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Abstract

The test of homogeneity for normal mixtures has been conducted in diverse re-
search areas, but constructing a theory of the test of homogeneity is challenging
because the parameter set for the null hypothesis corresponds to singular points in
the parameter space. In this paper, we examine this problem from a new perspective
and offer a theory of hypothesis testing for homogeneity based on a variational Bayes
framework. In the conventional theory, the constant order term of the free energy
has remained unknown, however, we clarify its asymptotic behavior because it is nec-
essary for constructing a hypothesis test. Numerical experiments shows the validity
of our theoretical results.
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1 Introduction

Mixture models are very useful for describing the data that comprises the effects of several
different factors. These models have been used in various fields, including pattern recogni-
tion, clustering analysis, and anomaly detection|l]. Identifying the number of the clusters
that affect the data is a very important problem, and a hypothesis test is one useful tools
for this purpose. This type of the tests is called testing homogeneity. Testing homogeneity
has been considered for various mixture models, but its use for normal mixture models has
been studied especially|2].

Theoretically, mixture models often have singularity in their parameter space where the
Fisher information matrix becomes singular. This results in the log likelihood ratio not
converging to x? distributions, unlike the case of the regular models. This is why testing
homogeneity for mixture model is theoretically challenging. [3][4].

To circumvent this problem, various methods have been proposed, such as the modi-
fied likelihood ratio test, a method that adds a regularizing term [3][6], a D test|7], and
applying an expectation-maximization (EM) algorithm for calculating the modified likeli-
hood ratio[8][9], and so on. However, few studies exists that treats the problem based on
a Bayesian treatment.

For statistical inference using singular models, the properties and effectiveness of a
Bayesian treatment have been clarified through the learning theory|10]. It is natural to
consider the application of this theory to the problem of the hypothesis test using singular
models. However, theoretical studies with such motivation are still very limited.

In the Bayesian hypothesis test, one must calculate the test statistics, the marginal
likelihood ratio, from the posterior. In general, this procedure is costly, and an efficient

method is needed. Variational Bayes (also called variational inference)|11][12] is a popular



and useful method for fulfilling this requirement. However, to the best of our knowledge, no
studies have yet applied variational Bayes to the approximation of the marginal likelihood
ratio and used it to construct a hypothesis test has not been studied, especially for testing
homogeneity, as far as the authors know.

There have been some studies on the asymptote of the variational free energy for mix-
ture models[13][14]. One important results of these studies is that the phase transition is
induced by the hyperparameter. Phase transitions drastically change the behavior of the
test statistics, and the properties of the phase transitions must be studied to constructing
a hypothesis test.

Also, one must obtain the stochastic behavior of the test statistics for constructing a
Bayesian hypothesis test. Previous work has already shown that the stochastic term of
the logarithm of the test statistics (variational free energy) is O(1), while the leading term
is O(logn)[13] but in the previous work, the estimation of the variational free energy is
within the order of O(logn). Therefore, the estimation of the variational free energy to a
higher order is needed, but this has not been accomplished yet.

In this paper, we theoretically construct a new way to test for homogeneity of normal
mixture models based on the variational Bayes framework. We apply the scheme of the
variational Bayes to our problem and theoretically derive the asymptotic distribution of
the constant order term in the variational free energy, a task accomplished for the first
time to the best of our knowledge. We show that our model has the phase transition, and
we clarify the critical value. Also we derive the analytical expression of the variational free
energy on the order of O(1), when the hyperparameter ¢ is larger than the critical value.
We construct a new hypothesis test based on our results and demonstrate its validity with

numerical experiments.



2 Bayesian hypothesis test

In this section, we briefly review the framework of a Bayesian hypothesis test. We also
define our problem concretely and introduce the latent variables.
Let {X" = (X1, X5, ..., X;,) € R'} be sample, generated independently and identically

from a probabilistic model py(x|w),
po(@lw) = (1= a)N(0,1%) + aN (b, 1%), (1)

where a and N (b, 1) show the mixture ratio and the normal distribution whose average is
b and whose variance is 12, respectively. The parameter of this model is w = (a, b), where
0<a<1andbelR.

In the Bayesian framework, parameters wy is assumed to be generated from a prior

©(w), which is described as
wy ~ p(w),  Xi ~ po(zfw).
For testing homogeneity in a normal mixture model, the null and alternative hypotheses
are set as
N.H. : Wo ~ QO(](’UJ), Xz ~ po(:c|w0),
AH. : Wo ~ gol(w), Xz ~ po(:c|w0)

The marginal likelihood ratio can be written as,

[ e [Im(Xfu)du
L(X™) = i . 2)
[ oot TIm(Xifu)du

In this paper, we discuss the asymptotic properties of L(X"™) for the hypothesis test of

homogeneity.



