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Abstract

We study equationally Noetherian varieties of groups, rings and monoids. More-
over, we describe equationally Noetherian direct powers for these algebraic struc-
tures.

1 Introduction

A variety is one of significant notions in universal algebraic geometry. Let us explain
its importance. Let £ be a language. An L-equation is an atomic formula ¢(X) =
s(X), where t,s are L-terms. Let A be an algebraic structure of £ (L-algebra).
Suppose we are dealing with L-equations over A, and A belongs to a certain variety
V of L-algebras. Then we can easily simplify L-terms (parts of equations) using
the identities of V. For example, any term ¢(X) over a semigroup S admits an
elimination of brackets, since S satisfies the associativity law (identity) z(yz) =
(xy)z. Similarly, any ring with zero multiplication admits a reduction of any term
to a multiplication-free expression.

Another important notion in universal algebraic geometry is the property of be-
ing equationally Noetherian. Recall that an algebraic structure A is L-equationally
Noetherian if any system of L-equations is equivalent over A to its finite subsystem.
The problem about the connections between varieties and equationally Noetherian
algebras was posed by B. Plotkin in [7].

Problem 1. Is there a variety V of L-algebras such that every A € V is L-
equationally Noetherian algebra?

This problem has positive solutions for many varieties. For example, in [6] it
was proved that all elements of a group variety V are Lj-equationally Noetherian
(L, = {-,71,1} is the group language), if and only if the free group Fy(X) € V
has the max — n property for every finite set X. It follows that the variety of all
metabelian groups satisfies Problem 1.

Let us formulate the central problem of the current paper (it slightly differs from
the original Plotkin‘s problem).

Problem 2. Is there a variety V of L-algebras such that each A € V is L(A)-
equationally Noetherian algebras?

The language £(A) = LU{a | a € A} above is the extension of £ by new constant
symbols a € A corresponding to all elements of A. Recall that £(A) defines the
wider class of equations than L, because it allows to use constants in equations.
Thus, an L-equationally Noetherian algebra A is not necessarily £(A)-equationally
Noetherian.
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We prove (Theorems L TA3)) that a variety of groups (rings) satisfies Problem 2,
if and only if it is abelian (respectively, has zero multiplication). The similar result
holds for monoids (Theorem [Z.6]).

The obtained results are based on equational properties of direct powers of
groups (Theorem B.J)) rings (Theorem [B4) and monoids (Theorem [B.6). More-
over, in Theorem [3.8 we consider direct powers of arbitrary algebras with binary
operation (magmas). Actually, in such theorems we prove that an infinite direct
power of a certain group (ring, monoid, magma) is not q,-compact.

Let us mention an application of our results. In [2] it was proved that any
wreath product (restricted and unrestricted) W = AwrB of a non-abelian group A
and infinite group B is not £(W)-equationally Noetherian. Theorem [B.1] allows us
to obtain a simple proof of this fact.

In Section [{ we deal with the language L, (the language of groups), and we
study axiomatic ranks and finite basis problem for group varieties V such that each
G € V is Lj-equationally Noetherian.

2 Preliminaries

Let us give some basic notions of universal algebraic geometry following [3]—- [5].
Let £ be a functional language. In the current paper we consider as special cases,
languages of the following types: L, = {-,1} (monoid language), £, = {-, 7!, 1}
(group language), £, = {4+, —,-,0} (ring language).

Let A be an algebraic structure of the language £ (L-algebra). An equation over
L (L-equation) is an equality of two terms of L:

The examples of equations in various languages are: [z,y] = 1 (here [z,y] =
zly lay), 27 y3z = y? (language Ly); 2y = yz, 22 = 1 (language Ly,); 22 + y? =
22, 2y + 2y + yz = 0 (language L,.).

A system of L-equations (L-system for shortness) is an arbitrary set S of £-
equations. Notice that we will consider only systems which depend on a finite set
of variables X = {x1,xa,...,x,}. The set of all solutions of S in A is denoted by
Va(S) C A™.

