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L?-ERROR ANALYSIS OF AN ISOPARAMETRIC UNFITTED
FINITE ELEMENT METHOD FOR ELLIPTIC INTERFACE
PROBLEMS

CHRISTOPH LEHRENFELD* AND ARNOLD REUSKEN'

Abstract. In the context of unfitted finite element discretizations the realization of high order
methods is challenging due to the fact that the geometry approximation has to be sufficiently ac-
curate. Recently a new unfitted finite element method was introduced which achieves a high order
approximation of the geometry for domains which are implicitly described by smooth level set func-
tions. This method is based on a parametric mapping which transforms a piecewise planar interface
(or surface) reconstruction to a high order approximation. In the paper [C. Lehrenfeld, A. Reusken,
Analysis of a High Order Finite Element Method for Elliptic Interface Problems, arXiv 1602.02970,
Accepted for publication in IMA J. Numer. Anal.] an a priori error analysis of the method applied
to an interface problem is presented. The analysis reveals optimal order discretization error bounds
in the H'-norm. In this paper we extend this analysis and derive optimal L2-error bounds.
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1. Introduction. Inrecent years there has been a strong increase in the research
on development and analysis of unfitted finite element methods, cf. for example [T, 5]
[8, 151 [T6], (17, 19 27]. The design, realization and analysis of unfitted finite elements
methods which are higher order accurate is a challenging task. Especially in a setting
where geometries are only implicitly described, e.g. by a zero level of a level set
function, accurate numerical integration is difficult. Different techniques have been
developed to overcome this difficulty [29] 26l B2] 30, [, @) 2], B B, 14]. For a further
discussion of the relevant literature we refer to [24, Section 1.2].

Recently, in [22], we introduced a new high order unfitted finite element method
for scalar interface problems based on isoparametric mappings which is suitable for
level set descriptions and higher order unfitted finite elements. The method is geome-
try based and is applicable to a wide range of problems, e.g. Stokes interface problems
[21], fictitious domain problems [23] or surface PDEs [13].

A detailed a-priori error analysis of the method applied to a scalar elliptic interface
model problem is given in [24]. Optimal H'-norm discretization error bounds are
derived for the case of a polygonal domain. In this paper we consider the same
elliptic interface problem as in [24] and extend the existing analysis in two directions.
First, we allow for a piecewise smooth, not necessarily polygonal, domain, which is
approximated with a higher order isoparametric boundary approximation. Secondly,
we complement the existing analysis with optimal L?-estimates.

The paper is organized as follows. In Section [2] we introduce the model interface
problem. We assume a level set description of the interface and discuss a standard
piecewise planar interface approximation in Section [3] A key ingredient in the higher
order unfitted finite element method is the isoparametric mapping used to obtain
higher order geometry approximations. In Section [ we present the construction of
this mapping and the isoparametric unfitted finite element method for the elliptic
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interface problem. In particular it is explained how the same extension technique,
which is a standard component in isoparametric finite element methods for high order
approximation of smooth boundaries, is applied both for the boundary and interface
mesh transformation. A main contribution of this paper is the error analysis of the
method, i.e. the derivation of optimal H'- and L?-error bounds. The H'-error results
obtained in [24] (for a polygonal domain) form the basis for this analysis. In Section
we recall the most important results from [24] and adapt these to the case of a higher
order isoparametric boundary approximation. The L? error analysis is presented in
Section [6] Finally, in Section [7] we give results of a numerical experiment.

We are aware of the fact that parts of the paper contain results that are essentially
the same as in [24]. In particular the material given in the sections and
can also be found in [24]. We decided to include this material to make this paper
more self-contained and thus improve its readability.

2. Model interface problem. We consider the model problem

—div(e;Vu) = f; in Q, i=1,2, (2.1a)
[aVu]r -nr =0, [ulr=0 on T, (2.1b)
u=0 on 0. (2.1c)

Here, Q; Uy = Q C R?, d = 2,3, is a nonoverlapping partitioning of the domain,
I = Q; Ny is the interface and [-Jr denotes the usual jump operator across I'. The
source terms f; are given on each subdomain €;, i = 1,2. In the remainder we also
use the source term f on Q which we define as flg, = fi, ¢ = 1,2. We assume T to
be characterized as the zero level of a level set function (not necessarily a distance
function). The diffusion coefficient « is assumed to be piecewise constant, i.e. it has a
constant value a; > 0 on each sub-domain ;. The weak formulation of this problem
is as follows: determine u € H}(€2) such that

/aVu~Vvdx:/fvdx for all v € H}(Q).
Q Q

In the error analysis we assume that € is strictly contained in Q, i.e., I' = 90, and
dist(T, 9) > 0. Furthermore, we assume I' to be (globally) smooth and 952 to be
piecewise smooth.

