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PAPER
A New Construction of Asymmetric ZCZ Sequence Sets∗

Li CUI† ,††a), Xiaoyu CHEN†, Nonmembers, and Yubo LI†, Member

SUMMARY An asymmetric zero correlation zone (A-ZCZ) sequence
set can be regarded as a special type of ZCZ sequence set, which consists of
multiple sequence subsets. Each subset is a ZCZ sequence set, and have a
common zero cross-correlation zone (ZCCZ) between sequences from dif-
ferent subsets. This paper supplements an existing construction of A-ZCZ
sequence sets and further improves the research results. Besides, a new
construction of A-ZCZ sequence sets is proposed by matrices transforma-
tion. The obtained sequence sets are optimal with respect to theoretical
bound, and the parameters can be chosen more flexibly, such as the num-
ber of subsets and the lengths of ZCCZ between sequences from different
subsets. Moreover, as the diversity of the orthogonal matrices and the flex-
ibility of initial matrix, more A-ZCZ sequence sets can be obtained. The
resultant sequence sets presented in this paper can be applied to multi-cell
quasi-synchronous code-division multiple-access (QS-CDMA) systems, to
eliminate the interference not only from the same cell but also from adjacent
cells.
key words: quasi-synchronous CDMA, zero correlation zone (ZCZ), se-
quence set, asymmetric zero correlation zone (A-ZCZ)

1. Introduction

1.1 Background

In quasi-synchronous code-division multiple-access (QS-
CDMA) systems, the requirement for synchronization is not
as strict as synchronous CDMA systems, and the relative
time delay between the signals of different users is allowed
to vary in a domain around the origin. In order to utilize
this advantage, zero correlation zone (ZCZ) sequence sets
are used as spreading sequences and applied to QS-CDMA
systems [1]. More precisely, if their relative time delay does
not exceed a certain region known as ZCZ length, then ZCZ
sequence sets with good correlation property can be used
to eliminate co-channel multi-path interference (MPI) and
multi-access interference (MAI) in same cell (intra-cell). To
date, binary, ternary, and polyphase ZCZ sequences have
been widely investigated [3]–[6].

As a matter of fact, the interference between signals

Manuscript received November 27, 2021.
Manuscript revised February 10, 2022.
Manuscript publicized March 29, 2022.
†The authors are with School of Information Science and En-

gineering, Yanshan University, Qinhuangdao 066004, China.
††The author is School of Mathematics and Information Science

and Technology, Hebei Normal University of Science and Technol-
ogy, Qinhuangdao 066004, China.
∗This paper was supported by China National Natural Science

Foundation (No.61671402); Natural Science Foundation of Hebei
Province, China (No.F2020203043, No.F2021203078).

a) E-mail: cuili3456@163.com
DOI: 10.1587/transfun.2021EAP1159

of different users not only comes from intra-cell, but also
from different cells (inter-cell). In [7], Gong introduced
that the latter interference was referred to as correlation of
multiple sequence sets, and proposed two constructions of
multiple sequence sets with low correlation, which have been
well developed by many researchers in [8]–[10]. Tang et al.
constructed a type of binaryZCZ sequence sets that consist of
multiple sequence subsets in [8]. The most special property
was that it had a common ZCZ between sequences from
different subsets, which is referred to as inter-set zero cross-
correlation zone (ZCCZ). This statement is to distinguish
ZCZ between sequences from the same subset, which is
referred to as intra-set ZCZ. This type of sequence sets can
be used to eliminate both the inter-cell interference and intra-
cell interference in multi-cell QS-CDMA systems.

The multiple ZCZ sequence sets with inter-set ZCCZ
are also named asymmetric ZCZ (A-ZCZ) sequence sets,
which was proposed by Torii et al. in [11]. Up to now,
certain constructions of A-ZCZ sequence sets have been
reported [11]–[21]. Torii et al. proposed several types of
polyphase A-ZCZ sequence sets based on perfect sequences
in [11]–[16], and based on DFT matrices in [17]. These
resultant sequence sets have larger ZCCZ lengths than the
mathematical upper bound of conventional ZCZ sequence
sets. However, the lengths of perfect sequences are required
certain constraints. For example, in [15], the period of initial
perfect sequences L were required to be L = Nq (2k + 1),
which means that perfect sequences with prime lengths can-
not satisfy the condition. Moreover, total number of the A-
ZCZ sequence sets obtained by [11], [12], [14], [15] cannot
exceed the period of the perfect sequences, which have been
resolved in [16]. Based on interleaved technique and uncor-
related ZCZ sequence sets, uncorrelated A-ZCZ sequence
sets can be generated by [13]. The parameters of the A-ZCZ
sequence sets can approach or almost approach the theoreti-
cal bound only if the uncorrelated ZCZ sequence set was op-
timal or quasi-optimal. In [17], polyphase A-ZCZ sequence
sets were constructed from the P-dimension DFT matrices
and the orthogonal matrices of order M . The number of
subsets is determined by bP/M c, which represents that the
closer of P and M means the less of number of subsets. In ad-
dition, the obtainedA-ZCZ sequence sets were optimal when
M = bP/N c. In [8], [19]–[21], several types of binary and
ternary A-ZCZ sequence sets were proposed by Tang and
Hayashi et al. However, most resultant sequence sets are
quasi-optimal [8], [12]–[16], [19]–[21]. A new construction
of optimal polyphase A-ZCZ sequence sets were proposed
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based onDFTmatrices and non-repeated frequency-hopping
sequence (FHS) sets with no-hit zone (NHZ) in [22]. For
NHZ FHS set, its Hamming cross-correlations and out-of-
phase Hamming auto-correlations are equal to 0 as long as
the time delay does not exceed a certain region know asNHZ.
If all of the frequency slots in each sequence are different
from each other, it is called non-repeated FHS set.