We assume that the N.H and A.H are as follows,

wo(a,b) = d(a)i(b),
p1(a,b) = U,(0,1) x

1 1,
Noree exp <_Tﬂb )
where U,(0, 1) is a uniform distributions of @ on (0, 1).

The essentially difficult task is calculating the numerator of L(X™). This is equivalent
to the integration of the posterior in the parameter space, under the A. H. In the following
sections, we will discuss how to estimate this quantity and construct the hypothesis test
based on it.

First, we introduce latent variables {y;.} for convenience. The variable y;, € {0, 1}
shows to which cluster in the probabilistic model the sample X; belongs. Note that the
latent variables satisfy the relation ), v = 1.

Using the latent variables, the posterior under the A. H. can be written as,

1

12 Yik
plw fya} 1X") = o= T {are™ X217 oy w) (3)
"ok

where a9 = (1 —a) and a; = a, and by = 0 and by = b. We simply write the set of the

parameter{a, b} as w, and the summation of {y;;} is taken for all configurations, Z, is

7, = /dw Z H {ake_(Xi—bk)2/2}yik o1(1)

{vie} Kk



3 Variational approximation for conditional probabil-
ity p(w|X")

In this section, we approximate p(w, {y;x} , X™) using the variational Bayes approach. That

is, we derive a function ¢({y;})r(w) that minimizes the Kullbuck-Leibler divergence,

D(qr||p) = /dw > al{yah)r(w) log%'

{yan}
The ¢({yir}) and r(w) that minimize the Kullbuck-Leibler divergence should satisfy the

following conditions, which are derived from the variational principle.

q({yir}) o< exp [E, {log p(w|X™)}],
r(w) o< exp [Ey {log p(w|X™)}].

where E, {-} means the expected value with respect to r(w), and E, {-} means the expected

value with respect to q({yix}). The logarithm of p(w, {y;;}, X™) becomes
1
logp(w, {yi}, X") = ; ;yik {log %= 5 (Xi — 6mb)?
— nlog (2%02) + log p1(a, b), (4)
It is linear with respect to y;x, and we can easily derive r(w),

r(w) o exp [E, {logp(w, {yu}, X")}]

= 11 Ha%\/% {exp [—% (X; — 5k1b)2} }y;k

k
1

vV 2mo?

exp {—%bﬂ | (5)

where y;; means E, {y;}.



Similar to r(w), we can derive ¢({y;}), which becomes

q(yix) o< exp [;;ym {(logak> _ %«Xi B 5k1b)2>}]
1:[ 1;[ {eXP {(log ay) — %«Xi B 5klb)2>] }yik

where ({-}) is abbreviation of E, {-}.

The self-consistent equation that v, should satisfy becomes

i oxp | Qog ) = 5((X, = 3

In addition, the self-consistent equation a; should satisfy is

(log ax,) (Z Y + 1) (n+2),

where 1(+) is the digamma function.

From these results, r(w) can be written as,

r(w) o HH al* exp [——( +Zyk>]

X\
o2 i Yik

and (b) and (b*) should satisfy
Zi XiYik

b - ~ 1
) Ziyik—i-(%z

1
0y = (b)) + =——7.
(b%) = (b) S et L

We obtain the self-consistent equations for y;; as follows,
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i _ i 1
Yio O exp | Zyz‘o+1 —?/)(n+2)—§ 22]

Ya o< exp (¢ Z!fz‘l—i‘l —¢(n+2)_%<(Xi_b)2>]

= exp || tht+1]—2vn+2)

e e |

B — e
Ziyi1+o_l2

The variational free energy becomes

ot o D)
Fo= {q({yu})r(w)log (w, X )

= zl: zk: Yir log yar, + log %

1 AN - 1
+ glog <1+o Ei yﬂ>+ﬁ<b>
1 R , 1 A
+ 5;;%1% (Xi — Or1(bw)) +§ % Ek yix log (2m)

3 3 DO D v+ 1)
= Yir, 10g i, + log —
2 2 VORI S )

- %log <1+U2Zy§1> +%ZXZ-2

(X550 n
—=——F +=log(27m

The logarithm of the denominator of L is calculated as




Iy = —log/cpo(w)Hpo(Xi,w)dw
= —ZX2 log (2m)

