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A New Construction of Asymmetric ZCZ Sequence Sets™

Li CUI" "™, Xiaoyu CHEN', Nonmembers, and Yubo LI', Member

SUMMARY  An asymmetric zero correlation zone (A-ZCZ) sequence
set can be regarded as a special type of ZCZ sequence set, which consists of
multiple sequence subsets. Each subset is a ZCZ sequence set, and have a
common zero cross-correlation zone (ZCCZ) between sequences from dif-
ferent subsets. This paper supplements an existing construction of A-ZCZ
sequence sets and further improves the research results. Besides, a new
construction of A-ZCZ sequence sets is proposed by matrices transforma-
tion. The obtained sequence sets are optimal with respect to theoretical
bound, and the parameters can be chosen more flexibly, such as the num-
ber of subsets and the lengths of ZCCZ between sequences from different
subsets. Moreover, as the diversity of the orthogonal matrices and the flex-
ibility of initial matrix, more A-ZCZ sequence sets can be obtained. The
resultant sequence sets presented in this paper can be applied to multi-cell
quasi-synchronous code-division multiple-access (QS-CDMA) systems, to
eliminate the interference not only from the same cell but also from adjacent
cells.

key words: quasi-synchronous CDMA, zero correlation zone (ZCZ), se-
quence set, asymmetric zero correlation zone (A-ZCZ)

1. Introduction
1.1 Background

In quasi-synchronous code-division multiple-access (QS-
CDMA) systems, the requirement for synchronization is not
as strict as synchronous CDMA systems, and the relative
time delay between the signals of different users is allowed
to vary in a domain around the origin. In order to utilize
this advantage, zero correlation zone (ZCZ) sequence sets
are used as spreading sequences and applied to QS-CDMA
systems [1]. More precisely, if their relative time delay does
not exceed a certain region known as ZCZ length, then ZCZ
sequence sets with good correlation property can be used
to eliminate co-channel multi-path interference (MPI) and
multi-access interference (MAI) in same cell (intra-cell). To
date, binary, ternary, and polyphase ZCZ sequences have
been widely investigated [3]-[6].

As a matter of fact, the interference between signals
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of different users not only comes from intra-cell, but also
from different cells (inter-cell). In [7], Gong introduced
that the latter interference was referred to as correlation of
multiple sequence sets, and proposed two constructions of
multiple sequence sets with low correlation, which have been
well developed by many researchers in [8]-[10]. Tang et al.
constructed a type of binary ZCZ sequence sets that consist of
multiple sequence subsets in [8]. The most special property
was that it had a common ZCZ between sequences from
different subsets, which is referred to as inter-set zero cross-
correlation zone (ZCCZ). This statement is to distinguish
ZCZ between sequences from the same subset, which is
referred to as intra-set ZCZ. This type of sequence sets can
be used to eliminate both the inter-cell interference and intra-
cell interference in multi-cell QS-CDMA systems.

The multiple ZCZ sequence sets with inter-set ZCCZ
are also named asymmetric ZCZ (A-ZCZ) sequence sets,
which was proposed by Torii et al. in [11]. Up to now,
certain constructions of A-ZCZ sequence sets have been
reported [11]-[21]. Torii et al. proposed several types of
polyphase A-ZCZ sequence sets based on perfect sequences
in [11]-[16], and based on DFT matrices in [17]. These
resultant sequence sets have larger ZCCZ lengths than the
mathematical upper bound of conventional ZCZ sequence
sets. However, the lengths of perfect sequences are required
certain constraints. For example, in [15], the period of initial
perfect sequences L were required to be L = Nqg (2k + 1),
which means that perfect sequences with prime lengths can-
not satisfy the condition. Moreover, total number of the A-
ZCZ sequence sets obtained by [11], [12], [14], [15] cannot
exceed the period of the perfect sequences, which have been
resolved in [16]. Based on interleaved technique and uncor-
related ZCZ sequence sets, uncorrelated A-ZCZ sequence
sets can be generated by [13]. The parameters of the A-ZCZ
sequence sets can approach or almost approach the theoreti-
cal bound only if the uncorrelated ZCZ sequence set was op-
timal or quasi-optimal. In [17], polyphase A-ZCZ sequence
sets were constructed from the P-dimension DFT matrices
and the orthogonal matrices of order M. The number of
subsets is determined by | P/M |, which represents that the
closer of P and M means the less of number of subsets. In ad-
dition, the obtained A-ZCZ sequence sets were optimal when
M = |P/N |. In [8], [19]-[21], several types of binary and
ternary A-ZCZ sequence sets were proposed by Tang and
Hayashi et al. However, most resultant sequence sets are
quasi-optimal [8], [12]-[16], [19]-[21]. A new construction
of optimal polyphase A-ZCZ sequence sets were proposed
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based on DFT matrices and non-repeated frequency-hopping
sequence (FHS) sets with no-hit zone (NHZ) in [22]. For
NHZ FHS set, its Hamming cross-correlations and out-of-
phase Hamming auto-correlations are equal to O as long as
the time delay does not exceed a certain region know as NHZ.
If all of the frequency slots in each sequence are different
from each other, it is called non-repeated FHS set.