1.2 Contributions

The aim presented in this paper is to design optimal A-ZCZ
sequence sets. It requires that the performance parameters
of both intra-set and inter-set of the obtained sequence sets
can achieve the theoretical bound [8]. The research motiva-
tion of this paper is from literature [22]. By investigating
[22], on one hand, the obtained FHS sets cannot satisfy the
non-repeatability, which is the basis for constructing A-ZCZ
sequence sets. On the other hand, the number of A-ZCZ se-
quence sets were not rich enough. The contributions of this
paper are twofold: the first is to supplement the conditions
for constructing optimal A-ZCZ sequence set in [22]. The
other contribution is to propose a new construction ofA-ZCZ
sequence sets which is inspired by [22]. It can be simply de-
scribed as follows. The rows of a DFT matrix are reordered
in turn, according to the different rows of a constructed ma-
trix obtained frommatrices transformation. The constructed
matrix has the similar characteristic as non-repeated NHZ-
FHS set. On this basis, combined with an orthogonal matrix,
an A-ZCZ sequence set can be generated, by using the good
uncorrelation between different rows of DFT matrix. In this
paper, we propose that it is not necessary to use two DFT
matrices, a DFT matrix and an orthogonal matrix are suf-
ficient. Due to the diversity of orthogonal matrices, more
sequence sets can be constructed.

1.3 Organization and Notations

The rest of the paper is organized as follows. After summa-
rizing the notations in this paper, some useful preliminaries
are given in Sect. 2. In Sect. 3, supplementary properties
are given, so as to obtain FHS sets suitable for constructing
A-ZCZ sequence sets. Then a new construction of A-ZCZ
sequence sets with optimal parameters is proposed, and an
example of the construction is given. Finally, Sect. 5 con-
cludes this paper.

The following notations will be used throughout this
paper:

• ωN = exp(2π
√
−1/N ),N ≥ 2.

• (·)∗ denotes complex conjugate of (·).
• b·c denotes the floor function.
• ZN denotes the set {0,1, · · · ,N − 1}.
• gcd(a, b) denotes the greatest common divisor of a and

b.
• A = [aij]M×N denotes an M × N matrix, where ai

denotes the i-th rowofA, and aij denotes the j-th column
of the i-th row, 0 ≤ i ≤ M − 1, 0 ≤ j ≤ N − 1. Note

that both superscript i and j start from 0.

2. Preliminaries

Definition 1: Let a = (a (0) ,a (1) , · · · ,a (L − 1)) and b =
(b (0) , b (1) , · · · , b (L − 1)) be two complex sequences of
period L. The periodic cross-correlation function (CCF)
Ra,b (τ) between a and b at shift τ is defined as:

Ra,b (τ) =

L−1∑
l=0

a (l) · b∗ (l + τ),0 ≤ τ ≤ L − 1 (1)

where l + τ is performed modulo L. If a = b, then Ra,b (τ)
is called the periodic auto-correlation function (ACF) of a,
denoted by Ra (τ).

2.1 Matrix

Lemma 1: Let F = [ f ij ]N×N be a DFT matrix, and f ij =

(ωN )
i · j , then all of the rows in F satisfy

Rfi0 ,fi1 (τ) = 0,0 ≤ τ ≤ N − 1, i0 , i1. (2)

Lemma 2: Let Q = [qi
j]N×N be an orthogonal matrix.

Then all of the rows in Q satisfy

Rqi0 ,qi1 (0) = 0, i0 , i1. (3)

Definition 2: Let a = (a0,a1, · · · ,aN−1) and b =

(b0, b1, · · · , bN−1) be two vectors with same length N , then
a � b is defined as:

a � b = (a0b0,a1b1, · · · ,aN−1bN−1) . (4)

Definition 3: Let a = (a0,a1, · · · ,aM−1) be a complex-
valued sequence and e = (e0, e1, · · · , eN−1) be a sequence
over ZN , an M × N matrix U can be obtained as follows:

U =


a0+e0 a0+e1 · · · a0+eN−1
a1+e0 a1+e1 · · · a1+eN−1
...

...
...

...
aM−1+e0 aM−1+e1 · · · aM−1+eN−1


(5)

where the additions in subscripts are performed modulo M .
For convenience, the matrix U in (5) is rewritten as:

U = [Le0 (a) , Le1 (a) , · · · , LeN−1 (a)] (6)

where Li denotes left cyclical shift operator, i.e., Li (a) =
(ai,ai+1, · · · ,aM−1,a0, · · · ,ai−1), 0 ≤ i ≤ N − 1, and the
sequences a and e are called component sequence and shift
sequence of U respectively.

2.2 Zero Correlation Zone Sequence Set

Definition 4: Let S = {s0, s1, · · · , sN−1} be a set of N se-
quences of length L, each sequence can be represented as



1394
IEICE TRANS. FUNDAMENTALS, VOL.E105–A, NO.10 OCTOBER 2022

sn = (sn (0) , sn (1) , · · · , sn (L − 1)), 0 ≤ n ≤ N − 1. For
sn1, sn2 ∈ S, where 0 ≤ n1,n2 ≤ N − 1, the sequence set
S is called a (conventional) ZCZ sequence set, denoted by
(L,N, Z) − ZCZ if

Rsn1 ,sn2
(τ) =


E, n1 = n2, τ = 0
0, n1 = n2,0 < |τ | ≤ Z − 1
0, n1 , n2,0 ≤ |τ | ≤ Z − 1

(7)

where E =
∑L−1

l=0
��sn1 (l)

��2, Z is the ZCZ length of S.

Lemma 3 ([23]): For a sequence set (L,N, Z) − ZCZ, the
performance parameter η satisfies the following relationship:

η =
N Z
L
≤ 1. (8)

If η = 1, then (L,N, Z) −ZCZ is called an optimal ZCZ
sequence set.