Therefore, we obtain the logarithm of L,

- - r i Yk +1
F—F = Zzyzk log yik + log IEIZFECZZ yf:%_ 1))

- 11og <1+a > u> _QZZ;(%JI) (13)

We can extend the result above and obtain the variational free energy when the prior of a

is a Dirichlet distribution, ¢(a) oc (1 — a)®~ta®~t. The result is

B B - < F(Zk ZZ Yik + 2¢)
F—F = ;;Wl@gylﬁlog [T, vir + 0)

1 A (Z ?/1)
—|— —10 1+O'2 i — A L Ly
2 g( 2}%) 25+ &

'(2¢)
[1(T(¢))

If we can derive the asymptotic distribution of F' — Fj), we can construct a hypothesis test.

— log (14)

This requires the stochastic behavior of y;;. However, as discussed in the next section, the
variational free energy exhibits the phase transition when the hyperparameter ¢ changes,

This affects the configuration and stochastic behavior of ;.



4 Phase transition induced by the hyperparameter

In our problem, the candidates for the parameter sets that minimize the variational free
energy are those that corresponding to the null hypothesis. However, the parameter sets
that corresponds to the null hypothesis are not unique. Specifically, {y;1} that satisfies
>y, = O(1) and (b) = 0 is one candidate, but also {y;1 } that satisfies > y; = 0 is another
one.

In a previous study treating normal mixtures[13], the upper and lower bounds of the
asymptote of the variational free energy were derived within O(log(n)), and the existence
of the phase transition induced by the hyperparameter was proven. We can expect that
the phase transition to occur in our model as well, and it should be examined.

The phase transition affects the stochastic behavior of the variational free energy, the
test statistics. Therefore, we must study the effect of the phase transition and grasp what
kind of configuration is obtained as a function of the hyperparameter.This is the main
purpose in this section. We firstly show the existence of the phase transition and derive

the critical point ¢e,.
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4.1 Asymptotic form of F when ).y, is O(n)

Our purpose is to construct the hypothesis test, and we focus on a situation when the
hypothesis test is important, namely, one in which distinguishing two hypotheses is diffi-
cult. Specifically, when (b) is small and two gaussian distribution in the model are largely
overlapped, distinguishing the two distributions is difficult. We assume such a situation,
specifically (b) Xyax ~ 0,(1), under the null hypothesis.

Under these conditions, the following theorem holds.

Theorem 1. Under ) .y, is O(n) and (b) ~ o(1/y/logn), the asymptotic form of the

variational free energy becomes
F — Fy =logn + o(logn) (15)
under the null hypothesis.

Proof. Let us introduce y as Y. yin = ny and ny/n = o ~ O(1) for brevity. The self-
consistent equation of {y;; }becomes

n16<b>Xi—1/2<b2>

n — ny + nye®Xi—1/20?

Y =

+ Lo [X2(1 - 30 +20%) +a— 1] + O(())

11



Using this expression, (b) becomes

> YnX;
> Uit oe
> Xi(a+ (1 —a) () Xi +O((h)?))
s + 0—12

= X (1)

{b) =

Therefore, we obtain

- ZX O— (16)

3

yi1 becomes

Y =

_l_

<ZXJ')2 [ =1+ (1—3a+20%) X}

Let us calculate the variational free energy. For simplicity, we write 1;; as

2am?

Yin = a + Ay;
The entropy term becomes,
Z {yilogyin + (1 — yir) log (1 — yin) }
= Z (o + Ay;) log (o + Ay;)

7

+ [1— (a4 Ay;)]log[l — (a + Ay;)]
= nlaloga+ (1 —a)log (1l — a)]
+ ZAyzloga—log 1—a) +Z Ayz [—— L }

l—«

12



The sum of Ay; becomes

>au=o ()

and the sum of the square of Ay; becomes

1
S auf = (1 -are o ()
Therefore, the entropy term becomes
> Ayinlog g + (1= yin) log (1 — )}

—

2
20z5

:n[aloga+(1—a)10g(1—a)]+1

The other terms can be calculated as follows:

I'(n+29¢)
log T(ni + o)T(n — 11 + ¢)

1 1
= §logn— <n0z+¢—§> log «

— <n(1 —a)+¢— %) log(l —a) — %logQw—l— o(1)

1
- log (1 +U2Zyi1)

1 1
[logn+loga+loga2} + —log <1+ 2)
2 noao

12

N = N = DN

[logn + log o + log o] + o(1)

