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1 Introduction

Singularly perturbed boundary value problems, and their numerical solution, is a much stud-
ied topic in the last few decades (see the books [12], [I3], [19] and the references therein). It
is well known that a main difficulty in the approximation to the solution of these problems
is the presence of boundary layers in the solution. In order for the approximate solution to
be considered reliable, it must account for these layers. In the context of the Finite Element
Method (FEM), the robust approximation of boundary layers requires either the use of the
h version on non-uniform, layer-adapted meshes (such as the Shishkin [21] or Bakhvalov
[2] mesh), or the use of the high order p and hp versions on specially designed (variable)
meshes [20]. One other layer-adapted mesh that has appeared in the literature is the expo-
nentially graded mesh (eXp) [25]. The finite element analysis on this mesh appears in [5]
for one-dimensional reaction-diffusion and convection-diffusion problems, in [27] for a two-
dimensional convection-diffusion problem posed in a square and in [4] for two-dimensional
reaction-diffusion problems posed in smooth domains. All the aforementioned works concern
second order singularly perturbed problems. Only recently have fourth order singularly per-
turbed problems truly attracted the attention of the numerical analysis research community
(see, e.g., [1, 8, 9, 15 26] for some recent results and [16, [I8], 23] for some earlier results). In
[26] the finite element analysis for a one-dimensional fourth order problem was carried out
on the eXp mesh, in the context of the h version with piecewise polynomials of degree p > 3.
The purpose of this article is to extend the results of [26] to one-dimensional fourth order
singularly perturbed eigenvalue problems. To our knowledge, numerical analysis results for
such problems are scarce in the literature. The only relevant ones we could find are the
following: [6] in which a hybrid scheme based on asymptotic expansions is employed in order
to solve the thin hanging rod problem and [I7] where the author presents a finite element
discretization of problem f (see ahead), using a Shishkin mesh and polynomials of
degree p = 3. We will present a finite element discretization using the eXp mesh and poly-
nomials of degree p > 3, proving robust, optimal convergence in both the eigenvalues and the
eigenvectors, assuming they are simple. The error in the eigenvalues is shown to decrease
at the (expected) double rate, and the error in the eigenvectors, measured in the energy
norm, decreases at the optimal rate; both do so independently of the singular perturbation
parameter €.

The rest of the paper is organized as follows: in Section [2| we present the model problem
and its regularity. The discretization using the exponentially graded mesh is presented in
Section [3]and in Section [4] we present our main results of parameter robust convergence in the
eigenvalues and the eigenvectors. Section[5|shows the results of some numerical computations
that illustrate the theoretical findings and in Section [6] we give our conclusions.

With I C R a bounded open interval with boundary 9/ and measure |I|, we will denote
by C*(I) the space of continuous functions on I with continuous derivatives up to order k.
We will use the usual Sobolev spaces H*(I) = W*2(I) of functions on I with 0,1,2,...,k
generalized derivatives in L*(I), equipped with the norm and seminorm |||, ; and |-[; ,



respectively. We will also use the space
Hy(I)={ueH* (I): u?|,, =0,i=0,. k—1}.

The norm of the space L>(I) of essentially bounded functions is denoted by || -||~.;. Finally,
the notation “a < b” means “a < Cb” with C being a generic positive constant, independent
of any discretization or singular perturbation parameters and possibly having different values
in each occurrence — dependence on various other constants will be indicated.

2 The model problem and its regularity

We consider the following eigenvalue problem: Find 0 # u(x) € C*(I), A € C such that
e2u® (z) — (a(x)v/(2)) 4 b(z)u(z) = Iu(z) in I = (0,1), (1)
along with the boundary conditions
uw(0) =u/'(0) =u/(1) = u(1) = 0. (2)

The parameter 0 < ¢ < 1 is given, as are the functions a,b > 0, which are assumed to be
sufficiently smooth on the closed interval I = [0,1]. Moreover, we assume that 3 ag € R
such that

a(x) > ap > 0,b(x) >0Vz € 1.

It is easy to see that the problem , is self-adjoint. As a result, the behavior of the
eigenvalues is simplified, as ¢ — 0, as follows: for all positive eigenvalues A (e) there holds
lim. 0 A\g(e) = Ak(0). The values \¢(0) are the eigenvalues of the reduced problem and if
they are real then so are the A\y(¢). Moreover, \t(¢) can be expanded in a power series in €
(see [14] for details).

