponding operators for the lumped mass method. References to
[4] will therefore be given in some of the proofs below. We begin with smooth initial data,
v e H?.

Theorem 3.1. Let u and uy, be the solutions of (1.1) and (2.4). Then

lain(t) — u(t)|| < Ch2|vly, if [[un — v|| < Ch?|v]s,  fort > 0.
Proof. Since, by (1.5), the corresponding error bound holds for the solution wy, of the standard
Galerkin method, it suffices to consider the difference § = ), — uy,. Also, by the stability

estimates of Lemma 2.1, we may assume that v, = Rpv. By the definition (1.15) of Qp,
J satisfies (1.18), and hence

8, — Apd = AyQrupy, for t >0, with §(0) =0, (3.1)

where wy, is the solution of (1.4). By Duhamel’s principle this shows
t ~ ~
o) = / En(t — s)AnQnun.(s) ds. (3.2)
0

Using the fact that Eh(t)ﬁh = Dtﬁh(t), and Lemmas 2.1 and 2.3, we easily get
I E(6)AnQuxll < O IV Qux]| < CR*|| Wy, for x € S, (3.3)

and hence

t
[o()] < Chz/ (t =) 2 Vuna(s)|| ds.
0
Here, since Ay R, = P,A, we obtain, by first applying Lemma 2.1,
IVuni(s)| < Cs™2[lune (0)]| = Cs™ 2| ApRyo| < Cs™ 2| Av|| = Cs™' 2o,

and hence

t
wmmgcw/@—glﬁﬂﬂ@Wb:cmm%
0

which completes the proof. O
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We now consider mildly nonsmooth initial data, v € H'. Here we shall need to assume
the stability of P, in H', or |[VP,w| < C|wl|;, which does not hold for arbitrary families
of triangulations. However, a sufficient condition for such stability of P, is the global quasi-
uniformity of {7, }. Indeed, this assumption implies the inverse inequality || Vx| < Ch~Y| x|,
which combined with the error bound || Rpw —w| < Ch|w|; shows the desired stability of P,.

Theorem 3.2. Let u and uy, be the solutions of (1.1) and (2.4). Then fort >0
i (t) — u(t)|| < CR*t Y|y, ifvy, =P and ||VPyw| < C|vls.

Proof. Since by (1.7), the corresponding error estimate holds for the solution w; of the
standard Galerkin method (without the condition on VF;), it suffices as above to bound
0 = Uy, — up. We use (3.2) to write

5(t) = { /Ot/2+ /t;}Eh(t—s)ﬁthuh,t(s> ds = 61 (t) + 6a(1). (3.4)

Using again (3.3), we have, since ||[Vuy(s)|| < Cs7 |V Po| < Cs™ vy, that

t
15:(8)]] < mﬂ/ (t— )72 |[Vupi(s)l| ds < CR2E2 o]y,

t/2

Integrating by parts, we obtain

t/2

_ _ v _
51(8) = [Bn(t — 5) By Quun(s)]7* - /0 DuEn(t — 5)ApQuun(s) ds. (3.5)

Employing (3.3), Lemmas 2.1 and 2.3 we now find, similarly to the above,

t/2
816 < CRA2([[Vun(t/2)]| + |V Pyoll) + Ch2/ (t = )72 | Vun(s)|| ds
0
< ChA V2 ul;.
Together these estimates complete the proof. O

The analogous result and its proof also hold for the lumped mass method, which should
replace the case ¢ = 1 in [4, Theorem 3.1], since (1.7) does not hold for v, = Ryv.
Next, we turn to the nonsmooth initial data error estimate.

Theorem 3.3. Let u and uy, be the solutions of (1.1) and (2.4). If (1.17) holds and v, =
Py, then
|an(t) — u(t)|| < CR* ||,  fort > 0.

Proof. This follows easily from the fact that for @, satisfying (1.17) we have,
| En (1) ALQnPyv|| < Ct Y| QuPuv|| < Ch* Y ul|,  for ¢ > 0. (3.6)

This inequality is the necessary and sufficient condition for the desired bound to hold by the
following lemma, which is proved in the same way as |4, Theorem 4.1]. O
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Lemma 3.1. Let u and uy, be the solutions of (1.1) and (2.4). Then
it (t) — u(t) + En(t) AnQuunl| < CH2 Yo, if v = Py, fort > 0.

Condition (1.17) will be discussed in more detail in Section 4 below. Note that, by
Lemma 2.3, without additional assumptions on the mesh, we have

1Qnx| < CIIV@Qrx|| < Chllx|l, Vx € Sh,

and that the lower order error estimate of the following theorem always holds. The proof is
the same as that of [4, Theorem 4.3]. We shall show in Section 5 that a O(h) bound is the
best possible for general triangulation families {7,}.

Theorem 3.4. Let u and 1y be the solutions of (1.1) and (2.4). Then
[an(t) = u(t)[| < Cht™|lvll, if v, = Py, fort>0.

We end this section by stating optimal order estimates for the gradient of the error. Note
that no additional assumption on {7} is required.

Theorem 3.5. Let u and uy, be the solutions of (1.1) and (2.4). Then, fort > 0,

Chlvls, if [V (vn —0)|| < Chlvls,
IV (@n(t) = w(E)ll < § Cht='2loly, if Jon — ]| < Chluls,
Cht=Yvl|,  if vp = Pyv.

Proof. For the first two estimates it suffices, by the stability and smoothness estimates of
Lemma 2.1, to consider v, = Rjv. For this choice of the initial data the proofs are identical
to those in [4, Theorem 3.1|. In the nonsmooth data case, the proof is the same as that of
[4, Theorem 4.4]. O

4. Symmetric and Almost Symmetric Triangulations

In this section we first show that for families of triangulations {7,} that are symmetric, in
a sense to be defined below, assumption (1.17) is satisfied and therefore, by Theorem 3.3,
the optimal order nonsmooth data error estimate holds. We shall then relax the symmetry
requirements and consider almost symmetric families of triangulations, consisting of O(h?)
perturbations of symmetric triangulations. In this case we show that (1.17) is satisfied with
an additional logarithmic factor and, as a consequence, an almost optimal order nonsmooth
data error estimate holds. Finally for the less restrictive class of piecewise almost symmetric
families {7,} we derive a O(h*?) order nonsmooth data error estimate.

