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Abstract: The well-posedness and the a priori and a posteriori error analysis of the lowest-order Raviart—
Thomas mixed finite element method (MFEM) has been established for non-selfadjoint indefinite second-
order linear elliptic problems recently in an article by Carstensen, Dond, Nataraj and Pani (Numer. Math.,
2016). The associated adaptive mesh-refinement strategy faces the difficulty of the flux error control in
H(div, Q) and so involves a data-approximation error ||f — IIof]| in the L? norm of the right-hand side f and
its piecewise constant approximation Ilpf. The separate marking strategy has recently been suggested with
a split of a Dorfler marking for the remaining error estimator and an optimal data approximation strategy
for the appropriate treatment of ||f — ITofllz2(q). The resulting strategy presented in this paper utilizes the
abstract algorithm and convergence analysis of Carstensen and Rabus (SINUM, 2017) and generalizes it
to general second-order elliptic linear PDEs. The argument for the treatment of the piecewise constant dis-
placement approximation ugr is its supercloseness to the piecewise constant approximation Ilou of the
exact displacement u. The overall convergence analysis then indeed follows the axioms of adaptivity for
separate marking. Some results on mixed and nonconforming finite element approximations on the multiply
connected polygonal 2D Lipschitz domain are of general interest.
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1 Introduction

The convergence analysis of adaptive mixed finite element methods (AMFEM) stated in [6-8, 11] for the
Laplacian is completed in this paper for non-selfadjoint indefinite second-order linear elliptic problems
via separate marking with the axioms from [8]. Given a right-hand side f € L2(Q) and piecewise constant
coefficients in a (possibly multiply connected) bounded polygonal Lipschitz domain Q c R?, the general
second-order linear elliptic PDE seeks u € Hé(Q) such that

Lu:=-div(AVu+ub)+yu=f inQ. (1.1)
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The coefficients A, b, and y are all piecewise constant functions and the symmetric matrix A is assumed to
be positive definite with universal positive eigenvalue bounds from below and above. The entire paper solely
assumes that £ : Hé(Q) — H~1(Q) is injective (i.e., has a trivial kernel); then it is bijective with a bounded
inverse and satisfies a global inf-sup condition. The flux variable p = —(AVu + ub) with b* = A~'b allows to
recast problem (1.1) as a first-order system: Seek u ¢ H(l)(Q) such that

Alp+ub*+Vu=0 and divp+yu=f inQ. (1.2)
The mixed formulation of (1.1) seeks (p, u) € H(div, Q) x L?(Q) such that
(A™'p + ub*, @)12(q) — (divg, u)r2(q) = 0,
(divp, V)12 Q) + (YU, V)r2q) = (f, V)12(q)
for all q € H(div, Q) and for all v € L?(Q). The well-posedness of (1.3) has been studied in [4, Theorem 2.1]
using the equivalence of the weak formulation of (1.1) and the mixed formulation (1.3). The mixed finite

element discretization of (1.3) utilizes the piecewise constant functions Po(7) on T and the lowest-order
Raviart-Thomas finite element space RTy(7) c H(div, Q) and seeks (pgr, Urr) € RTo(T) x Po(7) such that

(1.3)

(A'prr + urtb*, qr1)12(0) — (diV grr, URT)12(0) = O,

(div prr, VRT)12(Q) + (YURT, VRT)12(0) = (T0f, VRT)12(0)
for all ggrr € RTo(7) and for all vgy € Po(7). The well-posedness of (1.4) has been established in [4, Theo-
rem 4.2] under the additional assumption that the initial mesh-size is sufficiently small.

The convergence and quasi-optimality of adaptive finite element methods for linear symmetric elliptic
problems has been discussed in the literature [1, 2, 5, 7-9, 17, 18, 20, 21] and the references mentioned
therein. For the non-symmetric case b # 0 and for adaptive conforming FEMs, the optimal convergence rates
have been established in [15] with a collective marking strategy based on a posteriori error estimation, and —
in contrast to the results in [16] — without the interior node property for the refinement. The convergence
of adaptive nonconforming FEMs for the non-symmetric and indefinite problem has been derived in [10]
with a different separate marking strategy. The adaptive mixed FEM (1.4) has been considered in [13] with
a combined norm of the L? norm in the flux error and the L? norm in the displacement error. Their quasi-
optimality analysis is based on some nonstandard adaptive separate marking scheme and a special relation
between the mixed FEM and nonconforming schemes.

This paper develops the quasi-optimality of adaptive MFEMs with the natural H(div) norm, that is, the
combination of a flux error in the H(div) norm and the displacement error in the L? norm via the axioms for
separate marking from [8]. The total adaptive estimator is the sum of the residual-based error estimator n(7)
and the data approximation error u(7). Given a parameter k > 0, the separate marking scheme runs either the
Dérfler marking [14] on n(7) if u2(7) < xn?(7) or an optimal data approximation algorithm as in [7, 17, 18]
to reduce u(7). The main challenge is the proof of the axioms of discrete reliability and quasi-orthogonality
for the non-symmetric mixed problem.

The first intermediate solution concerns the discrete flux approximation with a prescribed divergence on
the coarse triangulation in the finer Raviart-Thomas space and a generalization of the corresponding design
from [7, 8, 11]. The second intermediate solution is the integral mean IIou of the exact displacement u and
its supercloseness

(1.4)

ITou — urrll < Chipax (1P — PrTll @IV, Q) + U — urrll) (1.5)
in the proof of quasi-orthogonality (A4¢) below. In fact, this difficulty does not arise in [8] for b = 0. At first
glance, the extended Marini-type identity [4, equation (4.3)] states that ucg is close to [Ipucg for some associ-
ated Crouzeix—Raviart solution ucg, which is superclose to u by L?-duality arguments with a > 0 from reduced
elliptic regularity. This argument, however, leads to (1.5) up to an additional term | hs div pgrrll, which is not
included in the error estimator n utilized in this paper. In fact, 1 solely involves the term ||h27 div pgrr| with
a higher power of the localized mesh-size h.

The remaining parts of the paper are organized as follows. Section 2 establishes the notation, the a pos-
teriori error estimators, the adaptive algorithm with separate marking (SAFEM), and recalls the axioms of
adaptivity (A1)-(A4), (B1)-(B2), and quasimonotonicity (QM) with the optimal convergence rates from [8].
Section 3 starts with the proof of stability (A1) and reduction (A2) for the error estimators and distance
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functions at hand. Section 4 is devoted to the discrete reliability based on a discrete Helmholtz decompo-
sition in 2D for multiply connected domains. Section 5 verifies the quasi-orthogonality based on (1.5) with
a direct proof in Lemma 5.1. Numerical experiments in Section 6 investigate the condition on sufficiently
small parameters such as the bulk parameter and the mesh-size for optimal convergence rates.