The variational formulation of (), reads: Find 0 # w;, € HZ (I), Ay € C such that
B. (ug,v) = M\ {ug,v), Yve H(I), (3)
where, with (-,-); the usual L*(I) inner product,
B. (u,v) = &* (u”, "), + (au', V'), + (bu,v), . (4)

It follows that the bilinear form B. (-, -) given by is coercive with respect to the energy
norm
2 2 2
lulls ;o= e uly + llully; » v e Hy (1),

i.e., there exists v € RT, independent of €, such that
B (u,u) > 7y |ullg, Vue H(I).

The eigenfunctions uy are sufficiently smooth in I and their first derivative features boundary
layers at the endpoints. This is described in the following result.
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Theorem 1. Let u = u;, € H3(I) satisfy (3). Then
U= ug +u]L3L +ugL,
and for j =0,1,2,...

[ ()] < C;(k), |(ub) D ()] S Cj(k)et e P | (uh, ) (2)| S Cj(k)e' e PAD/e,

where C;, Cj, C’j,ﬁ are positive constants independent of €.

Proof. In [14] we find the following decomposition for the eigenfunctions:

(@) = Golx, 2) + £Ga (, £) exp (—1 /0 ' a1/2(s)ds) + £Gol,€) exp (-% / 1 a1/2(5)d5)

€

where G;,7 = 0, 1,2 have asymptotic power series expansions with respect to € (we omit-
ted the dependence on A.) The decomposition and desired bounds follow from the above
expression. N

Remark 2. The dependence of the constants in the previous theorem, on 7 and k is not
explicitly known. Thus, if Cj(k) — oo as j — oo and/or k — oo, our results deteriorate.
Moreover, as our numerical results suggest, the computation of higher modes becomes more
difficult as k is increased. This is in line with classical results for non singularly perturbed
eigenvalue problems, see, e.g. [3].

3 Discretization by an exponentially graded h-FEM

The discrete version of (3)) reads: Find u} € Vi, € HZ (I), A} € C such that
Ba(uz,v):/\2<u2,v>l VoeV,cH: (), (5)
with the finite dimensional subspace V}, defined as follows: let
A={0=zy<z<..<zay=1}
be an arbitrary partition of I and set
I; = (zj_1,25), hj=z;—x;01, j=1.,N.

With P,(a, 8) the space of polynomials of degree less than or equal to p > 2N + 1 on the
interval (c, 3), we define the subspace V;, C HZ(I) as

Vi={ue H{(I):ul;, €Py(L;),j=1,..,N}. (6)

We note that the space Vj, consists of the classical (piecewise) Hermite polynomials (see,
e.g., [1), hence we quote the following relevant results.
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Definition 3. [1] Let {z;}~, be an arbitrary partition of the interval [a,b] and suppose that
for a sufficiently smooth function f(x),x € |a,b], the values

flz) =y, eR, fl(z;)=y;eR,i=0,1,..,N

are given. Then there exists a unique polynomial f1 € Poniy(a,b), called the Hermite
interpolant of f, given by

Flw) = (WiHoa(x) + yiHii(x))

i=0

where, with L;(z) the Lagrange polynomial of degree N associated with node x;,

() = [~ 20 — ) S )] EE ), Hgla) = (@ — 2 Lz,

Theorem 4. [1, Thm 1.12] Letv € C***2([a,b]) and let A = {x;}, be a mesh on [a, b] with
mazimum meshsize h and with N a multiple of n. If v’ is the piecewise Hermite interpolant
of v from Deﬁm’tz’on@ having degree at most 2n+1 on each subinterval [x;_1,z;],i = 1,..., N,

then
o0 = @] S 1 o)

oo, "~

(=0,1,..,2n+1.

oo,I 7’

We mention in passing that the classical theory of eigenvalue problems (see, e.g., [22]) gives,
in the case when ¢ is fized and piecewise cubic polynomials are used on a uniform mesh with
meshsize h,

A S A< A+ Ce)NERY,

with h < hg(e) for some hg. Numerical experiments, however, indicate that this estimate
does not hold uniformly with respect to . This is due to the boundary layer components
that are present in the (first derivative of the) eigenfunctions and in view of Theorem [I], the
‘challenge’ lies in approximating the one-dimensional boundary layer function

e e e RY 2 € (0,1],¢ € (0,1]. (7)

