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Masashi MIZOGUCHI*®, Member and Toshimitsu USHIO", Fellow

SUMMARY  The Smith method has been used to control physical plants
with dead time components, where plant states after the dead time is elapsed
are predicted and a control input is determined based on the predicted states.
We extend the method to the symbolic control and design a symbolic Smith
controller to deal with a nondeterministic embedded system. Due to the
nondeterministic transitions, the proposed controller computes all reachable
plant states after the dead time is elapsed and determines a control input
that is suitable for all of them in terms of a given control specification.
The essence of the Smith method is that the effects of the dead time are
suppressed by the prediction, however, which is not always guaranteed for
nondeterministic systems because there may exist no control input that is
suitable for all predicted states. Thus, in this paper, we discuss the existence
of a deadlock-free symbolic Smith controller. If it exists, it is guaranteed
that the effects of the dead time can be suppressed and that the controller
can always issue the control input for any reachable state of the plant. If it
does not exist, it is proved that the deviation from the control specification
is essentially inevitable.

key words: Smith predictor, symbolic control, dead time, approximated
alternating simulation, deadlock

1. Introduction

Dead times exist in many control systems such as chemical
plants, data networks, and remote control of space robotics
[1]. These dead times often degrade control performances
and influence the stability of the plant.

O. Smith introduced a predictor to improve the perfor-
mance of the controller when the plant has a dead time com-
ponent [2]. Shown in Fig. 1 is a structure of the closed-loop
system, where G[z] - z7F is a plant with a rational transfer
function G|[z] and a dead time L, G[z] is a controller such
as a PID controller designed for G[z], and P[z] is a model
of G|z]. If P[z] = G|z], the transfer function from r to y is
given by
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Apparently, (1) implies that the dead time component is
out of the feedback loop and the output y[k] is controlled
based on the delayed reference r[k — L]. Intuitively, the

Manuscript received January 10, 2021.
Manuscript revised April 5, 2021.
Manuscript publicized May 14, 2021.
TThe authors are with the Graduate School of Engineering Sci-
ence, Osaka University, Toyonaka-shi, 560-8531 Japan.
*Presently, with the Research and Development Group, Hitachi
Ltd, Hitachi-shi, 319-1292 Japan.
**This work was supported by JST ERATO Grant Number JP-
MIJER1603, Japan.
a) E-mail: mizoguchi@hopf.sys.es.osaka-u.ac.jp
DOI: 10.1587/transfun.2021EAP1002

Gelz] Glz] -zt
Plz] ‘J L Plz] -z L > ¥

Fig.1  The block diagram of the (classical) Smith controller.

system P|[z] predicts the state of the plant after L times, and
the minor loop consisting of G.[z] and P[z] determines a
control input that is suitable for the predicted state. The
Smith controller and its modifications and extensions have
been studied [3], [4]. The Smith controller is also extended
to nonlinear systems [5] and digital controllers [6]. The key
point of Smith controllers is that controllers are successfully
extended to control plants with dead times by predicting
plant states after the dead times are elapsed.

On the other hand, symbolic approaches have gathered
attentions for the control of embedded systems in order to
deal with complicated control specifications and nondeter-
ministic transitions [7]-[9]. Recently, an approximate con-
tractive alternating (bi)simulation relation (acASR) is intro-
duced, which enforces robustness against abstraction errors,
sporadic disturbances such as packet dropouts, and input
errors [10]-[12]. The authors extended the acASR-based
symbolic synthesis to partial observation and delayed sys-
tems [13]-[17]. These approaches are extended to networked
control systems [18], [19]

Especially, in [16], the authors proposed a framework
of a symbolic Smith controller, which proves that the Smith
method is applicable not only in the classical control but also
in symbolic control. A symbolic controller designed for a
plant with no dead time is successfully extended to control a
plant with a dead time by adding a predictor on plant states
after the dead time is elapsed. Note that this is same as (clas-
sic) Smith controllers in terms that G.[z] stabilizing G[z] is
still useful for G[z] - z~F by adding a predictor as shown in
Fig. 1. In contrast to the other approaches [20]-[23], it is
proved that the control performance does not degrade by the
dead time and that the controlled plant still satisfies a control
specification. However, it should be guaranteed that there
always exists a control input that is suitable for all predicted
states if the plant has nondeterministic transitions, which has
not been considered.

Thus, in this paper, we discuss the design of a deadlock-
free symbolic Smith controller for a plant with nondetermin-
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istic transitions and show the condition for the existence of
the controller. If the deadlock-free controller exists, it is guar-
anteed that the effects of the dead time can be suppressed
and that control inputs are always issued for any reachable
states of the plant. If it does not exist, it is shown that the
effects of the dead time cannot be suppressed and that the
degrade of the control performance is essentially inevitable.

2. Symbolic Control

In this section, we review several notions of symbolic control
and show an existence condition of a symbolic controller for
a plant with no dead time.

2.1 Notations

Let Z, R, Z5¢, and Rx( be the sets of integers, real num-
bers, non-negative integers, and non-negative real num-
bers, respectively. For any x € R, | x| € Z is defined by
lx] :=max{n € Z | n < x}. Forany a € R and any b € R
such that a < b, [a,b[C R and [a,b] C R are defined by
[a,p[ :={x e R|a < x <b}and [a,b] :={xeR|a <
x < b}, respectively. For a given set A, denoted by 24 is the
power set of A: 24 := {A’is aset. | A’ C A}. For given sets
B and C, denoted by B€ is a set of all mappings from C to
B.