In addition to the quadrature error operator @), defined in (1.16) we shall work with the
symmetric operator My, : S, — S}, defined by

5h(¢aX) - W% MhX]7 V%X € Sh7 (41)
where we use the inner product
X = v(2)x(2), Vi, x € Sh. (4.2)

zeZ?L
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Figure 2. Left: A triangle 7. Right: A patch I, around a vertex (p.

To determine the form of this operator, we introduce some notation. For z € Z? an interior
vertex of Ty, we define the patch II, = {{J7: 7 € Ty, 2 € 7}, where for simplicity we have
assumed that 7 = 7. Further, for z a vertex of 7 € 7, we denote by 27 and 27 the other
two vertices of 7. We then define

Mylx = —— ZITI X(21) = 2x(2) + x(20)), (4.3)

TCHZ

for which the following holds.
Lemma 4.1. For the operator M), defined by (4.1) we have, for z € Z,

Myx(2) = My*x  with M\"*x given by (4.3). (4.4)
Proof. In view of (1.16), we may write

en(th, x) = (¥, Jux) — Z/th ¥x)d (4.5)
TETH

For 7 € 7T, we denote its vertices by v],v],vi and set v] = v, V] = v}, see Figure 2.

Writing w; = w(v]) for a function w on 7, we obtain, after simple calculations,

7| <
/TiﬂJhX dr = 108 ;%(22)@ + 71+ TXj41)s (4.6)
and
r 3
/1/}de——22 (2XG + Xj-1 + Xj41)
Thus

3
/(@/)Jhx Yx)d Z (OG+1 = 2X5 + Xj-1)-

q>|*

Summation over 7 € Ty, (4.1) and (4.5) show

[, Mux] = > (2)Mi=x, Vi, x € Sh.

zEZ}OL

This implies (4.4) and thus completes the proof. O
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Figure 3. Patches which are symmetric with respect to the vertex z.

We say that Ty, is symmetric at z € Z9, if the corresponding patch II, is symmetric
around z, in the sense that if = € I1,, then z — (z — z) = 22 — x € II,. We say that 7}, is
symmetric if it is symmetric at each z € ZJ. The patch Il in Figure 2 is nonsymmetric
with respect to (o, whereas triangulations which are built up of either of the patches shown
in Figure 3 are symmetric. Symmetric triangulations exist only for special domains, such as
parallelograms, but not for general polygonal domains.

We now show the sufficiency of symmetry of {7} for condition (1.17) for the operator
@1, and hence, by Theorem 3.3, for the nonsmooth data error estimate.

Theorem 4.1. If the family {T,} is symmetric, then (1.17) holds.

Proof. The proof, by duality, follows that of [4, Theorem 5.1|. For given x € S;, we define
© =@y € H' as the solution of the Dirichlet problem —Ap = y in €, ¢ = 0 on 9. Since
Q is convex, we have ¢ € H? and |p|, < C|x|. With I, the finite element interpolation
operator into Sj, we have, for any 1 € Sy,

JQu = sup LX) g (VI TE)
xesn Xl xesn Il
< sup (V@ V(e — Inp))| + sup (VQro, VInp)| 41 (4.7)
XESh [l XESh x|l

By the obvious error estimate for I, and Lemma 2.3, with p = 0, we find

< CR|Y|. 4.8
Y I (48

To estimate /I, we employ (1.15) and (4.1) to rewrite the numerator in the form

(VQ, Vi) = en(, Inp) = [, MpIL). (4.9)

To bound M, I, we consider an arbitrary vertex z = (s € Z). Let Il be the corre-
sponding patch of T, with vertices {Cj}szl, numbered counter-clockwise, with ¢, x = ¢; for
all j. Also denote by {7;}/<, the triangles of Tj, in Il,, with 7; having vertices (o, (j, (j+1,

and set 79 = Tx (see Figure 2). Then Lemma 4.1 implies

Midnp(G) = My hp = =22 3~ y(9(G) — 9(6)) (4.10)

with w; = |7;_1| + |7;|. By assumption, the patch Il is symmetric and hence, by (4.10), we
can express M [¢((o) as a linear combination of terms of the form o((;) — 2¢(Co) + ¢ (),
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Figure 4. Left: An almost symmetric triangulation. Right: A piecewise almost symmetric triangulation.

where (p is the midpoint of the vertices (; and ¢ of Ils,. Hence M I5p(Co) = 0 for ¢ linear
in II;, and, as in [4], we may apply the Bramble-Hilbert lemma to obtain

| My In(Go)| < CR* g, ||l @l 2,y < CR|lgll ) (4.11)
Employing this estimate for all patches II, of 7}, we obtain, for any ¢ € S},
[, Mudng]| < CR* Y192 el < ORI ele < CR (9] III- (4.12)
26Z2

Hence, in view of (4.7) and (4.9), we obtain |II] < CR?||¢||. Together with (4.8) this
completes the proof. O

We now want to slightly weaken the assumption about symmetry. We say that a family of
triangulations {75} is almost symmetric if each T, is a perturbation by O(h?) of a symmetric
triangulation, uniformly in A, in the sense that with each patch II, of 7, there is an associated
symmetric patch from which II, is obtained by moving each of its vertices by O(h?). Such
triangulations exist for any convex quadrilateral, cf. Figure 4. We note that various special
triangulations have been used in the past for obtaining higher order accuracy for the gradient
of the finite element solution (super-convergent rates of O(h?) or O(h%(},)), see, e.g., |7, 10,
13]. For example, the strongly regular triangulations from [10], requiring that any two
adjacent triangles form almost a parallelogram (a deviation of a parallelogram by O(h?)),
are almost symmetric meshes in our terminology. We shall show that, in this case, we have
almost optimal order convergence for nonsmooth initial data.