An L-algebra A is L-equationally Noetherian if any infinite £-system S is equiv-
alent over A to some finite subsystem S’ C S. An L-algebra A is q,,-compact in the
language L if for any infinite £-system S and an L-equation p(X) = ¢(X) such that

Va(8) € Va(p(X) = ¢(X))
there exists a finite subsystem S’ C S with
Va(S') € Va(p(X) = q(X)).

According to the definitions, any L-equationally Noetherian algebra is q,-compact
in L.

Let A be an L-algebra. By £(A) we denote the language LU{a | a € A} extended
by new constants symbols which correspond to elements of A. The language exten-
sion allows us to use constants in equations. The examples of equations in extended
languages are the following: [z,g] = 1 (language L4(G), g € G); xm = ma (lan-
guage L, (M), m € M); r-z2+r"-y? = 0 (language L,(R), 7,7’ € R). Obviously, the
class of £(S)-equations is wider than the class of L-equations, so an L-equationally
Noetherian algebra may lose this property in the language £(A). For simplicity, we



will say that A is equationally Noetherian if A is L£(A)-equationally Noetherian and
A is qy,-compact is it is q,-compact in the language £(A).

The following proposition contains simple examples of equationally Noetherian
algebraic structures.

Proposition 2.1.
1. Any abelian group G is equationally Noetherian.

2. Any ring R with zero multiplication is equationally Noetherian.

Proof. The first statement is well-known in universal algebraic geometry (see [3,4]).

Let R be a ring with zero multiplication, i.e. ab = 0 for all a,b € R. Therefore,
any L,(R)-equation is equivalent to one of the following simple expressions z; = z;,
r; = a, a = b, where a,b € R. So any system S does not contain an infinite number
of pairwise non-equivalent £,(R)-equations. Thus, S should be equivalent to its
finite subsystem. O

Let A be an L-algebra. The infinite direct power A* = [[;2, A is an L-algebra
of all sequences
(al,ag,... ,an,...), a; € A,

and the definition of each function f € £ over A® is element-wise.

Let G* be the direct power of a group (monoid) G, and g = (g1, g2,...) € G*™.
Then the support supp(g) is the set of indexes with g; # 1. The support supp(r)
of an element r = (ry,r2,...) in the direct power R of a ring R is defined as
{i ‘ T 7& O}.

The restricted direct power G of a group G is a subgroup in G* of all elements
g with [supp(g)| < oo. Similarly, one can define the restricted direct power for
monoids and rings.

3 Direct products

Theorem 3.1. Let G be a non-abelian group. Then the restricted direct power
G s not q,-compact.

Proof. Let a € G, and S,(z) be an infinite system of G(*)-equations defined as
follows:

[z,(a,1,1,1...)] =1,
S, (x) = [z, (a,a,1,1...)] i 1,
[z, (a,a,a,1...)] =1

Denote S(z) = J,cq Sa. Obviously,

Ve (S(x) = {g = (91,92,93-..) | 9: € Z(G),supp(g) < oo}.

and therefore V) (S(7)) = Z(G(>)) (here Z(G) is the center of G).
Let S(z,y) = S(z) US(y) (S(y) is a clone of S(x), where all occurrences of x are
replaced to y). Then

Ve (S(x,9)) = {(g,h) | g, h € Z(G™))}.



and the following inclusion

Ve (8(2,9)) € Vo ([2, 9] = 1) (1)

holds.
Let us consider a finite subsystem S'(z,y) of S(x,y). Without loss of generality

one can assume that
S'(z,y) = |J (Su(x) US,(v)),
acT

where T is a finite subset of G and S/ (z),S/(y) are the first n equations of the
systems S, (z), S, (y) respectively.