2.2 Symbolic Systems and Approximate Relations

The following definitions refer to fundamental notions for
the symbolic control [11].

Definition 1 A system S is a tuple (X, Xy, U, r), where

¢ X is a set of states;

* Xp C X is a set of initial states;

* U is a set of inputs; and

e r: X x U — 2% is a transition map.

Forany x € X, let U(x) = {u € U | r(x,u) # 0}. We extend
the transition map r : X X U* — 2% in the following ways:
1. r(x,e) = {x}; and
2. r(x,to) ={x" € X |3x" € r(x,t) : x"" € r(x’,0)},
where ¢ is the empty string, and U* is a set of all finite input
strings over U. A deadlock state x € X is a state such that

U(x) = 0, and we say that S is deadlock-free iff the following
condition is satisfied:

VxeX: Ux)#0.

Let S = (Xl,Xl(), U1,I’1) and S» = (X3, X»0, Us, rz) be
two systems. For a relation R C X; X X» X Uy X Uy over
the state sets Xj, X> and the input sets Ui, U, denoted by
Rx € X| X X; is a projection of R to the state sets Xj, X, as
follows:

Rx ={(x1,x0) € X1 X Xp | Juy € U,3up € U, :
(x1,%2,u1,u2) € R}.
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In addition, for a parameterized relation’ R(e) C X1 X X X
U x U, over the state sets X, X» and the input sets Uy, Ua,
denoted by Rx(e) C X; X X, is a projection of R(e) to the
state sets X1, X» as follows:

Rx(€) = {(x1,x2) € Xy x X5 | Juy € Uy,3up € Uy :

(x1,x2,u1,u2) € R(e)}.

Then, the following definition describes an approximate con-
tractive alternating simulation relation between two systems.
Let S; = (X1, X10,Uy,r1) and Sy = (Xa, X290, Ua, 12) be two
systems, let x,4 € Ry, B € [0, 1[ be some parameters, and
consider amap d : U; X Uy — Ryp. We call a parameter-
ized (by € € [k, o) relation R(e) € X| X Xo x Uy X U, a
k-approximate (3, 1)-contractive alternating simulation rela-
tion ((, B, 4)-acASR) from S; to S, with d if R(e) € R(¢’)
holds for all € < €’ and the following two conditions hold
for all € € [k, o0[:

1. Vx10 € X10,3x20 € X209 : (x10,%20) € Rx(k);
2. Vx; € X1, Vu; € U (x1), Vx, € Xp, Juy € Uz(xZ)Z

(x1,X2) € Rx(€) = [(x1,x2,u1,u2) € R(€)] A
[Vxé € ra(x2,up),3Ax] € ri(x1,u1) :
(x],x7) € Rx(k + Be + /ld(ul,uz))] .

If R(e) is (0,0,0)-acASR, we simply call R an alternating
simulation relation (ASR).

LetS = (X, Xo,U,r)and S¢c = (X¢, Xco, Uc, rc) be two
systems, and consider a relation Re(e) € Xe X X X Ue X U.
We call the pair (S¢, Rc(€)) a controller for S if there exist
parameters k,A € Rsg, B € [0,1[, and a map d¢ : Uc X
U — Ryq such that Rc(¢€) is a (k, 8, 1)-acASR from S¢ to
S with dg.  Intuitively, Sc is a system that describes all
feasible behaviors for S. In this sense, we call S¢ the control
specification for S. By the pair (S¢, Rc(€)), behaviors of the
plant S and those of the specification S¢ are synchronized
with respect to Rc(€), which implies that the specification is
enforced on the plant.

Definition 2 Let S| = (Xl,Xl(), U],rl) and $» = (Xz, X20,
U,, 1) be two systems, and let R € X; X X, X Uy X U, be
a relation. We define the composition of S; and S, with
respect to R, denoted by S := S; Xg S» = (X, Xo, U, r) where

e X =X X Xp;

* Xo = (X10 X X20) N Rx;

e U =U; XxUy;and

sr: XxU — 2% is defined as follows: (x],x;) €
r((x1, x2), (1, up)) iff

[xl’ € rl(xl,ul)] A [xé € rz(xz,uz)] A
[(x1,x2,u1,u2) € R] A [(x],x}) € Rx] .

TWe consider a parameterized relation for finite abstraction of
(possibly) infinite transition systems. Intuitively, the parameter
€ describes bounded errors between the actual and the finite ab-
stracted plant states. An example of such parameterized relation is
shown in Sect. 4.
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If R(e) is a (k,,1)-acASR from S; to S, with d, we re-
place the above definitions of Xy and r with the following
conditions:

* Xo = (X109 X X20) N Rx(x); and
r: XxU — 2X is defined as follows:
r((x1,x2), (uy, up)) iff

(x],x}) €

[x] € ri(xiu)] A [x5 € (o, u2)| A
[(x1, x2,u1,u2) € R(e(x1,x2))] A
[(x],x}) € Rx(x + Be(x1, x2) + Ad(u1, u2))] ,

where e(x, x2) :=inf{e € [k, o[ | (x1,x2) € Rx(€)}.