The presentation is laid out for two-dimensional polygonal domains and the lowest-order case. The coef-
ficients are assumed piecewise constant for simplicity to avoid extra perturbation terms as in [9]. The gener-
alization to 3D may follow the lines of this paper and replaces the discrete Helmholtz decomposition as in [7]
for a simply connected domain. The analysis of higher-order finite element approximations requires a new
argument for the stability of the discrete problems in that [4] and part of the proofs in this paper utilize the
equivalence to the Crouzeix—Raviart nonconforming FEM, which is open in 3D for higher polynomial degrees.

Standard notation on Lebesgue and Sobolev spaces such as L%(Q), H(l)(Q), and H(div, Q) and their
norms with || e || := ||  [12¢q) and || « [0 := || * Iz~ (@) apply throughout the paper. The notation A < B abbrevi-
ates A < CB for a mesh-size independent generic constant C > 0, which may depend on the domain Q and the
shape but not the size of the triangles of the corresponding shape-regular triangulation. The constant C may
also depend on the coefficients A, b, and y through lower and upper bounds of the positive eigenvalues of A
and the upper bound ||bl|s, + [[Ylleo for the remaining coefficients. Furthermore, A ~ B abbreviates A < B and
B < A. The context depending symbol | « | denotes the area of a domain, the length of an edge, the counting
measure (cardinality) of a set, the absolute value of a real number, or the Euclidean length of a vector.

2 Preliminaries

This section first introduces the necessary notation for the definition and analysis of adaptive algorithms with
separate marking. The axioms of adaptivity from [8] are slightly simplified to match the setting of this paper.

2.1 Notation

Let 7 be an admissible triangulation of the bounded polygonal domain Q and let T(T) be the set of all admis-
sible triangulations refined from T by newest vertex bisection [20]. Let £(T) denote the set of the three edges
of a triangle T € T, let & (resp. £(Q) and £(9Q)) denote the set of all (resp. interior and boundary) edges in
the triangulation 7 and let N be the set of its vertices.

Let hmax := maxreg hr denote the maximal local mesh-size hr := |T|% and let vg and 7g are the unit nor-
mal and tangential vectors along E € £(T) of T € T. The jump [q]k := q|r, — q|r_ of q is defined across an
interior edge E shared by the two triangles T, and T_, which form the edge patch wg. For any boundary edge
E € 0Q, let wg = T, denote the interior of the triangle T, = wg with the edge E € &(wEg) and the jump [ -]
reduces to the trace (that is, the exterior jump contribution vanishes according to the homogeneous boundary
condition). For v e H'(Q; R) and @ := (¢b1, ¢2) € HY(Q; R?), the curl and gradient operators read

ov ov o1 0, ov ov
() oot wo(23)
Curlv 5y’ ox cur 3y ox Vv ox’ 3y
The piecewise gradient V¢ acts as (Vncv)|r = V(v|r) forall T € 7. Let P, denote the algebraic polynomials of
degree at most r and set

Py(T):={veL*(Q):vlr e P(Tforall T € T}, S'(T):=P1(T)nCQ).

Let 1o denote the piecewise L? projection onto Py (7) with respect to the shape-regular triangulation 7. The
associated nonconforming Crouzeix—Raviart and lowest-order Raviart-Thomas mixed finite element spaces
read

CRY(T) := {v € P1(7) : vis continuous in all midpoints mid(E) of edges E € €},

CR}(T) := {v € CRY(T) : v(mid(E)) = O for all E € £(0Q)},

RTo(7) := {q € H(div, Q) : VT € T3c € R> 3d e RVx € T, q(X) = ¢ + dx}.
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2.2 A Posteriori Error Control

The a posteriori error control for problem (1.4) has been established in [4, Theorem 5.5]: Given the unique
solutions (p, u) to (1.3) and (pgr, urr) to (1.4), for small initial mesh-size hg, the equivalence

1P~ PrrlZ iy, + 1 — urtl? = 62(T) := n2(T) + p2(T) (2.1)
holds for the (squared) error estimator 1(7) and data approximation u(7) defined by

n*(T) =Y n*(T,T) with

TeT (2.2)
n(T, 1) = |T|: Y. WA prr+ugrb*]e - el g + ITIA™ Prr + urtb* I7,
Ee&(T)
and
PA(T) = Y pA(D) with p?(T) = IIf = Hofl7s g, (2.3)
TeT

Given the discrete solution (prr, urr) and (Prr, Urr) With respect to the admissible triangulation 7 and its
refinement T ¢ T(7), respectively, the distance function reads

8%(T,T) := IPRT — Prelqiy,0) + I7RT — urrl® (2.4)
with the weighted norm from

IBRT — Prrl .0 = 1A (BRT - Pro)I + Idiv(BRT - PrOI’

2.3 SAFEM - The Adaptive Algorithm with Separate Marking

The separate marking scheme runs two alternatives A and B depending on the ratio of 1, and u, and some
small positive input parameters 6, and x.

Algorithm 1. SAFEM(04, p3, k, To).
Input: Ty with maximal mesh-size hyp, 0 < 04 < 1,0 <pp < 1,0 < k.

fore=0,1,...
CoMPUTE indicators nZ(T) := n?(T,, T), p*(T) for T € T, by (2.2)—(2.3).
if yf, = yz(‘J'g) < Kn% // Case (A)

SELECT a subset M, < T, of (almost) minimal cardinality with

Oang <mp(Me) := Y mp(T).
TeM,
RUN Tp,1 := REFINE(T,, Mp).
else // Case (B)
RUN T = approx(pss, W(T) : T € To).
| COMPUTE Tpy1 :=Tp @ 7.

Output: Ty, Nk, Uk, Ok := \Np + uj fork =0,1,... .

The routine REFINE applies the newest vertex bisection [20] and refines the marked triangles M, to com-
pute the smallest admissible refinement T,,1 of T, with M, ¢ T, \ Tpy1.

The data approximation algorithm approx used in Case B is introduced for separate marking in [8, Sec-
tion 3.3] or [7, 17, 18] with input tolerance pBy(? and values (u(T) : T € 7).
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2.4 Axioms and Optimal Convergence

Suppose that there exist universal positive constants A, A,, A3, A4 and 0 < p, < 1 that satisfy (A1)-(A4)
and (B1)-(B2) below. Here and in the following T € T(T) is an admissible triangulation and refinement
of some T € T := T(Ty). Recall the definition of the error estimator in (2.2)-(2.4) and the abbreviation
n2(T, M) := ¥ yyene>(T, M) forall M € T.