1.2 Contributions

The aim presented in this paper is to design optimal A-ZCZ
sequence sets. It requires that the performance parameters
of both intra-set and inter-set of the obtained sequence sets
can achieve the theoretical bound [8]. The research motiva-
tion of this paper is from literature [22]. By investigating
[22], on one hand, the obtained FHS sets cannot satisfy the
non-repeatability, which is the basis for constructing A-ZCZ
sequence sets. On the other hand, the number of A-ZCZ se-
quence sets were not rich enough. The contributions of this
paper are twofold: the first is to supplement the conditions
for constructing optimal A-ZCZ sequence set in [22]. The
other contribution is to propose a new construction of A-ZCZ
sequence sets which is inspired by [22]. It can be simply de-
scribed as follows. The rows of a DFT matrix are reordered
in turn, according to the different rows of a constructed ma-
trix obtained from matrices transformation. The constructed
matrix has the similar characteristic as non-repeated NHZ-
FHS set. On this basis, combined with an orthogonal matrix,
an A-ZCZ sequence set can be generated, by using the good
uncorrelation between different rows of DFT matrix. In this
paper, we propose that it is not necessary to use two DFT
matrices, a DFT matrix and an orthogonal matrix are suf-
ficient. Due to the diversity of orthogonal matrices, more
sequence sets can be constructed.

1.3 Organization and Notations

The rest of the paper is organized as follows. After summa-
rizing the notations in this paper, some useful preliminaries
are given in Sect.2. In Sect.3, supplementary properties
are given, so as to obtain FHS sets suitable for constructing
A-ZCZ sequence sets. Then a new construction of A-ZCZ
sequence sets with optimal parameters is proposed, and an
example of the construction is given. Finally, Sect.5 con-
cludes this paper.

The following notations will be used throughout this

paper:

e wy =exp2aV—1/N),N > 2.

* (-)" denotes complex conjugate of (-).

¢ | -] denotes the floor function.

e Zn denotes the set {0,1,--- ,N — 1}.

 gcd(a, b) denotes the greatest common divisor of a and
b.

e A = [a;]MxN denotes an M x N matrix, where a’

denotes the i-throw of A, and a;. denotes the j-th column
of the i-throw,0 <i <M -1,0<j < N-1. Note
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that both superscript i and j start from O.

2. Preliminaries

Definition 1: Leta = (a(0),a(1),---,a(L—-1))and b =
(b(0),b(1),---,b(L —1)) be two complex sequences of
period L. The periodic cross-correlation function (CCF)
Rap (7) between a and b at shift 7 is defined as:

L-1

Rap ()= D a(l) b (I +7),0 <7< L-1 )
=0

where [ + 7 is performed modulo L. If a = b, then R, (7)
is called the periodic auto-correlation function (ACF) of a,
denoted by R, (7).

2.1 Matrix
Lemmal: LetF = [fj"]NxN be a DFT matrix, and fji =
(wn)', then all of the rows in F satisfy

Rin,f'-l (T)zo,OSTSN—l,l(]ill. (2)

Lemma2: Let Q = [q}] NxN be an orthogonal matrix.

Then all of the rows in Q satisfy

qu()’qi, (0) =0,ip # 1. 3)
Definition 2: Let a = (ag, a1, --,ay-1) and b =
(bo,b1,- -+ ,bn—1) be two vectors with same length N, then
a O b is defined as:

aob = (agbo,aibi, - ,an-1bn-1). 4
Definition 3: Let a = (ag,a1, - ,ap-1) be a complex-

valued sequence and e = (eg,e1,---,en-1) be a sequence
over Zy, an M x N matrix U can be obtained as follows:

a0+60 a0+61 a0+eN,1
al+e() a]+el e al+eN,1
U= ) ) . : &)
aM—1+80 aM—l+e1 aM—l+eN_1

where the additions in subscripts are performed modulo M.
For convenience, the matrix U in (5) is rewritten as:

U=[L"(a),L" (@), ,LN" (a)] ©6)

where L' denotes left cyclical shift operator, i.e., L' (a) =
(aj,ai+1,- -+ ,ap—1,a9, -+ ,ai—1), 0 < i < N — 1, and the
sequences a and e are called component sequence and shift
sequence of U respectively.

