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Abstract—This paper is a continuation of the discussion un-
dertaken in paper [31]. We present in the current paper the cor-
rected, and also given in a slightly changed form, Vandermonde
formulae for the roots of some quintic polynomials considered in
J.P. Tignol’s monograph [26]. The proofs of selected trigonomet-
ric identities from [31] are given and some new identities have
been generated by the occasion, which also can be used for testing
our Langrange algorithm for the case of cubic polynomials.
Moreover, we present here the decomposition of polynomials
belonging to some two-parameter family of polynomials related
to the Chebyshev polynomials of the first kind.
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I. INTRODUCTION

In paper [31] we have presented an algorithm (the so called
Lagrange algorithm) for determining the complex roots of
real polynomials which appeared to be more effective than
the symbolic calculations proposed in Mathematica software.
Many cubic polynomial, considering the polynomials used
for testing our Lagrange algorithm, led us to some attractive
trigonometric relations (see the appendix which is an important
supplement of paper [31]). In the current paper we propose
to repeat our previous considerations for the case of quintic
polynomials and for the polynomials of higher degrees as well.

Let us also recall that the complex roots of quintic polyno-
mials and the polynomials of higher degree, described with
the aid of elliptic functions and hypergeometric functions,
are well known (see [2], [12]). Certainly, the computational
usefulness of such solutions is not good, it still remains in
the sphere of future discoveries. At present, we have to limit
the calculations, especially the symbolic calculations, just for
the selected families of polynomials, for which the formulae
describing roots are well known and are in the “numerically
accepted” form.
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II. VANDERMONDE FORMULAE

Next of the investigated quintic polynomials
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delivered to us many unexpected emotions. So in mono-
graph [26] the following identity, based on the Lagrange resol-
vent method of solving the algebraic equations, is suggested

=g (14 A+ A" 4 A" L ATY), (1)

where z is one of the roots of this polynomial. However
the description of expressions A’, A" A" and AV, given
in [26], ”seems to be” incorrect. It should be, and this is
already our correction of these relations: A’ = ¥/dy, A" = A/,
A" = /d3, ATV = A", more precisely, A’ and A" are any
values of the respective complex roots of degree five taken
from numbers (respectively):

11 . .

T <89+25\/——5@\/5—1—2\/5—1—451\/5—2\/5),
11 , .

ds = — (89—25\/——452\/5+2\/_—5z\/5—2\/5>.

Identity (1) takes then the following trigonometric form! (the
calculations were executed by hand with the intensive support

dy

'We used in calculations the following identity

d\/a+b\/8+ \/a—b\/az \/(d2+1)a+(b(d2 — 1) + 2cd)Va,

where a = b2 + ¢2, b,c € C (the complex cases need some additional
verification).
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of Mathematica software):

2k 1 1 &d
T_ 2 (1 + 2v'11 cos (3 <ti + s; arctan &»

_9cos 220
OSTT T35 Rd,

1 Sds
+ V11 cos (3 (tj — rjarctan %—d?))))

and hence, after simple algebraic transformations, we get

2k 1 1
-5 cos—ﬂ —=—=vV11 (cos (g (ti + 55 arctanz—)»
q

11 2

1 Pq
+ cos <g (tj + rj arctan m))) , @

where p = 5v/5, q= 8775 + 1958, s;, r; are the signs
and t,, := 2(n — 1)7 for every n = 1,2,...,5. By using the
Mathematica software we have found the following sequences
of the values of indices k, ¢, 7 and the signs s;, r; for which
both the above identities hold true:

ki 7 s r; |k @ 5 s rj
13 3 -1 -1}3 1 4 41 -1
1 3 4 -1 413 1 4 -1 -1
1 4 3 41 -1(]4 2 2 +1 -1
1 4 4 +1 414 2 5 41 +1
2 3 2 41 414 5 2 -1 -1
2 3 5 441 —-1{4 5 5 -1 41
2 4 2 -1 415 2 1 -1 -1
2 4 5 -1 -1|5 2 1 -1 +1
31 3 41 415 5 1 +1 -1
31 3 -1 415 5 1 +1 +1

III. QUINTIC POLYNOMIALS

In this section we discuss the monic irreducible quintic
polynomials f € Q[x]. If the equation f(x) = 0 is solvable
by radicals, the quintic polynomial f(z) is said to be solvable.
First let us consider the quintic polynomial in the reduced form

2® + asr?® + a1z + ag =0,
called the principal quintic form, and
$5+b1$+b0 :O,
called the Bring-Jerrard quintic form (see [1]).
It is known that if f(z) = 2° +az’ +b € Q*[z], i = 1,2,
where Q* := Q \ {0}, and disc f(x) > 0% then f(x) has
exactly one real root [24].