2.3 Symbolic Controller Design without Dead Times

We review an abstracted controller proposed by Rungger and
Tabuada in [11] summarized as follows:

* Consider a finite abstracted model of a plant;
» Design a controller for the abstracted model; and
* Obtain a controller for the plant.

The following assumption formally imposes the existence of
the abstracted plant model and the controller.

Assumption 1 Let S = (X, Xp,U,r) be a physical plant
to be controlled. Assume the existence of a system
S = (X, XO,U 7) such that there exists a (k, /3, 1)-acASR
R(e) € X x X x U x U from § to S with d for some
k,A € Rso, B € [0,1[, and amap d : Ux U — Rsy.
We also assume that a controller for § is already given by the
pair (SC,RC) where S¢ = (X¢, Xco, Uc, rc) and the relation
Re € Xe x X x Ue x U is an ASR from S¢ to S.

Then, we have the following theorem that shows the config-
uration of the controller for the plant [11].

Theorem 1 Under Assumption 1, consider the composed
system Sc := S¢ Xp .S = (Xc,Xco,Uc, rc) and the follow-
ing relation Rc(€) € Xe X X X Ue X U:

Re(e) = {((Re, %), x, (A, i), u) € Xe x X x Ue x U |

[(£,x,@,u) € R(e)] A [(Rc, X, lc, ) € Rel}.

@)
Then, the pair (S¢, Rc(€)) is a controller for S.

Theorem 1 implies that we have a controller for S by
composing S¢c and . However, if there exists an input dead
time, the approach is not applicable. This is because they
are derived from relations that will probably be violated due
to the mismatch of states of delayed plants and those of
controllers. Then, in this paper, we extend this framework to
control delayed plants. We propose prediction in contexts of
symbolic control that is inspired from the Smith controller
in the classical control theory.
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3. Design of a Deadlock-Free Symbolic Smith Con-
troller

In this section, we design a deadlock-free symbolic Smith
controller. The procedures are summarized as follows. First,
we introduce a symbolic model of a delayed plant (Defi-
nition 3). Second, we design a symbolic Smith predictor
(Definition 4) and a system to feedback prediction errors
(Definition 5) equivalent to P[z] and P[z] -z~ L, respectively,
in Fig. 1. Third, we compose them and prove an acASR
implying that a control input can successfully be determined
in terms of a control specification (Theorem 2). Finally, we
introduce an operator to obtain a deadlock-free subtransition
system of the symbolic Smith controller.

3.1 Model of the Plant with the Input Dead Time

The plant with the dead time is modeled by the following

transition system.

Definition 3 We define a system with a dead time L

Sp = (Xp,Xpo,Up,rp) 3)
induced by S = (X, Xp, U, r), where
« Xp = XxUL
* Xpy = {(xo,u(l),u(z),...,ué) € Xo x UL | r(xo,u(l)

ug) # 0};
e Up =UXU,;and
e rp : Xp x Up — 2%XP is defined as follows:

rp((x,u'yu?, .. ub), (up,u3))
{(x,u?, uL,uzD) | x" € r(x, ulD)}
= if ulD =ul,
0 otherwise.

The input of Sp is a pair of inputs: u}, = u' is an

updated input of the plant, while uzD is a control input
stored in the queue and will be injected into the plant
after L time steps are elapsed.

2

Each state (x,u', u?, .,u’) € Xp means as follows:

» The state x is the current state of the plant; and
o UL denotes the First-In-First-Out (FIFO) queue, that is,
the states u!, u?, ..., ul are waiting control inputs due

to the dead time component.

Intuitively, Sp is the composition of the plant S and the queue
with L memories describing the dead time. This is equivalent
to the delayed plant G[z] - z* in the classical control theory,
which is the composition of the rational transfer function
G(z] (corresponding to S in the symbolic control) and a
dead time component z~ % (corresponding to L-length FIFO

"To simplify the discussion, we assume that S is a discrete-time
transition system.
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memories). In order to determine the initial condition, we
consider the case where the first L initial input sequence,
denoted by uguj . .. uf satisfying r(xo, ujug . . L) # 0, is
stored in the queue and the actuator updates to “0 because
the plant starts at the initial time. This is different from
the classical control where initial states are not explicitly
considered or implicitly set to 0 in most cases.

3.2 Symbolic Smith Predictor

We introduce a symbolic Smith predictor induced by § =
(X, Xy, U, 7) that updates prediction by computing all reach-
able states from the latest measured state with the L-length
latest input sequence. Since the plant is generally nonde-
terministic, the predictor does not predict the state uniquely.
Instead, the predictor lists all candidates. Thus, the set of
states of the predictor, denoted by X, is the power set of X.
For each state & € X = 2X \ {0}, a mapping @ : & — U that
assigns each candidate state £ € & to an input (%) € U(%)
will be called an input map. Let U = Usgex U% be a set of all
input mappings with respect to X. Denoted by dom(&1) € X
is the domain of the input map @. Then, we define a transi-
tion map 7 : X x U* — X induced by 7 : X x U — 2X as
follows:

1. Foreach& € X and each i € U,

e ra A Useg F(£,0(%))  if & = dom(),
e —_ XEX
P& = { 0 otherwise.

