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Abstract

We propose a new numerical scheme for Backward Stochastic Differential Equations
based on branching processes. We approximate an arbitrary (Lipschitz) driver by local
polynomials and then use a Picard iteration scheme. Each step of the Picard iteration
can be solved by using a representation in terms of branching diffusion systems, thus
avoiding the need for a fine time discretization. In contrast to the previous literature
on the numerical resolution of BSDEs based on branching processes, we prove the
convergence of our numerical scheme without limitation on the time horizon. Numerical
simulations are provided to illustrate the performance of the algorithm.
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1 Introduction

Since the seminal paper of Pardoux and Peng [22], the theory of Backward Stochastic
Differential Equations (BSDEs hereafter) has been largely developed, and has lead to many
applications in optimal control, finance, etc. (see e.g. El Karoui, Peng and Quenez [11]).
Different approaches have been proposed during the last decade to solve them numerically,
without relying on pure PDE based resolution methods. A first family of numerical schemes,
based on a time discretization technique, has been introduced by Bally and Pages [2],
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Bouchard and Touzi [5] and Zhang [30], and generated a large stream of the literature.
The implementation of these numerical schemes requires the estimation of a sequence of
conditional expectations, which can be done by using simulations combined with either
non-linear regression techniques or Malliavin integration by parts based representations of
conditional expectations, or by using a quantization approach, see e.g. [0l [I5] for references
and error analysis.

Another type of numerical algorithms is based on a pure forward simulation of branching
processes, and was introduced by Henry-Labordére [17], and Henry-Labordeére, Tan and
Touzi [19] (see also the recent extension by Henry-Labordére et al. [I8]). The main advantage
of this new algorithm is that it avoids the estimation of conditional expectations. It relies
on the probabilistic representation in terms of branching processes of the so-called KPP
(Kolmogorov-Petrovskii-Piskunov) equation:

dult,x) + %D%(t,x} + Y gt a) = 0, w(T,z) = g(a). (1)
k>0

Here, D? is the Laplacian on R%, and (pk)k>0 is a probability mass sequence, i.e. py > 0
and ) ,~opr = 1. This is a natural extension of the classical Feynmann-Kac formula,
which is well known since the works of Skorokhod [24], Watanabe [29] and McKean [21],
among others. The PDE corresponds to a BSDE with a polynomial driver and terminal
condition g(Wr):

T T
Y=g+ [ St [ zaw,

k>0

in which W is a Brownian motion. Since Y. = u(-, W.), the Y-component of this BSDE can
be estimated by making profit of the branching process based Feynman-Kac representation
of by means of a pure forward Monte-Carlo scheme, see Section below. The idea
is not new. It was already proposed in Rasulov, Raimov and Mascagni [23], although no
rigorous convergence analysis was provided. Extensions to more general drivers can be found
in [I7, 18, [19]. Similar algorithms have been studied by Bossy et al. [4] to solve non-linear
Poisson-Boltzmann equations.

It would be tempting to use this representation to solve BSDEs with Lipschitz drivers, by
approximating their drivers by polynomials. This is however not feasible in general. The
reason is that PDEs (or BSDEs) with polynomial drivers, of degree bigger or equal to two,
typically explode in finite time. They are only well posed on a small time interval. It is
worse when the degree of the polynomial increases. Hence, no convergence can be expected
for the case of general drivers.

In this paper, we propose to instead use a local polynomial approximation. Then, conver-
gence of the sequence of approximating drivers to the original one can be ensured without
explosion of the corresponding BSDEs, that can be defined on a arbitrary time interval. It



requires to be combined with a Picard iteration scheme, as the choice of the polynomial
form will depend on the position in space of the solution Y itself. However, unlike classical
Picard iteration schemes for BSDEs, see e.g. Bender and Denk [3], we do not need to have
a very precise estimation of the whole path of the solution at each Picard iteration. Indeed,
if local polynomials are fixed on a partition (A4;); of R, then one only needs to know in
which A; the solution stays at certain branching times of the underlying branching process.
If the A;’s are large enough, this does not require a very good precision in the intermediate
estimations. We refer to Remark for more details.

We finally insist on the fact that our results will be presented in a Markovian context for
simplification. However, all of our arguments work trivially in a non-Markovian setting too.

2 Numerical method for a class of BSDE based on branching
processes

Let T' > 0, W be a standard d-dimensional Brownian motion on a filtered probability space
(Q, F,F = (Ft)1>0,P), and X be the solution of the stochastic differential equation:

X _X0+/O' M(Xs)dw/o'a(xs)dws, @)

where X is a constant, lying in a compact subset X of R%, and (i, o) : [0, T] xR% — RY x M
is assumed to be Lipschitz continuous with support contained in X. Our aim is to provide
a numerical scheme for the resolution of the backward stochastic differential equation

T T
Y.:g(XT)+/ f(Xs,Y;)ds/ Zy dW,. (3)

In the above, g : R? — R is assumed to be measurable and bounded, f € R x R — R is
measurable with linear growth and Lipschitz in its second argument, uniformly in the first
one. As a consequence, there exists M > 1 such that

lg(X7)| <M and |X|+ Y| < M on [0,T]. (4)

Remark 2.1. The above conditions are imposed to easily localize the solution Y of the
BSDE, which will be used in our estimates later on. One could also assume that g and f
have polynomial growth in their first component and that X is not compact. After possibly
truncating the coefficients and reducing their support, one would go back to our conditions.
Then, standard estimates and stability results for SDEs and BSDFEs could be used to estimate
the additional error in a very standard way. See e.g. [11].



2.1 Local polynomial approximation of the generator

A first main ingredient of our algorithm consists in approximating the driver f by a driver
fe, that has a local polynomial structure. Namely, let

Jo 4o
foo : (@,y,0) €RIXR X R > Y ajo(@)ye; (1), (5)

7=14=0

in which (a; e, ¢j)e<e, j<jo, is a family of continuous and bounded maps satisfying

lajel < Co. , l0i(W1) = 0i(Wa)l < Lyt — yo| and Jp;| <1, (6)

for all y},y5 € R, j < jo and £ < £, for some constants Cy,, L, > 0. In the following, we
shall assume that £, > 2 (without loss of generality). One can think of the (a;¢)e<s, as the
coefficients of a polynomial approximation of f on a subset A;, the A;’s forming a partition
of [-M, M]. Then, the ¢;’s have to be considered as smoothing kernels that allow one to
pass in a Lipschitz way from one part of the partition to another one. We therefore assume
that

#{je{lv"'ij}: ¢](y)>0}§2 fOI‘&HyER, (7)

and that y — fy (x,y,y) is globally Lipschitz. In particular,

T
XT / féo 5 Y, )ds_/ stW& (8)

has a unique solution (Y, Z) such that E[supyg 71 [Y[?] < co. Moreover, by standard esti-
mates, (Y, Z) provides a good approximation of (Y, Z) whenever f,, is a good approximation

of f:

T T

E[sup |y — V2| + E[/ %~ Zif2dt) < CE [/ 1 = FulP(X0 Vi, Vo), (9)
[0, 0 0

for some C' > 0 that does not depend on f_, see e.g. [11].