1(X Xiyin)? Lo . 1
_ o\ Agin) 2y L —

1
= _@52 +o(1)

13



By integrating them, we obtain the variational free energy

1 1
F = logn+(1—gb)loga—<¢—§) log(l—a)+§loga2

1 ['(2¢) 1
— =€ +log = — —log2m + o(1) (17)
2 [IT(¢) 2
From these results, we obtain
F — Fy =logn + o(logn), (18)
and the proof is completed. O

4.2 Asymptotic form of F' when ) y;1/n — 0

Theorem 2. Let us define the function f(y;) as,

Fly) = > {ynlogyn + (1 — i) log (1 — yi)}

(> Xayjn)?
2 (n1 + ]./0'2)

When we fix ). yi1 = n, the minimum of f(y;1) satisfies
fly;) = —nilogn + nylogn, —ny + o(1) (19)

and F' — Fy becomes

F—Fy=dlog nﬁ +logny + O,(1) (20)
1

Proof. In this case, the leading order of the logarithm of the ratio of the gamma function

is different from the previous case. It becomes

14



logI'(n + 2¢)
[Tlog (225 wir) + )

— (n1+¢—%)log(n1+¢) (n—nl)log<1——)+(9( )

= (n1 + ¢)logn

where we define ) . yi1 = ny.

Applying the method of Lagrange multipliers, we minimize the function as follows:

filyn) = Z {yn log i + (1 — i) log (1 — i)}

(Z Xyzl
— —2 (n1+1/0_2 - A (Zyzl )

The equation of the stationary condition is given as

- X X
a]il —log —21 — 2 Xt S —A=0 (21)
i L=y (i +1/0?)
By solving it with y;, we obtain
; 1 (22)
Y= exp(—A(X; — B))
where
A — Z yjl
(m +1/0?)
A
B = —
A

Let us assume that A > 0, and X; < X, < ... < X,,. This assumption does not lose the
generality. From the result of lemma 1 the proof of which is provided in the appendix, the
asymptotic form of the trimmed sum of X; becomes

Z X(m—>n1«/210g— (23)

i=n—mni1+1

15



where X(;), means the ith order statistics, and {X(i)n} satisfies

X £ Xom < oo < X

0< A<, /2log—
n

Using this, we can obtain

As 3, yin = ny, and lim,_,o > = 0, the number of y;; that satisfies ;; > 1/2 should not

be O(n). Therefore, B should go to oo when n — oo.

Let Z be a constant that satisfies 7 — oo and % — 0.

We will write the number of y;; that satisfies X; < B/Z as any, and =1 — a.

1

Xi| < B)Z = yjy =
Xil = B/ Y= + exp(—AX; + AB)

Let us split f(y;1) into the three parts,

flyn) = filya) + f2(yin) + f3(¥ir),

where

fi=>_ wilogyn + (1 —yn)log(l — yin)
X;<B/Z

fa= > wilogyi + (1 —yin)log(1 — yin)
X;>B/Z

fy=— (ZiXiyh)z
ST 2(ny + 1/0?)

From the convexity, f; satisfies the following inequality:

anq ang ang anq

fioz o[ Slos S (1= T log (1 7))

2

2T
= —anglogn + an;logan; —an; + a”—.
n

16

~ exp(—AB)

(24)



Also, because the minimum of the function g(y) = ylogy + (1 — y)log(1l — y) is g(y =

1/2) = —log2, f, satisfies

> yilogyin + (1= yin) log(1 — gi) > —Bny log2
X;>B/Z

As for f3(yi1), the term ), X;y;; in the numerator satisfies

ZXi?ﬁl = Z Xiyin + Z Xiya

X;>B/Z X;<B/Z

IN

Z Xi | + Z Xy

Xi>B/Z X;<B/Z

= [m 1/2logﬁn1 +;Xa

an; =nexp (—AB).

In the last line, we use the result,

Therefore,

ZXy21<a— Z X+ﬁn1,/210g5n
Xi<B/Z

The condition in which equality is satisfied is « = 1, 8 = 0, and

2
1 (amd Sy cnys Xi)

f3(vir) > 5 (1 + 1/0%)

(29)

(30)

(31)

(32)

We can see that the o and 3 that gives the maximum of f; + fo under o + 3 = 1 are also

a=1,=0.