3. Boundary parametrization and level set representation of the inter-
face. The domain 2, which has a (piecewise) smooth boundary is approximated with
a family of polygonal approximations {€2}"},~¢ corresponding to a family {7} }n>0
of simplicial shape regular triangulations of {Q}"};~¢ which are not fitted to T,
cf. Fig. [£:2] In the analysis we assume quasi-uniformity of the triangulations, hence,
h ~ hp :=diam(T), T € Ty. In the remainder we take a fixed 2} with corresponding
triangulation 75 and, to simplify the presentation, drop the index h.

The standard finite element space of continuous piecewise polynomials up to de-
gree k with respect to the domain Q" is denoted by fo:

V}f = {Uh c C(QH“) ‘ Up|T € P forall T €T, Up|aqtin = 0}.

The nodal interpolation operator in th is denoted by Ii. In the remainder we take a
fixed k > 1. We are particularly interested in k > 2. This k denotes the polynomial
degree of the finite element functions used in our finite element method (explained

2



in Section . To obtain a high order finite element discretization of we need
sufficiently accurate representations of 92 and I'. We now addresss these representa-
tions.

For simplicity we assume that all boundary vertices of 97 = Q""" are located on
O (this assumption is not essential, cf. [], Sect. 4.7). On 9T we assume a given
parametrization of the exact boundary 02 of the form

g (z) =z + xp(2), (3.1)

such that g, : T — 09 is a bijection. We assume that 02 has smoothness properties
such that the function y; can be chosen piecewise smooth on 07 and satisfies

o h||Dxslso.om < h? and D'plloor <1, 1=2,.,k+1. (3.2
[Xblls0,07 + Al DXblloc,0m S h” an Ferglg(rgT)ll Xolloo,p S +1. (3.2)

holds. Here F(OT) denotes the set of all boundary edges (d = 2) or boundary faces
(d = 3). Note that xp(x;) = 0 at all boundary vertices x; of 9Q"™. The function xs
will be input for the parametric mapping used in our method.

We assume that the smooth interface I' is the zero level of a smooth level set
function ¢ : @ > Ry ie, I'={zecQ | ¢(z) =0} and Q; = {z € Q| ¢(z) < 0}. This
level set function is not necessarily close to a distance function, but has the usual
properties of a level set function:

|Vo(z)|| ~1, [[D?*p(2)|| <c forall z in a neighborhood U of T. (3.3)

In the error analysis we assume that the level set function has the smoothness property
¢ € CF*2(U). As input for the parametric mapping we need an approximation
o1 € th of ¢, and we assume that this approximation satisfies the error estimate

max [¢n — Glm,co v S RFFI=m 0 <m <k + 1. (3.4)
€

Here | - |m,0o,rnu denotes the usual semi-norm on the Sobolev space H™ (T N U)
and the constant used in < depends on ¢ but is independent of h. Note that (3.4])
implies the estimate

160 = Sllco, + RIV (6 — d)llocw S B (3:5)

The zero level of the finite element function ¢, (implicitly) characterizes the discrete
interface. The piecewise linear nodal interpolation of ¢n is denoted by (ﬁh = L¢p.
Hence, q{);b(xi) = ¢n(x;) at all vertices x; in the triangulation 7. The low order
geometry approximation of the interface, which is needed in our discretization method,
is the zero level of this function:

' = {¢, = 0}.

The subdomains corresponding to I'™ are denoted by Qi» = {z € Q' | ¢, (x) < 0}.
Note that Q> UQE" = Q" #£ Q. All elements in the triangulation 7 which are cut by
I'= are collected in the set 7 := {T' € T |T NI"" # (}. The corresponding domain
sQUi={zeT|TeT"}.

We note that 90" and I are (only) second order accurate approximations of
09 and T', respectively. To achieve higher order accuracy with respect to the interface
and the boundary approximation we consider a parametric mesh transformation in
section




4. Isoparametric mapping. The isoparametric mapping O, defined on Q"
that is used in the finite element method is based on a local mapping @,FL on QF which
is combined with a suitable extension technique. The latter is taken such that @1,: is
“smoothly” extended and ©y, yields a sufficiently accurate boundary approximation.
In the error analysis we need a mapping ¥ : Q" — Q which is sufficiently close
(in a higher order sense) to ©; and has the properties ¥(I'») = T, ¥(9Q") =
09Q. The construction of this ¥ is also based on a local mapping W', that is very
similar to @E, which is extended with the same technique as used in the extension
of ©}. The mappings O, and ¥ for the case without boundary approximation (i.e.,
Q) is polygonal) are explained in detail in [24]. In the subsections below we explain
how the construction of [24] can be extended to allow for isoparametric boundary
approximation.