2.3 Asymmetric ZCZ Sequence Set

Definition 5: Supposed that S =
{
S0,S1, · · · ,SM−1} is a

set with M sequence subsets, the subsetSmwith N sequences
of length L can be represented as Sm =

{
sm0 , s

m
1 , · · · , s

m
N−1

}
,

and smn =
(
smn (0) , smn (1) , · · · , smn (L − 1)

)
, for 0 ≤ m ≤

M − 1, 0 ≤ n ≤ N − 1. Let sm1
n1 ∈ S

m1 and sm2
n2 ∈ S

m2 be two
arbitrary sequences, the sequence set S is called an A-ZCZ
sequence set, denoted by ZA (L, [N,M] , [Z, ZCCZ]) if

Rsm1
n1 ,s

m2
n2
(τ)

=


E, m1 = m2,n1 = n2, τ = 0
0, m1 = m2,n1 = n2,0 < |τ | ≤ Z − 1
0, m1 = m2,n1 , n2,0 ≤ |τ | ≤ Z − 1
0, m1 , m2,0 ≤ |τ | ≤ ZCCZ − 1

(9)

where E =
∑L−1

l=0
��sm1
n1 (l)

��2, Z is the ZCZ length of each
subset, and ZCCZ is the ZCCZ length between sequences
from different subsets.

Lemma 4 ([8]): Let S be ZA (L, [N,M] , [Z, ZCCZ]). S is
called an optimal A-ZCZ sequence set, if the parameters
satisfy the following two conditions:

1. Each subet Sm is an optimal ZCZ sequence set
(L,N, Z) −ZCZ. The performance parameters of intra-
set η1 satisfies η1 =

NZ
L = 1.

2. The union of M sequence subsets is an optimal ZCZ
sequence set (L,MN,min {Z, ZCCZ}) − ZCZ. The
inter-set performance parameter η2 satisfies η2 =
MN min{Z ,ZCCZ }

L = 1.

2.4 Frequency-Hopping Sequence Set

Definition 6: Let F =
{

f0, f1, · · · , fq−1
}

be a set of
available frequency slots with size q. A sequence
x = (x (0) , x (1) , · · · , x (N − 1)) with length N is called

a frequency-hopping sequence over F if x(n) ∈ F for all
0 ≤ n ≤ N − 1. For two FHSs x and y of length N over F,
the Hamming correlation between x and y is defined as:

Hx,y(τ) =

N−1∑
n=0

h[(x(n), y(n + τ)],0 ≤ τ ≤ N − 1 (10)

where n + τ is calculated modulo N , and h[ fi, fj] ={
1, fi = fj
0, fi , fj

. If x = y, Hx,y(τ) is called Hamming auto-

correlation of x, denoted by Hx(τ).
Let X =

{
x0,x1, · · · ,xM−1} be a set of M FHSs with

length N over a frequency set with size q. Assume that
Hxm1 ,xm2 (τ) = 0, for 0 < τ ≤ L − 1 when m1 = m2 and
0 ≤ τ ≤ L −1 when m1 , m2. ThenX is called a NHZ-FHS
set, and the length of NHZ is L.

Definition 7: Given an FHS x = (x(0), x(1), · · · , x(N − 1))
with length N . For arbitrary integer s and t with 0 ≤ s , t ≤
N − 1, if x (s) , x (t), then x is called non-repeated FHS.

3. Construction of A-ZCZ Sequence Sets

3.1 The Existing Construction of A-ZCZ Sequence Sets

In [22], the A-ZCZ sequence sets are constructed based on
non-repeated NHZ FHS sets. The proof of Lemma 5 is
provided in [22].

Lemma 5 ([22]): Let F =
{

f0, f1, · · · , fq−1
}
be a set of

available frequency slots with size q. M and Z are pos-
itive integer, which satisfy q = M (Z + 1). For fh ∈
F, it can be represented as fh = fa,b , where a =

bh/(Z + 1)c, b = h mod (Z + 1). Construct a sequence
set X =

{
x0,x1, · · · ,xM−1} with M sequences of length

M (Z + 1), and each sequence can be represented as xm =
(xm (0) , xm (1) , · · · , xm (M (Z + 1) − 1)), 0 ≤ m ≤ M − 1.
The element of each sequence is calculated as:

xm (n) = fδ, j (11)

where δ = (m + i) ⊕ i ( j + 1), i = bn/(Z + 1)c, j = n mod
(Z + 1), 0 ≤ n ≤ M (Z + 1) − 1, ⊕ represents modulo M
addition. The sequence set X resolved by (11) is an NHZ
FHS set with NHZ of length Z .

Remark 1: As the basis of A-ZCZ seqeuence sets, the non-
repeated property of each FHS is very important. However,
it was not be verified in [22]. Unfortunately, the parameters
under the known conditions cannot assure each FHS is non-
repeated, which can be known as the following example.

Example 1: Set M = 6, Z = 2 and q = 18, then X ={
x0,x1, · · · ,x5} is an FHS set constructed from Lemma 5.

The FHSs in X are listed as follows:

x0 = (0,1,2,6,10,14,12,1,8,0,10,2,6,1,14,12,10,8)
x1 = (3,4,5,9,13,17,15,4,11,3,13,5,9,4,17,15,13,11)
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x2 = (6,7,8,12,16,2,0,7,14,6,16,8,12,7,2,0,16,14)
x3 = (9,10,11,15,1,5,3,10,17,9,1,11,15,10,5,3,1,17)
x4 = (12,13,14,0,4,8,6,13,2,12,4,14,0,13,8,6,4,2)
x5 = (15,16,17,3,7,11,9,16,5,15,7,17,3,16,11,9,7,5)

Obviously, there are repeated frequency slots in each
FHS.

Example 2: Set M = 5, Z = 3 and q = 20, then X ={
x0,x1,x2,x3,x4} is a FHS set constructed from Lemma 5.