(A1) Stability: Forall T € Tand all T € T(7),

T, TnT) - (T, TnT)| < M8T, 7).
(A2) Reduction: Forall T € T and all T € T(T),
T, T\T) < pan(T, T\ T) + A28(T, 7).
(A3) Discrete Reliability: For all T € T and all T € T(7),
82(T,T) < As(n2(T, T\ T) + (7).

Let (T¢)renw and (o¢)een be the output of SAFEM of Section 2.3 and abbreviate 1, := n(T,) = n(Te, Tp) and
ng = n%(Te, Te) = n*(Te) := n(Te, Te)?, etc.
(A4) Quasi-Orthogonality: For all £ € No,

o0
2. 82Tk Tier) < Au .
k=¢
(B1) Rate s Data Approximation: There exists s > 0 such that for Tol > 0, Tt := approx(Tol, u(T): T € Tp) € T
satisfies
1
|Tro1l = 1Tol < AsTol™>  and  p?(Tro1) < Tol.

(B2) Quasimonotonicity of u: Forall T € T(T) and all T € T(7),
u(T) < u(?).

Theorem 2.1 (Quasi-Optimality [8]). Suppose (A1)-(A4) and (B1)—(B2). Then there exists some ko > O such
that any choice of x, 04 and pp with

1-kA2A;

0 < k < k1 := min{kg, AT2A3}, 0<04<0y:i= —— L=,
1 {xo, AT°A57} 4 < 6o 15 A2,

and 0 < pp < 1 implies the following. The output (Te)een, and (0¢)ecn, of SAFEM (Algorithm 1) of Section 2.3
satisfies the equivalence
AL + sup(1 + |Te| - |Tol)?0¢ = Af + sup (1 + N)* min o(T(N)).
£eNy NeNy

The proof of Theorem 2.1 is given in [8] and not recalled here. The version of this paper is even slightly sim-
plified in that Kg =0, Ag := 1,and R(T, T) = T\ T are more general in [8] and are not displayed explicitly in
this paper.

The data approximation axioms (B1)-(B2) are discussed in [8], the results apply verbatim for the set-
ting in this paper. This is exemplified in [8, Section 5] for the mixed FEM and hence not further detailed in
this paper.

3 Verification of (A1)-(A2)

The analysis of (A1)—(A2) follows standard arguments and is outlined here for completeness for the problem
at hand with piecewise constant coefficients with little emphasis that the global constants A1, A, are bounded
by the constant Cjc in the discrete jump control.
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Lemma 3.1 (Discrete Jump Control [8]). There exists a universal constant Cjc, which depends on the interior
angles in the regular triangulation T and the degree k € Ny, such that any g € Py(7T) with jumps

(8ls = @lr)le- (@l forE € E(Q)withE =0T, noT_,
gle for E € £(0Q) n &(K)

satisfies

YK Y MSlelZ g < Ciclglz-
KeT Ec&(K)

The discrete jump control plus triangle inequalities in Lebesgue spaces and in finite-dimensional Euclidean
spaces imply the stability (A1). Throughout this section, let (pgrr, urr) and (Prr, Ugr) denote the discrete solu-
tion with respect to T € T and its refinement T € T(7T), respectively, and let (T, T) be the distance function
(2.4).

Theorem 3.2 ((A1) Stability). Axiom (A1) holds with A? := 2(07" + Ib*13,) (ihax + Cl.zc)foraglobal lower bound
2>0 of the piecewise constant eigenvalues of the coefficient matrix A, the supremum of |b*|, the maximal mesh-
size hmax, and for the constant Cjc from the discrete jump control of Lemma 3.1.

Proof. The reverse triangle inequality in R™ for m := |T n T| over the element contributions implies that
@ TN -nT,TnDHP < Y T, T)-nT, D)*
TeTnT

Each of the terms n(?, T) and 1(7, T) is a norm in R* of terms, which are Lebesgue norms and so allow for
a reverse triangle inequality. This leads to

M@, 1) = (T, T? < Tl +1T1E Y Nlg) - TElZ
Ec&(T)

with the abbreviation g := A~} (Prr — Prr) + (UrT — UrT)b* € P1(T;R?). The sum over all T € Tn T involves
volume terms and edge jumps. Lemma 3.1 controls the latter terms and so results in

T, TnT) =T, TN < Coliglfaqy + Y. 1T -
TeTnT

The mesh-size is bounded from above and so the right-hand side is bounded by the factor h2_, + C].zC times
the squared L2 norm of g. A triangle inequality and the bounds on the coefficients show

lgl® < 2(2™" + Ib*113,)6%(T, T). O
Theorem 3.3 ((A2) Reduction). Axiom (A2) holds with g5 := 277 and Ny = A4

Proof. For the m refined triangles T € T(K) := {T € T : T c K} of K € T\ 7, the sum nz(‘?, T\ ) reads

e — 1 ] —
Y (|T|||A PR + URTD |72y + 1712 Y NI[A 1pRT+uRTb*1F-rF||§z(F,).
TeT\T Fe&(T)

The reverse triangle inequalities in R*™ and in Lebesgue spaces over triangles and edges and the abbrevia-
tion g from the previous proof plus G := A~!pgr + urrb* show

rl(‘j"(j:\j‘) < ( Z <|T|I|G||IZ_Z(T) + |T|% Z I[GlE - TE"%Z(E)))

Ke\T Ee&(T)
TeT(K)
3
1
+( z <|T|||g||]%2(T)+|T|2 Z ||[g]E'TE||%2(E)>) .
TeT\T Ec€(D)

Since [G - 75]F = Ofor F € &(int(K)) and |T| < &l for T € T(K), the first term on the right-hand side of the above
displayed formula is bounded from above by 274 1n(T, T\ 7). The remaining term is estimated with Lemma 3.1
as in the previous proof and so with the same bound on A, = A;. O
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4 Verification of (A3)

Throughout this section let (pgr, ugrr) and (Prr, tgrr) solve (1.4) and let ITof and IIof denote the L2 orthogonal
projection of the right-hand side f onto piecewise constants (Py(7) and Pg (7)) with respect to the triangulation
T and its refinement T, respectively.