Since G is not abelian, there exists a pair «, 5 € G with [a, 8] # 1. Let us
consider the following elements

g=(1,1,...,1,0,1,1,...) € G,
N——
n times
h=(1,1,...,1,8,1,1,...) € G,
———
n times

One can directly check that (g,h) € Vo) (S'(2,y)), but [g, h] # 1. Therefore, the
inclusion

Ve (8'(z,9)) € Vo ([2,9] = 1) 2)

fails. Thus, G(*) is not q,-compact.
O

Since G(*) is embedded into G, we immediately obtain the following result.

Corollary 3.2. The direct power G* is not q.,-compact for any non-abelian group

G.

In [2], it is proved that if G is non-abelian and A is infinite group, then the wreath
product W = GwrA (restricted or unrestricted) is not equationally Noetherian.
Now, we see that this is an instant corollary of Theorem B.I] since G(°°) is embedded
into W.

Corollary 3.3. Let GwrA be the wreath product of a non-abelian group G and
infinite group A. Then this group is not equationally Noetherian.

Let us study ring equations.

Theorem 3.4. Let R be a ring with a nonzero multiplication. Then the restricted
direct power R(*) is not q.,-compact.

Proof. Let us consider an infinite system Sq(z) of R(>)-equations defined as follows:

(a,0,0,0,...) -z =0,
(a,a,0,0,...) -z =0,

S.(x) =
(@) (a,a,a,0,...) -z =0,

Denote S(z) = J,cp Sa- Obviously,

Vo) (S(x)) = {r = (r1,72,73...) | 7 € Ann,(R),supp(r) < oo},
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where

Ann,.(R)={be R|ab=0 for all a € R}

is the right annihilator of R. Therefore V poo) (S(z)) = Ann,(R(>).
Let S(z,y) = S(z) US(y) (S(y) is a clone of S(x), where all occurrences of x are
replaced to y). Then

Vo) (S(z,y)) = {(r, r)|r,r’ € AHHT(R(OO))},
and the following inclusion

Vo) (S8(2,9)) € Ve (zy = 0) (3)

holds.

Let us consider a finite subsystem S'(z,y) of S(x,y). Without loss of generality
one can assume that

S'(z,y) = | (Su(x) USL(v)),
acT

where T is a finite subset of R and S} (z),S/(y) are the first n equations of the
systems S, (z), S, (y) respectively.

By the condition, there exists a pair «, 5 € R with af # 0. Let us consider the
following elements

r=(0,0,...,0,0,0,0,...) € R(>),
N——
n times

' = (0,0,...,0,5,0,0,...) € R(>).
~——
n times

One can directly check that (r,r’) € Vo) (S'(z,v)), but rr’ # 0. Therefore, the
inclusion

Vg (8'(z,9)) € Ve (zy = 0) (4)
fails. Thus, R(*>) is not q,-compact.
O
We have the analogue of Corollary for rings.
Corollary 3.5. Let R be a ring with non-zero multiplication. Then the direct

power R is not q,-compact.
Also Theorem [B.I] allows to prove the following statement.

Theorem 3.6. Let M be a non-commutative monoid. Then the restricted direct
power M) is not q,-compact.

Proof. One should rewrite a system S, from Theorem Bl as a system of L,,-
equations.

z(a,1,1,1...) = (a,1,1,1...)z,

z(a,a,1,1...) = (a,a,1,1...)x,

z(a,a,a,1...) = (a,a,a,1...)z,

Sa(z) =

and the rest proof is similar to the argument of Theorem B.11 O



One can generalize the above arguments even for wider class of algebras. A
magma is an arbitrary algebraic structure of the language £s = {-}. The natural
example of a magma is the following.

Example 3.7. Let £ be an arbitrary language. If A is an L-algebra and p(z,y)
is an L-term, then the the set A equipped with the binary operation p(z,y) is a
magma. Let us denote the obtained magma by (A, p)

One can naturally give the definitions of the commutativity and center for mag-
mas, and the proof of the following result is similar to Theorem

Theorem 3.8. Let M be a non-commutative magma with non-empty center. Then
the direct power M is not q-compact.

Theorem [3.8 and Example [3.7] give a result about varieties of L-algebras.