The FHSs in X are listed as follows:

x0 = (0,1,2,3,8,13,18,3,16,5,14,3,4,17,10,3,12,9,6,3)
x1 = (4,5,6,7,12,17,2,7,0,9,18,7,8,1,14,7,16,13,10,7)
x2 = (8,9,10,11,16,1,6,11,4,13,2,11,12,5,18,11,0,17,14,11)
x3 = (12,13,14,15,0,5,10,15,8,17,6,15,16,9,2,15,4,1,18,15)
x4 = (16,17,18,19,4,9,14,19,12,1,10,19,0,13,6,19,8,5,2,19)

There are repeated frequency slots still in each FHS.
Based on Lemma 5, the following conditions are com-

plemented so as to obtain the non-repeated FHS sets.

Lemma 6: Each FHS in the set of X =
{
x0,x1, · · · ,xM−1}

obtained by Lemma 5 is non-repeated sequence, if the pa-
rameters of X satisfy one of the following conditions:

1. M satisfies gcd (M, c) = 1, where c is an arbitrary inte-
ger in {1,2, · · · ,2 + Z}.

2. M > Z + 2 and M is a prime number.

Proof: Let xm be an arbitrary sequence in the setX. Assume
that xm (n1) = xm (n2), where 0 ≤ m ≤ M − 1, n1 , n2, then
according to (11), we have

f(m+i1)⊕i1(j1+1), j1 = f(m+i2)⊕i2(j2+1), j2 (12)

where i1 = bn1/(Z + 1)c, j1 = n1 mod (Z + 1), i2 =
bn2/(Z + 1)c, j2 = n2 mod (Z + 1). It can be derived that{

j1 = j2
m ⊕ i1 ( j1 + 2) = m ⊕ i2 ( j2 + 2) . (13)

Since 0 ≤ j1 = j2 ≤ Z , then 2 ≤ j1+2 ≤ Z+2, it holds
that gcd (M, j1 + 2) = 1, according to the first condition.
Then we have, i1 mod M = i2 mod M . In addition, 0 ≤
i1, i2 ≤ M − 1, thus i1 = i2. Note that j1 = j2, hence n1 = n2,
which violates the assumption above. Therefore, the FHS
xm is non-repeated.

The second condition is a special case of the first one,
so the proof process is omitted. �

Next, we give an example of Lemma 6.

Example 3: Set M = 7, Z = 2 and q = 21, then the FHS
set X =

{
x0,x1, · · · ,x6} obtained by Lemma 6 is listed as

follows:

x0 = (0,1,2,6,10,14,12,19,5,18,7,17,3,
16,8,9,4,20,15,13,11)

x1 = (3,4,5,9,13,17,15,1,8,0,10,20,6,
19,11,12,7,2,18,16,14)

x2 = (6,7,8,12,16,20,18,4,11,3,13,2,9,
1,14,15,10,5,0,19,17)

x3 = (9,10,11,15,19,2,0,7,14,6,16,5,12,
4,17,18,13,8,3,1,20)

x4 = (12,13,14,18,1,5,3,10,17,9,19,8,15,
7,20,0,16,11,6,4,2)

x5 = (15,16,17,0,4,8,6,13,20,12,1,11,18,
10,2,3,19,14,9,7,5)

x6 = (18,19,20,3,7,11,9,16,2,15,4,14,0,
13,5,6,1,17,12,10,8)

It can be verified that all the above FHSs in X are non-
repeated.

Finally, the construction of A-ZCZ sequence sets based
on non-repeated NHZ FHS set in [22] is introduced briefly
for readers convenience.

Lemma 7 ([22]): Let F be a frequency set with q avail-
able frequency slot, and X =

{
x0,x1, · · · ,xM−1} be a set

of non-repeated NHZ FHS set with M sequences of length
M (Z + 1) over F. Given two DFT matrices G = [gij]N×N
and V = [vij]N×N , where N = M (Z + 1), 0 ≤ i, j ≤ N − 1.
ConstructS =

{
S0,S1, · · · ,SM−1} with M sequence subsets,

each subset Sm = {sm0 , s
m
1 , · · · , s

m
N−1} consist of N sequences

with period N2, i.e., smn =
(
smn (0) , smn (1) , · · · , smn

(
N2 − 1

) )
,

where 0 ≤ m ≤ M − 1 and 0 ≤ n ≤ N − 1. Each sequence
element is constructed as follows:

smn (l) = g
xm(l0)
l1

· vnl0 (14)

where 0 ≤ l ≤ N2 − 1, l = Nl1 + l0, 0 ≤ l0 ≤ N − 1. The
sequence set S is an optimal A-ZCZ sequence set that is
represented as ZA

(
N2, [N,M] , [N, Z + 1]

)
.

Lemma 8: When q = M (Z + 1) in Lemma 7, the obtained
ZCZ sequence sets are optimal.

Under the condition q = M (Z + 1) and N = M(Z + 1),
it is clear that every frequency slot in F will appear once
and only once in each FHS. We can assume that q > N ,
then the order of DFT matrix G need to be q × q, which
can know from (14). Then the obtained A-ZCZ sequence
set is represented as ZA (Nq, [N,M] , [N, Z + 1]), according
to (14). Then η1 =

N ·N
Nq < 1, and η2 =

MN ·Z
Nq < 1. So the

A-ZCZ sequence set is not optimal.

Remark 2: From Lemma 6, it is clear that the number of
subsets M need to be odd. In addition, the resultant sequence
sets only depend on M and Z . This paper proposes a new
construction of A-ZCZ sequence sets, which can provide
more flexible parameters and richer results.
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3.2 A New Construction of A-ZCZ Sequence Set

In this section, a new construction of A-ZCZ sequence sets
is proposed by matrices transformation.

Step 1: Given a DFT matrix F = [ f ij ]N×N and an orthog-
onal matrix Q = [qi

j]N×N . Set two positive integers Z and
M , which satisfy M = N/Z .

Step 2: Arbitrarily permute all the integers overZN to form
a matrix A = [aij]M×Z .