2.2 Zero Correlation Zone Sequence Set

Definition 4: Let S = {sg,s,---,Sy—1} be a set of N se-
quences of length L, each sequence can be represented as
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Sy = (5,(0),s,(1),--+,5,(L-1)),0 <n < N-1. For
Sn;»Sn, € S, where 0 < nj,np < N — 1, the sequence set
S is called a (conventional) ZCZ sequence set, denoted by
(L,N,Z)-Z7CZif

E, ni=ny7t=0
R, 50, (1) =140, ni=m,0<|r|<Z~1 )
0, nm#m,0<|r|<Z~-1

where E = Zle’Ol \sn] (l)|2, Z is the ZCZ length of S.
Lemma 3 ([23]): For a sequence set (L, N, Z) — ZCZ, the
performance parameter 7 satisfies the following relationship:

NZ
n=" sl ®)

Ifn = 1, then (L, N, Z) — ZCZ is called an optimal ZCZ
sequence set.

2.3 Asymmetric ZCZ Sequence Set

Definition 5: Supposed that S = {s°,S',--- s~} isa
set with M sequence subsets, the subset S with N sequences
of length L can be represented as S™ = {sf",s7",--- ,s% |},
and s = (s7(0),s7 (1), ,s™(L—1)), for 0 < m <
M-1,0<n<N-1. Letsy,' € S™ and s, € S™ be two
arbitrary sequences, the sequence set S is called an A-ZCZ
sequence set, denoted by Z4 (L,[N,M],[Z, Zccz]) if

Rs;ﬂll ’snmzz (T)
my =mpy,ny =np, 7=0

&)

E’

0, m=myn =nm0<|r|<Z-1
0, my=myn #m,0<|7|<Z-1
09

m1¢m2,0S|T|SZCcz—1

where £ = Y[ | (l)\z, Z is the ZCZ length of each
subset, and Zccz is the ZCCZ length between sequences
from different subsets.

Lemma 4 ([8]): Let S be Z4 (L,[N,M],[Z,Zccz]). S is
called an optimal A-ZCZ sequence set, if the parameters
satisfy the following two conditions:

1. Each subet S™ is an optimal ZCZ sequence set
(L,N,Z)—-ZCZ. The performance parameters of intra-
set 11 satisfies 7y = ¥ =1.

2. The union of M sequence subsets is an optimal ZCZ
sequence set (L,MN,min{Z,Zccz}) — ZCZ. The

inter-set performance parameter 17, satisfies 7, =
MNmin{Z,chz} _ 1
—r =1L

2.4 Frequency-Hopping Sequence Set

Definition 6: Let F = {fy, fi,---,f;-1} be a set of
available frequency slots with size g. A sequence
X = (x(0),x(1),---,x(N —=1)) with length N is called
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a frequency-hopping sequence over F if x(n) € F for all
0 <n < N - 1. For two FHSs x and y of length N over F,
the Hamming correlation between x and y is defined as:

N-1

Hyy(t)= Y h(x(m),y(n+1),0 <t <N-1 (10)
n=0

where n + 7 is calculated modulo N, and A[f;, fi] =
{1, fi=1
0, fi#/fi
correlation of x, denoted by H, (7).

Let X = {x%x!,--- ,xM~'} be a set of M FHSs with
length N over a frequency set with size g. Assume that
Hymi ymy(t) = 0, for 0 < 7 < L — 1 when m; = mp and
0 < 1 < L-1whenm; # my. Then X is called a NHZ-FHS
set, and the length of NHZ is L.

Definition 7: Given an FHS x = (x(0), x(1),--- ,x(N — 1))
with length N. For arbitrary integer s and t with0 < s # ¢ <
N -1, if x (s) # x (¢), then x is called non-repeated FHS.

If x =y, Hy ,(7) is called Hamming auto-

3. Construction of A-ZCZ Sequence Sets
3.1 The Existing Construction of A-ZCZ Sequence Sets

In [22], the A-ZCZ sequence sets are constructed based on
non-repeated NHZ FHS sets. The proof of Lemma 5 is
provided in [22].