B.K. Spearman and K.S. Williams proved in [23] the
following result.

Theorem 1. Let a,b € Q* be such that the quintic trinomial
f(z) = 2°+ax+bis irreducible. Then f(x) is solvable if and
only if there exist the rational numbers ¢ € {—1,1}, ¢ > 0
and o # 0 such that
_ 5at(3 —4ec)
N 2 +1
Moreover, if we set

—4a5(11e + 2¢)
b= —————.
241

)

D=c+1,

2The discriminant of f.
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v =vVD+VD—¢eVD, vy = —VD — /D +eVD,
v3=—VD+VD+eVvD, vi=+vVD—+D—eVD,

5] v3vs s/ v2uy s/ vy 5[ V209
_ 1 _ 3 _ 2 _ 1
w=\p = w={ T =i

and w = exp(27i/5), then the roots of ¥+ ax + b are equal
to xo, T1, T2, T3, T4, Where

. 4
; ,
had E wkzuk
a
k=1
N w?uv/D/e N w¥uiD  wiulvD3 _[e
v vivg D’

= w'uy

1 V1V3
for every 1 =0,1,2,3,4.

For illustrating the application of the formulae from the
above theorem let us find the complex roots of polynomial

z° + 11z + 44,

which we get for parameters ¢ = 1, a = —1, ¢ = 2/11. By
using the above formulae, supported by Mathematica software,
we derive the following formulae

ro = A& — &2 — &3 — &4) =~ —1.87775,

r1=—A (6%51 teF o rete - 6%§4>
=~ 1.80012 — 1.44746%,

—A (6%51 +eFe —e e+ 6%§4>

—0.861241 — 1.9105¢,

Ty = fl;

€2

Q

T3 = T2,
where A = —{/11/5% and
1/5
£p = ((—1)’f+1(50x/5 —75) + \/18125 - 6169\/5) :

1/5
£ = (50\/5 + 75 + (—l)l\/18125 + 6169\/5) :

for k=1,2 and [ = 3,4.
J.A. Johnstone and B.K. Spearman in paper [11] proved the
following result.

Theorem 2. Let f(x) = 2% +x — a, where a € Z. Then f(z)
is not solvable by radicals unless a = r° + 1 for some integer
r, or a = +1,£6. The last case was discussed and proved
earlier by S. Rabinowitz [21].

B.K. Spearman and K.S. Williams in paper [24] proved also
the completely unexpected result, given below.

Theorem 3. There exist only five essentially different, irre-
ducible, solvable, quintic trinomials 2° +az? + b, a,b € QF,
namely: x° + 522 + 3, 2° + 5% — 15, 2% + 2522 + 300,
x® 4+ 10022 + 1000 and =° + 25022 + 625.
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IV. APPENDIX

In paper [31] we have presented the following formulae

(z—2sm4—ﬂ-)( 2s1n10—7r)< 2s1n12—7r)
13
13+3 13 3
— | "+ V132 —

21 871'
<Z—2sm1—3) ( 28111—) (Z+251 3
B /13—3@22 /13+3

2

with the suggestion that they can be derived on the basis of
formulae given below

1-+v1 1
23_'_7\/_322_2_’_@

2 2

&)

(2200527 (2-2c05 7 (22005 X
= |z 60813 z 60813 z C0813 ,

1 13 13+3
23++T\/_22_ _\/—T_F (6)

_ 9 ‘471' 9 ‘1071' 9 127
= | z—2cos 13 z—2cos 13 z—2cos 3

To explain it better we decided to “reveal” here the details
of the proof. Thus, by proving decomposition (3) and (4) we
used the following relations

