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LETTER
New Family of Polyphase Sequences with Low Correlation from
Galois Rings∗

Linyan YU†a), Student Member, Pinhui KE†b), and Zuling CHANG††c), Nonmembers

SUMMARY In this letter, we give a new construction of a family of
sequences of period pk −1 with low correlation value by using additive and
multiplicative characters over Galois rings. The new constructed sequence
family has family size (M−1)(pk−1)r pkr(e−1) and alphabet size Mpe. Based
on the characters sum over Galois rings, an upper bound on the correlation
of this sequence family is presented.
key words: Galois rings, character sum, correlation, polyphase sequence

1. Introduction

Pseudorandom sequences with low correlation have impor-
tant applications in digital communications, radar ranging
and cryptography [2], [3], [20]. For instance, a sequence set
with sequences at least 2 can be used in the direct sequence
spread spectrum (DSSS) system, in which each transmitter
uses a unique sequence as its signature [4]. In this case, not
only the low autocorrelation is preferred, but also the low
cross-correlation is expected to extract the signal of the de-
sired user from the rest of users. However, the maximum
correlation magnitude of sequence sets is bounded from the
well known Welch bound [5].

Let S be a family of M polyphase sequences of period
N, denoted by

S = {si = {si(t)}N−1
t=0 : 0 ≤ i ≤ M − 1},

where each si(t) is a q-th root of unity for all 0 ≤ t ≤ N − 1.
For sequences si, s j ∈ S , the periodic cross-correlation of si
and s j is given by

Rsi,s j (τ) =

N−1∑
t=0

si(t)s∗j(t + τ), 0 ≤ τ ≤ N − 1,

where s∗ denotes the complex conjugate of s. The periodic
autocorrelation function of si at the shift phase τ is denoted
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by Rsi (τ) if si = s j. Then, the maximum magnitude θmax of
the sequence family S is given by

θmax = max{θa, θc},

where

θc = max{|Rsi,s j (τ)| : 0 ≤ i , j ≤ M − 1, 0 ≤ τ < N},
θa = max{|Rsi (τ)|, |Rs j (τ)| : 0 ≤ i ≤ M − 1, 0 < τ < N}.

From [5], we knew that the Welch bound of any se-

quences set S is θmax & f (M)
√

N, where f (M) =

√
(M−1)N
MN−1 ,

and the Welch bound θmax &
√

N if the family size M grows.
Given the period of the sequences in a sequence family, the
size of this sequence family seems to be limited. Therefore,
this leads to a tradeoff between the maximum correlation
and family size in a sequence family. Up to now, some re-
sults on the construction of sequence families with low cor-
relation and suitable family size has been widely concerned
[6]–[19], we also list the known families of sequences in
the Table 1. Although the maximum correlation values of
some sequence families in Table 1 asymptotically satisfies
the Welch bound, their family sizes are not large enough.

One powerful tool to construct new sequence families
are characters over finite fields or rings. In [6], a family of
sequences is constructed based on the additive and multi-
plicative characters over prime field. The estimation of hy-
brid character sums is used to obtain the bounds of the max-
imum correlation. Ke et al. [7] generalized the sequence
family introduced in [6] to a general finite field. Recently,
Zhou et al. [8] obtained a class of asymptotically optimal
polyphase sequence family by using the additive and multi-
plicative characters over finite field. Gu et al. [9] extended
the sequence family in [8] to the Galois ring. Inspired by
above ideas, we will generalize the sequence families over
Galois rings in [9] to get a new family of polyphase se-
quence with a larger family size, while keeping low correla-
tion.