Lemma 5 ([22]): Let F = {fy, fi,---.f;-1} be a set of
available frequency slots with size g. M and Z are pos-
itive integer, which satisfty ¢ = M (Z+1). For f, €
F, it can be represented as f;, = fsp, wWhere a =
LA/(Z+1)], b = hmod (Z +1). Construct a sequence
set X = {xOx',--- ,xM~'} with M sequences of length
M (Z + 1), and each sequence can be represented as x”* =
x™0),x™ (1), -, x"M(Z+1)-1),0<m<M-1.
The element of each sequence is calculated as:

x"(n) = fs.; (1)

where 6 = (m+i)®@i(j+1),i = |n/(Z+1)], j = nmod
(Z+1),0<n < M(Z+1) -1, & represents modulo M

addition. The sequence set X resolved by (11) is an NHZ
FHS set with NHZ of length Z.

Remark 1: As the basis of A-ZCZ seqeuence sets, the non-
repeated property of each FHS is very important. However,
it was not be verified in [22]. Unfortunately, the parameters
under the known conditions cannot assure each FHS is non-
repeated, which can be known as the following example.

Example 1: Set M = 6,Z = 2 and ¢ = 18, then X =

{XO,XI,- - ,xs} is an FHS set constructed from Lemma 5.

The FHSs in X are listed as follows:

x’ = (0,1,2,6,10,14,12,1,8,0,10,2,6,1,14,12, 10,8)
x! = (3,4,5,9,13,17,15,4,11,3,13,5,9,4, 17,15, 13, 11)
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X2 = (6,7,8,12,16,2,0,7,14,6,16,8,12,7,2,0,16, 14)
X =(9,10,11,15,1,5,3,10,17,9, 1, 11,15,10,5,3,1,17)
x* = (12,13,14,0,4,8,6,13,2,12,4,14,0,13,8,6,4,2)
x* = (15,16,17,3,7,11,9,16,5,15,7,17,3,16,11,9,7,5)

Obviously, there are repeated frequency slots in each
FHS.

Example2: Set M = 5,Z = 3 and ¢ = 20, then X =
{XO,XI,XZ,X3,X4} is a FHS set constructed from Lemma 5.

The FHSs in X are listed as follows:

X’ =(0,1,2,3,8,13,18,3,16,5,14,3,4,17,10,3,12,9,6,3)
x! = (4,5,6,7,12,17,2,7,0,9,18,7,8,1,14,7, 16, 13,10,7)
x2 = (89,10,11,16,1,6,114,132,11,12,5,18,11,0,17,14,11)
x* = (12,13,14,15,0,5,10,15,8,17,6,15,16,9.2,15,4,1,18,15)
x* = (16,17,18,19,4,9, 14,19,12,1,10,19,0,13,6,19.8,5,2,19)

There are repeated frequency slots still in each FHS.
Based on Lemma 5, the following conditions are com-
plemented so as to obtain the non-repeated FHS sets.

Lemma 6: Each FHS in the set of X = {x%,x!,... ,x"~1}
obtained by Lemma 5 is non-repeated sequence, if the pa-
rameters of X satisfy one of the following conditions:

1. M satisfies gecd (M, c) = 1, where c is an arbitrary inte-
gerin {1,2,---,2+ Z}.
2. M > Z + 2 and M is a prime number.

Proof: Let x'" be an arbitrary sequence in the set X. Assume
that x™ (ny) = x™ (np), where 0 < m < M — 1, ny # np, then
according to (11), we have

Jom+ineiGi+1).j1 = Sim+in)@in(ja+1).)2 (12)

where ij = [m/(Z+1)], j1 = npmod(Z+1), ih =
[n2/(Z +1)], j» = np mod (Z + 1). It can be derived that

J1=J)2
{m@il(j1+2)=m®i2(j2+2). (3)
Since 0 < j; = j» < Z,then2 < j1 +2 < Z+2,itholds

that gcd (M, j; +2) = 1, according to the first condition.

Then we have, it mod M = i, mod M. In addition, 0 <

i1,ip < M — 1, thusi; = i. Note that j; = j,, hence n; = ny,

which violates the assumption above. Therefore, the FHS

x is non-repeated.

The second condition is a special case of the first one,

so the proof process is omitted. O
Next, we give an example of Lemma 6.

Example 3: Set M = 7,Z = 2 and g = 21, then the FHS
set X = {x’,x!,---,x%} obtained by Lemma 6 is listed as
follows:

x’ =(0,1,2,6,10,14,12,19,5,18,7,17,3,
16,8,9,4,20,15,13,11)

1395

x! =(3,4,5,9,13,17,15,1,8,0, 10,20,6,
19,11,12,7,2,18,16,14)

x> =(6,7,8,12,16,20,18,4,11,3,13,2,9,
1,14,15,10,5,0,19,17)

x° =(9,10,11,15,19,2,0,7,14,6,16,5,12,
4,17,18,13,8,3,1,20)

x* =(12,13,14,18,1,5,3,10,17,9, 19,8, 15,
7,20,0,16,11,6,4,2)

x° =(15,16,17,0,4,8,6,13,20,12,1,11, 18,
10,2,3,19,14,9,7,5)

x® = (18,19,20,3,7,11,9,16,2,15,4, 14,0,
13,5,6,1,17,12,10,8)

It can be verified that all the above FHSs in X are non-
repeated.