The main residual R; is defined, for any test function qgy € RTO(‘ZAV), by

R1(Qrr) := —(A™'prr + urrb*, Qr1)12(0) + (diVQRT, URT)12(0)- (4.1)
Lemma 4.1. There exists some qrr € RTo(T) with norm ||qgrll Hdiv,0) = 1 and
8(T,T) < R1(@rr) + I TIof - Tofl.

Proof. The initial mesh-size hq is sufficiently small throughout this paper to guarantee the existence and
stability of the discrete solutions [4, Theorem 4.3]. The stability of the discrete problem (1.4) with respect to
the refined triangulation T leads to the existence of (qgt, Vrr) € RTo(T) x Po(T) with ||zt Hdiv,0) + IVrTl < 1
and

8(T,T) = (A"X(Prr — Prr) + (URT — UrT)bD*, QRT)12(0) — (diVART, URT — URT)2(0)
+ (div(prr — PrT) + Y(URT — URT), VRTD)12(0)-

Since (Prr, Urr) solves (1.4) with respect to the refined triangulation T and div pgrr + yugr = Iof (1.4) with
respect to 7, this reads
6(7,T) = Ri(qrr) + (lof — Hof, VRT)12(0)-

A Cauchy inequality concludes the proof. O

The further analysis of R; requires a discrete Helmholtz decomposition on a regular triangulation T of
a (possibly) multi-connected domain Q. The connectivity components I'y, 'y, ..., [ of 0Q are enumerated
such that Ty denotes the boundary of the unbounded component of R? \ Q. The modified lowest-order
Crouzeix—Raviart space reads

CRY(T) = {v € CRY(7) : thereexist ¢y, ..., ¢j € R, ¢ := 0, such that forallj = 0, 1,...,]

. (4.2)
and all E € &(T), v(mid(E)) = ¢j}.
(Here and throughout the paper, (T;) denotes the set of edges on T’;.)

Lemma 4.2 (Discrete Helmholtz Decomposition). For the multi-connected domain Q the decomposition of
piecewise constant vector functions

Po(T; R?) = AVNcCRY(T) ® Curl(S1(T))
is orthogonal with respect to the L? scalar product weighted by A~! in the sense that
(VNcVer, Cutl we)rzqy =0 forall veg € CRL(T) and all we € SH(T).

Proof. The discrete Helmholtz decomposition is well known for simply-connected domains and J = 0. The
general case follows with the same argument by counting triangles and edges |T| + |N| = |€] + 1 — J in general;
further details are omitted. O

The modified Crouzeix—Raviart space is accompanied by a modified Raviart-Thomas space Q(T) with vanish-
ing integral mean of the normal components over each boundary,
Q) = «[ﬁﬁ € RTo(T) : Jﬁfﬁ-vds =0forallj = 1,...,]]».
T

The discrete Helmholtz decomposition allows for a characterization of the divergence-free functions.
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Lemma 4.3 (Discrete Divergence). The linear operator
div : Q(T) — Po(7)
is surjective and its kernel is Curl(S*(T)).

Proof. The divergence-free Raviart-Thomas functions in Q(T) are piecewise constant and allow for a dis-
crete Helmholtz decomposition as in Lemma 4.2. The decomposition implies that the divergence-free
Raviart-Thomas functions in Q(7) are those in Curl(S(7)). Consequently, the kernel of div : Q(T) — Po(T)
has the dimension |N| - 1 for the number |N| of nodes in 7. Since the dimension of the vector space Q(T) is
|&] - J for the number || of edges in T, the range of div : Q(T) > Po(T) has dimension |€] - N| + 1 — J. Since
|T1+ IN| = |€] + 1 - J, the range is Py (7). O

One key argument of the reliability analysis is the split of the difference pgrr — prr into two parts prr — Prt
and prr” — prr for some auxiliary solution: Seek (prr”, gt ") € RTo(T) x Po(T) with

Jﬁfﬁ* .vds = IpRT-vds, (4.3a)

T T
(A™'Prr ", QrT)12(0) — (diVERT, URrT )12(0) = —(UrTb*, GRT)12(0)s (4.3b)
(divprr ™, VRT)12(0) = (Ilof — YURT, VRT)L2(0) (4.30)

hold for all qrr € Q(T), for all vt € Po(T), and forallj=1,...,J.
The solution to (4.3) is recovered from an auxiliary nonconforming problem: Let iicg* € CRL(T) denote
the Riesz representation of the functional on the right-hand side of

(AVncUcR ", VNcWeR)L2 ) = (TTof — yurt, Wer)r2(a) — (Urtb, VNCWCR)12(q)
]
—Z<][PRT~Vds)<JWcEdS) (4.4)
=1t T

for all test functions wcg € CRL(T) in the Hilbert space (CRL(T), (AVnce, Vnce)12(q))- Here and throughout
the paper, 3( denotes the integral mean )( eds := Ir « ds/|T| for the length |T';| of the closed polygon I‘,

The equivalence of this with (4.3) 1mp11es the unique solvability of (4.3). To verify this, let ucg”™ solve
(4.4)and, forx € T € T, set

S(T) := {(x —-mid(T)) - A~ (x - mid(T)) dx,

T
—k — 1 .

Prr (X) := —(AVncUcr™ + ugrb) + E(Hof - yugrr)(X - mid(T)), (4.5)
Urr” (X) := ouicr” + S(T)(Iof — yugr). (4.6)

The piecewise constant function S(7) is

S(Ir = S(T) :=

e

][(X - mid(T)) - A~ ((x - mid(T)) dx
T

inTe7.
Lemma 4.4. The pair (Prt, Urt ) from (4.5)—(4.6) defines the unique solution to (4.3).

Proof. The proof imitates that of [4, Theorem 4.2] and generalizes it to multiply connected domains.
The arguments therein confirm the continuity of normal components along the interior edges and prove
Prr € RTo(T) ¢ H(div, Q). The present situation involves the connectivity components I'y, ..., I of the
boundary 0Q and requires a little modification in the proof that (prr~, urr ) indeed satisfies (4.3). Set

—
Cj = J:UCR ds
Tj
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and substitute prr " from (4.5) before a piecewise integration by parts shows, for any test function gzt € Q(T),
that

(Prr” + urtbh”, Qr1)12(0) — (divqrT, Holick *)12(0)

1 . . L .
— (5A7Mof - yurn)(+ - mid), @) |- Y ¢ [ @ v)ds.
o 5
j
The first term on the right-hand side already appears in [4, p. 567, lines 1-2] and is rewritten as

2((Tof - yurr)A™ (o - mid(7)), aRT)2(q) = (Mof — yurr, S(T) div@rr)12(0).-

This term combines with —(div qgr, Ilolick *)12(q) in the aforementioned equality and leads with (4.6) to
—(div qgr, UrT )12(0)- Recall that ¢o = 0 and that Jr,- QR -\A/ds =0forj=1,...,J because of qgr € Q(T). This
calculation leads to equation (4.3b). Since prr~ € RTo(T) ¢ H(div, Q), the definition of (4.5) immediately
proves (4.3c). Rewrite (4.5) to obtain an identity for AVncuicg” and utilize this in (4.4). This leads to an
identity, which allows a piecewise integration by parts and then results in

] -~
ZJWCE([TIE* —prr)-vds =0 forall weg € CRL(T).
jzlr}.