In section we recall the definitions of the local mappings @};, UL which
are the same as in [24]. In section we discuss a general boundary data extension
technique, which is essentially the same as the extension method used in isoparametric
finite elements [25, 2]. In section this extension technique is applied to both ©F
and W' resulting in the global mappings ©; and ¥. We give some results, e.g., on
the smoothness of the extensions and on the approximation error in ©; ~ ¥, which
are derived in [24]. These results are used in the error analysis.

4.1. Local mappings. In the construction of the local mapping O} we need a
projection step from a function which is piecewise polynomial but possibly discontin-
uous (across element interfaces) to the space of continuous finite element functions.
Let C(TV) := @ C(T) and V¥(Q") := V¥|gr. We introduce a projection operator

TeT?

Pl O(TH)4 — VE(QD)4. The projection operator relies on a nodal representation of
the finite element space V;¥(Q1). The set of finite element nodes x; in 77 is denoted
by N(T1), and N(T) denotes the set of finite element nodes associated to 7' € T'.
All elements T € 7T which contain the same finite element node z; form the set
denoted by w(z;) = {T € T" | z; € N(T)}, =z € N(T"). Let |- | denote the
cardinality of the set w(z;) and let ¢; be the nodal basis function corresponding to
x;. We define the projection operator Pf : C(T1)4 — VE(QI)? as

Plv:= Z Ay, (v) i, with A, (v) == |w(z;)| Z vr(z), x € N(TY). (4.1)
2 €N (TT) Yl Tew(ai)
This is a simple and well-known projection operator considered also in e.g., [28]
Eqgs.(25)-(26)] and [I1].

The construction of ©} is motivated by the following mapping ¥* € C(Q),
defined in below. We introduce the search direction G := V¢ and a function
d: QU — R defined as follows: d(z) is the (in absolute value) smallest number such
that

d(x + d(x)G(z)) = dp(x) for zeQF. (4.2)

(Recall that éh is the piecewise linear nodal interpolation of ¢p.) Given the function
dG € C(ON)4 N HY>(Q)? we define:

() =z +d(z)G(z), =zl (4.3)

Note that the function d and mapping ¥' depend on h, through d;h in (4.2). We do
not show this dependence in our notation. By construction the mapping ¥!" has the
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property W' (I"") = I". Further properties of U' are derived in [24) Corollary 3.2 and
Lemma 3.4] and given in the following lemma.
LEMMA 4.1. The following holds:

|d(z;)| < B**Y for all vertices z; of T € TX, (4.4a)
19" —id[|o or + 2| DY" = Il or S A2, (4.4b)
max D" | or S 1, 1<k+1. (4.4c)

The mapping ¥' will be used in the error analysis, cf. section

We now explain the construction of O}, which consists of two steps. In the first
step we introduce a discrete analogon of W' defined in 7 denoted by \Ifg Based on
this W1 which can be discontinuous across element interfaces, we obtain a continuous
transformation ©F € C(QY)? by averaging with the projection operator Pf. For the
construction of \IIE we need an efficiently computable and accurate approximation of
G = V¢ on T, For this we consider the following two options

Gu(z) = Vou(x), or Gup(x) = (PLVep)(z), 2€TecT". (4.5)

Let £7¢y, be the polynomial extension of ¢y, |7. We define a function dj, : 71 — [—4, ],
with § > 0 sufficiently small, as follows: dj(x) is the (in absolute value) smallest
number such that

Erdn(z + dp(2)Gr(x)) = ¢p(x), for zeT eTr. (4.6)

Clearly, this dj,(z) is a “reasonable” approximation of the steplength d(z) defined in
[@2). Given the function d;,Gj, € C(TT)? we define

Ul(z) = o+ dp(2)Gp(z) forzeTeTT, (4.7)

which approximates the function W' defined in (#.3]). To remove possible discontinu-
ities of \IJ}: in QT we apply the projection to obtain

O}, := PLVU} =id + Pl (d,G}). (4.8)

The approximation result in the following lemma is from Lemma 3.6 in [24].
LEMMA 4.2. The estimate

k+1
h" max | D"(OF — U)o < BFHL 4.9
2 W s [1D7(OF — W) or % (4.9)

holds.

4.2. Finite element boundary data extension method. Let T C T bea
subset of the triangulation such that Q' := UpesT is a connected subdomain of (2.
We also need the notation 97 = 9™, TP .= {T € T | TNOT # 0}, T™ =T\
Thnd cf, Figure (left). Given such a connected triangulation T, boundary data g €
C(0$2") and a polynomial degree k > 1, a linear extension operator (T, g) is treated
in [24], which is essentially the same as the finite element extension technique studied
in [25], 2]. This type of extension operator is a standard component in isoparametric
finite element methods for high order boundary approximations.
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FIG. 4.1. Connected subtriangulation T C T with T, T7Pnd gnd 8T (left) and decomposition
of a triangulation T into TX, Ty and Tz (right).