Theorem 4.2. If the family {T,} is almost symmetric, then
1Que| < CR2G/* ¢l Y € Sp,  where £, = 1+ [logh). (4.13)
Hence, for the solution of (1.13), with v, = Pyv, we have
() — u(®)|| < CR2G2 ¢ Y|v|l,  fort > 0. (4.14)

In the proof we shall need the following Sobolev type inequality, where the ||+ denote
seminorms with only the derivatives of highest order k.

Lemma 4.2. Let B be a fixed bounded domain, satisfying the cone property. Then we have,
for0<e<1,

2 — (2
wp )00
e

< 06_1/2(’90|H1(B) + |90|H2(B)), Ve HQ(B)-
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Proof. We find from |1, pp. 109-110], for e small, with C' independent of e,

sup PV N iy, 4, withp=2/e, VoeW (B).  (415)

z2,2'€B, 2/ #z |Z |1 ‘

We shall also apply the Sobolev inequality, with explicit dependence on p,
¢l B) < Cpl/QHgoHHl(B), for p < 0o, Vo€ HY(B). (4.16)

For ¢ € Hy(B) a proof was sketched in [12, Lemma 6.4]. For the general case of ¢ € H'(B),
we make a bounded extension of ¢ from H'(B) to HL(B), with B C B, cf. |1, Chapter V]
and apply (4.16) to H*(B) to complete the proof.

Employing (4.16) yields

IVellL,m < Cpl/z(lw\Hl(B) +1elmm), Vo€ H(B).
Combining this with (4.15), using p'/? = (2/€)'/2, completes the proof. O

Proof of Theorem 4.2. The proof proceeds as that of Theorem 4.1, starting with (4.7) and
noting that the bound (4.8) for I remains valid. In order to bound /I, we follow the steps
above, but now, instead of (4.11), we show

|MiInp(Go)| < CR3 G|l maqa, ). (4.17)

Using (4.17) as (4.11) in (4.12), we find
[, MiIngl| < CR2O2 100 Ix]l, Ve, x € Sh, (4.18)

and hence |II| < Ch2€1/2||1/1|\ Together with (4.8), this completes the proof of (4.13). The
error estimate (4.14) now follows from Lemma 3.1 and

1EL () A QnPovl| < Ct Y QuPov|l < CR2G*EH|v||,  for ¢ > 0.

[t remains to show (4.17). Let ﬁ% be the symmetric patch associated with II;, by the
definition of almost symmetric. After a preliminary translation of Il by O(h?), we may
assume that ¢ = (y. Further, without loss of generality, we may assume~that I, C Ilg,.
In fact, if this is not the case originally, it will be satisfied by shrinking II., by a suitable

factor 1 — ch? with ¢ > 0. Starting with HCO we may now move the vertices one by one by
O(h?) to obtain Il in a finite number of steps, through a sequence of intermediate patches

ITg, C Ilg,.
Applying (4.10) we will show that for each of these

M, Lp| < Ch* @l zn,,).  where C. = Ce V2, e > 0, (4.19)

which implies (4.17), by taking € = £, ' and HCO I, .

Since (4.19) holds for the symmetric patch IIg,, by (4.11), it remains to show that if it
holds for a given patch ﬁCo then it also holds for the next patch in the sequence. Assuming
thus that (4.19) holds for ﬁco, we consider the effect of moving one of its vertices, (s, say, to

G, with |G — G| = O(h?).
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Applying Lemma 4.2 to the function p(h-), with B suitable, we obtain

o) =@ _ -y 1y
sup < Ch " 1 +h )
2,2/ €llgy, 2/ #2 |2/ — z|1—¢ (|90|H (T¢y) lola (HCO))

< Ch™ ol m,,)- (4.20)

Moving only the vertex (5 in ﬁgo changes only the triangles 7 and 7 and thus the terms
corresponding to j = 1,2, 3 in (4.10).

Letting 71 and 73 be the new triangles, the change in the term with 7 = 1 is then bounded,
since ||| — |m1|] < CR®, by

(1) — »(Co)l

|(wi = wi)((G) = ¢(Go))| < Cliri] = ] |p'~ G = Gol*e

< Ceh3||@||H2(HCO)>

and thus by the right-hand side of (4.19). The change in the term with j = 3 is bounded in
the same way. For j = 2 the change is bounded by the modulus of

wy (0(G2) — @(Go)) — wa(9(G2) = ¥(C0)) = (wy — w2) (2(C2) — (o)) +wi(0(G2) — @(C2)).

The first term on the right is bounded as the terms with 7 = 1, 3, and the second is bounded,
using (4.20), since |¢} — (2| < Ch?, in the following way,

|3 (0(G5) = 0(G))| < Ceh?|Gy = Gl' P ol e,y < Ch®> (@]l a2,
This shows that (4.19) remains valid after moving (s, which concludes the proof. O

More generally, we shall consider families of piecewise almost symmetric triangulations
{T:}, in which Q is partitioned into a fixed set of subdomains {2}, and each of these

is supplied with an almost symmetric family {7,(%)} so that 7, = U;_, 7»(Q%). Such
families may be constructed for any convex polygonal domain, cf. Figure 4, by successively
refining an initial coarse mesh, a procedure routinely used in computational practice. For
such meshes we show the following result.