The design of wcg € CR!(T) with piecewise integral means along the boundary edges of I'; which are constant
foreachj=1,...,] proves (4.3a).

This concludes the proof of the existence of a discrete solution to (4.3a)—(4.3c) and it remains to show
the uniqueness of a discrete solution. This follows from the trivial solution to the homogeneous system

(A™'Prr”, QRT)12() — (divaRT, URT )12(0) = O = (divPRT ™, VRT)12(0)

forall qrr € Q(T), Vgt € Po(T) plus Ir,- Prr -vds = Oforj =0, ..., J.Givenan arbitrary solution (Prr ", Ugrr ") to
this discrete homogeneous problem, let grr = Prr~ to find prr” = 0. It follows (div qrr, Urt *)12(0) = O for all
test functions. Lemma 4.3 allows for a test function grt with div gt = Ugr* and so gt~ = 0. This concludes
the proof of the uniqueness of the solution of the homogeneous system. O

Lemma 4.5. The test function qrr € RTo(T) in Lemma 4.1 can be selected additionally to satisfy I1o div qgt = O
and'[r.cTR\T-vds=Oforallj=0,1,...,].
]

Proof. The first equation in (1.4) shows that RTy(7) belongs to the kernel of Ry from (4.1). Hence we may
and will replace test function qrr € RTo(T) in Lemma 4.1 by qgrr - qrr for some appropriate qgr € RTo (7).
The naive choice of the Fortin interpolation qgr of qgr leads to the additional properties but leaves open the
subtle question of the uniform bound ||qrr || Hdiv,0) in terms of [|[qrrllF(div,q) = 1. This proof utilizes the MFEM
solution (qgr, Vrr) € RTo(T) x Po(7) to the modified Poisson model problem with right-hand side I div qgr,

JqRT-vds:jq/ﬁ-vds forallj=1,...,], (4.7a)

Iy ]
(Art, ZrT)12(0) = (diV ZRT, VRT)12(0Q) for all zgr € RTo(7), (4.7b)
(div qrr, Wrr)12(0) = (IIo div QgT, WrT)12¢) for all wgr € Po(7). (4.7¢)

Equations (4.7) are a particular version of (4.3) and the equivalence of Lemma 4.4 applies here as well. This
implies the unique existence of (qrr, VrT) € RT(T) X Po(7T) and leads the desired bound

lartllE@iv,0) < lqrTllH@,0) = 1. O

Recall that (pgrr, ugrr) and (Prr, Urr) solve (1.4) with respect to the triangulation T and its refinement T,

*

respectively, and that (Prr ", Ugrr ') solves (4.3). Define the modified residual R, by

Ry(@RT) := (A" prr” + urrb*, Qr1)12(q) for any test function gt € RTo(7). (4.8)
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Lemma 4.5 and the modified test-function qgr show

8(T,T) - ITof - Tofll < R1(@rr) = —(A~prr + urrh*, GrT)12(0)
< Ro(@rr) + IPRT” - Prrll BV, 0)- (4.9)

The divergence-free term Prr~ — Prr is controlled in the subsequent lemma.
Lemma 4.6. It holds |[prr* - Prrlla@iv.0) < (T, T\ T).

Proof. Since divprr” = Iof — yugrr = div prr implies div(prr~ — prr) = O, it follows that Prr* — prr is piece-
wise constant and its discrete Helmholtz decomposition leads to acg € CRl(ﬁ) and c €S LT with

Prr” - Prr = AVycacr + Curl Bc.
This and the L? orthogonality (Prr” — Prr) L Vnc@cr show that acg = 0. Consequently,

IPRT" — PrrlF(giv,0) = (PRI — Prr, A~ Curl Bo)2(q).- (4.10)

Given any node z € N in the coarse triangulation T, the Scott-Zhang quasi-interpolation [19] defines B¢ (2)
by a selection of an edge E(z) € £ with vertex z and evaluates some weighted integral of BE along E(2).

Select the edge E(z) € En g if possible to obtain a Scott-Zhang quasi-interpolation B¢ € S*(7) of BC with
BC Bc=0ae.in| (TN T) plus the local approximation and stability properties. For any edge E € & of length
hg and its neighborhood Q(E) : UzeN( F) Wz for the nodal patches w,, the latter properties and discrete trace
inequalities result in

—_— 1

1Bc - Bcllzzgy < hglBcllarEy- (4.11)
The weak formulation (1.4) with qrr = Curl 8¢ € RTo(T) and equation (4.3b) with qgr := Curl B¢ € RTo(7)
show (f)ﬁ* — PRT,» A1 Curlﬁc)LZ(Q) = 0. Hence (4.10) is (l/)fﬁ* = PRT, Al Cuﬂ(ﬂ(; - ﬂ(;))LZ(Q). The test func-
tion qgr := Curl(B¢ - B¢) in equation (4.3b) shows that (4.10) is (A"!pgr + urrb*, Curl(B¢ - Bc))12(q)- This
and a piecewise integration by parts leads to

IPRT" - PRTfiAiv.0) = D, J(ﬁc ~Bo)IA™ pgr + ugrh* 1 - Tpds - Y J(ﬁc ~ Be) curl(A~pgr + ugrb*) ds.
Ec€ E TeT T
The piecewise curl of the low-order Raviart-Thomas finite element functions vanishes and so do all sum-

mands in the last term. Since EE - Bc = O along any edge E € & n &, this proves

PRt _pRT"HdNQ z ITA™ prr + urtb* £ - TEl25) IBe - Bellz2e)
Ee€\E

The combination with estimate (4.11) for ||BZ - Bcllr2g) and the bound ||VEE|| =||Curl EEM <IPrt” - PrrllH@iv, Q)
imply

IPRT" - PRTlfi@.0) S ), hENAT'PRr + Uurtb*|g - TEN7, g - (4.12)
Eee\E
A rearrangement with the triangle-oriented error estimator concludes the proof. O