Therefore, we obtain
f(yin) > —nq1logn + nylogny —ny + o(1)

17
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By adding the log gamma term to it, we obtain the minimum of the variational free energy,
n

F —F,=¢log — logny + Op(1) (34)
1

U

From the results of Theorem 1 and Thereom 2, we can obtain the asymptotic behavior

of the variational free energy as a function of ¢ within the O(logn) as

¢plogn+o(logn) (¢ <1)
logn +o(logn)  (otherwise)

F—F():

This clearly shows that the phase transition exists in our model, and the critical value of
the hyperparameter ¢, is ¢., = 1. Note that this result and the critical value are different
from those obtained in the previous study[13], because our model and theirs have different
parameter space.

We should also note that the configuration of {y;;} of the solution is clearly different
depending on the value of the hyperparameter. When the ¢ > 1, the solution satisfies
> yn ~ O(1). This means that the sample is described under the A. H. by the two
clusters that have a mixture ratio of the same order, but the mean of the one cluster may
slightly deviate from the origin. The hypothesis test scheme based on this can be regarded
testing whether the number of the cluster is one or not.

In contrast, when ¢ < 1, the ) y;; obtained as the solution is small. This means that
the vast majority of the sample is described under the A. H. by the one cluster whose mean
is located in the origin. The other cluster may have an arbitrary mean, but the mixture
ratio is very small. Under such circumstances, the hypothesis test scheme based on this
can be regarded as testing for the existence of outliers.

Our result shows that we should choose an appropriate hyperparameter suitable for the

purpose.
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5 Asymptotic form of the variational free energy on
the O(1)

In this section, we consider a situation in which it is difficult to distinguish whether or not
a sample is generated from one cluster. One such a situation is that in which n(a) is O(n),
but (b) is close to 0. From the discussion in the previous section, this corresponds to the
case in which ¢ > 1.

The following theorem on the asymptotic form of the variational free energy is derived

under the above assumption.

Theorem 3. The variational free energy of the two component Gaussian mixture becomes

P 1ogn_<¢—1>1og<¢—1>—(¢—§)10g(¢—%)

'(2¢)
[1(T(¢))

1
-3 log 27 + o(1) (35)

3\ 1, , 1,

when the hyperparameter satisfies ¢ > 1. Here, £ is a probabilistic variable that obeys
&~ N(0,12).

Proof. As proven in Theorem 1, the variational free energy becomes

1 1
F = logn+(1—¢)loga—<q§—§) log(l—oz)+§log02

— %52 + log 29 1 log 27 + o(1) (36)

[1T() 2

From the variational principle, « is determined as
a = argmin [F(a)] = ap (37)

19



Qv is the solution of Z—Z = 0, that is,

¢—1
g = 38
By substituting this into F', we can obtain
1 1
F = logn—(¢—1log(9—1) = (=5 ) log (¢ -3
3 1 1 I'(2¢)
+ 2¢——)+—loga2——£2+log7
( 2) 2 2 [1(T'(¢))
1
-3 log 27 + o(1) (39)
This is the result that we want to derive.
O

In Figure [Il «y is plotted as a function of ¢.We can see that o shows the power-law

behavior around the critical point ¢., = 1, from the form of o derived above. That is,

Qo ~ (¢ - ¢Cr)_l (4())

20
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Figure 1: Variational parameter o that minimizes variational free energy F' as function of
the hyperparameter ¢.

Figure [Tl shows that the stochastic behavior of the variational free energy is determined

by £. Under the N. H., ¢ follows a standard normal distribution and the distribution of the

variational free energy can be described by a x? distribution. The validity of these results
are examined in the next section.
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6 Numerical Experiment

In this section, we show the result of our numerical experiments to examine the validity of
our theoretical results.

First, to see the validity of the asymptote for a finite sample size, we compared the asymp-
tote with one that is numerically calculated by an iterative algorithm, the variational
Bayes-EM (VB-EM) algorithm. We set the hyperparameter as a sufficiently large value,
¢ = 20, and calculated the asymptote in cases in which n = 200, 400, 800, 1600, 3200, 6400
cases. To see the variance, we calculated them for 100 different sample set. The results are
shown in figure 2l We can see the theoretical asymptote and the numerical result match

well as a distribution.
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Figure 2: Comparison of variational free energy calculated by VB-EM algorithm with the
asymptote we derived for different sample sizes. Red triangles corresponds to the variational
free energy calculated from theoretically derived asymptote, and blue circles corresponds

to variational free energy numerically calculated by variational Bayes.

We also numerically calculated the rejection rates for a finite sample with the VB-EM
algorithm, and compared it with the threshold determined from the asymptote we derived.
We numerically calculated the variational free energy for many sample sets independently
generated from the null hypothesis, and determined the rejection rate as the ratio of the
number of the sample set whose variational free energy becomes less than the threshold to
the total number of the sample sets.