2. For each & € X, each input map sequence t € U*, and
each input map i € U,
7°(®,e) = X; and
Ugrere,p F(X,0(X7))
if 7¢(%,t) = dom(#),
0 otherwise.

7€ (%, 1) =

For simplicity, we write 7¢(%, @) for 7¢({%}, @).

For any @ € U, we introduce the following set of physical
inputs:

U(G) = {u e U |Ve € [k,0[,VX € dom(i),Vx € X :
[(X,x) € Rx(e) > uec UXx)] A
[(®,x,04(R),u) € R(e)]}.

Intuitively, U() is a set of common physical inputs that are
valid at all states in dom(ii). Recall that, in the prediction-
based approach, the controller determines a control input
that is valid for all estimated states to achieve the control
specification.

For the estimation at the initial time, we impose the
following assumption that there exists a common physical
input during the first L time steps.

Assumption 2 There exist an initial state £y € Xo and
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ala?
an initial input map sequence uguy ..

{1,2,...,L}) such that
Vie{l,2,...,L}:
[dom(f]) = 7(%o, Ol . . . G H)] A [U(@]) # 0].

I\L AT A,
Gy (6, € Ui €

“

Note that, if $ is a finite transition system, Assumption 2 can
be tested in finite steps. Then, the symbolic Smith predictor
is formally defined as follows.

Definition 4 Under Assumption 2, we define a system

S=X X0 5)
induced by S (}:(, X, 0, 7) with respect to %y € Xo and
iy ... a5 (@) € U,i € {1,2,...,L}) satisfying (4) where

e Xy = {f"(fo,ﬁ})ﬁﬁ .l)} c X; and
o #: X x U = 2X s defined as follows:
(&, 0)
2?‘?()‘{,&) \ {0}
= if V& eX:[Fe(X,0) # 0] A[UM) + 0],

(0 otherwise.

The system Sis equivalent to P[z] in the classical control
theory to predict plant states after the dead time is elapsed.
Note that, in symbolic control, we consider plants (possibly)
with non-deterministic transitions. It is also noticed that the
initial states should be properly considered. Then, since S
predicts the state of the plant when a control input arrives,
each initial state of S is a set of reachable states from the
initial state £y € X, of § with the initial input map sequence

ﬁ(l) (2) 3 satisfying (4). It is important that the state of S

is L time steps forward compared with that of S.

For the symbolic Smith predictor, the latest measured
state and the latest input sequence are key information for the
prediction. So, we introduce the following transition system
that stores them.

Definition 5 We define a system

= (Xp, Xpo,Up,7p) (6)
induced by S =X, Xo, r) constructed with respect to &y €
Xp and u0 0 AOL (i 4 € U,ie {1,2,...,L}) satisfying (4)
where

o Xp = X x UL,

« Xpo = {(%0,04,02,...,65)} € Xo x OF;
* Up=UxU;and
o 7p : Xp x Up — 2% is defined as follows:

Fo((£,8',6%,...,8"), (b, 6))
{(#,0%,8%,.. a6k, 00) | & € P(%, b))
if [uD o' A [U@DD) # 0]A

[dom(G) = F*(%,a'a% ... ah)],
0  otherwise.
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The system Sp plays a role of P[z] - z7% in the classical
control theory. Each state £p = ()E,ﬁl,ﬁz,. .,ab) e Xp is
composed of the abstracted current plant state Xp and latest
input sequence @', &>, . .., 4% € Xp. Incontrast to the classic
control theory, we improve the prediction not by feeding
back subtraction G[z] - z7F — P[z] - z7F but by considering
approximated contractive alternating simulations. We have
the f0110w1ng lemma that shows the synchronization between

S and Sp.

Lemma 1 Under Assumptions 1 and 2, we construct S,
given by Definition 4, wrt. £ € Xo and 403 ... 05
(ﬁ;) e Ui € {1,2,...,L}) satisfying (4). We also con-
struct SD, given b): DefAiniticA)n 5, Ainduged by S. Then, thg
follpwing relation R € X' X Xp X U X Up is an ASR from S
to Sp:

(& (%,6',8%...,65),8, (4], 65)) eXXpx0x<Up |
[& = Fe(x,a'a%. . a5 A [@' = ap] A [ = 6]}
(N

Intuitively, Lemma 1 implies that the prediction is improved
by feeding back the latest measured state as shown in Fig. 2.

Sp is also synchronized with Sp as shown in Lemma 2
describing that £p in a state £p = (£, @' ﬁ2 L)EXD is
always an abstracted current state and that @ u2 aleXp
is the latest input sequence.

Lemma 2 Under Assumptions 1 and 2, we construct §D,
given by Definition 5, induced by S wrt. £ € X and
aj02 .. 6k @) € U,i € {1,2,...,L}) satisfying (4). Con-
sider the plant with the dead time Sp given by Definition
3. We introduce a map dp : Up xUp — R0 defined as
follows:

| 2 A A 1
dD((uD,uD)’ (up,up)) = max d(lp(£),up). ()
tedom(al)
Timet =k
X |ata?ad
X
X
-
x' aza’at

=N

UiGeo)

N .