As mentioned before, there are several layer adapted meshes in the literature, perhaps the
most widely known being the Shishkin or S-type meshes. In this article we choose to use
the exponentially graded (eXp) mesh from [25] — therein the mesh appears for the first time
in the literature. (See also [10] for a connection between the eXp mesh and S-type meshes.)
To define the mesh, let the mesh points be chosen as follows: with N > 4 a multiple of 4,
we split the interval [0, 1] into

0, 2n/a-1] 5 [nja—15 Tanjas) 5 [T3n/as1, 1]

and on [x N/4—1,T3 N/4+1] we choose an equidistant mesh with N/4+1 elements. For the other
two subintervals the mesh will be exponentially graded with N/4 —1 elements. In particular,



the mesh is given by a continuous, monotonically increasing, piecewise continuously differ-
entiable, generating function ¢ with ¢(0) = 0. Then, the nodal points in our mesh are given
by

S+ 1o (%) , j=01,...,N/4—1
Xy = xN/4—1+ %) (j_%_‘_l) ) j:N/4773N/4 (8)
1—§(p+1)¢(%) . j=3N/4+1,..N
with
¢(t) =—In [1 - 4Cp,€t] ) S [07 1/4 - 1/N]7 (9)
where 5
Cpo=1- ——— ) eR". 1
o= 1-ew () € (1)

An example of this mesh is shown in Figure [I]

Il ] ] ] 'l ] ] ] ] ] ] 'l ] ] lll
I |

O .. xN/4_1 .. st/4+1 .. 1

Figure 1: Example of the exponential mesh.

We also define the function ¢ by ¢ = —In, which gives ¢(t) = 1 — 2C, .t as well as
Y'(t) = —2C,. € R™. The meshwidth h; in the intervals [0, 2n/4—1], [£3n5/411, 1] satisfies [5],
€
p

Moreover, under the assumption £(p + 1) In(/N — 4) < 1, which means that ¢ is small and

B
we are in the singularly perturbed case, it was shown in [5] that

By < S(p+ DN max’ < %(p—}- De® ™, j=1,..N/4—1,3N/4+1,.,N.  (11)

e*/@IN/Alfl/g + e*(lfﬁ:ﬁ3N/4+1)/€ 5 N*(PJrl)_ (12)

The interpolation result below (Lemma [5) was established in [26] under the the (stronger,
but common) assumption

e< NL (13)
(This is needed in order to be able to approximate the smooth part of the solution at the
correct rate.) Note that under this assumption, one has h; < N~! for all I; C I and the
problem s singularly perturbed.

4 Error estimates

We begin by noting that in our setting, Theorem 4] gives
k I\ (k 1k 1 .
[v® — (v")! >Hoo7lj SR ot )||oo,1 k=0,1,...,p,j=1,..,N. (14)
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Using the above and the definition of the exponential mesh the following lemma was estab-
lished in [26].

Lemma 5. Let ugy be given by @ and let ul; € V), be its interpolant as in Theorem
based on the mesh A = {xj}j-vzl with nodes (@) obtained with the mesh generating function

¢ given by (@ Then

H (UBL - uIBL) “ H 5 817kN7(p+17€) 76 = 07 17 -~ Dy (15)

o0,

and
[uns — gy, S = VENTH, (16)

The above lemma allows us to prove the following

Lemma 6. Let u be the solution of (@ and let u' € V), be its interpolant as in Theorem
based on the mesh A = {:cj}é-v:l with nodes (@ obtained with the mesh generating function

¢ given by (@ Then

H(u—ul)(z)H S HINTPHIEO p— 0.1, p,

co,l

and

< T2 NP

_ I‘
‘u Uiy~

hence
_ I” < NP+l
||u Ulgr S N .

Proof. We use the decomposition of Theorem (1} u = ug + uk; + uf;, and denote the
interpolant by u! = u + (ué L)I + (ug L)I , with the obvious notation. Then,

)
0o,l

(0 (0
=l = s = o )| (- 080

00,1

i

o0o,l

with the last two terms being handled by Lemma [5| and the first one by standard techniques
and (13). The other estimates are shown in a similar fashion. ]

Returning to the eigenvalue problem, set
Ey, = span{w} , E} = span{u}} , E" = &} | E]".