Through the numerical experiments, the hyperparameter was set as ¢ = 20 and we
evaluated the variational free energy for the 5000 sample sets generated from the null

hypothesis.
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The results are summarized in the table[Il The results show that the threshold derived
from the asymptote functions correctly. Therefore, we can conclude that the asymptotic

form of the variational free energy we derived is valid.

Table 1: Rejection rates calculated numerically by variational Bayes. Threshold is calcu-

lated from the asymptote of the variational free energy analytically derived in previous

section.
sample size rejection rates
n 10% | 5% | 1%
100 7.5% | 3.6% | 0.8%
200 8.5% | 4.3% | 0.8%
400 9.0% | 4.4% | 0.8%
800 9.9% | 51% | 1.1%

From the results we have shown, now the hypothesis test of homogeneity based on
variational Bayes, which we refer it to as the VB test, can be constructed as follows.

First, calculate the variational free energy from the sample numerically by VB-EM
algorithm. In this procedure, the hyperparameter ¢ should be set as greater than one.

Second, test whether the variational free energy is below the threshold or not, derived
from the asymptote we derived in Section 5. The stochastic behavior of the asymptote is
described by the square of the standard normal distribution, and it is easy to calculate the
threshold for the rejection rates one needs, by combining the well-known behavior of the

x? distribution and the asymptote we derived.
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7 Conclusion

We discussed a new hypothesis test for the homogeneity using variational Bayes. We
derived the variational free energy of the normal mixture model and showed that the
phase transition occurs when the hyperparameter ¢ in the prior. exceeds the critical value
¢ > ¢ = 1. We also derived the analytical asymptote of the variational free energy on
the O(1) in the ¢ > 1 phase. This enabled us to construct a new approach to testing for
homogeneity, the VB test.

The application of variational Bayes for hypothesis tests is not limited to the problem
we discussed in this paper. As future problems, it would also be interesting to construct

hypothesis tests for other singular models, using this framework.

A Proof of the Lemma 1

Lemma 1. Let X, X5,...X,, be an ii.d sample generated from the standard normal
distribution N(0,1?), and let X(;, be the order statistics of the sample, that satisfies
Xy < Xoyn <o < Xy

Let us consider the trimmed sum of the largest nith data from the sample. When

ny — oo and ny/n — 0, the asymptotic behavior of the sum is

= n
S = Z Xiyn — 2logn—1 + 0p(n1) (41)

i=n—mni1+1
proof of Lemma 1. As the normal distribution satisfies the von Mises conditions, the

asymptote of the n;th maximum values x(,—n, 11, satisfies

(X(n—nl—l—l),n — an) /bn — N(O, 1) (42)
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where a, = F7' (1 —2) and b, = /n1/ (nf(a,)), here F(z) means the cdf of X;, and
f(z) means the distribution function of X; (see Theorem 8.3.4 and Theorem 8.5.3 in [15]).

2
In our case, the asymptotic form of a, becomes a, — \/ 2log ;- —loglog (%) , by —

1,2 .
@\ﬁ?e 2% and the leading term of the X(,_p, 1) ,becomes

n
X(n—n1+1),n =ap + Op(;) (43)

Let us proof the lemma using this result. First, we split the X,_p,+1).n, ... X(n),n samples
by T groups that satisfy 1 < T" < n; < n. Each group contains [n,/T] terms.

The maximum in the ¢ + 1th group, Y;,; satisfies

Yir < /2log n/(nl*t/T))+0p(%)

(

= /2log (n/n1) + 2log (T /1) + op(%)

= /2log (n/n1) x \/1+ log (T/t)/ log (n/ny) +op(%
< /2log(n/n1) x (1+log (T/t)/log (n/ny))

= /2log (n/n1) + v2log (T/t)/\/log (n/n1)

)
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Therefore,

T-1
% ZY}H + %\/2logn
t=1

(rh.s) = %(T—l) 21og (n/n1)

v V2(T — 1) /\/log (n/m) + %\/2 logn

ny
< nl—?> 2log (n/n4)

ol ogn/ny log
+ (\/21g /1 + V2 Fg(n/m)

ny flognl N
T gty T

III M
5
T
VAN

= 2log (n/n1) + =

If we choose T that satisfies 1 < T' < ny < n properly, e.g., T' = /n;, the second term

becomes 0,(n;). and the lemma is proven.
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