Finally, the construction of A-ZCZ sequence sets based
on non-repeated NHZ FHS set in [22] is introduced briefly
for readers convenience.

Lemma 7 ([22]): Let F be a frequency set with ¢ avail-
able frequency slot, and X = {x’,x!,--- ,xM~1} be a set
of non-repeated NHZ FHS set with M sequences of length
M (Z + 1) over E. Given two DFT matrices G = [gj.]NxN
and V = [U;:]NXN, where N=M(Z+1),0<i,j<N-1.
ConstructS = {SO,SI,~ - ,SM‘I} with M sequence subsets,
each subset S™ = {56”, SRR ,s’ﬁ_] } consist of N sequences
with period N2, i.e., s = (s7 (0),s7 (1), ,s™ (N* - 1)),
where 0 <m < M —1and 0 < n < N — 1. Each sequence
element is constructed as follows:

sw =gy o (14)

where 0 </ < N 1,1 =Nl +1),0< Iy < N-1. The
sequence set S is an optimal A-ZCZ sequence set that is
represented as Z4 (N2,[N,M],[N,Z + 1]).

Lemma 8: When g = M (Z + 1) in Lemma 7, the obtained
ZCZ sequence sets are optimal.

Under the conditiong = M (Z + 1)and N = M(Z + 1),
it is clear that every frequency slot in F will appear once
and only once in each FHS. We can assume that g > N,
then the order of DFT matrix G need to be g X ¢, which
can know from (14). Then the obtained A-ZCZ sequence
set is represented as Z4 (Ng,[N,M],[N, Z + 1]), according
to (14). Then 7 = % <1l,and 7, = ngq-z < 1. So the
A-ZCZ sequence set is not optimal.

Remark 2: From Lemma 6, it is clear that the number of
subsets M need to be odd. In addition, the resultant sequence
sets only depend on M and Z. This paper proposes a new
construction of A-ZCZ sequence sets, which can provide
more flexible parameters and richer results.
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3.2 A New Construction of A-ZCZ Sequence Set

In this section, a new construction of A-ZCZ sequence sets
is proposed by matrices transformation.

Step 1: Given a DFT matrix F =
onal matrix Q = [qji.] NxN- Set two positive integers Z and
M, which satisfy M = N/Z .

[fji]NxN and an orthog-

Step 2: Arbitrarily permute all the integers over Z to form
a matrix A = [a}]sz-

Step 3: Choose two sequences with length M, d =
(do,dy, -+ ,dpy—-1) and e = (eg,eq, -+ ,ep—1). Both of the
two sequences are arbitrary permutations over Zy;. Con-
struct a matrix B = [bj.] Mmxm from d and e as follows:

B=[L*(d),L (d),---, L' (d)]. (15)

Step 4: Construct a matrix C = |c¢

[ ,’f] mxne the element ¢
is calculated by

b @&n mod Z
m _ ln/Z]
c, =a " (16)

nmod Z
where @ represents modulo M addition.

Step 5: Construct a matrix set H with M matrices of order
NXxN,H ={H(),H(1),--- ,H(M — 1)}, and the matrix
H (m) is generated by transforming the matrix F based on
the m-th row of matrix C, where 0 <m < M - 1.

fozo fo:m . fo N-1
0 1 . N1
He=| 1N g . (7
fcg” fclm . CN-1
N-1 JIN-1 N-1
The i-th row of H (m) is represented as follows:
h (m) = (f° o N, (18)

Step 6: Construct S = {s°,8',--- ,S™~1} with M se-
quence subsets, and S™ = {sg',s{",---,s\_,} consists of
N sequences. Each sequence is calculated as follows:

Dl m) © ¢")
(19)

sy = (W°(m) @ ¢",h'(m) @ ¢",---

where 0 <m < M —-1and0 < n < N — 1. The length of s}
is N2, ™ = (s™(0),s™ (1), ,s™ (N> = 1)), the element
of sequence s (1) is calculated as follows:

s = £ qp (20)

Io
where 0 <1 < N>—1,1; = [I/N],lp = mod N.

Theorem 1: S is an A-ZCZ sequence set with parameters
Za (N?,[N,M],[N, Z]), which means that S has the follow-
ing properties:
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1. Each subset S™ is a conventional ZCZ sequence set
(N?,N,N) - ZCZ.
2. The different subsets have a common ZCCZ length Z.