Corollary 3.9. If every element A of a variety V of L-algebras is equationally
Noetherian, then for any L-term p(x,y), the magma (A,p) is commutative or has
empty center.

The results of Theorems B.1], 4] shows that an infinite direct product
is not necessarily equationally Noetherian. However, the finite direct products of
equationally Noetherian algebraic structures are equationally Noetherian.

Proposition 3.10.  Suppose that A and B are two L-algebras. Let A be L(A)-
equationally Noetherian and B be L(B)-equationally Noetherian. Then C = A x B
is L(C)-equationally Noetherian.

Proof. First, let p(X) = p(z1,...,2n, (a1,b1),...,(am,by)) be a term in the lan-
guage L£(C). Note that, here all (a;, b;) are coefficients from C. There are two new
terms corresponding to p(X); the first one is a term in the language £(A) which
we denote it by p4 and the second one is a term in the language £(B) which will
be denoted by pp. The term p4 is obtained from p(X) by replacing every variable
x; by a new variable y; and every coefficient (a;,b;) by a;. The same is true also
for pp, it is obtained from p(X) by replacing every variable x; by a new variable z;
and every coefficient (a;,b;) by b;. Let p(X) = ¢(X) be an equation in the language
L(C). Let ((a1,51),---,(an,Br)) € C™ be a solution of this equation. Then we
have

(pA(ah- .. ,Oén,a),pB(,Bl,. .. 757175)) - (QA(Oéh- .. ,Oén,a),QB(,Bl, cee 757175))7

where @ = (a1,...,am), b= (b1,...,bm). So (a1,...,qy) is a solution of ps(V) =
qa(Y) and (5y,...,5B,) is a solution of pp(Z) = qp(Z). The converse is also true.
In general, let S be a system of equations in the language £(C). Let

St ={pa(Y) =qa(Y): (p(X)=q(X)) €S}

and similarly define SB. An easy argument shows that there is a bijection between
the algebraic set V¢ (S) and the Cartesian product V4(S4) x V5 (S?). Now, let

Ve(S1) 2 Ve(S2) 2 Ve(S3) D - -

be a descending chain of algebraic sets in the space C™. Correspondingly, we have
a chain

VA(ST) x Va(SP) 2 VA(S2) x Vi(SY) 2 VA(SE) x Va(SE) 2 -,

6



and hence, two partial chains
Va(S) 2 Va(S9) 2 Va(Sg) 2 -+,

Vp(SY) 2 Vp(SF) 2 VE(SY) 2.

Since A and B are equationally Noetherian in their own languages, there exists an
integer k such that

Va(Si) = VaSih) =, Vp(SE)=Vp(SE.) =",

and hence, we have

Vo(Sk) = Ve (Ska) = -+ -
This shows that C' is £(C)-equationally Noetherian. O

4 Equationally Noetherian Varieties

In this section, we solve Problem 2 for varieties of groups, rings and monoids.
Actually, we show more generally that if a class of groups (rings) is closed under the
restricted direct power, the all elements of this class are either abelian (respectively,
with zero multiplication) or at least one element of the class is not equationally
Noetherian.

Theorem 4.1. Let 'V be a wvariety of groups. Fach G € V is equationally
Noetherian, if and only if V is abelian.

Proof. The “if” part of the statement follows from Proposition 211 Let us prove
the “only if” part.

Assume there exists a non-abelian group G € V. Since any variety is closed
under direct products, we have G*° € V. By Theorem Bl G is not equationally
Noetherian, and we obtain the contradiction. ]

The theorem above can be used for the case of linear groups. Recall that a
group G is linear, if there exists a Noetherian ring R and a natural number n, such
that G embeds in GL,,(R). It is well-known that every linear group is equationally
Noetherian. So, we have

Corollary 4.2. If a class of linear groups is closed under restricted or unrestricted
direct power, then all elements of that class are abelian.

Theorem 4.3. Let 'V be a variety of rings. Each R € V is equationally Noethe-
rian, if and only if all elements of V have zero multiplication.