This operator is local, meaning that it is applied elementwise for 7' € TP, Its
construction is hierarchical in the sense that first an extension based on values at
vertices lying on oT is determined, then an extension from edges lying on AT and
finally (for the three-dimensional case) an extension of the data from faces lying on
OT is determined. For a precise definition of this operator we refer to [24]. In the
following lemma we summarize some properties of this operator which are derived in
[24, 25, 2].

LEMMA 4.3. Let V(9T denote the set of vertices in T and F(9T) the set of
all edges (d=2) or faces (d =3) in T . For £(g) := E(T, g) the following holds

E(g) €C(QA™), E(g)=0 onT™, £(9)47 =9- (4.10a)
Forall T € TP : if TNOT € V(OT) then E(g) € Pi(T). (4.10Db)
Forall T € TP : if g€ PL(TNOT) then E(g) € Pi(T). (4.10c)
Furthermore,
k+1
D"E Hin S Nax R""™||D"g|| 0o,
N BL L
+ h™" max |g(z;)], n=0,1, (4.10d)
z;€V(0T)
k+1
max | D"E(9)ller D W D glloor, n=2,... k+1, (4.10e)
TeT r—n

for all g € C(OT) such that g € C*Y(F) for all F € F(OT).

The results in ([4.10a))-([4.10d) give basic structural properties of the extension opera-
tor. In particular the result in (4.10c|) yields that piecewise polynomial boundary data
result in piecewise polynomial extensions of the same degree. The results in ,
measure smoothness properties of the extension in terms of the smoothness of
the boundary data.

4.3. Global isoparametric mapping. We use the local mappings @E, Ul on
QU and the boundary parametrization y; as in , and combine these with the
extension technique to obtain global mappings ©; and V. For this we decompose the
triangulation 7 into disjoint subsets as follows

T=T'UTiUTs, with Ti:={T €T |(dn)r <0}, To:={T €T | (dn)r >0}
6



We assumed that Q; (where ¢ < 0 holds) is strictly contained in Q. Hence (for
h sufficiently small) we have that 7T; is strictly contained in Q. On 97; we have
boundary data ©; and W', which will be extended to 77, cf. below. The boundary
of T consists of two disjoint parts, namely 975 = 9T U (072 \ 0T ), cf. Figure
(right). On (972 \ 0T) C OT" we have boundary data ©;, and ¥''. On 9T we have
boundary data given by the parametrization y;. Below, boundary data on the two
parts 73 \ OT and 9T of 975 are denoted as a pair of functions (g1,g2). Using
the extension technique, the local mappings U and GE on O we can define global
mappings ¥, O as follows:

pr on TV

= id +&, (T, (¥F —id)) on Ty, (4.11a)
id —‘,—5,1@ 7—27 (\IJF - lda Xb)) o1 7—2;
ol on TV

O = id +&; (Tl, (@E — id)) on Ti, (4.11b)

id +5k(7—2,(@£—id,lkx1,)) on Ts.

Here Ix;, denotes the piecewise polynomial nodal interpolation of the boundary
parametrization x;, on the edges (d = 2) or faces (d = 3) that are on 7.

boundary approximation

interface approximation

QIJL Qllin
Oy U
r, <— plin —>
Qo p, Qlin

F1G. 4.2. Sketch of geometries. The basis is the polygonal approzimation (center) of the bound-
ary (top row) and the interface (bottom row). The parametric mapping O (left) is used in the
discretization method and essential for the higher order accuracy. The mapping ¥ (right) maps
the discrete boundary and interface approximations to the exact geometries and is used in the error
analysis below.

g
4

4.4. Isoparametric unfitted finite element method. We introduce the isopara-
metric unfitted finite element method, based on the isoparametric mapping Oy, for
the discretization of the model elliptic interface problem . We define the isopara-
metric Nitsche unfitted FEM as a transformed version of the original Nitsche unfitted
FE discretization [I7] with respect to the interface approximation I'y, = O (I""). We
introduce some further notation. The standard unfitted space w.r.t. I'"™™ is denoted
by

VF = Vk in Vk in .
h wjatn @ Viay,

7



To simplify the notation we do not explicitly express the polynomial degree k in V;I'.
The isoparametric unfitted FE space is defined as

Vie ={vno®," [vp eV } ={0p | Tho®n eV, }. (4.12)

Note that functions from V,E o are defined on the isoparametrically transformed do-
main Qp, = Qy 5, U Qo p, with Q; , := O,(2j™). Based on this space we formulate a
discretization of using the Nitsche technique [17] with Q; p,, ¢ = 1,2, as numerical
approximation of the subdomains €2;: determine u;, € Vhli@ such that