! !/

X X

Fig.2  The prediction is improved by considering reachable states from
the latest measured state.
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Then, the following relation Rp(€) C XD X Xp X UD X Up
is a (k, 8,4)-acASR from Sp to Sp with dp:

Rp(e) =

{(&a',....05, (xu',. . ub), (8, 65),

(uD,uD)) € Xp x Xp x Up x Up | [}, = &']A

[u), = u'] A[(%, x,6)(2),u),) € R(€)]A

[Vie {1,2,...,L} 1 u' € U®@)] A [u, € U@}
©)

Since each input u’ € U satisfies u’ € U(@), the input u'
is valid at each predicted candidate in dom(fi*). Then, the
determined input u3, such that u7, € U(d3) is valid at each
predicted state after the dead time is elapsed. This is essential
for the prediction-based approach.

3.3 Deadlock-Free Symbolic Smith Controller

In order to determine a control input map that satisfies the
specification, we introduce a system, denoted by Sc. that
is induced by SC As in the case of S each state of Sc,
denoted by Xc, is a subset of Xc because Sc is generally
nondeterministic. Let Uc = Uﬁc X Uéc be a set of all input
mappings with respect to X¢. Denoted by dom(iic) C X¢ is
the domain of the input map tic. Then, we define a transition
map fé : )A(C X ﬁ*c — )A(c induced by 7¢ : Re xUe — 2%c
as follows:

1. For each &¢ € X¢ and each d¢ € Ug,
Usc exe Fe (e, ic(Xc))

if X¢ = dom(iic),
0 otherwise.

Fé(Xc,lc) =

2. For each &¢ € Xc, each input map sequence fc € U%,
and each input map ic € Uc,

7é(Xc, &) = X¢; and

Usy ere e ) Fe (e e(£0))
Fe(Xe,telic) = if 7%.(Xc.1c) = dom(fic),

(0 otherwise.

For simplicity, we write 7¢.(fc, 0c) for 7¢.({fc}, Oc).

The system Sc is equivalent to G.[z] determining control
inputs in the classical control theory. It is noticed that S¢
is extended to consider nondeterministic transitions. Recall
that the state of § is L time steps forward compared with that
of 8. In order to assign every predicted state to a control input
satisfying the specification, it is necessary that the state of S¢
is also L time steps forward with that of Sc. Then, we impose
the following assumption that refers to the synchronization
between Sc and S at the initial time.

Assumption 3 Consider £, € Xo and )02 ... a5 (8 €

U,i € {1,2,...,L}) satisfying (4). Then, there exist
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fco € Xeo and 0L,,02, ... 85, (bL, € Uc,i € {1,2,...,L})
satisfying the following condition:
oL _pera alad ol
Viy € 7¢(Xo, ligly . . . Gy "),
~L ~e [ n Al A2 AL-1y .
3xcy € FE(Reo, Bglicy - - - ligy ) (10)
oL oL AL (oL \ Lol 5
(xco, X0 uco(xco), u, (xo )) € Rc.
Note that, if § and S¢ are finite transition systems, Assump-
tion 3 can be tested in finite steps.

Definition 6 Under Assumption 3, we define a system
Sc = Xe,Xeo U o) (1

induced by §C = (XC,XCO, Uc,fc) with respect to Xco €
Xco and ﬁlcoﬁéo .. .ﬁéo (ﬁ‘co € Uc,i € {1,2,...,L}) satis-
fying (10) where

o Xco = {F&(Sco. 050, . .. 85,)} € Xc: and

e fc : Xe x U¢ — 2%c is defined as follows:

fc(Xc. fic)
27¢&elic) | ()

=1 ifVic € k¢ : #a(%c.bic) # 0,
0 otherwise.

Intuitively, Sc determines an input map such that, for ev-
ery predicted state, there always exists a control input that
satisfies the specification described in S¢.

Finally, the following theorem shows the configuration
of the symbolic Smith controller that is an extension of The-
orem 1 to the case of delayed plants.

Theorem 2 Under Assumptions 1, 2, and 3, we construct S,
given by Definition 4, w.r.t. £y € Xo and ﬁ'l)ﬁ(z) .. .ﬁ(l)‘ (ﬁf) €
U,i € {1,2,...,L}) satisfying (4). Let S, be a system given
by Definition 5 and induced by S. We also construct Sc,
given by Definition 6, w.r.t. £co € Xco and ﬁéoﬁéo . ﬁéo
(ﬁé:0 € Uc,i € {1,2,...,L}) satisfying (10). Consider the

following relation Rc c XC x X x fJC x U:
Re = {Re & bc,0) € Xex X xUe x U |
Viek ke eke : (Re, £ ac(ie), 0(R) eRe),
(12)
and let S¢ := SC XRe S xR S'D = (X¢, Xco,Uc,rc). We
introduce the following relation R¢(€) € XX XpXUceXUp:
Rc(e) =
{((Rc, %, 2p), xp, (¢, 8, dp ), up )eXXXpXUcXUp |
[Re. % fic, ) € Re] A [& £p,B.ip) € R] A
[(Xp,xp.iip,up) € Rp(€)]}.