Lemma 4.7. The test function qgt from Lemma 4.5 and the residual R, from (4.8) satisfy
Ry (qrr) < (T, T\ T) + PRt — PrrllH(div, 0)-

Proof. Lets—mid(T) € P1(T; R?) abbreviate the function x — mid(T) for x € T € T and consider the test func-
tion qgrr = HoqrT + % div qrr( » - mid(7)) € P1(T; R?) from Lemma 4.5. The piecewise constant part IIoqrr
allows a discrete Helmholtz decomposition

ﬁoq/ﬁ = AVNCVCR + CurlBE

from Lemma 4.2 for some vcg € CR!(T) and some BE € S1(7). Altogether, there are three contributions of

. . — 1. PN
R>(qrr) = R2(AVNcVer) + Ro(Curl Be) + Rz(z divqgr (e - m1d(7))>.
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(i) The representation of prr " in (4.5) is utilized in the first contribution and leads to
Ry (AVNCVCeR) = (PRt + Urth, VNCVER)12(0) = (VNCUCR s AVNCVCR)12(0)-

On the other hand, AVncVer = HoQrr — CurlBE and Curlﬁz is L? orthogonal to Vyclick *. This and an integra-
tion by parts prove

R>(AVNCVCR) = (VNCUCR ™, QrT)12() = —(UcR ™, div@RT)12(0) -
Recall that div qgr is L2 orthogonal onto Py(7) and so

R2(AVNCVeR) = ((TTp - To) ek ™, div @rr)z2(q) < (Mo — Mo)uicy "Il div qrrl-

Note that (ﬁo —Tlo)ucg” vanishes a.e. in T € TNnT and a piecewise discrete Poincaré inequality shows
I(To — To)uck "Il < Ihg VncHcr *llz2(qry with the interior Q' of the domain | J(T'\ 7). Consequently,

Ry (AVNCVCR) < Ihg Vnclcr L2y -
(ii) Observe from (4.3b) and Curlﬁz € Q(7) that Rz(CurlﬁE) =0.

(i) Since div qgr vanishes outside the set Q' (for div qgr = IIo divqrr on T € T n T) and the weight satisfies
| « —mid(7)| < hg, the term Rz(% div qrr(« - mid(T))) is equal to

—%(A‘lﬁﬁ* + ugrb”, (+ - mid(7)) div @rr) 2 (g < 17 (A Prr " + urtb")lr20n.-
In conclusion of (i)-(iii), it follows that
Ry(qr) < IhgVncUcr "Iz + Ihg (A Prr™ + urtb*)llz2 - (4.13)
On the other hand, the representation formula (4.5) shows that
Ih (A" PrT ™ + urrb* — Vncticr “)llz2ary = Ilhg(Mof - yurr)A™ (o — mid(T))llz2 1)
With a lower bound e of the smallest eigenvalue of A and with div prr = Iof — yugr from (1.4),
Ih (A" PrT” + urrb* — Vncticr “)llz2 oy < g_lnh%' div prrllz2 ().

Foreach T € 7, |hr divprrlr2(r) = (1 - IIo)Prrllz2(1) @and an inverse estimate plus a uniform upper bound g
of the eigenvalues of A lead to

ollh2 div prrlizz(n < 2llhs (1 - o) (A pre)llz2(n)
< [lhg (1 - o)A prr)llz2(r) < Ihg (A pRrr + urtb*)llL2(7).

The combination of the previously displayed estimates results in

Ilh (A~ Prr ™ + urrb* — Vnctick “)llz2 @y < Ihg (A~ prr + urrtb*)llz2(r-
This and (4.13) plus some triangle inequalities imply

R2(qrr) < Ihs (A prr + urtb*)llr2(qry + lhg (A~ Prr ™ + urtb*)l12(0)

< lhgPrt” - Pr)lz20ry + IR (A pre + urtb®)llL2()-

Since hg < hg < 1, this concludes the proof. O

Theorem 4.8 ((A3) Discrete Reliability). Under the overall assumption that hy is sufficiently small, there exists
some universal constant A3, which depends on the global lower and upper bounds of the eigenvalues of A and
on the universal stability constant of the discrete problems and on the shape-regularity in T such that the fol-
lowing holds. The discrete solutions (prr, urr) and (Prr, Ugr) of (1.4) with respect to the triangulation T and
its refinement T satisfy

AS18%(T, T) < (T, T\ T) + 2 (T) - 12(D).

Proof. This follows from the combination of Lemma 4.5, 4.6, and 4.7 with (4.9). O
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Axiom (A3) implies the reliability result of [4, Theorem 5.5].

Corollary 4.9 (Reliability). The solution (p, u) to (1.3) and the solution (pgt, ugrr) to (1.4) satisfy

1
(P — Prr> U — urT) | H(dv,Q)xL2(Q) < A3 0(T).

Proof. This follows from (A3) for a fixed triangulation T and a sequence of its successive uniform refine-
ments T as then the maximal mesh-size in T tends to zero and standard estimates show convergence
of (Prt, Ugt) to (P, u) in the norm of H(div, Q) x L*(Q). O

5 Verification of (A4)

The following lemma proves the supercloseness property (1.5) of ITpu to the mixed solution ugr with a duality
argument. For given right-hand side g € L?(Q), the dual problem seeks ¢ ¢ H(l)(Q) with

L* ¢ :=-div(AV¢) +b -V + yp = g. (5.1)

Under the overall assumption that £ is injective, it follows that £ and its dual £* are isomorphisms between
H}(Q)and H1(Q).

The reduced elliptic regularity of the leading elliptic part — div(AV - ) leads to higher regularity, that is,
there exist « with 0 < a < 1 and Cyeg < 00 With

|¢|H1+“(Q) < Creglgll (5.2)

for any right-hand side g € L?(Q) with the solution ¢ to (5.1) (see [12, Sections 5 and 14]).
The supercloseness (1.5) is discussed in the introduction and (unlike the remaining results of this paper)
holds without any assumption on the initial mesh-size as long as (1.1) is injective and (1.4) has a solution.

Lemma 5.1 (Supercloseness). The solution (p, u) to (1.3) and the solution (prr, ugr) to (1.4) satisfy (1.5).