Ap(up,vp) == ap(un,vn) + Np(up,vp) = fr(vy) for all vy, € Vhr:@7 (4.13)

with the bilinear and linear forms

2

ap(u,v) = Z oz,-/ Vu- Vv dz, (4.14a)
i=1 Qi.n

Np(u,v) := Ny (u,v) + Ni(v,u) + Nj (u,v), (4.14Db)

Ny (u,v) :z/F {—aVo} - nu] ds, Nj(u,v):= &%/F [u][v] ds, (4.14c)

for u,v € Vhlj@ + Vieg,n With Vieg n 1= HY(Qp) N (H?*(Q1.) UH?(Qa.4,)). Furthermore,
n = nr, denotes the outer normal on the boundary I'y, of Q; 5 and & = %(al + aw)
the mean diffusion coefficient. For the averaging operator {{-} there are different
possibilities. We use {w} = riwyq, , + row)q,, with a “Heaviside” choice where
K1+ k2 = 1 with k; = 1if [T1| > £|T| and k1 = 0 otherwise. Here, T; = T N QL™ i.e.
the cut configuration on the undeformed mesh is used. This choice in the averaging
renders the scheme in stable (for sufficiently large \) for arbitrary polynomial
degrees k, independent of the cut position of T’ (Lemma 5.2 in [24]). A different choice
for the averaging which also results in a stable scheme is x; = |T;|/|T|.

In order to define the right hand side functional fj we first assume that the source
term f; : 2; - Rin is (smoothly) extended to €2; 5. This extension is denoted

by fi,n and satisfies f;;, = f; on §;. We define f, on Q2 by fthl_,h = fin 1 =1,2,
hence,
fr(v) = frvdx = Z / finvdz. (4.15)
Qp i=1,27Qin

REMARK 1. For the implementation of this method we use the same technique
as in standard isoparametric finite element methods. In the integrals we apply a
transformation of variables y := ©;, ' (). For example, the bilinear form ay,(u, v) then
results in

ap(u,v) = Z o DO, "Vu - DO, Vv det(DO},) dy. (4.16)

i
i=1,2 Q"

Based on this transformation the implementation of integrals is carried out as for the
case of the piecewise planar interface I'™*. The additional variable coefficients D@;T,
det(DOy,) are easily and efficiently computable using the property that 0, is a finite
element (vector) function.



5. Preliminaries for the error analysis. In this section we collect results
from [24] that we need in the proof of the L%-estimate in Section @ In [24] the case
without an isoparametric boundary approximation is considered. It turns out that
the results that we need from [24] also hold for the case with isoparametric boundary
approximation, i.e., with the mapping © in , and that the proofs given in [24]
require only minor modifications. In the proofs below we refer to the analysis given
in [24] and explain only the modifications needed due to the additional isoparametric
boundary approximation.

In the error analysis we use the norm

[vllf = 1 + 113 5 r, + IHaVORZ L, r, (5.1)
. _ k1
with [0]|3, ), p, = (@) ol faqr,) and [off == Y @il Volieq, ). (5:2)
i=1,2

Note that the norms are formulated with respect to Q; j, = ©,(2*) and I'j, = ©,(I'"™)
and include a scaling depending on «. The norm || - ||;, and the bilinear forms in ([4.14)
are well-defined on V)l g + Vieg -

LEmMMA 5.1 (Ellipticity and continuity). For A\ sufficiently large the estimates

Ap(u,u) 2 ||ul? for all u e Vhr’@, (5.3a)
Ap(u,v) < lullpllvlln - for all u,v € Vhl:e + Vieg.n (5.3b)

hold.

Proof. The proof given in [24] Lemma 5.2] applies without any modifications. We
note that a crucial component in the proof is the assessment that L2 and H! norms on
Q, 5, and I'y, are equivalent to corresponding norms of mapped functions on {2 and
Iin)cf. [24, Lemma 3.12]. Due to this the ellipticity and continuity can equivalently
be shown on a piecewise linear interface approximation with I'". O

In the remainder we assume that A is taken sufficiently large such that the results in
Lemma [5.1] hold. Then the discrete problem (4.13)) has a unique solution.

A key component of the error analysis in [24] is the mapping ®;, := ¥ o @,;1. For
the derivation of properties of this mapping we first derive useful results for .

THEOREM 5.2. For VU the following holds:

[0 —id]|oc.0 + Al DY = [0 S h?, (5.4)
max [|[D'V|per <1, 0<I<k+1.
TeT

Proof. On T the results are a direct consequence of Lemma On 71 U7z

the result in (5.5) for I = 0,1 follows from (5.4) and for [ > 2 it follows from (4.10¢))
combined with (4.4c) and (3.2)). It remains to derive the estimate as in (5.4]) on 73 U75.