Proof: According to Step 6, the set of S contains M subset,
and each subset contains N sequences of length N2

Next, two more points need to be proved. One is the
ZCZ length of each subset is N, and the other is the length
of inter-set ZCCZ is Z.

Consider arbitrary two sequences s, € S™, s, €
S™ where 0 < my,my < M—1and0 < ny,np < N-1. Set
7= N1 +70,0 < 19,71 <N — 1, the periodic CCF between

sn, and s, can be calculated as follows:
Rs;ﬂl1 ’5:1"22 (T)
N2-1 *
l mod n (I+7) mod N n
Z fU/NJ N ) mod N (fL(l+T)/NJ q(li—‘r) mod N)

- JN=1
= Z n (2 Z fclo
TGy \y L

1o=0 1,=0

where I}’ = (L +71+|(lp+71)/N])modN,
(Ip + 19) mod N. Consider the following cases:

: ( £ ) 1)

’

l =

Case1: :my=my,n =ny, 7€ (O,N>—1].

Note that s;;\' and s, are the same, then Rymi gm> (1) =
Vl,l b 71.2
Rs:zll (7). Firstly, we only consider 7 € (O,N — 1]and 7 = N.
When 7 € (OLN —1],wehave 11 = 0,0 <19 < N — 1.
Since 0 < lp < N—1,then0 < [p+79 < 2N —-2. To calculate
Ry (t)forO<lp+7m9<N-1landN <lp+79 <2N -2
n
respectively, consider the following situations:
. If0<lp+19<N-=1,thenly’ =11, Iy’ = Iy + 0.

Assume that < "= cl':?. According to (16), we have
®ly mod z b2 ®ly mod Z
U()/ZJ _ Li'/1Z] .
o mod Z =z . Since the elements

value of matrix A are different from each other, we can con-
clude that

{lo mod Z = [y’ mod Z 22)
bLl‘/ZJ ®lymod Z = bLl "7 | ® Iy’ mod Z.
It can be derived that b'ﬁ‘ iz = brﬁ /7 |- According to

(15), when m; = my, it holds that |ly/Z | = |Iy’/Z |, then
lo = ly’, equivalent to 79 = 0, which is contradicted against
0 < 19 £ N — 1. Therefore cm‘ * c . According to (2),

n'lz *
SR G = R @) =0
Iy flo

As a result, we have R m (r) = 0 for T € (0 N —1] and
O<lpy+19o<N-1.

2). N <ly+1 < 2N -2,thenl;’ = (I + 1) mod N,
lo’ = lp + 70 — N. Assume that cm1 = clm,z. Similar to above,
wecangetly = [/, thenty = N, Wthh is contradicted against
0 < 19 £ N — 1. Therefore cm‘ # c;:?. According to (2),

' (fl,’O) =R m m (1) =0

flf 10

it follows that Z

it follows that 2 f[

1
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As a result, we have Ry (7) = 0 for 7 € (0,N - 1] and
ny

N <lp+71 <2N-2.

Combining above two situations, we can conclude that
RS:I"II (r)=0fort e (O,N —1].

When 7 = N, we have 7y = 1, 7p = 0, [}/ =
(I; + 1) mod N, Iy’ = ly. Note that all the elements in CZ: are
different from each other over Z, accordlng to (15). There—

mz

fore, it can be derived that YV lo=0 flllO
(l;+1) mod N
Z0 i - )

Accordlng to the above proof process, we can deduce
Ry (t) = 0, when 7 € [N + 1,N? — 1]. The process is
ny
omitted here.

(f(ll+l) mod N)
= 0. Thus, Rym (N) =
ny

So far, we can conclude that Ry (N) = O for 7 €
ny
(0,N? - 1].
Case2: my =my,n; #n, 7€ [0,N—1].

Note that s;;"' and s, are two different sequences from
the same subset. According to 7 € [0, N — 1], it holds that
71 =0,0 <19 < N - 1. To calculate Ry gm (7) for 79 = 0

nl b n2
and 0 < 79 < N — 1 respectively, consider the following
situations.
(1). If 7y = 0, then L' =4, 1y =.

According to (3), it follows that Zg’z’ol qp - (qg%) =
Rgmi qm (0) = 0. As aresult, we have Rsnmll’sgzz 0)=0
2). ff0<1mg<N-1.

Similar to Case 1, it can be derived that Rgni gm (7) = 0

Ill i n2
fort € (O,N —1].

Combining above situations of Case 2, we can conclude
that Rs:lnll N (r)=0fort € [O,N - 1].