(13)

Then, the pair (Sc,Rc(¢€)) is a controller for Sp given by
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Definition 3.

The proof is shown in Appendix.

Theorem 2 implies that a symbolic Smith controller is
obtained by composing Sc, é and § », Which is summarized
as follows:

1. When the current plant state xp is measured, S p updates
the state £p by the relation Rp(€);

2. Based on the updated Xp, S updates the prediction X
by the relation R, and Sc updates the state Xc by the
relation ﬁc; and

3. Sc determines a control input such that (fic, 6,4p) €
Uc((Xc, X, £p)).

This approach corresponds to the IMC form of the classical
Smith controller shown in Fig. 1.

It is noted that S¢ may have deadlock states because
the controller determines a common physical input that is
valid at all predicted states. In order to compute a deadlock-
free sub-transition system of Sc, we introduce the following
operator F : 2X¢ — 2Xc: Forany W C Xc,

F(W)={xc € W|JuceUc : rc(xc,uc)#0

Arc(Xc,uc) € W} (14)

By the definition of F, the following condition holds:

VZNZ' C Xc:
[F(Z)C ZIAN[Z' € Z = F(Z') C F(Z)],

which means that F' is monotonically decreasing. We con-
sider the following iterations X{. (i € N):

X{ =Xcand XZ' = F(XL). (15)

Then, for each i € N, we have X’C 2 XE’I. If there exists
k € N such that X&' = F(XK), we have the supremal fixed
point X, of F by X¢. = XK. Note that if S¢ and § are finite
transition systems, such k always exists. If

X*C NXcgo =0 (16)
holds, we define a transition system
S*C = (X>’< 7XEO, UE? rE)’ (17)
where
. X*CO = XZ N Xco;
o U*C = Uc; and
* ri(xc,uc) = re(xc,uc) N X¢ for each x¢ € X, and
Uc € U*C'
S is a deadlock-free sub-transition system of Sc. Let R.(€)
be the restriction of Rc(€) to X, X Xp X Ug, X Up. Then,
it is obvious that R{.(€) is a (k,3,1)-acASR from S, to S
with d;, and the pair (S¢,, R(.(€)) is a deadlock-free symbolic
Smith controller for Sp.

Eliminating deadlock states is important in the proposed
framework because we deal with nondeterminstic transition
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systems, where prediction is based on listing all candidates
of plant states after the deadtime is elapsed. In order to
guarantee the satisfaction of the specification, it is necessary
that a control input determined by a symbolic Smith con-
troller is valid for all candidates listed by the predictor. Note
that, if (16) does not hold, we cannot design a deadlock-free
symbolic controller.

We will demonstrate the proposed approach in the next
section using an example of on-off control via networks with
some packet dropouts that may cause nondetermistic transi-
tions to deadlock states.

4. Illustrative Example

We consider a liquid-level control problem with a tank as
shown in Fig.3. The control input is the close/open of the
valve u(r) € {0,1} at each time step. The inflow velocity
is given by v;(¢) := au(t), where @ € R, is a constant
value. Let x(¢) € [0, V,ax] be the volume of the liquid in
the tank, where V,,,,» € R is the maximum capacity. The
liquid surface height is given by A(z) := x(’) with the surface
area of the tank A € R.o. The outflow Velomty is given by
Vo(t) = h(t) with resistance R € R.(. Then, the dynamics
of the tank is given by

x[k +1]
(18)

aABR (1 B e‘%'*) ulk] + d[k],

= e_%x[k] +
where B and C € R.( are the cross-sectional areas of the
upper and lower pipe, respectively, T € R is a sampling
period, and d[k] € R is a random noise satisfying |d[k]| <
0.5 for all k € Zsq. First, we cast (18) as the system S| =
(X1, X10,U1,11) where X; = [0, Vinax], X10 = {x10 € X},
U; = {0,1} x[-0.5,0.5] and | : X; X U; — X, is defined
as follows:

x{ ifxi € X,
rl(xlv(uhd)) =\ Vinax le{ 2 Vinax, (19)
0 ifx{ <0,

where x| = e‘%xl + "ACBR (1 - e‘%) u; +d.

Next, we consider a network between the controller and
the plant. The control input is sent via an unreliable network
with packet dropouts [11], and its dynamics is modeled by
an automaton shown in Fig.4. We use the system S, =
(X2, X20, Uz, 12) where X, = {0,1}, Xp = {0}, Us = {1},
and r, : Xo Xx Uy — 2% is given in the obvious way to
model the network behavior. If a data dropout occurs, i.e.,
x» = 1, the input signal is set to 0 automatically. On the other
hand, if the data is successfully received by the actuator, i.e.,
xo = 0, the input determined by the controller is injected
into the plant (after the dead time is elapsed). Then, the
networked plant to be controlled S = (X, Xy, U, r) is given by
the composition of S} and 57, i.e., X := X; X Xo, Xp := Xjo X
X0, and U := Uy x Uy. The transition map r : X x U — 2%
is defined by (x],x3) € r((x1, x2), (w1, d)uz)) iff

1599
i dead time L i
surface B m inflow velocity () = au(t)
T =
valve -
target range 1: -x- height
- x(t
surface C

Fig.3  The liquid-level control problem with a single tank.