Proof. The dual problem (5.1) and its solution ¢ € Hé(Q) NH*%(Q) for the right-hand side g = ITou - ugr €
Po(T) lead to q := AV¢ € H(div, Q) n L{(Q; R?) for some t > 2. This allows the application of the Fortin inter-
polation operator Ir [3, pp. 107-109] with the commutative property I1o div q = div Irq. This and ¢y, := Ilo¢
result in
Igl* = —(g, diva)r2(q) + (8, b - V¢ + yd)12(q)
= —(u — ugr, divIrq)2(q) + (8, Lo(b - V@) + yPr)12(q)-

Equations (1.3)—(1.4) show IIp div(p — prr) = —yg and
(u — ugr, divIFq)12() = (A~H(p - Pr)+(u — urr)b*, Irq)12(q)-
The combination of the aforementioned identities in the first step and the identity V¢p = A~q in the second
step plus an integration by parts prove that
lgl® = (A" (p — pre)+(u — ur)b*, 4 — IrQ)12(0)
+ (div(p — Prr)> @ — Pu)r2() — (U — ugr, (1 — o) (b - V) 12(0).

The error estimates of the Fortin interpolation plus piecewise Poincaré inequalities and the reduced elliptic
regularity (5.2) of the dual problem (5.1) imply

(5.3)

la - Irqll < hifaxlalae Q) < hiaxllgl,
IV — TIo(VP)Il < h§ ol Pllreeq) < hipaxligll,
I — Pull < hnaxIVPI < hmaxligll.

The application of these approximation properties to (5.3) concludes the proof. O
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Recall that @ > 0 is the positive extra regularity parameter, which exclusively depends on the domain and on
the coefficients, and the maximal initial mesh-size hg is the maximal mesh-size in Ty (whence in all T € T)
and A3 is from (A3).

Theorem 5.2 ((A4¢) Quasi-Orthogonality). There exists a constant Ag < oo such that for sufficiently small ho,
any €, m € Ny satisfy

£+m £+m
-1 2 2 Al p2 2
AP Y 82Tk, Ther) < 205 + MRS Y o3,
k=¢ k=€+1

Proof. Recall |p - pg||12q(div’m := |A~2 (p - po)lI? + Idiv(p - pe)lI? and abbreviate

2 2 2 2 2 2
€p = Ip - pf"H(diV’Q) +lu - uel and 55’5+1 = [|Pes1 - Pe||H(div,Q) + luesr — uel”.

Elementary algebra plus (1.3)-(1.4) with respect to the triangulation T,,1, each with the test function
(Pe+1 — Pes Uer1 — Up), eventually shows that 67, + ej,; — e} is equal to

2(u — uee1, b" - (Per1 — Pe) + (v — 1) div(Pes1 — Pe) — (Uer1 — Ue))12(q)- (5.4)

The factor u — ue,q in this L? scalar product is split into ITp.qu — ues1 and u — I, u with the L2 projection
;.1 onto Po(Tes1). Lemma 5.1 applies on the level of T,,; and controls the L? norm

IMes1u — uesall < Chieess.

This and the Cauchy inequality control the first contribution in (5.4) by hie,.16¢,¢.1 times the constant
2C(||A’%b||f,O +ly - 112, + 1)2. The remaining second contribution in term (5.4) is the L? scalar prod-
uct of 2(u — Igy1u)b* with (1 — ITpy1)(Pes1 — Pe) (recall that b* = A~'b is a constant vector with length
|b*| = |b*|loo). The Raviart-Thomas function py.1 — ps € RTo(T,+1) allows in 2D for

1 . .
(1 -Tlps1)(Per1 — Po)(X) = E(X - mid(T)) div(pe+1 — Pe)
atx € T € Tpy1 and so
2 . 2.
2((u ~ e w)b”, Pest = Pe)pa () < 3107 1hollu — et div(Pess — Pe)ll < S1b[Roees16e.e41.-

The combination of the two estimates for the two contributions in (5.4) leads (with hg < h§ for @ < 1 and
ho < 1) to

! 2 * -1 2 2 1 2

Ny i= (510" loo + 2CUARBIZ, + Iy - 11, + 1)?)

and
2 2 2 arply: 1o 1 r2a,2
Oper1 +€oy1 — € Shg(Ay)7err18ee1 < 55e,e+1 +584hy €

Provided that A} h3® < 2, the sum of the above inequalities over different levels shows

+m 5 5 5 +m 5
!
Y 6% 1 S 2e5 + ARG Y e
k=¢ k=€+1
This and Corollary 4.9 with ef < As07 conclude the proof. O

Corollary 5.3 ((A4) Quasi-Orthogonality). Axiom (A4) holds for sufficiently small initial mesh-sizes hy.

Proof. This follows from [8, Theorem 3.1] and (A4.) for a sufficiently small € := A3 AZh%”‘ < 1/_\—’1)2“ with param-
eters 0 < p12 < 1 and Ap, > 0 of the reduction result (A12) in [8, Theorem 4.1]. O

Remark 5.4 (Generalizations). Several arguments in this section apply to other mixed finite element methods
as well but the second contribution in (5.4) solely applies to the Raviart-Thomas mixed finite element family.
The restriction on the smallness of hg in Theorem 5.2 can be circumvented by the quasi-monotonicity (cf. [8]
for the concept) but is required in Corollary 5.3.
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6 Numerical Experiments

This section is devoted to numerical experiments to investigate the influence of the critical parameters hg,
04, and k and the practical performance of the adaptive algorithm SAFEM. After a few remarks on the imple-
mentation, three examples on the L-shaped domain are displayed with smooth or discontinuous right-hand
sides, before some overall observations conclude the paper.

6.1 Numerical Realization

The data approximation is realized by the Thresholding Second Algorithm (TSA) of [1] followed by the closure
algorithm to output a shape-regular triangulation.

Algorithm 2. TSA.
CompUTE i?(T) = pu*(T) for all T € T and set u?(To) := Y. reqr, u*(T).
SET P := Tp.
while 32 (P) > Tol do
CoMPUTE ji*(T) forall T € P, set fi2 .y := maxrep g*(T).
SELECT a subset M := {T € P : 9ji2x < f2(D)}  P.
COMPUTE P := bisec(P, M).

COMPUTE T := completion(P) € T.

The realization from [17, 18] is slightly modified in the APPROX algorithm of [1] through a parameter
9 =1-10"° < 1 in the computation of M. The functional ji(T) in TSA is a weighted error functional, which
depend on the values of u(T) and ji(T) on the parent triangle Tp as well as on the siblings of Tp, cf. [1, 17, 18]
for more details and the explicit formulas.