The choice of fy, will obviously depend on the application at hand and does not need to

be more commented. Let us just mention that our algorithm will be more efficient if the

sets {y € R: ¢;(y) = 1} are large and the intersection between the supports of the ¢;’s are

small, see Remark [2.10] below.

We also assume that

Y| < M. (10)

Since we intend to keep fy, with linear growth in its first component, and bounded in the
two other ones, uniformly in 4., this is without loss of generality.



2.2 Picard iteration with doubly reflected BSDEs

Our next step is to introduce a Picard iteration scheme to approximate the solution Y
of . Note however that, although the map y — f(z,y,y) is globally Lipschitz, the map
y — f(x,y,y) is a polynomial, given 3/, and hence only locally Lipschitz in general. In order
to reduce to a Lipschitz driver, we shall apply our Picard scheme to a doubly (discretely)
reflected BSDE, with lower and upper barrier given by the bounds —M and M for Y, recall

(£0).
Let ho be defined by in the Appendix. It is a lower bound for the explosion time of

the BSDE with driver y — f(z,y,v). Let us then fix h € (0, ho) such that Ny :=T/h € N,
and define

ti:ih and T:= {ti, ’iZO,”- ,Nh}. (11)
We initialize our Picard scheme by setting
Y =y(t,X;) fort e [0,T), (12)

in which y is a deterministic function, bounded by M and such that y(7,-) = g. Then,
given Y™ 1 for m > 1, we define (Y™, Z™, K™+ K™ ) as the solution on [0, T of

T T
Y — g(Xr) + / foo (X0, T, YY) ds / Zmdw, + / AR Rmo),,
t t [t,T]

NT
~-M <Y< M, VteT, as. (13)
[ anares = [ @ - ik ~o
T T

where K™% and K™~ are non-decreasing processes.

R_en}ar_k 2.2. Since th_e solut_ion Y of is bounded by M, the quadruple of processes
(Y, Z, KT, K™) (with KT = K~ =0) is in fact the unique solution of the same reflected
BSDE as in but with fo, (X,Y,Y) in place of fo, (Xs, Y™, Y1),

Remark 2.3. One can equivalently define the process Y™ in a recursive way. Let YT’" =
g(Xr) be the terminal condition, and define, on each interval [t;,t;11], (Y™, Z™) as the
solution on [t;, t;+1] of

tit1

_ B tit1
Y™ = Y" + ng(XS,Y;m,Y;m_l)ds—/ ZdWs. (14)

41

Then, Y™ :=Y™ on (t;,tiy1], and Y™ := (=M) VY A M.



The error due to our Picard iteration scheme is handled in a standard way. It depends on
the constants

Lo Lo

Ly =20y, Y A(My,)"", My,Ly =Ly 2C,, (My,)",
=1 (=0

where Mj,, is defined by .

Theo_rem 2.4. The system admits a unique solution (Y™, Z™, f(m’*,_f(m’*)mzo such
that Y™ is uniformly bounded for each m > 0. Moreover, for all m >0, |[Y™] is uniformly
bounded by the constant My, , and

Lo

-2 < 5(

—t)\m BT
< 3 M) (2M)2—

A2 B’
for allt < T, and all constants X\ > 0, 8 > 2L + LaA?.

Proof. i) First, when Y™ is uniformly bounded, fy, (X5, Y™, Y/*71) can be considered to
be uniformly Lipschitz in Y™, then (13]) has at most one bounded solution. Next, in view of
Lemma and Remark it is easy to see that has a unique solution Y, bounded
by Mp, (defined by (28)) on each interval [t;, ¢;41]. It follows the existence of the solution
to . Moreover, Y™ is also bounded by Mj_ on [0,T], and more precisely bounded by
M on the discrete grid T, by construction.

ii) Consequently, the generator fy (x,y,y’) can be considered to be uniformly Lipschitz in y
and y’. Moreover, using @ and , one can identify the corresponding Lipschitz constants
as L1 and Lo.

Let us denote AY™ := Y™ — Y for all m > 1. We notice that, in Remark , the
truncation operation Y™ := (—M) V Y™ A M can only make the value (AY;™)? smaller
than (Y;" —Y},)%, since |Y| < M. Thus we can apply It6’s formula to (e%(AY;")2);50
on each interval [¢;,t;41], and then take expectation to obtain

T T
E[eﬁt(Aﬁmﬁ-l)ﬂ + BE[/ 655|A}7;m+1‘2d8 + / 668’AZ?+1|2d3}
t t

T
< 2| / AT (fi (X, VLV = fo (X, Vi, Vo)) ds|.
t

Using the Lipschitz property of f;, and the inequality A\?+ % > 2, it follows that the r.h.s. of
the above inequality is bounded by

T T
s \m L2 s M
(2L1+L2)\2)E[/t VNG +1)2ds} +A2E[/t S (AY] )st]
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Since 8 > 2L + L2)A?, the above implies
_ L T _
B[e(ar ] < B[ [ eraryyas), (15)
t

and hence

E[/OTeﬁt(Ath“)?dt} < igT]E[/OTeBS(AYSm)st}.

Since |AY?| = |y(-, X) — Y| < 2M by and our assumption |y| < M, this shows that

T
E[ /O eﬁt(Ath)th} < (%T)m@M)Qe'BT/ﬁ.