We consider T3 and write £(¥T —id, x3) := & (7'2, (ol — id7xb)). Using (4.10d)) and
9



xo(z;) = 0 at vertices x; € IT we get

”\I’ - idHooﬂE + hHD\IJ - IHOO,TQ
=€ —id, xp) o, 7 + HIIDEW = id, xp) [0, 7

[@1od) k1
< Sow( L max IDT@T —id) s+ max D7)
—0 FeF(072\07) FeF(aT)

+ Tl —id)(z;
meVI(Iél;%(\aT) ‘( ! )(x )|

<ol _; r 2 Iq,T
ST = idloo g + BIDYT — Loc e +h* max max D07 oz

<h? (Lemma 4.1
~ ( 4-1) <1 (Lemma 4.1

k+1
+ h" max_ | D" + max |d(z;)| < k2.
; p 8 1D 0o, r + | max, ld(2i)] 3
— —
<h? (3.2) <h? (Lemma

For 77 similar arguments can be applied. O

The proof above generalizes the one given in [24] since it allows a boundary approxi-
mation via the function g,(z) = = + xu(x).

From it follows that, for A sufficiently small, ¥ is a bijection on 2. Fur-
thermore this mapping induces a family of (curved) finite elements that is regular of
order k, in the sense as defined in [2]. The corresponding curved finite element space
is given by

Viw == {vp 0¥ | oy € VFY (5.6)

Due to the results in Theorem the analysis of the approximation error for this
finite element space as developed in [2] can be applied. Corollary 4.1 from that paper
yields that there exists an interpolation operator II;, : H**1(Q) — V}, ¢ such that

||u - HhUHLQ(Q) + hHu - HhuHHl(Q) 5 hk+1 HU||Hk+1(Q) for all u € Hk+1(Q). (5.7)

For h sufficiently small, the mapping ¢, = ¥ o @;1 : Qp — Qis a bijection
and has the property ®,(I'y,) = T, cf. Fig. In the remainder we assume that
h is sufficiently small such that ®; is a bijection. It has the smoothness property
@, € C(Q1)4 N CF1(O4,(T))?. In the following lemma we derive further properties
of @, that will be needed in the error analysis.

LEMMA 5.3. The following holds:

10 = ¥lloo, 0 + hID(Oh = W)l 0in S K, (5.8)
@4, — id|| s .in + A D@ — I||oo.qin S AP

Proof. The estimate follows by using the linearity of the extension operator
Ek, cf. , and then using argmuments very similar to the ones used in the proof
of Theorem Note that ®;, —id = (¥ — ©5)0;,'. From the results in and
it follows that |0} e, S 1, DO} oo,0, S 1. Hence, the estimate in
follows from the one in . a
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We define Vieg := H'(2) N H2(2; U Q2). Related to @5, we define the following
transformed unfitted finite element space, cf. (4.12)),

Vig={vo®, ', veViglCH (QU),

and the linear and bilinear forms
A(u,v) == a(u,v) + N(u,v), f(v)= / fvdr, wu,ve€E VhF@ + Viegs (5.10)
Q

with the bilinear forms a(-,-), N(-,-) as in (4.14) with §; 5 and I', replaced with §;
and T, respectively. In the following lemma a consistency result is given.

LEMMA 5.4 (Consistency). Let u € Vi, be a solution of (2.1)). The following
holds:

A(u,v) = f(v) forall ve Vhr)@, + Vieg- (5.11)

Proof. Proof is given in [24]. No modifications are needed. O

We introduce the subdomain
Us :={xzeQ|dist(z,T") <6 or dist(z,00) <4},

with § > 0 (sufficiently small), consisting of a tubular neigborhood of the interface T’
and a strip adjacent to 0§2. To bound the consistency errors with respect to A, we
use the following result.

LEMMA 5.5. For § > 0 sufficiently small and u € H'(Q1 U Q2) there holds

1
[ullL2wy) < €2 [[ull g @,u0.)- (5.12)

Proof. See [10, Lemma 4.10]. O

With this result a consistency bound from [24] can be improved.