The rest of this paper is organized as follows. Sec-
tion 2 introduces the notation and related results. In Sect. 3,
we present a new family of sequences by using the additive
and multiplicative characters over Galois rings. The upper
bound on the correlation of this sequence family is obtained
by the estimation of characters sum. Section 4 concludes
this letter.
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2. Preliminaries

Let p be a prime, k be a positive integer and q = pk. Let
e ≥ 1 be a fixed integer. A monic polynomial f (x) ∈ Zpe [x]
is said to be a basic irreducible polynomial of degree k if
f (x) mod p ∈ Zp[x] is a monic irreducible polynomial of
degree k. The Galois ring GR(pe, k) of characteristic pk is
defined by

Re,k = GR(pe, k) = Zpe [x]/〈 f (x)〉,

where f (x) is a basic irreducible polynomial of degree k over
Zpe . Let βk ∈ Re,k such that the order of βk is q − 1 and
define T∗e,k = 〈βk〉. Re,k is a local ring with unique maximal
ideal pRe,k. The unit set R∗e,k = Re,k \ pRe,k in Re,k is a
multiplicative group with the following structure

R∗e,k = T∗e,k × (1 + pRe,k).

It can be shown that every element z ∈ Re,k has a unique
p-adic representation

z = z0 + z1 p + z2 p2 + · · · + ze−1 pe−1, zi ∈ Te,k,

where Te,k = T∗e,k ∪ {0}.
Let τk(z) be the Frobenius map of Re,k over Zpe given

by

τk(z) = zp
0 + zp

1 p + zp
2 p2 + · · · + zp

e−1 pe−1.

Then τk is a generator of the Galois group of Re,k/Zpe . The
group is a cyclic group of order k.

The trace mapping Tr : Re,k → Zpe is defined by

Tr(z) = z + τk(z) + · · · + τk−1
k (z), z ∈ Re,k.

2.1 Additive and Multiplicative Characters over Galois
Rings

An additive character of Re,k is a homomorphism mapping
from additive group (Re,k,+) to (C∗, ·) defined by

ψ(v) = e
2πiTr(v)

pe , v ∈ Re,k.

It is easily seen that ψ is an additive character of Re,k, called
the canonical additive character. For u ∈ Re,k, define ψu(v) =

ψ(uv). ψu is also an additive character. In the case u = 0,
we call ψ0(v) trivial additive character. Otherwise, we call
it nontrivial. In fact, {ψu}u∈Re,k consists of all the additive
characters of Re,k.

Let g be a fixed primitive element of T∗e,k. For 0 ≤ l ≤
q−2, the canonical multiplicative character χ can be defined
by

χ(gl) = e
2πil
q−1 .

For 0 ≤ j ≤ q − 2, define χ j(gl) = χ(gl j). χ j is also an mul-
tiplicative character of T∗e,k. Given two characters χ j and

χ j′ , one can form the product χ jχ j′ by setting χ jχ j′ (g) =

χ j(g)χ j′ (g) for all g ∈ T∗e,k. χ j’s are all the multiplicative
characters of T∗e,k and form a cyclic group with q − 1 ele-
ments. The order of each character χ j is a divisor of q − 1.

2.2 Estimates of Characters Sum over Galois Rings

Let f (x) be a polynomial over Re,k with f (0) , 0 and f (x)
not identically 0. A unique p-adic representation of f (x) is
given by

f (x) = f0(x) + f1(x)p + · · · + fe−1(x)pe−1,

where fi(x) is a polynomial of degree di with coefficients in
Te,k for i = 0, 1, . . . , e − 1. Define the weighted e-degree of
f (x) by We( f (x)) = max{d0 pe−1, d1 pe−2, . . . , de−1}.

Definition 1: Let f (x) be a polynomial as above and
fi(x) =

∑di
j=0 fi, jx j, where fi, j ∈ Te,k. For 0 ≤ i ≤ e − 1, 0 ≤

j ≤ di, the polynomial f (x) is called nondegenerate if
fi, j ≡ 0, j ≡ 0 (mod p).

The following two well-known lemmas on the charac-
ter sums will be used to estimate correlation function of se-
quence families.

Lemma 1: ([20]) Let f (x) ∈ Re,k[x] be nondegenerate with
weighted e-degree We( f (x)) and ψe,k a nontrivial additive
character of Re,k. Then

|
∑
ξ∈Te,k

ψe,k( f (ξ))| ≤ (We( f (x)) − 1)
√

q.