Plugging this in leads to the required result at ¢ = 0. It is then clear that the above
estimation does not depend on the initial condition (0, X(), so that the same result holds
true for every ¢ € [0, 7). O

2.3 A branching diffusion representation for Y™

We now explain how the solution of on [t,ti+1) can be represented by means of a
branching diffusion system. More precisely, let us consider an element (ps)o<s<s, € ]R?ﬁ“
such that Zg‘;opg =1, set Ky, :={(1,ka,... . kn) : (ko,...,kn) €{0,...,6,}"} for n > 1,
and K := U,>1K,. Let (Wk)ke K be a sequence of independent d-dimensional Brownian
motions, (& )rkex and (0 )rex be two sequences of independent random variables, such that

P[fk:ﬂ:pg, fﬁfo,kGK,

and

F(t) =Pl > t] = /00 p(s)ds, t >0, k€ K, (16)

for some continuous strictly positive map p: Ry — Ry. We assume that
(W*er, (Ex)rexs (Or)rex and W are independent. (17)

Given the above, we construct particles X (%) that have the dynamics up to a killing time
T}, at which they split in & different (conditionally) independent particles with dynamics
up to their own killing time. The construction is done as follows. First, we set T{;) := 41,
and, given k = (1,ke,...,ky) € K, with n > 2, we let T} := § + Tp— in which k— :=



(1,k2,...,kn—1) € Kp—1. By convention, T(;)_ = 0. We can then define the Brownian
particles (W®#)),crc by using the following induction. We first set

W) = Wll[O,Tm] , K= {(D} 10,7, (t) + DL 77,)(t), and Ki={1)}t>0.

Then, given n > 2, we define
. k y y .
WD) = (W + WA = W) 150) 1o 10 0< 5 < &y b € Koo,

and
K ={k@j: ke Kih1<j<& st t>T}, Kii=UpKY,

Ki = {kdj: ke ]6%*1’ 1< <& st te [TkaTkEBj)}a K= Unle?,

in which we use the notation (1,k1,...,k,_1) @7 = (1,k1,...,kn_1,75). In other words, K
is the collection of particles of the n-th generation that are born before time ¢ on, while K}
is the collection of particles in P that are still alive at t.

Now observe that the solution X* of on [0,7] with initial condition X¥ = z € R?
can be identified in law on the canonical space as a process of the form ®[z](-, W) in
which the deterministic map (z, s, w) — ®[z](s,w) is B(R?) ® P-measurable, where P is the
predictable o-filed on [0, 7] x Q. We then define the corresponding particles (X*().c by
X k) = olz](-, Wk),

Given the above construction, we can now introduce a sequence of deterministic map asso-
ciated to (Y),,>0. First, we set

L=y (18)
recall . Then, given v~ and v™(t;11,-), we define
v o= (I emw)( I anm).
kelcti+1—t kEKti+17t\Kt
m v (tit1, Xtmflf)—t)
Gtx(k) = F )
’ F(ti-i-l —t— Tk_)
jo z,(k m— z,(k
Ay S s En e e+ T X))
* Pe, P(0k) 7
V(t,x) € [ti, tit1) x X. We finally set, whenever V;; is integrable,

i+1—t

ot x) =K V], (tx) € (i tiv1) x X, m>1,

and
v (ti,z) = (—-M)VE [V;’lnx] AM, zeX, m>1. (19)

8



Proposition 2.5. For all m > 1 and (t,z) € [0,T] x X, the random variable V}"; is
integrable. Moreover, one has Y™ = v™(-, X) on [0,T)].

This follows from Proposition proved in the Appendix, which is in spirit of [I§]. The
main use of this representation result here is that it provides a numerical scheme for the
approximation of the component Y of , as explained in the next section.

2.4 The numerical algorithm

The representation result in Proposition [2.5|suggests to use a simple Monte-Carlo estimation
of the expectation in the definition of v™ based on the simulation of the corresponding
particle system. However, it requires the knowledge of v™~! in the Picard scheme which
is used to localize our approximating polynomials. We therefore need to approximate the
corresponding (conditional) expectations at each step of the Picard iteration scheme. In
practice, we shall replace the expectation operator E in the definition of v by an operator
[ that can be computed explicitly, see Remark below.

In order to perform a general (abstract) analysis, let us first recall that we have de-
fined v™(t,7) = E[Vio(v™(tis1,-),v™ ()] for all t € (t;,t;41) and v™(t;,z) = (=M) V
E[V;; 2(v™(tis1, ), v™ ()] A M, where, given two functions ¢, ¢’ : (t;,ti+1] X R? R,

Vielo,d) = ([T Guatow)( I Awal@.B).
keICtH_l—t kGEti+17t\’Cti+17t
z,(k
o(tin, X0 )
Fltiyy —t—T,_)’

jo x,(k z,(k
Aol ) = ;:1 @5, (XTk( ))¢j(¢/(t + TkvXTk( ))
bR Pe; P(0k) .

Gt,$<¢7 k) =

(20)

Let us then denote by Lj\"j[ho the class of all Borel measurable functions ¢ : [0, 7] x R — R
that are bounded by M}, , and let Lﬁho 0 C Lﬁho be a subspace, generated by a finite
number of basis functions. Besides, let us consider a sequence (U;);>1 of i.i.d. random
variables of uniform distribution on [0, 1], independent of (W*)rer, (&x)rex, (0k)rex and
W introduced in ([17). Denote Fi=0o(U;,i>1).

From now on, we use the notations

le; := sup 6(t, 2)| and [|¢[loc := sup  [6(t,z)|
(t,x)e[ti,ti+1)><Rd (t,I)E[O,T]XRd

for all functions ¢ : [0,7] x R? — R.



Assumption 2.6. There exists an operator E[V;mw, &)(w), defined for all ¢,¢' € Lﬁho 0

such that (t,z,w) — B[V, (6, ¢))(w) is B([0,T] x RY) @ F-measurable, and such that the
function (t,z) € [0,T] x RY s IAE[VM(QS, )] (w) belongs to L3, o for every fized w € Q.
Moreover, one has

E@) = s E[E[V(3,6)] —BV(6 ] Il < o0

ST, o

In practice, the operator E[V] will be decomposed in two terms: V is an approximation of
the operator V defined with respect to a finite time grid that projects the arguments ¢ and
¢’ on a finite functional space, while E[V/(-)] is a Monte Carlo estimation of E[V.(:)]. See
Remark 2.9

Then, one can construct a numerical algorithm by first setting ©° =y, o™(T,-) = g, m > 1,
and then by defining by induction over m > 1

@m(t,x) = (_Mho) \/IE [‘zw(@m(ti_;,_l, '),@mil)] ANMp,, te (ti,ti+1),

and
M(t,z) = (~M) VE [Vti,x(@m(tm, ), @m—l)} A M. (21)

In order to analyze the error due to the approximation of the expectation error, let us set

@ = #K , @ = #Ks,

= (11 ret) (I o)

1)
€K, kei?:t\lct pfkp( k)

and denote

Recall that h < ho that is defined by in the Appendix.