The non-homogeneous boundary data in Section 6.2 are not met in the theoretical part of this paper,
which is simplified to homogeneous boundary conditions. The first example with known solution requires
inhomogeneous boundary data on 0Q with the modified jump-term (A~ pgrr + urth*)|g - Tg + % |g along the
boundary edge E ¢ 0Q with the prescribed boundary values u and its tangential derivative ‘3—'; onE.

Short Notation. The abbreviation error € (resp. estimator o) refers to the left-(resp. right-)hand side of (2.1).

6.2 Continuous Right-Hand Side with Known Corner Singularity

The coefficients A =1, b= (1, 1) and y = -2 on the L-shaped domain Q = (-1, 1)%\ [0, 1) x (-1, 0] allow
in (1.1) for a right-hand side f (computed by (1.1) for given u) and inhomogeneous Dirichlet boundary data
(taken from u) for

u(r, 0) = rs sin(z?e)

in polar coordinates (r, 8) centered at the origin. The initial mesh T, consists of 24 congruent right-isosceles
triangles from a criss refinement of the three sub-squares and 28 degrees of freedom.

Figure 1 displays the outcome of SAFEM (Algorithm 1) withk = 1, pp = %, and various values of 64 = 0.1,
0.3, and 0.5. Despite the condition of Theorem 2.1 on the smallness of the bulk parameter 6,4, all displayed
values result in an improved optimal empirical convergence rate % compared to uniform mesh-refinement
with a known suboptimal convergence rate % The initial mesh is relatively coarse but all convergence rates
are visible right from the beginning, the pre-asymptotic range is not visible. This examples allows the compu-
tation of the errors and the estimators and the equivalence is visible throughout with a the expected behavior.
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Figure 1: Convergence history plot for different values of 64 in Section 6.2.

In the displayed experiment with x = 1 only Case A of SAFEM applies as the right-hand side f is continuous.
In case of k < 0.1 for instance, only Case B runs in SAFEM for a very long computational range.

6.3 Constant Right-Hand Side

The coefficients A = 0.11, b = (1, 2) and y = —4 on the L-shaped domain Q with constant right-hand side
f = 1lead in (1.1) to an unknown weak solution u € H}(Q). Figure 2 (left) displays the output T13 of through
SAFEM with x = 1 and pp = % = 04. Besides the local mesh-refining at the re-entering corner, some layer of
refinement are visible along some part of the boundary, that mimics a singular perturbed situation with
A = ¢l for very small €. Undisplayed numerical experiments for € = 0.01 have confirmed this observation
even stronger.

1p | 1h |
0.5 . 0.5 .
0f | 0f 1
0.5 1 —05F |
1 . 1L .

| | | | | | | | | |

—1 —0.5 0 0.5 1 ~1 —0.5 0 0.5 1

Figure 2: Triangulation T13 on level 13 in Section 6.3 with ndof = 2254 (left) and Section 6.4 with ndof = 4485 and € = 1 (right).
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= . —@— o (red2(7y))
" B ] —@— o (red® (7))
S - 1 :
s i ﬁ |
e 1/3
9]
o 10! = B
c - N
@ B N
n B N
5 » N
5 - N
0| .
1 1/2 |
: 1 |
= Lol Lol Lol NS
102 10° 10*

Number of degrees of freedom

Figure 3: Convergence history plot for different initial input triangulations in SAFEM in Section 6.3 € = 0.1.

The convergence history plot of Figure 3 displays the estimators ¢ as functions of the number of degrees
of freedom for various initial meshes, namely for T, as described in the previous subsection and also for
an initial mesh red(Ty) (of T from the previous subsection) with ndof = 140; red-refinement means the
division of each triangle into four congruent sub-triangles by connecting its edges’ midpoints with straight
lines. This is plotted under the label o(uniform) and shows the expected suboptimal empirical convergence
rate. Those red-refined triangulations, e.g., red? (To) (with ndof = 544) with two red-refinements and red® (To)
(with ndof = 2240) for three, serve as initial triangulations in the input of SAFEM and Figure 3 displays the
respective convergence history plots.

The numerical experiment with the coarsest initial mesh T, displays a pre-asymptotic range up to 1000
degrees of freedom. The finer initial triangulations lead to a much smaller pre-asymptotic range with a rapid
decrease through a strong local mesh-refinement until the convergence rate of the other adaptive mesh-
refinements is met. For the displayed parameter x = 1, solely the Case A runs in SAFEM.

The undisplayed numerical experiment for a smaller parameter € = 0.01 leads to a much larger pre-
asymptotic domain with a systematic error reduction only for a fine initial mesh red®(7;).

6.4 Piecewise Constant Right-Hand Side

Given the constant coefficients with A = eI and the domain as in the previous subsection, the right-hand
side f for this example is piecewise constant with the values +1 and the value —1 exactly on the two squares
w:=(%,2)? U (2, 2)? not aligned to the triangulations; flo\, = 1 and fl,, = —1. Figure 2 (right) displays the
output T;3 of SAFEM with k =1 = € and pp = % = 0, with two squares w visible by local mesh-refinements
along ow to resolve the discontinuity of the right-hand side f (recall that f is discontinuous at triangles
that intersect dw). Cases A and B alternate in SAFEM for this example with € = 1 for the resolution of the
discontinuities of the right-hand side at ow.

The convergence history plot for this example is not displayed as it looks very similar to that of the previ-
ous subsection (namely Figure 3) although the reasons for a larger pre-asymptotic range might be different.

For smaller values of €, the triangulations look more like the picture in Figure 2 (left) from the previous
subsection and solely Case A runs in SAFEM. Even for € = 0.1 (and more so for € = 0.01), the mesh-refinement
displays boundary layers and no longer the discontinuities along ow.
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6.5 Conclusions

The overall impression from the displayed and undisplayed numerical experiments is that the algorithm
SAFEM is very robust such that the choice of 84, pp, x in the asymptotic convergence regime with an observed
optimal convergence rate: The values 64 = % = pp and x = 1 can be recommended throughout the exam-
ples of this paper. The condition on a sufficiently fine initial mesh 0 < hy « 1 dramatically influences the
pre-asymptotic behavior. Although the examples in Subsection 6.3 and 6.4 are very different in the right-
hand side, the stability of the discrete system is identical. The finer the initial mesh, the smaller is the pre-
asymptotic range in particular for A = eI with very small € (e.g., € = 0.01). This paper exploits the situation
when solely £ is injective and then 0 < hg < 1 appears necessary for the well-posedness of the discrete sys-
tems and has to be monitored in practise. It is conjectured that this dominates the difficulty of choosing an
appropriate initial triangulation in SAFEM.
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