From Case I and Case 2, it is clear that each subset S

of S has aZCZ of length N. Therefore S can be represented
as (N%,N,N) - ZCZ.

Case3: :m; #my, 7€[0,Z-1].

m2

Note that s;"' and s, are sequences from different

subsets. According to T e [0,Z - 1], we have 71 = 0,

0 <1 < Z-1. To calculate Ryn ¢m (1) for 79 = 0 and
np >Sny

0 < 19 £ Z — 1 respectively, consider the following situa-

tions:

(1). If p = 0, then L'/ =l and Iy = I.
Assume that < " = ™ Similar to the first situation of

I
Case 1, it can be derlved that m; = my, which violates m; #

m,. Hence cl'g” cl’("),z. Similarly, we have R m ms (0) =0
71] b n2
Q). T0<19<Z—1,then0<lp+19<N+Z-2.

To calculate R mi m> (1) for 0 < Iy + 79 < N — 1 and
n] s n2

N < Iy +79 < N + Z -2 respectively, consider the following
states:

a)If0 < [y+19 < N—l,thenll’ =1, l()/ = [p+719. When
0 <1y <Z-1,wehave Iy mod Z # (ly + 79) mod Z, then
lo mod Z # Iy’ mod Z. Since the elements value of matrix
,Ly;:)/zj ®lp mod Z

A are different from each other, then a,
v mod Z

#

1397

b2, @l mod Z
lo,“&éjjz , thus cZ:‘ #
OforO<lp+19<N-1.
b)IfN <lp+179 <N+Z-2,thenl;’ = (I; + 1) mod
N, Iy’ = Iy + 19 — N. It can be derived that [y’ mod Z =
(lh+1+N)mod Z = (lp + 79) mod Z. When 0 < 19 <
Z — 1, we have Iy’ mod Z # Iy mod Z. Similar to above
ot # cl, , we have Rymi om> (1) = 0 for N < lp + 719 <
0 ny +Sny
N+Z7Z-2.
From the two situations of Case 3, it can be seen that
RST,‘ s (r)=0forT € [0,Z - 1].
In order to ensure that the length of inter-set ZCCZ is
Z strictly, that is, never be larger than Z, we can consider

Rgmy gmy (1) for T = Z. Thus, we have 11 = 0,70 = Z, [} =
nl 2 n2

(h+|(lp+Z)/N ])mod N and ly’ = (lp+Z) mod N. Since
lo mod Z = Iy’ mod Z, then from (16), it holds that cm‘ =

m2 nmp 1) —
€l if bLl 1z | bLl "z ) According to (15), bLl 1z] =

b’ﬁz 7 ] will occur inevitably. Hence, among all the cross-
correlation functions of inter-set, there will always be some
ones whose values are not equal to 0 when 7 = Z. Thatis to

say, the situation of R S 2 (Z) # 0 will definitely happen.
From Case 3, itis clear that the length of inter-set ZCCZ
is Z.
Combining three cases above, S is a A-ZCZ sequence
set Z4 (N2,[N, M],[N, Z]). O

Mmoo _
¢,/ Similarly, ngll N (1) =

Theorem 2: The A-ZCZ sequence set obtained by Theorem
1 is an optimal A-ZCZ sequence set.

Proof: Note that, each subset S of S is an A-ZCZ sequence
set with parameters (N2, N, N) — ZCZ. From Lemma 4, we
have n; = A[’V—?’ = 1, then each subset S™ is an optimal ZCZ
sequence set. Moreover, there is an inter-set ZCCZ of length
Z, and min {N,Z} = Z, hence the union of M N sequences
is a large ZCZ sequence set with parameters (N, M N, Z) —
ZCZ, where N = MZ. It holds that i, = N]{;’IZZ = ]\]fvé\’ =1.
As aresult, S is an optimal A-ZCZ sequence set. O

Example 4: Suppose that N = 6, for writing convenience,
the 6 x 6 orthogonal matrix Q is also denoted by 6 x 6 DFT
matrix F, which can be represented as follows:

00000 0
0123 45
0240 2 4

F=Q=1p 3 903 0 3 (23)
0420 4 2
05 43 2 1

where each element represents a power of exp(27V—-1/6).
Set Z = 3 and M = 2. then 2 X 3 matrix A is given as
follows:

1 4 2
A:[O : 3]. (24)

Choose a component sequence d = (0,1) and a shift
sequence € = (0,1). Then the 2 X 2 matrix B is generated as
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follows:
B= [0 1] . (25)

Based on matrices A and B, the 2 X 6 matrix C is
constructed as follows:

C=[152043].