Lemma 2.7. The two constants

Mé = sup E[thtM] and M,% = sup E[q}VtM]
0<t<h 0<t<h

are finite.

Proof. Notice that for any constant & > 0, there is some constant C. > 0 such that
n < Ce(1+¢)" for all n > 1. Then

M,% < CEE[ sup (1 —i—e)‘“V}M] < CgE[ H
0<t<h ke,

(I+e)M H 2(1+5)Cgo]

F(h=T) | ek, Per(Ok)

10



where the latter expectation is finite for £ small enough. This follows from the fact that
h < ho for ho defined by and from the same arguments as in Lemma in the
Appendix. One can similarly obtain that M ,f is also finite. O

Proposition 2.8. Let Assumption[2.¢ hold true. Then

(m + Np)Nn

m+Nh
) )

E (™ — 5] oo < £E)(1+ Ny) EREE

Before turning to the proof of the above, let us comment on the use of this numerical scheme.

Remark 2.9. In practice, the approximation of the expectation operator can be simply
constructed by using pure forward simulations of the branching process. Let us explain this
first in the case ho = T. Given that U™ has already been computed, one takes it as a
given function, one draws some independent copies of the branching process (independently
of ©™) and computes 9™ (t, x) as the Monte-Carlo counterpart of E[V; (6™ (T, -),o™)],
and truncates it with the a-priori bound My, for (Y™)m>1. This corresponds to the operator
E[V; o (6™ (T, ), 0™)]. If ho < T, one needs to iterate backward over the periods [t;, t;11].
Obviously one cannot in practice compute the whole map (t,x) + 9™ (t, ) and this requires
an additional discretization on a suitable time-space grid. Then, the additional error analysis
can be handled for instance by using the continuity property of v"™ in Proposition[A.5 in the
Appendiz. This is in particular the case if one just computes 0" 1(t, z) by replacing (t,x)
by its projection on a discrete time-space grid.

Remark 2.10. i). In the classical time discretization schemes of BSDEs, such as those in
[3,[15, 30/, one needs to let the time step go to 0 to reduce the discretization error. Here, the
representation formula in Proposition has no discretization error related to the BSDE
itself (assuming the solution of the previous Picard iteration is known perfectly), we only
need to use a fived discrete time grid (t;)o<i<n, for ti =1ih with h small enough.

ii). Let AL == {y € R : @;(y) = 1} C Aj for j < jo, and assume that the A’s are
disjoint. If the A;- are large enough, we do not need to be very precise on 0" to obtain a
good approzimation of E[V;.(g,v™)] by E[V;2(g,0™)] fort € [tn,—1,tn,). One just needs
to ensure that U™ and v™ belong to the same set A;- at the different branching times and
at the corresponding X -positions. We can therefore use a rather rough time-space grid on
this interval (i.e. [tn,—1,tn,]). Further, only a precise value of 0™ (tn, —1,-) will be required
for the estimation of 9™t on [tn, —2,tn,—1) and this is where a fine space grid should be
used. Iterating this argument, one can use rather rough time-space grid on each (t;,ti+1)
and concentrate on each t; at which a finer space grid is required. This is the main difference
with the usual backward Euler schemes of [3, (15, [30] and the forward Picard schemes of [3].

Proof of Proposition Define

§7() = (M) VE [V (tiga, ), 0™ F] A M

11



Then, Lemma below combined with the inequality |p| < 1 implies that for all (t,z) €
[ti, tiv1) x X,

|0 (t, z) — 0™ (t, )|

1 A J(k k)
SE[ Z M‘éﬁl—tlvm(tﬂrly){iﬂfl))_vm(ti+1’ tm+(1 ”}—}
k€Kt 41—t
A 7k
PE[ S e ) - o ) 7]
keRt, 1 —t\Ke;yq—t

Let us compute the expectation of the first term. Denoting by F the o-field generated by
the branching processes, we obtain

1 M
E{ Z M‘/ti+l_t

0" (b, X)) = 0"t X)) |

tit1 tiv1
kE/Ctint
1 M o 7k
- E{ Z MW¢+1*tE[vm(ti“’XZ+(l))_v (tiv1, X z+1 M}_H
ke’CtiJrl*t

1 ) M Mo
< B = 0 e B Vi) < SEIELO™ = 0
Similarly, for the second term, one has

IE[ 3

keﬁti+1—t\l€ti+1 t
< 2L, ME|E[™ ™ — o™ ]|,

k m— Z‘,k‘
(T X7 = o1, X))

Notice that ||E[|5™ — ™|] ||;, < E(R) by Assumption Hence,
<

IE[0™ — o™ []lle, < E(E) + 2L, ME|E[l6™ ! — o™ H]||,

Ml
hHEU U™ Mg

We now appeal to Proposition to obtain

Np—1 m j¢’71
IE[o™ — o™}l < ZC’+ Do emet!
=2 \ji=1  ju=1
(m + Nj,)»

m~+Np,
No ¢ ’

< ER)1+ Np)
. o 2\, ME
with C' := (2L M) V 57 V 1. a

12



3 Numerical experiments

This section is deditacted to some examples ranging from dimension one to five, and showing
the efficiency of the methodology exposed above.

In practice, we modify the algorithm to avoid costly Picard iterations and we propose two
versions that permit to get an accurate estimate in only one Picard iterationﬂ

1. Method A: In the first method, we simply work backward and apply the localization
function ¢; to the estimation made on the previous time step. Namely, we replace
by

o(t,x) = (M) VE [mi,x(a(tm, ), (g, -))} A M. (22)

Compared to the initial Picard scheme , we expect to need a smaller time step to
reach an equivalent variance. On the other hand, we do not do any Picard iteration.
Note that for ¢ = Np, — 1, this corresponds to one Picard iteration with prior given
by g. For ¢ = N}, — 2, we use the value at ¢y, 1 of the first Picard iteration for the
period [ty, —2,tn,—1) and the initial prior for the last period, etc.

Remark 3.1. This could obviously be complemented by Picard iterations of the form
6" (tiy @) = (= M) VB [ Vi, (0™ (641, ), Lin[o™])] A M,
with
ot
tiv1 — 1
In this case, it is not difficult to see that ©™ coincides with the classical Picard iteration
of the previsous sections on [In, —m,TnN,] (up to the specific choice of a linear time

interpolation). In practice, these additional Picard iterations are not needed, as we
will see in the test cases below.