Step 3: Choose two sequences with length M , d =

(d0, d1, · · · , dM−1) and e = (e0, e1, · · · , eM−1). Both of the
two sequences are arbitrary permutations over ZM . Con-
struct a matrix B = [bij]M×M from d and e as follows:

B = [Le0 (d) , Le1 (d) , · · · , LeM−1 (d)] . (15)

Step 4: Construct a matrix C =
[
cmn

]
M×N

, the element cmn
is calculated by

cmn = a
bm
bn/Zc

⊕n mod Z

n mod Z
(16)

where ⊕ represents modulo M addition.

Step 5: Construct a matrix set H with M matrices of order
N × N , H = {H (0) ,H (1) , · · · ,H (M − 1)}, and the matrix
H (m) is generated by transforming the matrix F based on
the m-th row of matrix C, where 0 ≤ m ≤ M − 1.

H (m) =


f
cm0

0 f
cm1

0 · · · f
cm
N−1

0
f
cm0

1 f
cm1

1 · · · f
cm
N−1

1
...

...
...

...

f
cm0
N−1 f

cm1
N−1 · · · f

cm
N−1

N−1


(17)

The i-th row of H (m) is represented as follows:

hi (m) = ( f
cm0
i , f

cm1
i , · · · , f

cm
N−1

i ). (18)

Step 6: Construct S =
{
S0,S1, · · · ,SM−1} with M se-

quence subsets, and Sm = {sm0 , s
m
1 , · · · , s

m
N−1} consists of

N sequences. Each sequence is calculated as follows:

smn = (h0(m) � qn,h1(m) � qn, · · · ,hN−1(m) � qn)

(19)

where 0 ≤ m ≤ M − 1 and 0 ≤ n ≤ N − 1. The length of smn
is N2, smn =

(
smn (0) , smn (1) , · · · , smn

(
N2 − 1

) )
, the element

of sequence smn (l) is calculated as follows:

smn (l) = f
cm
l0

l1
· qn

l0
(20)

where 0 ≤ l ≤ N2 − 1, l1 = bl/Nc, l0 = l mod N .

Theorem 1: S is an A-ZCZ sequence set with parameters
ZA

(
N2, [N,M] , [N, Z]

)
, which means that S has the follow-

ing properties:

1. Each subset Sm is a conventional ZCZ sequence set(
N2,N,N

)
− ZCZ.

2. The different subsets have a common ZCCZ length Z .

Proof: According to Step 6, the set of S contains M subset,
and each subset contains N sequences of length N2.

Next, two more points need to be proved. One is the
ZCZ length of each subset is N , and the other is the length
of inter-set ZCCZ is Z .

Consider arbitrary two sequences sm1
n1 ∈ S

m1 , sm2
n2 ∈

Sm2 , where 0 ≤ m1,m2 ≤ M − 1 and 0 ≤ n1,n2 ≤ N − 1. Set
τ = Nτ1 + τ0, 0 ≤ τ0, τ1 ≤ N − 1, the periodic CCF between
sm1
n1 and sm2

n2 can be calculated as follows:

Rsm1
n1 ,s

m2
n2
(τ)

=

N2−1∑
l=0

f
c
m1
l mod N

bl/N c
· qn1

l mod N
·

(
f
c
m2
(l+τ) mod N

b(l+τ)/N c
· qn2
(l+τ) mod N

)∗
=

N−1∑
l0=0

qn1
l0
·

(
qn2
l0
′

)∗ N−1∑
l1=0

f
c
m1
l0

l1
·

(
f
c
m2
l0′

l1
′

)∗
(21)

where l1 ′ = (l1 + τ1 + b(l0 + τ0)/Nc) mod N , l0 ′ =
(l0 + τ0) mod N . Consider the following cases:

Case 1: : m1 = m2, n1 = n2, τ ∈
(
0,N2 − 1

]
.

Note that sm1
n1 and sm2

n2 are the same, then Rsm1
n1 ,s

m2
n2
(τ) =

Rsm1
n1
(τ). Firstly, we only consider τ ∈ (0,N − 1] and τ = N .
When τ ∈ (0,N − 1], we have τ1 = 0, 0 < τ0 ≤ N − 1.

Since 0 ≤ l0 ≤ N−1, then 0 < l0+τ0 ≤ 2N−2. To calculate
Rsm1

n1
(τ) for 0 < l0 + τ0 ≤ N − 1 and N ≤ l0 + τ0 ≤ 2N − 2

respectively, consider the following situations:
(1). If 0 < l0 + τ0 ≤ N − 1, then l1 ′ = l1, l0 ′ = l0 + τ0.
Assume that cm1

l0
= cm2

l0
′ . According to (16), we have

a
b
m1
bl0/Z c

⊕l0 mod Z

l0 mod Z
= a

b
m2
bl0′/Z c

⊕l0
′ mod Z

l0
′ mod Z

. Since the elements
value of matrix A are different from each other, we can con-
clude that{

l0 mod Z = l0 ′ mod Z
bm1
bl0/Z c

⊕ l0 mod Z = bm2
bl0
′/Z c
⊕ l0 ′ mod Z .

(22)

It can be derived that bm1
bl0/Z c

= bm2
bl0
′/Z c

. According to
(15), when m1 = m2, it holds that bl0/Z c = bl0 ′/Z c, then
l0 = l0 ′, equivalent to τ0 = 0, which is contradicted against
0 < τ0 ≤ N − 1. Therefore cm1

l0
, cm2

l0
′ . According to (2),

it follows that
∑N−1

l1=0 f
c
m1
l0

l1
· ( f

c
m2
l0′

l1
′ )

∗

= R
f
c
m1
l0 ,f

c
m2
l0′
(0) = 0.