Theorem 4.3. If the family {T,} is piecewise almost symmetric, then
lQuoll < CR2Y]l, Yo € S (4.21)
Hence, for the solution of (2.4) with v, = Pyv, we have
[in(t) — u(t)|| < Ch32tHw||, fort > 0. (4.22)

Proof. Following again the steps in the proof of Theorem 4.1, we note that (4.8) still holds,
and it remains to bound II. For each internal vertex (o of one of the 75, (€2.), the corresponding
patch I, is a O(h?) perturbation of a symmetric patch, and thus (4.17) holds. For ¢, € Z}
a vertex on the boundary of two of the 7,(€2;) we see that by (4.10)

|Myx(¢o)| < CH? ;gg?lvx(wﬂ < ORI VxlLa,),
0
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and by the use of approximation properties of the interpolation operator I, we get

|Mh[h90(CO>’ < Ch’QH[hSOHHI(HgO) g Oh2(H(10HH1(HgO) + h‘g0|H2(HCO)). (423)

Using (4.17) and (4.23) as earlier (4.11) in (4.12), we conclude

[0, ML) | < CR26 10| |¢la + Chlw || ]l as),

where (g is a strip of width O(h) around the interface between the subdomains € of €.
Using now the inequality ||¢]|m1q) < CRY2|l@|lm2) < ChY?| x|, we get

|[v, MiIngl| < CRP|[WIlIxl, Y4, x € S, (4.24)

and hence |II| < Ch3/?||¢||. Together with (4.8), this completes the proof of (4.21). The
error estimate (4.22) now follows by Lemma 3.1 and

I En () ARQpPyo|| < Ct Y QuPov|| < CRY7Y|v)|, for t>0. O

We remark that the operator M) used here, modulo a constant factor, is the same as the
operator Aj in [4]. The arguments in the proofs of Theorems 4.2 and 4.3 therefore show
that the following result holds for the lumped mass method.

Corollary 4.1. Assume that {7y} is almost or piecewise almost symmetric. Then the non-
smooth data error estimates for the lumped mass method, corresponding to (4.13) and (4.21),
respectively, hold.

We finish this section by remarking that, in one space dimension, the full O(h?) Ly-norm
bound (1.17) for @, holds also for almost symmetric partitions, without a logarithmic factor.
Let Q = (0,1) be partitioned by 0 = 2y < 2, < - -+ < 2y, 41 = 1. Denote now Ty, = {7},
with 7; = [2;_1,2;], and let S, be the set of the continuous piecewise linear functions over
Tn, vanishing at x = 0,1. We set h; = x; — x;_1 and h = max; h;. The control volumes
are V; = (x; — hi/2,2; + hip1/2) and Jph(x) = (x;) for x € V;. We say that Tj, is almost
symmetric if |h; 1 — hy| < Ch? for all 4.

Simple calculations show, with (y, ) = fol x¥ dx and (x,v) = (x, Jpw), for x,1¥ € Sy,

) = () = (030 = =52 > tlheea (i = x0) = s = x1),

where w; = w(x;) for a function w on 2, and the one-dimensional version of (4.10) at z;
becomes

1 .
(hiﬂ(%’ﬂ — i) + hi(pi1 — %’))» i=1,...,Np.

MyIpp(x;) = o1

The crucial step to prove (1.17) is then to show an analogue of (4.11), in this case
|Mh]hg0(l‘,)| g Ch5/2||g0||H2(Hxi), 1= 1,...,Nh, with sz = TiUTi+1> (425)

from which (1.17) follows as earlier. Using the Taylor formula

o) = (w;) + (v — 2)¢ () + /x(x —y) " (y) dy,
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we find easily

1 )
MyInp(zi) = _ﬂ(h?+1 — 1) () + OB [|¢" | ou,y),  i=1,..., Ni.

By the almost symmetry, |h7,; — h?| < Ch® and by the Sobolev type inequality

[¢'(2)] < Ch™Y2 (19 [l oty + Pll9" o)) < CRT2 0l 2,

for i =1,..., Ny, we now conclude that (4.25) holds.

5. Examples of Nonoptimal Nonsmooth Initial Data Estimates

In this section we present two examples where the necessary and sufficiency condition (3.6)
for an optimal O(h?) nonsmooth data error estimate for ¢ > 0 is not satisfied. In the first
example we construct a family of nonsymmetric meshes {7} for which the norm on the
left-hand side of (3.6) is bounded below by ch, thus showing that the first order error bound
of Theorem 3.5 is the best possible. In the second example we exhibit a piecewise symmetric
mesh for which this norm is bounded below by c¢h®?, implying that the error estimate of
Theorem 4.3 is best possible.

In our first example we choose §2 = (0,1) x (0, 1) and introduce a quasi-uniform family of
triangulations {7} of Q as follows. Let N be a positive integer divisible by 4, h = 4/(3N),

29 =0, and set, for j =1,...,N and m =0,1,...,M = 2N,

1h, for j odd
T =T+ {2 RIS and g = mbh. (5.1)
h,  for j even,

We split the rectangle (z;,2;+1) X (Ym,Ym+1) into two triangles by connecting the nodes
(25, Ym) and (241, Ym—1), see Figure 5. This defines a triangulation 7, that is not symmetric
at any vertex.

Let now (o = (a9j,Ym), Co € Zp, and let I, be the corresponding nonsymmetric patch
shown in Figure 5, with vertices {Cj}?zl. Let 7; be the triangle in II;, with vertices (o, (;,
(i1, where (7 = (. We then have |7;] = 1h?, for j = 1,2,3, and |7;] = $h?, for j = 4,5,6.
Thus, using (4.10), for ¢ € S, we obtain with ¢; = ¢((;),

6 1 h2

Mih(Go) = =5 > ws(thy = tho) = =5 o (301 + v — 200)

+2(s — o) + 2ty — Vo) + 45 — Yo) + 4G — ). (5:2)
Because V1 is piecewise constant over Il , we easily see that (5.2) implies
[Muh(Go)l < CR? ||Vl o), Vo € Sh. (5-3)

For a smooth function ¢ we have, by Taylor expansion,

@(¢5) — 0(G) = V(o) - (¢ — Go) + O(R?),
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Figure 5. Left: A nonsymmetric mesh. Right: A nonsymmetric patch Il , around (p.

where (; is considered as a vector with components its Cartesian coordinates and the dot
denotes the Euclidean inner product in R?. Employing this in (5.2), we find, after a simple
calculation,
h3
ML (o) = 30=V() - (3,~1) + O(h"), (54)
Let ¢y (z,y) = 2sin(mx) sin(my) be the eigenfunction of —A, corresponding to the smallest
eigenvalue \; = 272, We then easily find that V¢,(1/4,1/4) - (3,—1) = 27. Hence, there
exists a square P = [1/4 — d, 1/4 + dJ?, with 0 < d < 1/4, such that

Vi (2)-(3,-1)>1, VzeP. (5.5)

Letting now 2z € Z) NP we then have that M,I,¢:(z) > ch®, ¢ > 0, for h small. We shall
prove the following proposition.