Lin[6™1)(t, ) : (0" Mg, ) — 07 Nty )) + 0Tty ).

2. Method B: An alternative consists in introducing on each time discretization mesh
[ti,ti+1) a sub-grid fi,j =t;+hj, 7 =0,..., Ny, with fz’,]\?h = t;4+1 and replace the
representation by

Viw0.0):=( I Gualem)( TI  Aaldh),

kEICti+1ft kel@tH_l _t\’CtH—l —t

z,(k
¢(ti+17 Xtifl)ft)

T 7k == )
Gtal(9, k) F(tign —t—Ty—)
io z,(k N z,(k
Ary(d k) == 721 a6 (X5 )0y (D wrmy, X5
el R e, P(0k) '

!We omit here the space discretization procedure, for simplicity. It will be explained later on.
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where k(t) = min{j > 0:¢;; > t}.
Then, we evaluate the v function on [t;,t;+1) by applying the scheme recursively
backward in time for j = N — 1,..,0:

0(figsw) = (~M)VE [V, (0tis,),0)] A M, (23)

The estimation at date tALO = t; is then used as the terminal function for the previous
time step [t;—1,t;).

With this algorithm, we hope that we will be able to take larger time steps ;411 —¢;
and to reduce the global computational cost of the global scheme. Notice that the
gain is not obvious: at the level of the inner time steps, the precision does not need to
be high as the estimate only serves at selecting the correct local polynomial, however
it may be paid in terms of variance. The comment of Remark above also applies
to this method.

We first compare the methods A and B on a simple test case in dimension 1 and then move
to more difficult test cases using the most efficient method, which turns out to be method

A.

Many parameters affect the global convergence of the algorithm :

The structure of the representation used to approximate the driver: we use
quadratic splines or cubic splines [10] to see the impact of the polynomial approx-
imation. The splines are automatically generated.

The number j, of functions ¢; used in for the spline representation.
The number of time steps N}, and N}, used in the algorithm.

The grid and the interpolation used on X for all dates t;, ¢ =0, ..., N,. All interpo-
lations are achieved with the StOpt library [13].

The time step for the Euler scheme used to approximate the solution X of .

The accuracy chosen to estimate the expectations appearing in our algorithm. We
compute the empirical standard deviation € associated to the Monte Carlo estimation
of the expectation in or . We try to fix the number M of samples such that

0/V M does not exceed a certain level, fixed below, at each point of our grid.

The random variables (Jx)x, which define the life time of each particle, is chosen to
follow an exponential distribution with parameter 0.4 for all of the studies below.
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3.1 A first simple test case in dimension one

In this section, we compare the methods A and B on the following toy example. Let us set
X = [z,7] with z = 7/8 and = 77 /8, and consider the solution X of (2)) with

p(x) =0.1 x (5 —z) and o(z):=0.2x (z —z)(z — z).
We then consider the driver
ftz,y) =p(@) f(y) + (—a+ s0(x))y

where

( e2e(T— t ) = 421y cgeatr— + F(y )1|y|>ea(T—t)g>

=~ a(T—t)

— ] o2a(T 20(T—t) _ ye a(T—t)
\/6 — e \/62aT t) —262a(T t) (]y\ )

with 7 := cos(z). The solution is v(t, z) = e~ 7=

Notice the following points :

cos(z) for g(x) = cos(x).

e this case favors the branching method because g and v are bounded by one, meaning
that the variance due to a product of pay-off is bounded by one too.

e in fact the domain of interest is such that |y| < 7e*T~* but we need to have a smooth
approximation of the driver at all the dates on the domain [—g, g].

We take the following parameters: T =1, a = 0.5, the time step used for the interpolation
scheme is 0.4, and we use the modified monotonic quadratic interpolator defined in [27].
The Euler scheme’s discretization step used to simulate the Euler scheme of X is equal
to 0.002, the number of simulations M used for the branching method is taken such that

0/V M < 0.002 and limited to 10.000 (recall that 6 is the empirical standard deviation).
At last the truncation parameter M is set to one.

A typical path of the branching diffusion is provided in Figure|l] It starts from z = 7/2 at
t=0.
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N
N

T T T
0 1 2 3

Figure 1: A typical simulated path of the branching diffusion starting from 7/2 on [0, 3].
Bullets denote branching or killing times.

To estimate the driver f, we use a quadratic spline: on Figure we plot f on [0,1] x [~¥, 9]
and the error obtained with a 20 splines representation.

Error on driver

Driver

0.9

0.8

0.7

0.6

0.5

Error on the driver due to the spline represen-
The driver tation.

Figure 2: The driver f and its quadratic spline representation error for 20 splines.

Notice that this driver has a high Lipschitz constant around —y and .

As already mentionned, we do not try to optimize the local polynomial representation, but
instead generate the splines automatically. Our motivation is that the method should work
in an industrial context, in which case a hand-made approximation might be complex to
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construct. Note however that one could indeed, in this test case, already achieve a very
good precision with only three local polynomials as shown in Figure [3] Recalling Remark
this particular approximation would certainly be more efficient, in particular if the
probability of reaching the boundary points, at which the precision is not fully satisfactory,
is small.

002 000 002 0o 06
| | |
13
3
&

0.04

.0
£
4

T T T T T
o.5 1.0 1.5 2.0 2.5

Figure 3: Approximation of the driver at ¢ = T with only three local polynomials - Crosses:
f(-,cos). Circles: fy, (-, cos,cos).

In Figure[d] we give the results obtained by method A for different values of Ny, the number
of time steps, and of the number of splines used to construct f . As shown on the graph, the
error with N, = 20 and 20 splines is below 0.004, and even with 5 time steps the results are
very accurate. Besides the results obtained are very stable with the number of splines used.

0.006
0.016 { — 20 quadratic spline, 5 time steps .- -=~~~__ —— 20 quadratic spline, 20 time steps
——-- 20 quadratic spline, 10 time steps s ——-- 10 quadratic spline, 20 time steps

0.014 ] —- 20 quadratic spline, 20 time steps By 0.005 4 === 5 quadratic spline, 20 time steps

0.012
0.004 +

0.0104
0.003 +

Error

0.008 1

Error

0.006 0.002 4

0.004

0.001 4
0.002 4

0.000 4 ke 0.000 4

Error in absolute value for different Error in absolute value for different
time discretization. number of splines.

Figure 4: Results for the toy case using method A
On Figure |5, we give the results obtained with the method B for different values of Nj and
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Ny, keeping the number NN, constant, equal to 20.