Proof. The “only if” part of the statement directly follows from Theorem [3.4l The
“if” part follows from Proposition 211 O

Now we describe monoid varieties V, where each M € V is equationally Noethe-
rian.

Lemma 4.4. Let Ly = {0,1} be a two-element semilattice (0-0=0-1=1-0=0,
1-1=1). Then the direct power LS° is not equationally Noetherian.



Proof. Let us consider an infinite system of L5°-equations

z-(1,1,1,...) ==,
Ja-0,1,1,..) ==, )
" )z-(0,0,1,...) ==,

We have Vi (S) = {(0,0,0,...)} . However, the solution set of the first n
equations of S is
{(0,0, coos 0,841, Gpgo, - ) ‘ a; € LQ}.
————
n times

Thus, S is not equivalent to its finite subsystems, so L5° is not equationally
Noetherian. O

Corollary 4.5. Let V be a variety of monoids such that each M € V is equation-
ally Noetherian. Then Lo ¢ V.

Theorem 4.6.  Let 'V be a variety of monoids. Fach M € V is equationally
Noetherian, if and only if V is a variety of abelian groups defined by the identity
z" = 1.

Proof. The “if” part of the statement follows from Proposition 2.1l Let us prove
the “only if” part.

Theorem immediately gives that V is an abelian variety.

By Corollary 5] there exists an identity p(X) = ¢(X) such that p(X) = ¢(X)
is true in any M € V and p(X) = ¢(X) does not hold in Ly. According to the
properties of Lo, there exists a variable x occurring in p(X) not in ¢(X). Let us
substitute all variables (except z) in p(X) = ¢(X) to 1, and we obtain an identity
2" = 1 which holds in V. Thus, any M € V is a group (the inverse a~! of any
a€ M is a™ ). O

5 L, equations and varieties of groups

Although the variety of abelian groups is a unique example where every element
G is equationally Noetherian, there are many examples of varieties every group of
which is £4-equationally Noetherian (1-equationally Noetherian for shortness). We
can use results of [6] to find such examples. Let us formulate the result of [6] for
groups of language £, (below max — n is the following property of a group G: every
ascending chain of normal subgroups H < G becomes stationary).

Theorem 5.1. [6] All groups of a variety V are 1-equationally Noetherian, if and
only if the free group Fyy(X) € V has the max — n property for every finite set X.

Since any finitely generated metabelian group has the max — n property, all
metabelian groups are l-equationally Noetherian. It is also easy to see that ev-
ery finitely generated nilpotent group has the maximal condition on its subgroups
so applying Theorem B, we see that every element of a nilpotent variety is 1-
equationally Noetherian. Below, we show that there is a close connection between
such property of varieties and the property of being finitely based.

Suppose V is a variety of groups and W is a subvariety. We say that W is
relatively finitely based, if it can be defined by a finite number of identities inside



V. The relative axiomatic rank of W is finite, if it can be defined using finite
number of variables inside V. We apply Theorem 5.1}, to prove the following result.

Theorem 5.2. Let 'V be a variety of groups such that its all elements are 1-
equationally Noetherian. Let W be a subvariety with the finite relative azxiomatic
rank. Then W is relatively finitely based.

Proof. Let R = idY(W) be the set of all V-identities defining W inside V. We
can assume that X is finite. Clearly we have R < Fy/(X). Since every element of
V is l-equationally Noetherian, so by Theorem 1.1, the group Fy(X) has max —n
and hence R is finitely generated as a normal subgroup. So, there are elements
Uiy ..., Uy € Fy(X), such that R is the normal closure of {uq,...,u,}. Suppose

W={GeV:GE (u1=1),...,(un =1}

We show that W/ = W. Clearly W C W'. Let G € W/ and v € R. Then v =

Hwiutiilwfl for some elements wy,ws, ... and wu,, us,, . ... Therefore G = (v = 1)
and hence G € W. This proves that W is relatively finitely based. O
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