8 47 107 . 127r_,<i% 71“%)
Slnlgsm 13 Sin 5 =te e

[0F:d 10 212 12
% (elw _ e*ll—g’r) (ell—f —e M—:f)

2 6m 8
—2sm1—3+251n§—2sm13
4 107 127
2sin — + 2sin —— + 2sin ——
<sm 13—|— sin 3 + 2sin 13)
— 642 (05 2T 4 cos O 4 cos OF
= cos 13 00813 cos 13
4 107 127 (5) 13+ 3V13
_4 = -/
(COb 13 Sy e 13)(6) 5
4 4_7r 107T+ 4_7r 127T+. 107 127\
31n13s1n—13 31n1351n—13 sin 13 sm—13 =
— 9 (o8 2T 4 c0s T 4 cos OF
= 00813 00813 cos 13
4 10 12
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4 107
=2 — +2 —— + 2sin —
sin 13 + 2sin 13 + 2sin 13
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27 6 . 8w
(2SIHE+2S1 el 2Sln§)

= 6+2 ((cos X + cos = 1 cos o
- COST3 T3 13

—4 COS2—7T+COS6—7T—COS87T )13-3
13 13 13 () 2
i (i 27y 67 2T 8T 6m 8w
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9 4 n 107 Le 127r
=2|cos — + cos —
13 13 "3
2 61 (5)
-2 — — —V13.
(co& 13 + cos 13 + cos 13) s
In order to complete the collection of formulae (3)-(6) we
give additionally the decompositions connected with the values
of tangent and cotangent functions of the respective ternary
sets of arguments {22, 52 3%} and {42 0% 121} They are

13 137 13
of the following form

_tan ¥ _tap 107 _tan 127
X an13 X an 13 X an 13
= 2% — /65 — 18V132% + (13 — 4V/13)2 — /65 — 1813,

since from formulae (3)-(6) we easily obtain the equalities

¢ 4 ta. 107Tt
AN g tan T tan e

127 2 sin 1” 2sin == 10” 2sin 1123”

" 2cosiz 1 2Z2cos 4 10” 2 cos 1123”

13-3v/13
D) _ V13-3 _
VT 1 \/26 —6vV13 = \/65 — 18v13,
2
ta 4 4 tan 107 4 tan 127w tan 4w ta 107rt 127
n— —_— = — tan — —_—
13 13 13 13 13 137

3The following identity holds
tanz + tany + tan(km — ¢ — y) = tanz tany tan(km — z — y)
for the respective values of z,y € R and k € Z, which in turn implies the
identity
cot z cot y + cot x cot(km — x — y) + coty cot(km —z —y) = 1.
Moreover, if 1 + x2 + 23 = 27, 1, 22,23 € R\ 7Z, then the following
identities hold
—2(cot z1 + cot x2 + cot x3) sinx1 sin x2 sinx3
= sin® z1 + sin® x9 + sin® z3 = (sinzy + sinzg + sin 173)2
— 2sinx] sinxg — 2sinx; sinxzs — 2sin 2 sin 3.
Proof. We have

sin? 23
cotay + cotwy = ————— 2
sin 1 sin z2 sin 3

sin? xo
cotry +cotryg = ———mF—,
sinz sin x2 sin z3

sin? 21
cotry +cotrg =——"—"—,
sinz sin z2 sin z3

from which, by summing respectively by sides, we obtain the expected
equality. O
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the last formula implies the following one the form
1134313 VI3 6 ok
ot 5T 4 o 107 | oy 12m _ FPE 0 IT (= 2e0 57 ) =
13 13 13 _1,/13-3V13 k=1 21
1 2
\/— V2 (s 14v21 5 1-v21 5421
= 13+3VIB(VIZ - 1) = —-\/26 + 413, —\” 5 ¢ 2 2
3 1—+21 5, 14421 5++v21
tan4—ta 10—7T—|—t 4—7Ttan12—7r+t 10—7T‘ufaur112—7T " 2 v 2 o 2
13 13 13 13 13 13 6 5 4 3 2
e 47Tta 107 127r <C0t4W+COt10 » t127r) =z —2z° — 62" +62° +8x° —8x + 1.
= tan— tan —— — - -
13 13 3 13 13 13 Furthermore we have (see [29]):
V2 = 2 2
=\ 65— 18v13 b 26 +4v13 a:—2sin—7r a:—2sin8—7r 281n3—7r
21 21 21
2w . 8w 107
= —\/(65 ~18v13) (13 +2v13) = 13 - 4V13. = (x ~ 2sin ﬁ) (x — 2sin ﬁ) (x +2sin W)
The next formulae, derived by us on the way of algebraic tests 34 V3T 2 — 3+v2l x -+ V34T
2 2 2 ’

of the Lagrange algorithm, are as follows (we present them
without the proofs with respect to the length of this paper):