0.0164 — 20 quadratic spline, 20 time steps, method A __

. ~
——- 20 quadratic spline, 10 time steps, N =2 .
00147 ___ 20 quadratic spline, 5 time steps, Nn =4 v

0.012

0.010

Error

0.008

0.006

0.004

0.002

0.000

Figure 5: Error in absolute value for method B for different NV, and N, n, keeping N| hN n = 20.

Comparing Figure[d and Figure 5] we see that the results obtained with the two methods are
similar, for a same total number of time steps. This shows that method B is less efficient, as
it gives similar results but at the cost of additional computations. This is easily explained
by the fact that the variance increases a lot with the size of the time step, so as to become
the first source of error. In the sequel of the article, we will therefore concentrate on method
A.

The time spent for the best results, obtained with method A, 20 time steps and 20 splines,
is less than 1.05 seconds on a regular (old indeed) laptop.

3.2 Some more difficult examples

We show in this section that the method works well even in more difficult situations, in
particular when the boundary condition g is not bounded by one. This will be at the price
of a higher variance, that is compensated by an increase of the computational cost.

We now take X := [0,2]¢, with

d
wx)=Ux (1 —z) and o(z):= VH(2 — z)xlq,
i=1

where V' = 0.2, U = 0.1 and 14 is the identity matrix.

We will describe the drivers later on. Let us just immediatly mention that we use the
modified monotonic quadratic interpolator defined in [27] for tensorized interpolations in
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dimension d. When using sparse grids, we apply the quadratic interpolator of [8]. The
spatial discretization used for all tests is defined with

e a step 0.2 for the full grid interpolator,

e a level 4 for the sparse grid interpolator [7].

We take a very thin time step of 0.000125 for the Euler scheme of X. The number of

simulations M is chosen such 0/\/ﬁ < 0.00025 and limited to 200.000, so that the error
reached can be far higher than 0.00025 for high time steps. This is due to fact that the
empirical standard deviation 6 is large for some points near the boundary of X. We finally
use a truncation parameter M = 50, it does not appear to be very relevant numerically.

3.2.1 A first one dimensional example

In this part, we use the following time dependent driver for a first one dimensional example:

I v

Fty) =y(5 — 5o, Thy)(2C — (¢, T.y)* = U(C - (t,T.y))),

with ¢(t, T, y) = log(y) — 5.
We use a time discretization of 1.000 time steps to represent the time dependency of the
driver. On Figure[6] we provide the driver and the cubic spline error associated to 10 splines.

Error on driver

Driver

0.003
0.002
0.001
0.000
—0.001
—0.002
—0.003

BN W s @

Error on the driver due to the spline represen-
The driver tation.

Figure 6: The driver and its cubic spline representation error with 10 splines for the first
difficult case.

Figure |7| corresponds to cubic splines (with an approximation on each mesh with a polyno-
mial of degree 3), while Figure [8| corresponds to quadratic splines (with an approximation
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on each mesh with a polynomial of degree 2).

—— 10 cubic spline, 80 time steps —— 20 quadratic spline, 80 time steps
104 —=-- 20 cubic spline, 80 time steps 1.75 4 —-- 40 quadratic spline, 80 time steps
—-- 40 cubic spline, 80 time steps —-- 40 quadratic spline, 40 time steps

—— 40 cubic spline, 40 time steps 1.50 4 —-- B0 quadratic spline, 80 time steps
7
~. aw.
oS TN
~ P

o
=3
L

1254

061 1.00

0.75 4

Percentage error
Percentage error

0.50 4

0.254

0.0 1 0.00

T T T T T T T T T T T T T T T T T T
0.00 025 050 0.75 1.00 125 150 175 2.00 000 0.25 050 075 1.00 125 150 175 2.00

Figure 7: Cubic spline method. Figure 8: Quadratic spline method.

Percentage error on the approximation of the solution v(0, .) for different time discretization
and spline discretization.

On this example, the cubic spline approximation appears to be far more efficient than the
quadratic spline. In order to get a very accurate solution when using sparse grids, with a
maximum error below 0.2%, it is necessary to have a high number of splines (at least 20)
and a high number of time steps, meaning that the high variance of the method for the
highest time step has prevented the algorithm to converge with the maximum number of
samples imposed.

3.2.2 A second one dimensional example

We now consider the driver

fa,y) = fily) + fa(2), (24)
with
i) =15y + sin(5y)) (25)
o\ 262 T—t s T—t
Fala) =3 — (4 Opla)) - D Ceom st R T

Figure [0 shows f; and the cubic spline error associated to different numbers of splines.
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Error on the driver

0.0014 -
. 1 === 10 splines
Driver 0.0012 1 q —-- 20 splines
2.00 li —— 40 splines
0.0010 4
175
0.0008 -
150
0.0006
125
0.0004 -
100
0.0002 4
0.75
0.0000 4
050 —— Driver
=== 10 splines —0.0002
025 — - 20 splines - T T T T T
—— 40 splines 0 2 4 6 8 10
0001 | . . . . . y
1] 2 4 6 8 10
Y
Error on the driver due to the spline represen-
The driver tation.

Figure 9: The driver and its cubic spline representation.

On Figure [I0] and we give, in percentage, the error obtained when using cubic and
quadratic splines for different discretizations.

—— 10 cubic spline, 80 time steps 0.7 —— 10 quadratic spline, 80 time steps
30d 77" 20 cubic spline, 80 time steps —=—- 20 quadratic spline, 80 time steps
. —-= 40 cubic spline, 80 time steps 0.6 4 —== 40 quadratic spline, 80 time steps
—— 20 cubic spline, 40 time steps —==- 40 quadratic spline, 40 time steps
2.54 054
- -
e e
@ 2.07 G 04
o @
o o
8 Ji
g5 § 03
L =
o @
a a
1.0 4 0.2
0.5 4 0.1+
0.0 004 ~zomo_azoersFl
T T T T T T T T T T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 125 150 175 2.00 0.00 0.25 0.50 0.75 100 125 150 175 2.00
X X
Figure 10: Cubic spline method. Figure 11: Quadratic spline method.

Percentage error on the aproximation of the solution v(0, .) for different time discretizations
and numbers of splines.

Globally, the quadratic interpolator appears to provide better results for both coarse and
thin discretizations. With 40 time steps, the cubic approximation generate errors up to 3%
at the boundary point x = 2: reviewing the results at each time step, we checked that the
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convergence of the Monte Carlo is not achieved near the boundary = = 2, with Monte Carlo
errors up to 0.03 at each step.