Lemma 2: ([20]) Let f (x) ∈ Re,k[x] be nondegenerate with
weighted e-degree We( f (x)), ψe,k a nontrivial additive char-
acter of Re,k and χ a nontrivial multiplicative character of
T∗e,k. Then

|
∑
ξ∈T∗e,k

ψe,k( f (ξ))χ(ξ)| ≤ We( f (x))
√

q.

3. Construction of a New Sequence Family from Galois
Rings

In this section, we will construct a new family of polyphase
sequences from the additive and multiplicative characters
over Galois Rings. Let Re,k = GR(pe, k) and ξ ∈ Re,k with
order q − 1.

Construction 1: Given integer r, 0 < r ≤ p − 1, denote

Dr = {(a; br, br−1, . . . , b1)|1 ≤ a ≤ M−1, bi ∈ R∗e,k, 1 ≤ i ≤ r},

where M is a positive integer satisfying M|q − 1. Let d =

(a; br, br−1, . . . , b1) ∈ Dr, for 0 ≤ t ≤ q − 2, the sequence sd
is then given by

sd(t) = ψ(
r∑

i=1

bi(ξt)i)χa(ξt),

where ψ is a nontrivial additive character of Re,k and χ is a
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Table 1 Comparison of parameters and maximum correlations of several sequence families.

Family of sequence Period family size alphabet θmax θa

Kasami [10] pk − 1 1 + p
k
2 p 1 + p

k
2 1 + p

k
2

Frank et al. [11] p2 p − 1 p p 0

Sidelnikov [12] pk − 1 pk p 1 + p
k
2 1 + p

k
2

Kumar and Moreno [13] pk − 1 p
k
2 p 1 + p

k
2 1 + p

k
2

Liu and Komo [14] pk − 1 p
k
2 p 1 + p

k
2 1 + p

k
2

Moriuchi and Imamura [15] pk − 1 p
k
2 p 1 + p

k
2 1 + p

k
2

Boztas et al.; Udaya et al. [16], [17] pk − 1 1 + pk 4 1 + p
k
2 1 + p

k
2

Udaya et al.; Tang et al.; [17], [18] p(pk − 1) pk 4 p + p
k+1

2 p + p
k+1

2

Schmidt [6] p (p − 2)pr p(p − 1) 2 + (r + 1)p
1
2 2 + rp

1
2

Ke [7] pk − 1 (M − 1)pkr Mp (r + 1)p
k
2 + 3 (r + 1)p

k
2 + 3

Chung et al. [19] p2 − p p p p p

Zhou et al. [8] pk − 1 pk − 1 p(pk − 1) p
k
2 1

Gu et al. [9] pk − 1 pek − 1 pe(pk − 1) pe−1 p
k
2 pe−1 p

k
2

This paper pk − 1 (M − 1)(pk − 1)r pkr(e−1) Mpe rpe−1 p
k
2 (rpe−1 − 1)p

k
2

nontrivial multiplicative character of T∗e,k with order M. For
0 < r ≤ p − 1, the sequence family S is denoted by

S = {sd |d ∈ Dr}. (1)

It is easy to see that the period of this sequence family
is pk − 1 and has family size (M − 1)(pk − 1)r pkr(e−1). In the
following, we provide an upper bound on the correlation of
this sequence family in Construction 1.

Therorem 1: Let S be the sequence family defined in (1).
Then the upper bound on the correlation of S is given by

θmax(S ) ≤ rpe−1
√

pk.

Proof 1: For any two sequences sd and sd′ in S , we denote
d = (a; br, br−1, . . . , b1), d′ = (a′; br′ , br−1′ , . . . , b1′ ) then we
have

sd(t) = ψ(
r∑

i=1

bi(ξt)i)χa(ξt), sd′ (t) = ψ(
r∑

i=1

bi′ (ξt)i)χa′ (ξt).