Then, the discrete min-max condition says (see [3, eq. (7.6)])

B
)\Z: min max—e(uv)
prey® veBt (0, V)

, (17)



where Vh(k) denotes the set of all subspaces of V}, with dimension k. We choose
E" =11,V® (18)

in (17), where " )

and I, : V — Vj} is the Ritz projection, defined by
B. (u —yu,v) =0V v € Vj,. (19)
We may do so since, for h sufficiently small, the bound
IMally 2 lollpy — o~ Mool o € V (20)

ensures that the dimension of E” is equal to k. In particular, if we take h such that
v = vl < ||U||EI Voev®

then II;, is injective from V*) to E". (The smallness of h depends on k). See [3] for more
details.

As in [23], we have

Hu—HhuH%EJ = B.(u—yu,u—1u) = B (u— Hpu,u — Mpu — v)
= B.(u—yu,u—7)

S v Hhu”E,I |u — @/HE,I

with ¥ = II,u — v € V}, arbitrary. Hence, with u! the p'* degree interpolant of u on the
exponential mesh, we have by Lemma [

lu =Tyl py S u=Bllp; S flu—u'll,, S N SR (21)

Ner =

The above will be utilized in establishing the following result for the approximation of the
eigenvalues.

Theorem 7. Let A\, uy be the solution of (@ and )\Z, ul the solution of (@ on the eXp mesh.
Assuming (ug, ug); =1 = <uk,uk>1 as well as <uk,uk>l > 0, we have for all h < hg, with hg
independent of €, the bound

Mo <A S CR)N (14 %72

with C(k) independent of €.

Proof. The proof follows [3, Sec. 2.8] and [22, Ch. 6]. Let k be fixed. Using in
gives

)\ < ma B&(waw) _ BE(HhUa Hhv)
weEh (w,w);  wvevey (IIv, L),



Note that
B. (v, ,v) = B (v,v) + 2B. (1T, v — v) — B (v — v, v — v)
with the last term positive and the second to last zero. Thus,
B. (I, ) < Be (v,v) .
Writing

k
v = E cu; ¢ € R,
i=1

we have

k k k k
B. (v, ) < B, (Z Cill;, Z cju]) = ZC?BE (g, u;) = Z c?)\l- (wi, u;);
=1 J=1 i=1 i=1

k
< D AN < Clk)M
=1

and thus,
1
Ap < O(k) A\ max ————.
S O S T,
Note that
k k k k
2 = = (e 3 ) =Yl =326 = 1),
=1 J=1 ;o i=1 i=1
Moreover,
[o = Tyolfs ; = (v = My, 0 = o), = [ollg; = 2(v, o) + [Tl
hence,

Mholls,, = llo = Tavllg; = C(k) + 2(v, o).

The term ||jv — HthgJ may be handled by Lemma @ For the term (v, I1,v), we have

k k k
(o, o) = D e, o), | < el s, o) | <D el [ A7 B (wi, o) |
2:1 i=1 ’::1
< Z el | A7 1B (u; — pug, v — )| < Z leil A7 s = Tl g lo = a0l
z:l ) ) 02 " =1
< ; W LIRSS [; F] W2 = C(k)h*2,




where Galerkin orthogonality and the coercivity of the bilinear form were used. Since

Il = manx 200, o), + [[o = Mo}, = C(k)

Vv (k)

we obtain

Il 2 C(k) (B2 = 1),

with C(k) = min {1, C(k), C’(k)} This gives

S C(k)Ag (14 20%77),
as desired. ]

For the approximation of the eigenfunctions, we have the following result, under the assump-
tion that all eigenvalues are distinct.

Theorem 8. Let A\, uy be the solution of (@ and )\Z, ul the solution of (@ on the eXp mesh.

Assume that (u, ug);, =1 = <u’kl,uz>[ , <uk,u2>1 > 0 and that all eigenvalues are distinct.

Then,
lur, — uillpr S C(R)RP,

with C(k) € R independent of e,u and p.