()
1
/N
V
1
data dropouts

no disturbance

Fig.4  Automaton model of dynamics of the communication channel.

/e ri(xt, (ur, d) Uri(x,(0,d)) if x =0,
ri(x1, (u1,d)) if x =1; and
(20)
x5 € ra(x2,u). (21)

We construct an abstracted model § for S. First,
we introduce the symbolic model of Sj, denoted by S, =
(X1, X10,01,7) where X; = X N Z, XIO = maxarg
mlnﬁloexl |)C10 - xAlol, 01 = {0, 1}, and 7 : X1 X U1 - X1 is
defined as follows:

£ if # € X,
’A'l()el»ﬁl)z LVmaxJ if £ / LVmaxJ, (22)
0 if )2{ <0,
where
%) =
. _cr | aABR _CT\ R
max arg min (e” AR {j + C (l—e AR)ul—xl

.fi eX)

Let S‘z = (22,220, ﬁz, r2) where )22 = Xz, Xzo = Xzo, ﬁz =
Uy, and 7 = r. Then, we have § = (X XO,U r) by the
composmon ofSl and Sz, ie,X = Xl ><X2, Xo = Xl()XXQ(),
and U := U1 X U2 The transition map 7 X x U - 2Xis
defined implicitly by (%], £7) € #((£1, £2), (41, 2)) iff

o fl(fhlfl) U 71(%1,0) %f )Ez =0, 23)
Fi(%1, 1) if % =1; and
%) € Py (Xa,12). (24)

It is easily proved that the following relation R(e) C
XxXxUxUisa (0.5 e 5%, 1)-acASR from § to S with

d(ity, (u1,d)) = |d|:
R(e) = {((X1, £2), (x1, x2), (@1, %2), (w1, d), u2))
eXXXxUXU|[|lx1 - 1] < €]A (25)

[x2 = B2] A[ur = 1] A [up = 2]}
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We want to keep the volume of the tank in the following
range:

Vi < X1 € V. (26)

Thus, we have the control spemﬁcatlon Sc = (XC,XCO, Ue,
rc) where XC = X XCO = X(), UC = U and 7c : XC X
Uc — Xc defined as follows:

fc((Xc1, Xc2), (e, fic2))
if [Vi < £5,]1A lder =0],
[

(i’Cl,fcz) if [i'Cl <Vl A
0 otherwise,

(fcpfen)

where (£.,%5,) € F((Zc1,%c2), (dc1,dc2)). Sc describes
the target volume range (26) and determines a control in-
put. Intuitively, (27) implies that, if the volume is above
(resp. under) the target range (26), the valve should be
closed (resp. opened). If the volume is in the target range
(26), the valve can be opened or closed nondeterministi-
cally Then, it is easﬂy proved that the followmg relation
Rc € Xe x X x Ue x U is an ASR from S¢ to S:

Re = {(&c, %, dc,0) € Xe x X x Ue x U | -

)22)26*/\122120}. (28)

Now, Assumption 1 is satisfied. Theorem 1 implies that,
letting S¢ := Sc XRe(€) S = (X¢, Xco,Uc,rc) where the
relation Re(€) € Xe X X X Uc X U is defined by (2), the pair
(Sc, Rc(€)) is a symbolic feedback controller for S if there
is no dead time between the controller and the plant.

Consider the case where the place of the valve is far
from the tank, and there exists an input dead time L € N.
We set the parameters as follows.

@ [Vmax| Xo |A[B|C|IR][T [Vi[ValL
10 35 [{(0,0)}[30[10][10[0.1]0.1]10[25 2

Then, by the existence of the dead time, the synchronization
of the controller (Sc, Rc(€)) and the delayed plant Sp fails,
which means that the control specification is not satisfied.
Thus, we design a symbolic Smith controller that satisfies
the control specification. We consider the first L time steps
input map sequences Gyl . .. Gg (4] € Uie{l,2,...,L})

and 6,02, . .. 65, (L, € Uc.i € {1,2,...,L}) as follows:
Gy 8 ... 85 =00 ...0; and (29)
gy 8% .. 05 =00 ... 0, (30)

where 0 is a zero map that assigns every state to the in-
put 0. Intuitively, (29) and (30) imply that the valve is
closed at the initial time. Since x9 = Xy = Xco = 0
holds, it is easily proved that ﬁ(l)ﬁ(z) u{; with £y € Xp and
! %:0'%0 C0 with £co € Xco satisfy (4) and (10), respec-
tively. Note that, in this case, every predicted state implies

that the tank is empty. We construct S wrt. % and it
(i € {1,2,...,L}) given by (29). 8p is induced by S. We
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Fig.5 The occurrences of the packet dropouts.
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Fig.6  The time response of the volume of the tank x; and X;.

also construct S¢ w.r.t. £co and ﬁé:o (i e{1,2,...,L})given
by (30). Let Sc¢ := Sc XRe S XR Sp where the relations
Re € XexXxUexUandR ¢ XxXp xUxUp are given
by (12) and (7), respectively. Finally, by Theorem 2, it is
concluded that the pair (Sc, Rc(¢€)) is a symbolic Smith con-
troller for Sp, where the relation Re(€) € XeXXpXUcexUp
is given by (13). Inthis case, (16) is satisfied, and we have the
deadlock-free controller (S¢, R¢(€)). We simulated behav-
iors of the controlled plant with random occurrences of the
packet dropouts shown in Fig. 5. Then, the time response of
the plant volume x; is shown in Fig. 6. The line in the figure
shows the plant state x; and each dot is its corresponding ab-
stracted plant state £;. Since there is no deadlock, the control
inputs are successfully chosen in terms of the specification
despite of random noises and data dropouts.