LEMMA 5.6 (Consistency bounds). Let u € Vo be a solution of . We
assume f € HY®(Qy U Q) and a data extension fr,, used in , that satisfies
I fullzroe 1 v ) S Il 1 (0100,)- The following estimates hold for wy, € VhF’@ +
Vreg,h:

|A(u, w0 @, 1) = Ap(wo @, wp)| S W¥lull 2,00, lwnln, (5.13a)
(w0 @) = fu(wn)| S PN s @000 lwn |- (5.13b)

Proof. In [24, Lemma 5.13] equation is derived for the case without
isoparametric boundary approximation. The proof applies, without modifications,
also to the case with isoparametric boundary approximation. In [24] Lemma 5.13]
a bound as in with h**1 replaced by h* is derived. We now show how one
obtains the improved bound in . Define Ay, := Us, , which §p, :=ch and ¢ > 0
sufficiently large such that q),:l # id only on Aj. Note that

|f(wp 0 @) = fa(wn)| =

/ f(whoq);tl)dl'* fhwhdx
Q

Qp
2
<2
=1

/ filwp o0 <I>,:1) dx — / fi.nwn dx
Q; Qin

11



For i = 1,2 and using f; » = f; on §; we get:

/ filwp 0 <I>,:1) dx — / finwp dz / (det(D(IDh)(fi)h o ®y) — fi)h)wh dx
Qs Qin Qin

< / (det(D®y) — 1) fupwon] de + / (det(DO) (i © ®n) — fin)wn| de
AR A

JARIYINY
< |Ap]? [|det(DDR) = Iloc.0nll fillo.cn lwnl 2 (a,)
+ AR || det (D)oo 11l 1t (21,0000 18 — idllloo,, wnl L2,
S IR e s lon 2.
In the last inequality we used the properties of the transformation ®, from .
Next, we apply Lemma to gain another factor he:

lwnllz2can S lwn o @3 L2 @aan) < lwn o @3 lz2w;,) (5.14)

1 _ 1 1
< 07 llwn 0 @ s @u00) S B2 l[wallm @, pues,) S 02 llwnlln.

Combining these results completes the proof. O

The main result of [24] is given in the following theorem.

THEOREM 5.7 (Discretization error bound). Let u be the solution of and
up € Vhlj@ the solution of .We assume that u € Hk‘H(Ql U Qs) and the data
extension [y, satisfies the condition in Lemmal[5.6, Then the following holds:

lwo ®p — unlln S AF(ull st @uu0.) + 1 F e @i00s)); (5.15)

lu—up o @ i1 (0uu0s) S P (Jull ey u0,) + 1 T i000))- (5.16)

Proof. The result easily follows from (5.15) using the definition of the
norm || - || and properties of ®;. The proof of (5.15)) in [24] applies with only minor
modifications. A key ingredient in the proof is the following approximation property,
which holds for arbitrary u € H*1(Q; U Qy):

inf fluo @y —vplln S h*lull e @,000) (5.17)
vaV,E@

which is based on the isoparametric interpolation error bound (5.7)). O

6. L?-error bound. In this section we present an L?-norm discretization error
bound for the unfitted finite element method in . The key ingredients are a
duality argument, the already available H'-error bound given in Theorem and the
consistency error bound -.

In the remainder we assume that the smoothness conditions on the solution u
and the right hand side f as formulated in Theorem [5.7] are satisfied. We define the

discretization error e, = u — uy, o ®;' € HY(Qy UQy) and consider the (adjoint)
problem:

—div(a;Vz) = e, in Q;, i=1,2, (6.1a)

[aVzlr-np=10, [zlr=0 on T, (6.1b)

z=0 on O0. (6.1c)

12



We assume that I and 92 are sufficiently smooth such that the following regularity
property holds:

2] 272 (@1002) S llenllzz(@), (6.2)

cf. [I8 [7, 20]. From Lemma we obtain the identity ||eh||2Lg(Q) = A(z,ep). The
L?-error analysis is based on the following splitting, with z;, € Vhlj@:

lenllZ2 () = Az, en)

= A(z,ep) — Ap(z 0 Dp,ep 0 D) (6.3a)
+ Ap(z 0Py — zp,ep 0 Pp) (6.3b)
+ Ap(uo @y, 2,) — A(u, 2z, 0 ;1) (6.3¢)
+ f(zno @ 1Y) — fu(zn). (6.3d)

In the lemmas below we derive bounds for the terms in (6.3al)-(6.3d)).
LEMMA 6.1. The estimate

|A(z,en) — An(z 0 @, e 0 1) S 12F ([Jull g (0, 000) + 1 Lo (21 002)) lenll L2 @)

holds.
Proof. Note that e o @) € V,{e + Vieg,h- We use (5.13a) with wy, = ej, o @y,

z instead of u and combine this with the regulariy estimate (6.2) and the result in
Theorem [5.7] This yields

|A(z, en) — An(z 0 @, en 0 @n)| S h¥||2l m2(0,00,)llen © alln
S B (lull ey u0s) + 111 (00000 ) llenl L2@)

which completes the proof. O

In the terms (6.3b)-(6.3d) we need a suitable z;, € V}Ee. For this we take z, € V;Ee
such that the following holds, cf. (5.17):