Proof. We again follow [3] (see also [22]), and introduce the following quantity:

S 1
RE [\ — Al

We also consider the L? projection of I u; onto span{ul},
wy = <Hhuk,uZ>I ull, (22)
which we use as follows:
lwr = wello,r < lluw — Myugllo,r + [ Thur — willor + llwi — uilor (23)

The first term in is estimated using Lemma |§| To deal with the second term, note that
Mpuy, — w) = Z <Hhuk7u?>1— u?,
i#k

which gives

s = wftflg, = D (M, ) (24)
J#k
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We have . )
(M ), = 38 (M 1) = 58 o) = 58 (),
J

J
hence
>\h (T uy, u > = N (uk, u ;L>I

We subtract A <Hhuk, u7> ; from both sides above and we get
(N = M) (D ), = Ve o — Ty ),
which in turn gives
‘<Hhuk7u?>l‘ < pp ‘<Uk — Hhuk,U?>I‘ .
From ([24) we have

T = wflg, < (o) D7 (o = T )y < (o) e = Wl 5, (25)
i#k
To deal with the last term in , we point out that if we establish
sk = il <l = wicllyr (26)
then
ok = wicllg ;< Mowe — Tl f + || Taex — ], (27)

with both terms on the right hand side above having been estimated. From we have

ull —wp = ul! (1 — <Hhuk,uZ>I) .

Also
Lk h h h h
lurllo s = [Jui = willo, < [Jwillo, < luellor + |Juk —will,,
and since uy, uf are normalized, we have
- <1 s — wy
1 Hu’f HOI < |<Hhuk7 >1‘ < LA Jlug — wy 0,1

from which we see that
|| (W, ) | = 1] < [fuae =] -
By choosing
<Hhuk, uk> >0,

we conclude that is satisfied. Utilizing (|23] , 25)) and we conclude that there is an
appropriate choice of the sign of u! such that

||Uk HOI < 2(1—i—pk) Huk—HhukHOI (k’)thrl.

To get the energy norm estimate we proceed as follows:

H“k — “ZHQE] < B. (u;g - uz,uk - UZ) = B. (ug,u) — 2B; (uk,uk) + B, (uk,uZ)

= )\k: — 2)\k <uk,u2>l + )\h = )\k [1 — 2<uk,uk>l] - )\k + )\Z
= Mellue — @Il + A5 =
< C(k)R*P=Y),
This completes the proof. n
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5 Numerical results

In this section we present the results of numerical computations for the approximation of
by cubic Hermite polynomials (i.e. p 3) in the case when the data is chosen as
a(x) = e*,b(x) = x. Since no exact solution is available, we use a reference solution for the
calculation of the errors computed with higher accuracy. First we would like to verify the
result of Theorem [7] so in Figure [2] we show the estimated percentage relative error in the
first two (smallest) eigenvalues, 100 x |A; — A!|/|\i|,4 = 1,2 versus the number of degrees of
freedom DOF (i.e. the dimension of the subspace) in a log-log scale. We used p = 3 and
the resulting lines have slope —4 (= —2p + 2), just as Theorem [7| predicts.

e=107p=3 5=10'f',p=3

102

]
~No o AW
L

[ ]
No o s
L L

Est. % Relative Errorin A,
3

Est. % Relative Error in A1

=3
9

10° :
100 10’
DOF

102

Figure 2: Estimated convergence in A; (left) and Ay (right).

We also show in Table [1| the computations for the first 5 eigenvalues, for e = 107¢ (the same
behavior was noticed for other values of €). We see that for larger eigenvalues the convergence
takes longer to set in, as was also observed for non-singularly perturbed eigenvalue problems
(see, e.g. [3]). In Figure [3| we illustrate this phenomenon, by comparing the convergence
between \; and A5, for ¢ = 1073,107%. As can be seen, while ¢ — 0 does not affect the
behavior (after all, the method is proven to be robust), there is a clear difference between
the case \; and the case A5, which suggests that the constants C'(k) in Theorem , grow
with k.