Proposition 5.1. Let T, be defined by (5.1), Pn = {z = (v2j,Ym) € P} and consider the
initial value problem (2.4) with v, =) O, where ., € S}, is the nodal basis function of
Sy, at z. Then we have, for h small,

2€P

I En()ARQpunl| = c(t)h|jvn]|,  with c(t) >0, fort > 0.

Proof. Letting 5\? and (}5? be the eigenvalues and eigenfunctions of —ﬁh, and using Parseval’s
relation in Sy, equipped with (-, -), we have

Ny,

I1Ew(t) ArQuuall)* = Z€_2t5\?<£thvha Y2 = e 2NN, Qpun, )2, (5.6)
j=1

Combining (2.3), (1.15) and (4.1), we find

—(AwQuvn, ¥) = (VQuvn, V) = en(vh, ¥)) = [vn, Myb],  V1b € S (5.7)

Note now that for z € P, the corresponding patch II, has the same form as the patch Il
considered above. Thus employing (5.3) for (y, = z, we get, for b € Sy,

|[vn, Mi]| < D |[@2 Mydb]| = Y [Myib(2)] < Ch| VY, (5.8)

z2€Py, 2€Py,
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Figure 6. A piecewise symmetric mesh.

where in the last inequality we have used the fact that the number of points in P}, is O(N?) =
O(h™?%). We recall from [8] that

|67 — 1)l = O(h) and AP — Ay, as h— 0,
and, since obviously ||¢y — Iné1||m = O(h), (5.8) with ¢ = ¢ — I,¢, gives
[, My (8} — 1n)]| < CRV (& — Lngn)|| < Ch2. (5.9)

For every z € Py, (5.5) holds, and thus, using (5.4) with ¢ = ¢; and (y = z, we obtain, for
h small, since the number of vertices in P}, is bounded below by c¢N?2,

[p, MpIn1] = Z MyI,¢1(2) = ch®N? = ch, with ¢ > 0.

2EPy,

Combining this with (5.9), we obtain, for h small,
[on, Mot > [on, MpIné1] — th,Mh(ng? — I¢)]| = ch — Ch* > ch, with ¢ > 0.
Since |[||vy]|| = O(1), (5.6) and (5.7) now show
IEW(DALQuonlll = e on, Mudl] = e(t)h [[lonlll,  for ¢ > 0.
Since ||| - ||| and ||-|| are equivalent norms, the proof is complete. O

It follows from Proposition 5.1 and Lemma 3.1 that the highest order of convergence that
can hold, uniformly for all v € Lo, and for any family of triangulations {7}, is O(h), i.e.,
Theorem 3.4 is best possible, in this case.

We now turn to our second example, in which {7} is a piecewise symmetric family. Let
again © = (0,1) x (0,1) and consider a triangulation 7}, of €2, where the nodes (x;,y.,) are
given as follows. With J a positive integer, let N = 7J, M = 4J and h = 1/(4J), and set
for j=0,....,Nand m=0,..., M,

_Jih, for 0 < j < J,

<
T = - and vy, = mbh, 5.10
! {1/4+(j—J)h/2, for J < j <N, Y ( )
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see Figure 6. This time we consider the set of vertices in P with z = 1/4 and prove the
following proposition.

Proposition 5.2. Let T, be defined by (5.10) and P; = {z = (v, ym) € P}. For the initial
value problem (2.4), with v, = Zzep;l ®,, where , € Sy, is the nodal basis function of Sy, at
z, we have, for h small,

IEL()ALQuunll = c(t)h*?||vpl,  with ¢(t) >0,  fort > 0.

Proof. Again, using (5.6) and (5.7), we have,

1| En(6) AnQuvn]|? = =2 [ug, Myd?. (5.11)

For z € P;, the corresponding patch II, has the same form as the patch II; considered
above, see Figure 5 (right). Thus employing (5.3) for {, = z and taking into account that
the number of vertices in P}, is O(N) we now obtain, for ¢ € Sp,,

|[on, Myth]| < D [[@2, Mygh]| = > [Myip(2)] < CR2 (V)|

z€P;, 2€P),
Similarly to (5.9) this now shows
|[on, Ma(&} — Lnén)]| < Ch*P2, (5.12)
and, again using (5.4), for h small,

[Uh, Mh]h¢1 Z Mh]thI Ch3 = Ch2, with ¢ > 0.

2€P},
Combined with (5.12) this gives, for h small,
[0, Myd?] > ch® — Ch/? > ch?,  with ¢ > 0. (5.13)
Since [[|vp]|| = O(h'/?) we obtain from (5.11) and (5.13)
I En (&) AnQuonlll = e(t)h® = e(t)h*? [[luall, for t >0. O

It follows from Proposition 5.2 and Lemma 3.1 that the highest order of convergence that
can hold, uniformly for all v € L, and for all piecewise symmetric families {7}, is O(h%/?),
i.e., Theorem 4.3 is best possible in this regard.