As a result, we have Rsm1
n1
(τ) = 0 for τ ∈ (0,N − 1] and

0 < l0 + τ0 ≤ N − 1.
(2). If N ≤ l0 + τ0 ≤ 2N − 2, then l1 ′ = (l1 + 1) mod N ,
l0 ′ = l0 + τ0 − N . Assume that cm1

l0
= cm2

l0
′ . Similar to above,

we can get l0 = l0 ′, then τ0 = N , which is contradicted against
0 < τ0 ≤ N − 1. Therefore cm1

l0
, cm2

l0
′ . According to (2),

it follows that
∑N−1

l1=0 f
c
m1
l0

l1
· ( f

c
m2
l0′

l1
′ )

∗

= R
f
c
m1
l0 ,f

c
m2
l0′
(1) = 0
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As a result, we have Rsm1
n1
(τ) = 0 for τ ∈ (0,N − 1] and

N ≤ l0 + τ0 ≤ 2N − 2.
Combining above two situations, we can conclude that

Rsm1
n1
(τ) = 0 for τ ∈ (0,N − 1].
When τ = N , we have τ1 = 1, τ0 = 0, l1 ′ =

(l1 + 1) mod N , l0 ′ = l0. Note that all the elements in cm1
l0

are
different from each other over ZN , according to (15). There-

fore, it can be derived that
∑N−1

l0=0 f
c
m1
l0

l1
· ( f

c
m2
l0′

(l1+1) mod N
)

∗

=∑N−1
l0=0 f l1

c
m1
l0

· ( f (l1+1) mod N

c
m1
l0

)∗ = 0. Thus, Rsm1
n1
(N) = 0.

According to the above proof process, we can deduce
Rsm1

n1
(τ) = 0, when τ ∈ [N + 1,N2 − 1]. The process is

omitted here.
So far, we can conclude that Rsm1

n1
(N) = 0 for τ ∈

(0,N2 − 1].

Case 2: m1 = m2, n1 , n2, τ ∈ [0,N − 1].

Note that sm1
n1 and sm2

n2 are two different sequences from
the same subset. According to τ ∈ [0,N − 1], it holds that
τ1 = 0, 0 ≤ τ0 ≤ N − 1. To calculate Rsm1

n1 ,s
m2
n2
(τ) for τ0 = 0

and 0 < τ0 ≤ N − 1 respectively, consider the following
situations.
(1). If τ0 = 0, then l1 ′ = l1, l0 ′ = l0.

According to (3), it follows that
∑N−1

l0=0 qn1
l0
·

(
qn2
l0
′

)∗
=

Rqn1 ,qn2 (0) = 0. As a result, we have Rsm1
n1 ,s

m2
n2
(0) = 0.

(2). If 0 < τ0 ≤ N − 1.
Similar toCase 1, it can be derived that Rsm1

n1 ,s
m2
n2
(τ) = 0

for τ ∈ (0,N − 1].
Combining above situations ofCase 2, we can conclude

that Rsm1
n1 ,s

m2
n2
(τ) = 0 for τ ∈ [0,N − 1].

From Case 1 and Case 2, it is clear that each subset Sm
ofS has a ZCZ of length N . Therefore Sm can be represented
as

(
N2,N,N

)
− ZCZ.

Case 3: : m1 , m2, τ ∈ [0, Z − 1].

Note that sm1
n1 and sm2

n2 are sequences from different
subsets. According to τ ∈ [0, Z − 1], we have τ1 = 0,
0 ≤ τ0 ≤ Z − 1. To calculate Rsm1

n1 ,s
m2
n2
(τ) for τ0 = 0 and

0 < τ0 ≤ Z − 1 respectively, consider the following situa-
tions:
(1). If τ0 = 0, then l1 ′ = l1 and l0 ′ = l0.

Assume that cm1
l0
= cm2

l0
′ . Similar to the first situation of

Case 1, it can be derived that m1 = m2, which violates m1 ,
m2. Hence cm1

l0
, cm2

l0
′ . Similarly, we have Rs

m1
n1 ,s

m2
n2
(0) = 0.

(2). If 0 < τ0 ≤ Z − 1, then 0 < l0 + τ0 ≤ N + Z − 2.
To calculate Rs

m1
n1 ,s

m2
n2
(τ) for 0 < l0 + τ0 ≤ N − 1 and

N ≤ l0 + τ0 ≤ N + Z − 2 respectively, consider the following
states:

a) If 0 < l0+τ0 ≤ N−1, then l1 ′ = l1, l0 ′ = l0+τ0. When
0 < τ0 ≤ Z − 1, we have l0 mod Z , (l0 + τ0) mod Z , then
l0 mod Z , l0 ′ mod Z . Since the elements value of matrix

A are different from each other, then a
b
m1
bl0/Z c

⊕l0 mod Z

l0 mod Z
,

a
b
m2
bl0′/Z c

⊕l0
′ mod Z

l0
′ mod Z

, thus cm1
l0
, cm2

l0
′ . Similarly, Rsm1

n1 ,s
m2
n2
(τ) =

0 for 0 < l0 + τ0 ≤ N − 1.
b) If N ≤ l0 + τ0 ≤ N + Z − 2, then l1 ′ = (l1 + 1) mod

N , l0 ′ = l0 + τ0 − N . It can be derived that l0 ′ mod Z =
(l0 + τ0 + N) mod Z = (l0 + τ0) mod Z . When 0 < τ0 ≤
Z − 1, we have l0 ′ mod Z , l0 mod Z . Similar to above
cm1
l0
, cm2

l0
′ , we have Rsm1

n1 ,s
m2
n2
(τ) = 0 for N ≤ l0 + τ0 ≤

N + Z − 2.
From the two situations of Case 3, it can be seen that

Rsm1
n1 ,s

m2
n2
(τ) = 0 for τ ∈ [0, Z − 1].

In order to ensure that the length of inter-set ZCCZ is
Z strictly, that is, never be larger than Z , we can consider
Rsm1

n1 ,s
m2
n2
(τ) for τ = Z . Thus, we have τ1 = 0, τ0 = Z , l1 ′ =

(l1 + b(l0 + Z)/N c) mod N and l0 ′ = (l0+Z) mod N . Since
l0 mod Z = l0 ′ mod Z , then from (16), it holds that cm1

l0
=

cm2
l0
′ if bm1

bl0/Z c
= bm2

bl0
′/Z c

. According to (15), bm1
bl0/Z c

=

bm2
bl0
′/Z c

will occur inevitably. Hence, among all the cross-
correlation functions of inter-set, there will always be some
ones whose values are not equal to 0 when τ = Z . That is to
say, the situation of Rsm1

n1 ,s
m2
n2
(Z) , 0 will definitely happen.