. 4m . 16w . 64w
Ar 107 127 T—2sin— ||z —2sin—— | |  — 2sin —
(a:—cot—) (x—ct—13)< t—) 21 21 21

13
= (x — 2sin 3—7{) (x — 2sin 2—7{) (x—i— 2 sin %)
=23 +—\/26+4 32+ — 65+18
V5 L VBAVT L, VI-3 VT3
=z° — T+ )
2 2 2
2 6m 8m 3 167 _ 51 327 10w __ Ur o0d
x—tan— x—tanﬁ a:+ta1r1E =z’ — SlnC§4ban Slnﬁ,blnz%—l——SHlW——San an
sin 57 = —sin g7 sin 57, which implies
65 — 18v/132% + (13 4+ 4v/13)x — \/ 65 — 181/13, 6 ok
H (x — 2sin —W)
8T k=1
(3? — cot —> (x cot —) (33 + cot ﬁ) =28 — V72® — 22* + 4VT2® — 82 + 1.

13— 9v/T322 4+ 2 — (65 _ 18\/@) V. SPECIAL FAMILIES OF POLYNOMIALS

There exist many special families of polynomials with the
well known sets of roots. However there is no any common

- — 9 cos 2_7T - — 9 cos 8_7T - — 9 cos 32_7r platform connecting these families and this is, to be honest,
21 21 21 a great challenge of our undertaking. Considering the special
o’ 81 117 families of polynomials, discovered by us, we want to empha-
= <x — 2cos ﬁ) (x —2cos ﬁ) <x + 2cos E) size these ones, the origins of which can be found in Cardano’s
— formulae (see for example [28]). So if §2,,(z) denote the so

- 1 +2V 21 72— 1 _2V 21 T — 0 _2 21, called n-th Chebyshev polynomial defined by the relation

() := 2T, (g) :

4 167 64m
T —2cos — | | & —2cos o1 —2c08 where T, (cos 0) = cosnf is the n-th Chebyshev polynomial

21 21
Arr 5 - of the first kind, then the following decompositions hold
= <x—2cosi) (x—l—Qcosﬁ) (x—|—2cos ﬁ) N 1 N N
s 1-421 , 14421 54401 (vp) Qn(jl—)—q:l—[(x—% —0),
=x° — T° - T — , k=0
2 2 2
. n—1
since cos 18T = — cos 5T, cos 32T = cos L™ = — cos L7 and (&4 2k+1 —2k—1
21 21° 21 21 21 vV-p)"Q, | — = — b ’ ,
cos 624—1” = —CO0S o7 = COS 20—”. Finally the last formula is of ( 2 /P te k[[() (x a o0 )
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where ¢ = exp(im/n), a and b are any values from among
the n complex values of the following roots (respectively):

i3 (e vm=w0). {3 (- V=),

These formulae lead to many special cases, they generate many
trigonometric identities. However the disadvantage of these
identities is their dependence only on two complex parameters
p and ¢, no matter what is the value of the discussed poly-
nomial degree. We also observe some calculating difficulties
— however just on the same kind as in case of the classical
Cardano’s formulae.

VI. CONCLUSIONS

Our attempt of making the algorithms, serving for symbolic
determination of the complex roots of some real polynomials,
more effective brought us many practical advantages. We
have obtained the algorithms behaving better, at least in the
cases emphasized by us, in comparison with, for example, the
procedures used in Mathematica software. By the way we have
generated many original identities and we have discovered
new relations. We have also learned to avoid verious traps
appearing in the course of using the algebra of complex
numbers. Considering the future plans we intend still to seek
the families of polynomials with the known description of
roots. Also the form of realizing our mega-algorithm, which
should end our future investigations, still remains questionable.
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