Remark 5.1. Since M), is proportional to the operator A} used in [4], the arguments in this
section also apply to the lumped mass method. In particular, the analogue of Proposition
5.1 then shows that the first order nonsmooth data estimate for ¢ > 0 of [4, Theorem 4.3|
is best possible for general triangulations {7},}. Further, the O(h%?) estimate stated in
Corollary 4.1 is best possible for piecewise almost symmetric triangulations. Our examples
here may be thought of as generalizations to two space dimensions of the one-dimensional
counter-examples in [4, Section 7.
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6. Some Fully Discrete Schemes

In this section we discuss briefly the generalization of our above results for the spatially
semidiscrete finite volume method to some basic fully discrete schemes, namely the backward
Euler and Crank—Nicolson methods.

With & >0, t, = nk, n =0,1,..., the backward Euler finite volume method approxi-
mates u(t,) by U" € S), for n > 0 such that, with U™ = (U™ — U"Y) /k,

<5ﬁ",x)+(Vﬁ",Vx):0, Vx €Sy forn>1, with(j'ozvh,

or,
oU™ — AU =0, forn>1, withU"=uy,. (6.1)
Introducmg the discrete solution operator Ekh = (I - k:zh)_l we may write Ur =
EkhU —E wnU”, 0% n>1. Using eigenfunction expansion and Parseval’s relation, we obtain,

analogously to |12, Chapter 7|, the stability property
IVPEp Xl < CIVPxIl, VX € S, forp=0,1. (6.2)

The estimates that follow and their proofs are analogous to those for the lumped mass
method derived in [4], since the operators Fj(t), A, and @y, defined in Section 2, have
properties analogous to those of the corresponding operators for the lumped mass method.
For simplicity we will only sketch the proof of Theorem 6.1.

We shall use the following abstract lemma shown in [4], in the case H = S}, normed by
|- [Il, and with A = —A,,.

Lemma 6.1. Let A be a linear, selfadjoint, positive definite operator in a Hilbert space H,
with compact inverse, let u = u(t) be the solution of

u+Au=0, fort>0, withu0)=v,
and let U = {U"}>  be defined by
oU"+AU" =0, forn>1, withU’=v.
Then, forp=0,1, =1 < q < 3, with p+ q > 0, we have
||Ap/2(Un —u(ty))|| < Ck}t;(l_q/Q)||A(p+Q)/2V||, forn > 1.

The error estimates of the following theorem for (6.1) are of optimal order under the
same assumptions as in Section 3.

Theorem 6.1. Let u and U be the solutions of (1.1) and (6.1). Then, forn > 1,

N C(h? + k)|v|s, if [|[un — v]] < Ch2|vs,
U™ = u(ta)|| < § C(h2 + k)tn Ploly, if v = Py and [V Pl < Cloly,
Ch?+ k)t |, ifv,=Pw and (1.17) holds.
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Proof. Analogously to the proof of |4, Theorem 8.1|, we split the error as

U" = ulty) = (U™ = n(tn)) + (@n(ta) = ultn)) = B + -

By Theorems 3.1-3.3, 7,, is bounded as required. In order to bound f, = ( T — Eh( n))Un
in the smooth data case, it suffices, using the stability estimates (6.2) and Lemma 2.1, to
consider v, = Rjv. We obtain by Lemma 6.1, with A = A, = —A,, and ¢ = 2,1,0,

lBalll = NT™ = in(ta) | < Cht, I AL 20| < Cht, O~ D o],
where for ¢ = 2, the last inequality follows from
|||AthU|||2 = (VRhU, VAthU> = (V?}, VAth’U) = —(AU,Ath’U),

for ¢ = 1 from ]|\A1/2thm = [|[VPywl| < Clv]; and for ¢ = 0 from ||| Pyo||| < C||v]|. O

Also for the lumped mass method the analogous result in the mildly nonsmooth data
case v € H' holds, and should replace the result for ¢ = 1 in [4, Theorem 8.1], cf. the remark
after Theorem 3.2.

Recall that @, satisfies (1.17) if {75} is symmetric. For almost symmetric or piecewise
almost symmetric {7;,} we obtain correspondingly the following nonsmooth initial data error
estimates employing (4.14) and (4.22).

Theorem 6.2. Let u and U be the solutions of (1.1) and (6.1), with v, = Pyv. Then, for
n=1,

C(R20 + k)t ll, if {Ta} is almost symmetric,
Ch32+ k)t oll,  if {Th} is piecewise almost symmetric.

10" = u(ta)ll < {

For the gradient of the error we may prove as in [4, Theorem 8.2], the following smooth
and nonsmooth data error estimates, without additional assumptions on 7,. For smooth
initial data we assumed in [4] that v, = Rjv, but the more general choices of v, are permitted
by the stability estimates (6.2) and Lemma 2.1.

Theorem 6.3. Let u and U be the solutions of (1.1) and (6.1). Then, forn > 1

IV (0" — u(t,)] < {C<h+ k)lvls, if |V (o — )|l < Chlol,

C(ht; + kol if vn = Py

We now turn to the Crank—Nicolson method, defined by
. ~ ~ ~ 1 ~ -
U™ — AU 2 =0, forn>1, withU°=uv,, U" 2= S0+ U (6.3)

Denotlng agam the discrete solution operator by Ej; = (I+ k:Ah) (I— %kﬁh)—l we may write

U = EpUn~! = E”hU O n > 1. Using eigenfunction expansion and Parseval’s relation, we
find that (6.2) also holds for this method.

The Crank—Nicolson method does not have as advantageous smoothing properties as the
backward Euler method, which is reflected in the fact that the following analogue of Lemma
6.1, shown in [4, Lemma 8.2|, does not allow g = 0.
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Lemma 6.2. Let A and u(t) be as in Lemma 6.1 and let U™ satisfy
du" + AU 2 = 0, forn>1, withU’=v.
Then
|AP2(U™ —u(t,))| < CK*t, 9| AP+, forn>1, p=0,1, ¢=1,2.