FromCase 3, it is clear that the length of inter-set ZCCZ
is Z .

Combining three cases above, S is a A-ZCZ sequence
set ZA

(
N2, [N,M] , [N, Z]

)
. �

Theorem 2: TheA-ZCZ sequence set obtained byTheorem
1 is an optimal A-ZCZ sequence set.

Proof: Note that, each subset Sm ofS is an A-ZCZ sequence
set with parameters

(
N2,N,N

)
− ZCZ. From Lemma 4, we

have η1 =
N ·N
N2 = 1, then each subset Sm is an optimal ZCZ

sequence set. Moreover, there is an inter-set ZCCZ of length
Z , and min {N, Z} = Z , hence the union of MN sequences
is a large ZCZ sequence set with parameters

(
N2,MN, Z

)
−

ZCZ, where N = M Z . It holds that η2 =
NMZ
N2 =

N ·N
N2 = 1.

As a result, S is an optimal A-ZCZ sequence set. �

Example 4: Suppose that N = 6, for writing convenience,
the 6 × 6 orthogonal matrix Q is also denoted by 6 × 6 DFT
matrix F, which can be represented as follows:

F = Q =



0 0 0 0 0 0
0 1 2 3 4 5
0 2 4 0 2 4
0 3 0 3 0 3
0 4 2 0 4 2
0 5 4 3 2 1


(23)

where each element represents a power of exp(2π
√
−1/6 ).

Set Z = 3 and M = 2. then 2 × 3 matrix A is given as
follows:

A =
[
1 4 2
0 5 3

]
. (24)

Choose a component sequence d = (0,1) and a shift
sequence e = (0,1). Then the 2 × 2 matrix B is generated as
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follows:

B =
[
0 1
1 0

]
. (25)

Based on matrices A and B, the 2 × 6 matrix C is
constructed as follows:

C =
[
1 5 2 0 4 3
0 4 3 1 5 2

]
. (26)

According to C and F, matrices setHwith two matrices
H(0) and H(1) are constructed as follows:

H(0) =



0 0 0 0 0 0
1 5 2 0 4 3
2 4 4 0 2 0
3 3 0 0 0 3
4 2 2 0 4 0
5 1 4 0 2 3


, (27)

H(1) =



0 0 0 0 0 0
0 4 3 1 5 2
0 2 0 2 4 4
0 0 3 3 3 0
0 4 0 4 2 2
0 2 3 5 1 4


(28)

where each element represents a power of exp(2π
√
−1/6 ).

An A-ZCZ sequence set S =
{
S0,S1} including two

subsets is constructed from the new construction. Each
subset consists of 6 sequences with length 36, i.e., Sk ={
sk0, s

k
1, s

k
2, s

k
3, s

k
4, s

k
5
}
, k ∈ {0,1}. Each element of sequences

represents a power of exp(2π
√
−1/6). For sake of page lim-

itations, just a part of sequences are listed as follows:

s0
0 = (0,0,0,0,0,0,1,5,2,0,4,3,2,4,4,0,2,0,

3,3,0,0,0,3,4,2,2,0,4,0,5,1,4,0,2,3)
s0
1 = (0,1,2,3,4,5,1,0,4,3,2,2,2,5,0,3,0,5,

3,4,2,3,4,2,4,3,4,3,2,5,5,2,0,3,0,2)
s0
2 = (0,2,4,0,2,4,1,1,0,0,0,1,2,0,2,0,4,4,

3,5,4,0,2,1,4,4,0,0,0,4,5,3,2,0,4,1)
s0
3 = (0,3,0,3,0,3,1,2,2,3,4,0,2,1,4,3,2,3,

3,0,0,3,0,0,4,5,2,3,4,3,5,4,4,3,2,0)
s0
4 = (0,4,2,0,4,2,1,3,4,0,2,5,2,2,0,0,0,2,

3,1,2,0,4,5,4,0,4,0,2,2,5,5,0,0,0,5)
s0
5 = (0,5,4,3,2,1,1,4,0,3,0,4,2,3,2,3,4,1,

3,2,4,3,2,4,4,1,0,3,0,1,5,0,2,3,4,4)
s1
0 = (0,0,0,0,0,0,0,4,3,1,5,2,0,2,0,2,4,4,

0,0,3,3,3,0,0,4,0,4,2,2,0,2,3,5,1,4)
s1
1 = (0,1,2,3,4,5,0,5,5,4,3,1,0,3,2,5,2,3,

0,1,5,0,1,5,0,5,2,1,0,1,0,3,5,2,5,3)
s1
2 = (0,2,4,0,2,4,0,0,1,1,1,0,0,4,4,2,0,2,

0,2,1,3,5,4,0,0,4,4,4,0,0,4,1,5,3,2)

Fig. 1 Period auto-correlation properties of smn , 0 ≤ m ≤ 1, 0 ≤ n ≤ 5.

Fig. 2 Period cross-correlation properties of s0
0 and smn , 0 ≤ m ≤ 1,

1 ≤ n ≤ 4, 0 ≤ τ ≤ 14.

s1
3 = (0,3,0,3,0,3,0,1,3,4,5,5,0,5,0,5,4,1,

0,3,3,0,3,3,0,1,0,1,2,5,0,5,3,2,1,1)
s1
4 = (0,4,2,0,4,2,0,2,5,1,3,4,0,0,2,2,2,0,

0,4,5,3,1,2,0,2,2,4,0,4,0,0,5,5,5,0)
s1
5 = (0,5,4,3,2,1,0,3,1,4,1,3,0,1,4,5,0,5,

0,5,1,0,5,1,0,3,4,1,4,3,0,1,1,2,3,5)

We provided Fig. 1 to show the ACF properties of this
example. From Fig. 1, it can be verified that the absolute
value of the ACF of each sequence in S is equal to 0 at shift
τ ∈ (0,35]. Therefore, the resultant sequence set has good
auto-correlation property, which can be used to completely
eliminate MPI.