It is noticed that x| is sometimes out of the target range
due to the packet dropouts. We do not ensure that the plant
volume always stays in the target range V; < £ < V,;,. In-
stead, we have designed a controller that issues a control
input so as to enforce the tank volume to the target range un-
der the nondeterministic transitions. It is shown that a kind
of input-to-state stability evaluating the robustness of spo-
radic disturbances such as packet dropouts is guaranteed by a
controller designed based on acASRs [10]-[12]. It is future
work to investigate the stability by introducing quantitative
input and output maps.

Let us consider another case. The dead time L has been
changed to 3.

@ [Voax| Xo |A|[B|CIR|T |Vi|Vm|L
10| 35 |{(0,0)}[30[10]10[0.1|0.1|10]25 |3

In this case, (16) is not satisfied, then we do not have the
deadlock-free controller. Thus, the controller (Sc,Rc(€))
reaches a dead lock state where there is no control input such
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that every predicted state satisfies the specification. In other
words, in this case, the specification is too restrictive for the
delayed plant. Intuitively, for the design of a deadlock-free
controller, all of the predicted states should be under V,,, or
over V; to select a common control input in this example.

5. Conclusion

We design a deadlock-free symbolic Smith controller for a
plant with an input dead time on the premise of a given
control specification for the abstracted model of the plant.
As in the case of the classical Smith controller, the proposed
controller determines a control input by prediction. Since
the control specification is satisfied at every predicted state
by the control input, the controller may have deadlock states.
Then, we introduce an operator that eliminates transitions to
the deadlock states. If we obtain a deadlock-free controller,
it is shown that the effects of the dead time is suppressed
and that the specification is satisfied. If the deadlock-free
controller does not exist, the specification must be relaxed.
It is future work to investigate the input-to-state stability
of the controlled plant quantitatively by introducing cost
functions. An extension of the proposed framework is also
considerable to the case where a control specification for the
plant (not for the abstracted plant model) is given directly.
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Appendix: Proof of Theorem 2

Proof We introduce a map dé :Uc X Up — Ry
dg((ac,b,dp),up) = dp(ip,up)

and show that R¢(e€) satisfies conditions of a («, 3, 1)-acASR
from Sc to Sp with d.

1. Consider any (Xco, X0, Xpo) € Xco. Then, we have
[(Rco. %0) € Rex] A [(Ro, £po) € Ry].

Since Rp(€) is a (k, 8, 1)-acASR from Sp to Sp, there
exists xpo € Xpg such that (£pg, xpo) € Rpx(«) holds.
By the definition of Rc¢(€), we have

((Xco, %0, £D0), xD0) € Rex (k).

2. First, consider any ((Xc,X,%p),xp) € Rcx(€), and
choose any (lic,0,ip) € Uc((Xc,X, £p)). Then, we
have

[(Rc.R.fic,0) € Re] A [R. £p..iip) € R]

A [(Ep,xp) € Rpx(e)].
Since Rp(€) is a (k, 8, 4)-acASR from Sp to Sp, there
exists up € Up(xp) such that (Xp,xp,idp,up) €

Rp(€). Thus, by the definition of Rc(e), the follow-
ing condition holds:
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((Xc, X, %p), xp, (¢, 0, 4p),up) € Re(e).

Next, consider any x;, € rp(xp,up). By the (k,f,A)-
acASR Rp(e), there exists £}, € 7p(£p,ip) such that
(%), X},) € Rpx(k + e + Adp(ip,up)). Since Ris an
ASR from § to Sp, there exists &’ € (X, {1) such that
&, %p) € Ryx. In addition, the definition of R¢ implies
the following condition:

VX € X, dxc € ﬁc : (fc,)?, ﬁc()?c), ﬁ()?)) € ]’éc.
Since I?c is an ASR from §C to S‘, we have
V&' e R, b), IR € FE(Re, i) :
cS'c X (A1)
(-xc,-x ) € RCX'
On the other hand, the definition of £ implies the fol-
lowing condition:
R C (R 0),
and by the definition of f¢, we have

fc(ke. lic) = 27cGedoly (),
Thus, from (A- 1), there always exists X, € fc(Xc,lic)
satisfying
Vi e&, AR, e k¢ (R, K) € Rex
© ReX) e Rex.

Finally, by the definition of the composed system, we
have

A[ A/

(K. X', 2p) € re((Xe, %, 2p), (lic, 0, 4p)).

Thus, by the definitions of R¢(€) and d7,, the following
condition holds:

'\l A/

D) xD)
€ Rex(k + Be + Adg((fic, &, ip ), up)).

((XC,

Therefore, Rc(€) defined by (13) is a («, 3, 4)-acASR

from Sc to Sp withd/,, and the pair (Sc, Rc(€)) is a controller
for Sp. m]
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