This time optimal order estimates for the error in L, and in H' hold uniformly down to
t=0,if v e H* and v € H®, respectively. The proofs are analogous to those of [4, Theorems
8.3 and 8.4, where we assumed v, = Rpv. Again the stability estimates (6.2) and Lemma
2.1 permit the more general choices for vy,.

Theorem 6.4. Let u and U be the solutions of (1.1) and (6.3). Then, with ¢ = 1,2, we
have, forn > 1,

107" = u(tn)ll < C* + K24, Dfolg,  if on — o]l < CHJol,
IV@" = ulta)]l < Clh+ K6 olager, if [V (en — 0)l| < Chlola.

For optimal order convergence for initial data only in Ly, one may modify the Crank—
Nicolson scheme by taking the first two steps by the backward Euler method, which has
a smoothing effect. We may show then the following result, analogously to that of [4,
Theorem 8.5|, with the obvious modifications for almost symmetric and piecewise almost
symmetric families {7}

Theorem 6.5. Let u be the solution of (1.1) and U™ that of (6.1), forn = 1,2, and of
(6.3), for n = 3, with vy, = Pyv and assume (1.17) holds. Then we have

U™ —u(ty)| < C(h* + K262 o], forn > 1.

7. Problems with More General Elliptic Operators

This final section is devoted to the extension of our earlier results to the more general
problem (1.19), and we recall that we shall consider the finite volume method (1.26) where
the bilinear form a(, -) is defined by (1.25). Our error analysis is again based on estimates
for the standard Galerkin finite element method, in this case defined by (1.20) and (1.21).
It is well known that for this method the stability and smoothing estimates (2.2) hold as do
the error estimates (1.5)—(1.7), where the norms |-|, are defined analogously to the norms
(1.2), using the eigenvalues and eigenfunctions of A.
We introduce the discrete elliptic operator Ah Sp — Sp by

(Anth, x) = an(®, Jnx), Y x,0 € Sy, (7.1)

which is symmetric and positive definite with respect to the inner product (-,-) by (1.24),
since (Bw, Jrx) is symmetric, positive semidefinite on Sj,. This follows from the fact that
fT XJpt dx is symmetric by (4.6) and /3 is constant and non-negative in each 7 of 7;,. We
may then rewrite (1.26) as

iy + Apti, =0, fort >0, with @,(0) = vy, (7.2)
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and the solution is given by @y, (t) = Ej(t)vs, where Ej(t) = e~ is defined as in (2.5), with
{5\;‘} and {(5?} the eigenvalues and eigenfunctions of A, orthonormal with respect to (-, -).

Note that a slightly different finite volume element method for (1.19) has been considered
in |9]. This method differs in the discretization of the lower order term, using the bilinear

ap(+,-) defined by

&h(qu)? JhX) = (dea VX) + (ﬁjhwa JhX)u \V/%X € Sh-

For this method analogous results to Theorems 7.1-7.3 hold.

Following our error analysis in the previous sections we introduce § = u;, — uy, and split
the error into 4, —u = ¢ + (up — u), where u, — u and V(u, — u) are estimated by the
analogues of (1.5)—(1.7). It therefore suffices to derive estimates for ¢, which satisfies, for
t>0,

(Onts X) + an(d, Jnx) = —en(uns, x) — Enlun, x),  Vx € Sp,  with §(0) =0, (7.3)
where ep,(-, ) is given by (1.16) and (-, -) is defined by
En(¥,x) = an(®, Jnx) — a¥, x), V4, X € S (7.4)
Now let @y, : S, — S), and @h - S, — S), be the quadrature error operators given by
an(Qu, Jix) = en(®,x) and @n(Qut, ax) = &0, x), Vo, x €S (T.5)
Using (7.1), the equation (7.3) for § can then be written in operator form as
8+ Apd = —AnQuuny — ApQpup, fort >0,  with 6(0) = 0.

This problem is similar to (3.1), except that the operator —A,, is replaced by A, and that
on the right-hand side we have an additional term resulting from the approximation of the
bilinear form a(-,-). By Duhamel’s principle we have

5(t) = — /0 t En(t — 8) ApQuup(s) ds — /0 t Ey(t — 8)ApQnup(s) ds
= 0(t) + 6(t), fort>0. (7.6)

To estimate § it therefore suffices to bound § and 6. For this we need some auxiliary
results, which are discussed below.

Lemma 7.1. Let o, 3 € C*. For the error functional 5, defined by (7.4), we have
[En(w, )| < CRPIVII[VPXIL Vb, x € S, with p,qg =0, 1.
Proof. In view of (7.4), we may write
En(,x) = (& = )V, Vx) + (BY, Jux) — (B, ).

We then split £,(1), x) as a sum of integrals over 7 € Tj,. Since & = a(z,), we see that
J.(f = f(z:))dz = 0 for linear functions f, and hence

/ (f = f(=))dz| < CR2[r||[fllez, for f € €2, (7.7)
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with h, the maximal side length of 7. Therefore, using this and the fact that Vi - Vyx is
constant in 7, we get

/(07 —a)Vy - Vxdz| < ChYllalc /IV@/) Vx| dz < CRZVY | o IV X L)

T T

Employing an inverse inequality locally and summing over 7 € T, we obtain
(& = a)Vep, V)| < CRPTV Y| | VPx||. (7.8)
In a similar manner we estimate the zero order term. Obviously,

(BY: Tnx) = (B, x) = en(Be, x) + (B = B), x). (7.9)

Using Lemma 2.2 we can bound the first term on the right-hand side of (7.9), as desired.
We then split the second term, in the following way,

/ (5 — B xde = / (B — B) () (=) de + / (B B)(x — (x)(=))de
— I+ 1L (7.10)

/dex‘

Employing (7.7) we easily get

1] < CRZ||Bllez |71 (%) (27)| = CRI|7| ™

[ xds| < Cr ol o
and since |8 — | < Ch, B¢ in 7,

1| < Ohi/(ww W + 16 Vx]) da
< CRA(IVO Il Lo XN 2oty + 191 Lo IV X L2t ) -

Combining the bounds for I and /I with (7.10), using an inverse inequality locally, summing
over 7 € T, and using (7.8), we conclude the proof. O

For the solution operator [ (t) = e=Ant of (7.2), one shows, as in Lemma 2.1, the
following smoothing property.