20 @ = znlln S hllzllm2(0,00.) S Pllenllrzo)- (6.4)
LEMMA 6.2. Let z, be as in (6.4). The estimate

|Ap (20 ®p, — zn,en 0 @) S B (lull v yu00) + 1 F o (91000)) lenll L2

holds.
Proof. Using the continuity result in (5.3bf), the result in Theorem and the
estimate ([6.4) we obtain

|An(z 0 @1, — zn, e 0 Bp)| S hF(1z 0 @4 — zilln (lull s @ u00) + 1 112 (@000))

S P (v @uugs) + 11 @,00.)) lenll 2 0)-

LEMMA 6.3. Let z, be as in (6.4)). The estimate

|Ap(uo ®p,21) — A(u, zn 0 31| S B Jull g2(0,00,)llenl L2 @) (6.5)
13



holds.
Proof. We use the splitting

Ah(u e} ‘I)h, Zh) — A(u, Zp © ‘I)}:l)
= Ap(uo ®p, 2, — 20 ®y) — A(u, 25, 0 ;" — 2) (6.6)
+ Ap(uo ®p,z0Pp) — A(u, 2). (6.7)

For the term in we use the approximation result (5.13a]) and (6.4)):
[Ap(uo @p,zn —z0®p) — Alu, 2,0 @ = 2)| S h¥|lull 20,00, 20 — 2 0 @alln
S Bl 2,00 llenll 2 -

For the term in we use [u] = [#] =0 and thus get:

An(uo B,z 0Dy) — Au, 2)

:iai(/ﬂ V(uoq)h)~V(zo<1>h)dx—/mVu~Vzdx)

i,h

2
:Zai/ CVu-Vzdz,
i=1 Y&

with the matrix C := det(B~Y)BTB — I, B := D®,. We have C # 0 only on
Ay, = Us,, with 6, = ch, for suitable ¢ > 0. Furthermore, ||Cl.o < h* holds,
cf. [24, Proof of Lemma 5.6]. Using this and Lemma [5.5| we obtain

|Ap(uo ®p, 20 @) — A(u, 2)| < h¥|ull g an |zl mcan)
S| a2 0y v00) 12 1| 2 (020000

S Bl 20, u0) lenll L2 ) -

Combing these results completes the proof. O

LEMMA 6.4. Let zp, be as in (6.4). The estimate

|F(zn o @) = fa(zn)] S BT £l e oy 0am)llenl 2 (6.8)

holds.
Proof. Using (5.13b)) we get

[f(zn 0 @5 0) = frlzn)l S BPFHf L rroe uuem 1201
Furthermore, using we get
lznlln < llzn — 2 0 @ulln + (|2 0 @alln S hllenllzz ) + 12la2(@iu00) S llenllzz(q)-
Thus we obtain the bound in . ]

Combining the previous results we obtain the following main result.

THEOREM 6.5 (L2-error bound). We assume that the smoothness conditions on
the solution u and on the data f, fr, as formulated in Theorem are satisfied and
that T' and 092 are sufficiently smooth such that we have the regularity property
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for the solution of the problem (6.1)). The following bound holds for the discretization

error:

lu = un o @ lz2(@) = uo ®h — L2, (6.9)
S W ([l g @00) + 1 1= @0000))-

7. Numerical experiment. Results of numerical experiments that conﬁrm the
optlmal hF+1 convergence in the L?-norm for the interface problem (2.1)) are given
n [22] 24]. However, In these examples the domain boundary is polygonal. In the
experiment presented in this section we consider a case where the curved domain
boundary is approximated by isoparametric elements.

The domain is a disk around the origin with radius R = 2, @ = B2((0,0)). The
domain is divided into an inner disk ; = B1((0,0)) and an outer ring Qs = Q \ ;.
Hence, the interface is a circle described with the level set function ¢(x) = |||z — 1,
I = {¢(z) = 0}. We approximate ¢ by ¢, € V;¥ by interpolation. We set (a1, az) =
(m,2) and take the right hand-side f such that the exact solution is given by (with

r(z) = [lz2)

24 (cos(5r(z)) —1) €y,
uew) = { 2—r(z) x€Qs. (7.1)

Note that « fulfills the interface conditions. For the Nitsche stabilization parameter we
choose A = 20k? and measure the L? error on the curved mesh € which is obtained
by applying the isoparametric mapping ©p. To measure the errors we use domain-
wise the canonical extension of u leading to u® as in with §2; replaced by €; p,
Starting from a coarse initial mesh, see Figure (top left), we apply three succesive
mesh refinements and use polynomial degrees k = 1,..,5. To solve the arising linear
systems we used a direct solver. The method has been implemented in the add-on
library ngsxfem to the finite element library NGSolve [31].

The results are shown in Figure We observe the predicted optimal O(h*+1)
behavior.
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