We provided Fig. 2 to show the CCF properties of s0
0 and

some other sequences respectively, which are from the same
subset S0 and different subset S1. In order to show the ZCZ
clearly, the shift τ is given between 0 to 14. On one hand, it
can be verified that the absolute value of CCF of s0

0 and each
sequence in {s0

1, s
0
2, s

0
3, s

0
4} is equal to 0 at shift τ ∈ [0,5].

It can be known that each subset is a conventional ZCZ
sequence set with parameters(36,6,6) − ZCZ. Furthermore,
the parameters of S0 is optimal, i.e., η1 =

6×6
36 = 1. On

the other hand, it can be verified that the absolute value of
CCF of s0

0 and each sequence in {s1
1, s

1
2, s

1
3, s

1
4} is equal to 0

at shift τ ∈ [0,2]. Then we can get that the ZCCZ length is
3. Let T = S0 ∪ S1, then T is a (36,12,3) − ZCZ, it holds
that η2 =

12×3
36 = 1. Therefore, the parameters of sequence
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Table 1 Comparison of several constructions of A-ZCZ sequence sets.
Constructions The parameters of Number of ZCCZ Intra-set optimal Inter-set optimal Constraints

intra-set-ZCZ subsets or not or not
in [14] (LN1, N1, N1L1 − 1) N N1L1 − 1 + N1 Not Quasi-optimal when

⌊
L

N1L1

⌋
= N

bL/N c = N1L1 L1 ≥ 1
in [15] (TL,T , 2k + 1) N q (2k + 1) + q − 1 Optimal when Optimal when L = Nq (2k + 1)

N = 1, q = 1 q = 1 N , q, k ≥ 1
in [16] (kLM , kM ,M − 1) N 2M − 1 Not Quasi-optimal when bL/M c = N

bL/N c = M K ≥ 2,M ≥ 2
in [17] (PM ,M ,M) N PM Not Optimal when N = bP/M c

M = bP/N c

in [18] (2NZ , 2M , LZ) P Z Optimal when Not 2 < L < N

M = 1
2 b2N/L c

in [22]
(
N2, N , N

)
M Z Optimal Optimal Lemma6

with Lemma 6
Theorem 1

(
N2, N , N

)
M Z Optimal Optimal M = N/Z

set T are optimal. We can conclude that S is an A-ZCZ
ZA (36, [6,2] , [6,3]) whose parameters are optimal for both
intra-set and inter-set.

4. Comparison with Existing Constructions

The objective of this paper is to construct A-ZCZ sequence
sets with optimal parameters. As a comparison, we list
some parameters, constraints of parameters and parameters
performance from the known constructions and the ones
we proposed in Table 1. Constructions in [14]–[16] were
based on perfect sequence sets, whose lengths L were con-
strained differently. When bL/N c = N1L1 in [14] and
bL/N c = M in [16], the inter-set parameter performance is
quasi-optimal, where N denotes the number of subsets. In
[15], the length of initial perfect sequences L are required
to be L = Nq (2k + 1), which means that perfect sequences
with prime length cannot satisfy the condition. Moreover,
the obtained A-ZCZ sequence sets were optimal when N = 1
and q = 1. A construction of Gaussian A-ZCZ sequence sets
were proposed in [18], the parameters of each subset are op-
timal if and only if M = 1

2 b2N/L c. In [17], polyphase
A-ZCZ sequence sets were generated from the P-dimension
DFT matrices and the orthogonal matrices of order M , and
parameters must satisfy N = bP/M c, where N is the num-
ber of subsets. It means when the value of M and P are
closer, the number of subsets will be less. On the contrary,
the dimensions of DFT matrices are equal to the orders of
orthogonal matrices in this paper, and the number of subsets
is determined by the ratio of the dimension of DFT matrix to
the length of ZCZ. According to above references, it is clear
that only one of the intra-set and inter-set parameters perfor-
mance can achieve optimal or quasi-optimal under certain
conditions in [14], [16]–[18].

In [22], the optimal A-ZCZ sequence sets are presented
with Lemma 6. However, the number of subsets M need to
be odd according to Lemma 6. Furthermore, if the values of
M and Z is determined, the sequence set obtained is unique.
In order to enlarge the number of A-ZCZ sequence sets, this
paper presents a new construction of A-ZCZ sequence sets.

As the diversity of the orthogonal matrices and the flexibility
of the initial matrix, component and shift sequence, this
construction can generate great deal of A-ZCZ sequence sets.
In addition, the number of subsets M and the length Z of
inter-set ZCCZ can be chosen flexibly. Besides, the resultant
sequence sets obtained in this paper, not only the parameters
of intra-set are optimal, but also the inter-set are optimal.
As a result, this paper can provide more available sequences
for communication systems and enrich the research results
of A-ZCZ sequence sets.

5. Conclusion

In this paper, we proposed that the NHZ FHS sets obtained
by [22] should satisfy one of the two conditions in Lemma 6,
so as to construct A-ZCZ sequence set. A condition for
constructing the optimal A-ZCZ sequence set based on non-
repeated NHZ FHS set is supplemented. Moreover, a new
construction of optimal A-ZCZ sequence sets is proposed by
matrices transformation. The length of inter-set ZCCZ and
the number of subsets can be chosen flexibly. As the diver-
sity of the orthogonal matrices and the flexibility of initial
matrix, the new constructions can generate more sequence
sets than [22]. As a result, this paper can provide more avail-
able sequences for communication systems and enriched the
research results of A-ZCZ sequence sets.
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