Finally, note that the convergence of the method is related to the value of the quadratic
and cubic coeflicients of the spline representation, that we want to be as small as possible.
3.2.3 Multidimensional results

In this section, we keep the driver in the form with fi as in , but we now generalize
the definition of fo:

d
1 2 C ol (z)?c? cxa 1o
fale) =5 = (G + g 2w = g erET

2 sin(ﬁe% Y mﬂr%)
10 2

In this section, we only consider cubic splines.

3.2.3.1 Results with full grids

Figure describes the results in dimension 2 for 80 time steps and different numbers of
splines. Once again the number of splines used is relevant for the convergence.
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Percentage error Percentage error

0.12

0.10

0.08

0.06

0.04

10 splines 20 splines

Percentage error

0.10
0.08
0.06

0.04

40 splines

Figure 12: Error in dimension 2 for 80 time steps with cubic splines.

Figure corresponds to dimension 3 for different numbers of splines and different time
discretizations: the error is plotted as a function of the point number using a classical
Cartesian numeration. Once again, the results are clearly improved when we increase the
number of splines and increase the number of time steps.
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104 0.4
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Point number Point number
40 splines, 80 time steps. 80 splines, 80 time steps
0.30 4 —— Percentage error depending on the point number —— Percentage error depending on the point number
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0.00 4 0.00 1
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[} 2000 4000 6000 8000 0 2000 4000 6000 8000
Point number Paint number
80 splines, 120 time steps 80 splines, 160 time steps

Figure 13: Error in dimension 3 for different time steps and spline numbers, with cubic
splines.

3.2.3.2 Towards higher dimension

As the dimension increases, the algorithm is subject to the curse of dimensionality. This is
due to the d-dimensional interpolation: the number of points used is n® if n is the number of
points in one dimension. One way to surround this is to use sparse grids [7]. The sparse grid
methodology permits to get an interpolation error nearly as good as with full grids for a cost
increasing slowly with the dimension, whenever the solution is smooth enough. It is based on
some special interpolation points. According to [7, [§], if the function w to be interpolated is
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null at the boundary and admits derivatives such that sup,,c(2 3 {HWH&} < 00,
1 2%d

then the interpolation error due to the quadratic sparse interpolator I2 is given
lw = ()] = O(n"*log(n)™"). (26)

An effective sparse grids implementation is given in [13] and more details on sparse grids
can be found in [14].
On Figure we plot the error obtained with a 2-dimensional sparse grid, for 80 time steps.

Percentage error

Figure 14: Error of the quadratic sparse grid of level 4 with 80 time steps

In dimension 3, 4, and 5, the error obtained with the spline of level 4 is given in Figure [I5]
Once again, we are able to be very accurate.
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3D, 80 splines, 160 time steps. 4D, 80 splines, 120 time steps.
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0.001
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Point number Point number
4D, 80 splines, 160 time steps. 5D , 80 splines, 160 time steps.

Figure 15: Error in dimensions 3, 4 and 5 with a cubic spline approximation and a quadratic
sparse interpolator.

Remark 3.2. On Figure[I5, the error is plotted as a function of the point number. Due to
the special structure of the sparse grid points numeration, no special pattern appears (as on
Figure but the maximum error is still located at the boundary of X.

From a practical point of view, the algorithm can be easy parallelized: at each time step
each, points can be affected to one processor. It can therefore be speeded-up (linearly) with
respect to the number of cores used.

All results have been obtained using a cluster with a MPI implementation for the paral-
lelization. The time spend using the sparse grid interpolator in 3D, a Monte Carlo accuracy
fixed to 0.0005 and for an Euler scheme with time step 0.001, is 2.800 seconds on a cluster
with 8 processors using 112 cores. The error curve can be found in Figure [I6]
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Figure 16: Error in dimension 3, 80 splines, 160 time steps and less tight parameters.

Remark 3.3. When the solution has not the required reqularity to reach the interpolation
error , one can implement a local adaptation of the grid using a classical estimation
of the local error (based on the hierarchical surplus) [16, [7]. It is also possible to use the
dimension adaptive method [12], which aims at refining a whole dimension when a higher
interpolation error in this dimension is detected.

Remark 3.4. The methodology developed here is very similar in spirit to the Semi-Lagrangian
method used in [27, 28] using full or sparse grids: the deterministic scheme starting from
one point of the grid is replaced by a Monte Carlo one. Classically, the error of such a
scheme is decomposed into a time discretization error and an interpolation error. This is
the same in our scheme but, to the time discretization error due to the use of the scheme
, is added a Monte Carlo error associated to the branching scheme.
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A Appendix

A.1 Technical lemmas

Lemma A.1. The ordinary differential equation n'(t) = Eﬁ‘;o 20, ()¢ with initial condi-
tion n(0) = M > 0 has a unique solution on [0, he] for

(bo—1)(1 = M)y + 1V M)~ =D

o = 27
h (b +1)(ls — 1)2C,, (27)
Moreover, it is bounded on [0, ho| by
1—¢ + (1)t
M, = max(l, ((1V M) =4 (£, —1) (1= M) T — holo (£ —1)2Cy,) ) (28)
Consequently, one has, for all t € [0, hol,
M 20,
E[(T] =2 V(T 2% )] < i) < M. (29)
|:(]€€’Ct F(t - Tk—)> (kelzt\lCt pgkp(ék))}

Proof. i) We first claim that

Mp, dy ;
> ho. 30
/M 200, (1+y+---+yb) ~ (30)

Then, for every t € [0, ho|, there is some constant M (t) < M}, < oo such that

M(t) dy t
/ 7~ = t:/ds.
v 20, (1+y+---+yb) 0

This means that (M(t)).e[o,n,] is @ bounded solution (and hence the unique solution) of
n'(t) = ch’zo 2Cy, n(t)* with initial condition 17(0) = M > 0. In particular, it is bounded by
Mho~

ii) Let us now prove . Notice that * < 1V y* for any y > 0 and k=0,---,¢,. Then,
it is enough to prove that

Mip, 1
/ (1 A 7>dy > ho(lo +1)2C, . (31)
M ye

By direct computation, the 1.h.s. of equals

(My, = M)Lgag,, <1y + (L= DD)* + ((LV M) = M) )L, 1y

b —1
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When h, satisfies , it is easy to check that holds true.

iii) We now prove . Recall that K7 denotes the collection of all particles in K; of
generation n. Set

R e LG | = [ 1 R )

n j n cJ j cn+1
keur_ K keur_, (KI\KY) kekpt

Since KP has only finite number of particles, the random variable x% is uniformly bounded.
Then by exactly the same arguments as in and below, and by repeating this
argument over n, one has

t o

n(t) =M +/ ZZCgOn(s)Eds = IE[XH =E[x}], Vn > 1.
0 =0

It follows by Fatou Lemma that

(I ) (IL )] L) = i i =)

For completeness, we provide here the proof the representation formula of Proposition
and of the technical lemma that was used in the proof of Proposition [2.8

Proposition A.2. The representation formula of Proposition [2.5 holds.