Lemma 7.2. For Ej, the solution operator of (7.2), we have, for v, € S, and t > 0,
IVPD{Ey (tun]| < =02 V9|, €20, pg=0,1, 20+ p > q.

Further, following the steps in the proof of Lemma 2.3 we can get easily the following
estimate.

Lemma 7.3. Let Ay, Q, and Qy, be the operators defined by (7.1) and (7.5). Then
IVQux|| + Bl An@ux|l < CHP VPl VX € S, forp=0,1,

and the same bounds hold if we replace @), by @h.
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Proof. Using the fact that a(x, Jax) = ¢||Vx|? for x € Sy, (7.5) and Lemma 2.2, with
¥ = Qpx, we obtain for p = 0,1,

IVQuXII? < an(Qnx; Jn@Qnx) = en(x, @nx) < ChPH[VPXIIVQux,

which bounds @), x as desired. By the definition of /~lh and Lemma 2.2 with ¢ = 0, we also
get for p =10,1,

A QuxIII* = en(x, AnQux) < CRPIVPXI| | AnQux|l-

Since the norms ||| - ||| and ||-|| are equivalent on Sy, this shows the bound stated.
To prove the corresponding bounds for (), analogously we use Lemma 7.1 instead of
Lemma 2.2. O

We now show an estimate for & defined in (7.6), including exceptionally the exponential
decay of the bound.

Lemma 7.4. For the error 0 defined by (7.6), we have
16| + IV < Ch2e|wnll, fort =0, v, €Sy withe> 0.

Proof. Using the fact that E,(t)A, = —D,Ej(t), Lemmas 7.2 and 7.3, and the smoothing
property (2.2), we find this time taking into account the exponential decay of Ej(t) and
up(t) for large t,

HOIRSINAGIES / t(HE;L(t = $)Quun(s)]| + RV Ew(t = 5) 4 Qnun(s)] ) ds
<0 [[(6= )2 (19 Gun(s)] + bl AuGuan(5)] ) s
< /0 (b= ) V269 [T (5)]| s
< Ch? /Ot(t — 5) T V2emelt=) 57120 s ||y || = Ch2e™|un),

which is the desired result. [l
We are now ready for the error estimates for the solution of (7.2).
Theorem 7.1. Let u and 1y, be the solutions of (1.19) and (7.2). Then fort > 0,
2 ' _ ol < B2
lian(t) — u(®)]| < {g,’gﬁ'f/;,% ; l:h_ - 'L;niﬁl'gﬁ;vn el
Further, the estimates for the gradient of the error of Theorem 3.5 remain valid.

Proof. As in Section 3, it suffices to estimate 0 = ), —uy,. Using the splitting (7.6), 6 = 5+,
the term 0 is easily bounded by Lemma 7.4, and ¢ is bounded as in Theorems 3.1 and 3.2,
now applying Lemmas 7.2 and 7.3. O]

Turning to nonsmooth initial data, we begin with the following lemma.
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Lemma 7.5. Let u and 1y, be the solutions of (1.19) and (7.2). Then, fort > 0,
[an(t) — u(t) — Ex(t) AnQponl| < CRA Yo, if vn = Pyo.

Proof. Using Lemma, 7.4 for /5\, it remains to bound & (t)— Eh(t)gthvh, which as for Lemma
3.1, is done as in [4, Theorem 4.1]. O

The following is now our nonsmooth data error estimate. Its proof is an obvious modifi-
cation of that of Theorem 3.3, using Lemmas 7.2, 7.3 and 7.5.

Theorem 7.2. Let u and 4y, be the solutions of (1.19) and (7.2), and let Q, be defined by
(7.5). Then, if (1.17) holds, we have

ltn(t) —u(®)|| < Ch* M|, if vw = Py, fort > 0.
Condition (1.17) on @), is again satisfied for symmetric meshes:
Theorem 7.3. For {T,} symmetric, (1.17) holds for Q, defined by (7.5).

Proof. We follow the steps in the proof of Theorem 4.1. For given x € 5; we define ¢ =
oy € H' as the solution of the Dirichlet problem Ap = y in ©, ¢ = 0 on dQ. Since Q is
convex, we have p € H? and ||, < CJ/x||. For ¢ € S),, we have

(th/% ) — sup a(@h%@)

|Qny|| = sup ~———=
xesn Xl xesn Xl
-1 I
< sup la(Qr, ¢ — Inp)| + sup la(Qr), Inp)| T4
XESh ”XH XESh HXH

By the obvious error estimate for I, and Lemma 7.3, with p = 0, we get

IVl ¢l
sup ——————

esn Xl

1] < Ch < CR].

To estimate II, we rewrite the numerator in the form

a(Qn, Inp) = —En(Qui, Inw) + an(Qny, Jnlnp) = ity + dis.

In order to complete the proof it suffices to show that
i1 + dia] < CR?[Ix|| %]

Using Lemmas 7.1 and 7.3 we obtain

[ii1] < CR?[VQuUIHIVIngl < CRA VOl o]l < CRZ[[]] [IxII-
Also, employing (7.5) and (4.1) we get
tiy = en(, Inp) = [, MpIng].

Since the family {7} is symmetric, (4.12) shows the required bound for #is. O

The results of Theorems 4.2 and 4.3 for our less restrictive assumptions on the family
{Tr} also remain valid, with the obvious modified proofs.

The above results for the spatially semidiscrete finite volume method (1.26) extend in
the obvious way to the fully discrete backward Euler method (6.1) and the Crank—Nicolson
method (6.3), with — A, replaced by Ay, so that Theorems 6.1-6.5 remain literally valid in
the general case.
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