ANW\DOF 2 8 14 20 26 32 38
AV 22.1093 | 16.6812 | 16.6803 | 16.6801 | 16.6801 | 16.6801 | 16.6801
AY 94.9592 | 64.6500 | 64.5403 | 64.5203 | 64.5148 | 64.5130 | 64.5122
A - 145.7632 | 144.7402 | 144.3536 | 144.2593 | 144.2278 | 144.2149
A — ] 264.6963 | 258.3972 | 257.0769 | 256.2126 | 255.9574 | 255.8615
AY — | 423.2341 | 410.7243 | 402.9403 | 401.7117 | 400.1930 | 399.6647

Table 1: Approximate eigenvalues for e = 1076.
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Eigenvalue convergence comparison

S
L
[0
2
©
°
o
® 102 A -
% —o—\, e=10° ‘
L Q.
—#— g, e=107 -
103 F )\1,s=10'6 Q E
—t— g, =10 N
104 . . . . . . . . Lt
10 15 20 25 30 35 40 45 50 55
DOF

Figure 3: Convergence comparison for A\; and As.

We now turn our attention to the eigenfunctions: Figure [4] shows the first two approximate

eigenfunctions u, u? and their derivatives. The computations shown were performed for

e =107% and p = 3 with N = 32 nodal points. We see the boundary layers being present in
the derivatives and how the proposed method is able to capture them.

Derivatives of u: ,€= 10'3, computed with p =3 and N = 64
T T T T T T T T T T T
A k=1] ]
— = k=2

08 . sl

Eigenfunctions u: ,€= 10'3, computed with p =3 and N = 64
015 T T T T T T T T T T

0.1

0.6 / " 1

0.05 / N
04} J/ A H
0 / \ |

02¢F N
>-0.05
0.1

-0.15

-0.2

025 1 1 1 1 1 1 1 1 1 1 1

Figure 4: Approximate eigenvectors (left) and their derivatives (right) for ¢ = 1073.

In terms of convergence, we compute the percentage relative error in the energy norm

R
Error =100 x —Huz o HEI

luillg,r

and plot it versus the number of DOF, in a log-log scale. We do so for ¢ = 1 and show the
result in Figure |5l The slope is approximately —2(= p — 1), which verifies the prediction of
Theorem [l
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We also consider the error in the first eigenfunction and its derivative measured in a ‘discrete

Est. % Relative Error in the Energy norm

Convergence of the first eigenfunction u', ¢ =107, p = 3

102 v
—o— j=3
—k—j=4
j=5
10' ¢ —%— =67
10%F 3
107" F 3
slope ~ - 2
102 F 1
107 :
10° 10 10°
DOF

maximum norm’, defined as

The points z; € [0, 1] are chosen so that we have equal number of points in the layer regions
and outside — we used 1000 point in each. This is not covered by our theory, so it may be
seen as an extension of our results. Figure [6] shows the convergence rate which seems to be

error = 100 x

Figure 5: Energy norm convergence for the fist eigenfunction.

maxg,eo,] |[u1 (o) — |uf (x0)]]

|ur ()]

robust and of order O (h?) for the eigenvector and O (hP~1) for its derivative.

S

Est. % Rel. Error in the Discrete Maximum Norm
3
S

Discrete maximum error in u': ,€= 107

&

Discrete maximum error in the derivative of u:‘ ,€= 107

r —o— =3 E o —o—j=3
—j=4l] 2 =4
j=5 £ i=5
—F—j=6 g —v—i=6
j=7 = =7
©
=
[0}
©
o
2
[a]
[}
£
£
, 5
slope ~ - 3 U_J
[}
o slope =~ - 2
2 4q0
@
7 w
10 15 20 25 30 35 10 15 20 25 30 35
DOF DOF

Figure 6: Discrete maximum norm convergence

derivative (right).
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6 Conclusions

We considered a singularly perturbed fourth order eigenvalue problem and the numerical
approximation of its solution using the h-version FEM with Hermite polynomials of degree
p > 3 defined on an exponentially graded mesh. We established optimal, uniform (in ¢)
convergence for both the eigenvalues and the eigenfunctions, when the error was measured
in absolute value and in the energy norm, respectively. We should point out that a smallness
assumption on h is necessary to establish our results and this is seen in our numerical exper-
iments, especially for higher modes. While the analysis was performed in one-dimension, the
results are extendable to higher dimensions, since the boundary layer effect is one-dimensional
(in the direction normal to the boundary). Unfortunately, constructing C! elements in two-
dimensions is difficult — even for simple domains. Some progress has been made [24], but
we believe that a mixed formulation is a viable alternative choice. This is the focus of our
current research efforts.
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