Let b(x) =
∑r

i=1 bixi and b′(x) =
∑r

i=1 bi′ xi. For all 0 ≤ τ ≤
q − 2, we have

Rsd ,sd′ (τ) =

q−2∑
t=0

ψ(b(ξt))χa(ξt)ψ∗(b′(ξt+τ))χa′∗(ξt+τ)

=
∑

x∈T∗e,k

ψ(b(x) − b′(θx))χ(xa(θx)M−a′ )

= χ(θM−a′ )
∑

x∈T∗e,k

ψ(g(x))χa−a′ (x),

where θ = ξτ, g(x) = b(x) − b′(θx). Thus we discuss the
following two cases.

Case 1: when d = d′, we only need to consider the
nontrivial correlation of Rsd , that is θ = ξτ , 1. Since d = d′,
then χa−a′ (x) = χ0(x) = 1 and g(x) =

∑r
i=1(bi − biθ

i)xi.
By assumption bi ∈ R∗e,k, θ , 1, we have bi − biθ

i , 0.
For all 0 < r ≤ p − 1, the weighted e-degree of g(x) has

We(g(x)) ≤ rpe−1. Applying Lemma 1, we have

|Rsd (τ)| ≤ (rpe−1 − 1)
√

q.

Case 2: when d , d′, then a − a′ , 0 and
g(x) =

∑r
i=1(bi − bi′θ

i)xi. By assumption bi, bi′ ∈ R∗e,k and
(br, br−1, · · · , b1) , (br′ , br−1′ , · · · , b1′ ), we have bi − bi′θ

i is
not all zero. For all 0 < r ≤ p − 1, the weighted e-degree of
g(x) has We(g(x)) ≤ rpe−1. Applying Lemma 2, we have

|Rsd ,sd′ (τ)| ≤ rpe−1 √q.

The theorem follows. �

The following example illustrates the low correlation of se-
quence families in Construction 1.

Example 1: Let p = 2, e = 2, k = 3, w j = e
2πiTr(ξt+1)

j . From
Construction 1, let M = 7, r = 1, b1 = ξ. Therefore, we have
D1 = {(a; b1)|1 ≤ a ≤ 6, b1 = ξ}. Let d = (a; b1), for 0 ≤
t ≤ 6, the sequence sd is then given by sd(t) = ψ(b1ξ

t)χa(ξt).
For 0 ≤ t ≤ 6, we have

(χa(ξ0), χa(ξ1), χa(ξ2), χa(ξ3), χa(ξ4), χa(ξ5), χa(ξ6))

=



(1, w7, w
2
7, w

3
7, w

4
7, w

5
7, w

6
7), f or a = 1;

(1, w2
7, w

4
7, w

6
7, w7, w

3
7, w

5
7), f or a = 2;

(1, w3
7, w

6
7, w

2
7, w

5
7, w7, w

4
7), f or a = 3;

(1, w4
7, w7, w

5
7, w

2
7, w

6
7, w

3
7), f or a = 4;

(1, w5
7, w

3
7, w7, w

6
7, w

4
7, w

2
7), f or a = 5;

(1, w6
7, w

5
7, w

4
7, w

3
7, w

2
7, w7), f or a = 6;

and (wTr(ξ)
4 , w

Tr(ξ2)
4 , w

Tr(ξ3)
4 , w

Tr(ξ4)
4 , w

Tr(ξ5)
4 , w

Tr(ξ6)
4 , w

Tr(ξ7)
4 ) =

(w2
4, w

2
4, w4, w

2
4, w4, w4, w

3
4). By using the Magma program,

we get θmax(S d) ≈ 3.0669 < 4
√

2 and θa(S d) ≈ 2.2361 <
2
√

2.

We list the parameters of some known sequence fami-
lies in Table 1. From Table 1, the parameters and maximum
correlations of these sequence families and our construction
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are compared. The results show that the sequence family
constructed in this letter not only has low correlation but
also has a larger family size compared with other sequence
families with the same period.

4. Conclusion

In this letter, we have presented a family of sequences of
period pk − 1 with low correlation value by using additive
and multiplicative characters over Galois rings. Our result
can be regarded as a generalization of the constructions in
[9]. Compared with other known sequence families, new
constructed sequence families have low correlation and suf-
ficiently large family sizes.
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