Proof. We only provide the proof on [ty, —1, T, the general result is obtained by induction.
It is true by construction when m is equal to 0. Let us now fix m > 1.

First, Lemma shows that the random variable V/; is integrable.

Next, Set (1)+ := {(1,4),7 < £ }NKr and define (1) := KN (1)+ and K4 (1) := KN (1)+.
For ease of notations, we write X? := X®(()). Then, for all (¢,z) € [tx,_1,T] x R%,

m g(X’%—t)
E[V;:] =E [F(T—t)l{T<1>>Tt}

Z;":l Ajg (X%«(l))wj(vmfl(t + Ty, erfw(l))) .
pfu) :0(5(1)) be

+E | L, <r—1

where

Ri=( I Guw)( II  Aanm)

keKr (1) keRr _+(D\Kr_+(1)
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satisfies )
t,
B[R\ Fry) = [ o™ (t+T0), Xz,) = [0 (t+T0), X5,

ke(1)+
by . On the other hand, and imply
g(X%—t) _ T
E [}Ml{T<1)>T—t} = E[g(X7_;)] (32)

and
§'0:1 @560 (X%(l) ) (it + Ty, X%(l) )
pfu) p(d(l))

/T‘t 201 g, (XT)ei (0"t + 5, XT)

E |1z, <r-1) [Um(tJrT(l)’X%(l))]E“’

_E [0 (t+s3, X;f)]f<1>ds]

Jo D¢y,
T—t Jo
_E / S ST 4 (X )y (0t + 5, XI)) [ (t-5, X2 s
|70 =<t
T—t
=F [/ foo (XZ,0™(t 4 8, X2), 0™t + s, X;”))ds] . (33)
0

Combining the above implies that
T
v (t, Xy) = E [g(XT) +/ fe. (XS,Um(s,Xs),Um_l(s,Xs))ds‘ft} )
¢
and the required result follows by induction. O

Lemma A.3. Let (2%, y%)i<s be a sequence of real numbers. Then,

<> (la" =y I T mex(la’], [y/]))-

il i

1

1+ 11+

=1 i=1

Proof. It suffices to observe that

I I I I I
Hxi_Hyi = (o _yl)Hxi+y1<Hxi_Hyi)7
i=1 i=1 =2 i=2 i=2
and to proceed by induction. O
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Proposition A.4. Let ¢1,c2,c3 > 0, and let (u! )m>0 i>0 be a sequence such that

uin < clu:‘nfl + CQuqul +c3 form > 1,1 < Np.

Then
Np—1i m Jir—1
i m, i i+
U, <ci ug+ g E E g c 02 g
=1 ]1 1]2 1 il = =1
Np—i m Jir 1
m— —
ZcﬁZ(ZZ Zc )
= J1=1j2=1 s=1

Proof. We have

m

up <(en)™uy + Y (e)™ I (e es).
j=1
The required result then follows from a simple induction. O

A.2 DMore on the error analysis for the abstract numerical approximation

The regression error & (IE) in Assumption depends essentially on the regularity of v™
Here we prove that v (¢, x) is Hélder in ¢ and Lipschitz in z under additional conditions,
and provide some estimates on the corresponding coefficients. Given ¢ : [0,7] x RY — R,
denote

- . 6t ) — (¢ )

(L) £t @) e[t tip]xX [t — /]2 P4 |z — x’]

Since (u, o) is assumed to be Lipschitz, it is clear that there exists Lx > 0 such that for all
(t,z),(t',2") € [0,T] x X,

1X7 = X3 e < Lo (VI =1+ |2/ — al). (34)

Proposition A.5. Suppose that x — g(z) and x — fi (x,y,y") are um'formly Lipschitz
with Lipschitz constants Ly and Ly. Let § and A, 2 > 0 such that T <1andp >

211 + Lf)\% + Lg)\Q, then for all m > 1 and © < Ny,

L L
ﬁTf%)eBT/@ - A%T)

+ 2(1+ L) Ce(1V (M) ")V Do

™), < L, = (1+LX)LX\/(L§+
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Proof. For ease of notations, we provide the proof for ¢ = 0 only.

i) Let z1,72 € R? and Y™! := o™(-, X?1), Y™2 := ¢™(-, X*2), and denote AY™ :=
yml —ym2 AX = X% — X%2 where X®! (resp. X?*?) denotes the solution of SDE ()
with initial condition Xo = x1 (resp. Xo = x2). Using the same arguments as in the proof
of Theorem [2.4} it follows that, for any 8 > 2L + Lf/\2 + Lo)3, one has

L T
Ele’ (AY," ] < E[PT (A7) + )\g]E[/ eﬂS\AX5|2ds}

L2 T B 2
+7E[ / P (AY™) ds} (35)

and then

T L T
E[ / eﬁt(Ath“)th} < TE[eﬁT(AYF+1)2]+T)\—§E[ / 55| A X, |2ds
0 1 0

L2 T Bt m\2
+T}\2E[ ey, )dt}

IN

Ly
TeﬁT <L2 + W)Lx’xl — $2|

T t 2
+ TFE[ /0 PLAY™) dt]

Since %T < 1, this induces that
2

BT (12 4 B
IE[/T eﬁt(Amerl)th} < Te (Lg ,8>\2)LX|331 o|?
0 ! o - vT
2
Plugging the above estimates into , it follows that
. R (L2 + 2) L2ePT
(AY™)? < L2|xy — 2of?, with L2 := a5
1-— FT
2

ii) For the Holder property of v™, it is enough to notice that for ¢ < h,

[v™(0, ) — v™(t, )]

IN

t
B[jo™ (6. X7) — ot + [ FOXE Y Y lds
0
< LyLxVit+2(1 4 £6)Co(1V (Mp,) ")t

where the last inequality follows from the Lipschitz property of v in x and the fact that
Y™ is uniformly bounded by M},. We hence conclude the proof. ]
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