04315 2 (26)

According to C and F, matrices set H with two matrices
H(0) and H(1) are constructed as follows:

0000 0 O
1520 4 3
24 40 2 0

HO =15 3 9 0 0 3| 27)
4220 4 0
5 1 4 0 2 3
0000 0 0
043152
020 2 4 4

HD=10 0 3 3 3 ¢ (28)
0404 2 2
023 5 1 4

where each element represents a power of exp(2rV—-1/6).
An A-ZCZ sequence set S = {S°S'} including two
subsets is constructed from the new construction. Each

subset consists of 6 sequences with length 36, i.e., Sk =

k ok ok ok ok oK
{sg.st.sh,s5,sk s}, k € {0,1}. Each element of sequences

represents a power of exp(27rV—1/6). For sake of page lim-
itations, just a part of sequences are listed as follows:
s9 = (0,0,0,0,0,0,1,5,2,0,4,3,2,4,4,0,2,0,

3,3,0,0,0,3,4,2,2,0,4,0,5,1,4,0,2,3)
5(1) =(0,1,2,3,4,5,1,0,4,3,2,2,2,5,0,3,0,5,
3,4,2,3,4,2,4,3,4,3,2,5,5,2,0,3,0,2)
sg =(0,2,4,0,2,4,1,1,0,0,0,1,2,0,2,0,4,4,
3,5,4,0,2,1,4,4,0,0,0,4,5,3,2,0,4,1)
s =(0,3,0,3,0,3,1,2,2,3,4,0,2,1,4,3,2,3,
3,0,0,3,0,0,4,5,2,3,4,3,5,4,4,3,2,0)
sg =(0,4,2,0,4,2,1,3,4,0,2,5,2,2,0,0,0,2,
3,1,2,0,4,5,4,0,4,0,2,2,5,5,0,0,0,5)
s? =(0,5,4,3,2,1,1,4,0,3,0,4,2,3,2,3,4,1,
3,2,4,3,2,4,4,1,0,3,0,1,5,0,2,3,4,4)
sy = (0,0,0,0,0,0,0,4,3,1,5,2,0,2,0,2,4,4,
0,0,3,3,3,0,0,4,0,4,2,2,0,2,3,5,1,4)
s} =(0,1,2,3,4,5,0,5,5,4,3,1,0,3,2,5,2,3,
0,1,50,1,5,0,5,2,1,0,1,0,3,5,2,5,3)
sé =(0,2,4,0,2,4,0,0,1,1,1,0,0,4,4,2,0,2,
0,2,1,3,5,4,0,0,4,4,4,0,0,4,1,5,3,2)

IEICE TRANS. FUNDAMENTALS, VOL.E105-A, NO.10 OCTOBER 2022

Absolute value of periodic ACF

Fig.1  Period auto-correlation properties of s)', 0 <m < 1,0 <n <5.

30
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Absolute value of periodic CCF
o

1.3
a1
(m,n) (0.3)

©n 4  Shiit7 6

Fig.2  Period cross-correlation properties of sg and s7', 0 < m < 1,
1<n<40<t<14.

sé =(0,3,0,3,0,3,0,1,3,4,5,5,0,5,0,5,4, 1,
0,3,3,0,3,3,0,1,0,1,2,5,0,5,3,2,1,1)
s}‘ =(0,4,2,0,4,2,0,2,5,1,3,4,0,0,2,2,2,0,
0,4,5,3,1,2,0,2,2,4,0,4,0,0,5,5,5,0)
sé =(0,5,4,3,2,1,0,3,1,4,1,3,0,1,4,5,0,5,
0,5,1,0,5,1,0,3,4,1,4,3,0,1,1,2,3,5)

We provided Fig. 1 to show the ACF properties of this
example. From Fig. 1, it can be verified that the absolute
value of the ACF of each sequence in S is equal to O at shift
7 € (0,35]. Therefore, the resultant sequence set has good
auto-correlation property, which can be used to completely
eliminate MPL.

We provided Fig. 2 to show the CCF properties of 58 and
some other sequences respectively, which are from the same
subset S° and different subset S!. In order to show the ZCZ
clearly, the shift 7 is given between 0 to 14. On one hand, it

can be verified that the absolute value of CCF of sg and each

sequence in {s7,s3,s3,s0} is equal to O at shift 7 € [0,5].
It can be known that each subset is a conventional ZCZ

sequence set with parameters(36,6,6) — ZCZ. Furthermore,
the parameters of SO s optimal, i.e., n; = 63%6 = 1. On
the other hand, it can be verified that the absolute value of
CCF of s) and each sequence in {s,s},s},s} is equal to 0
at shift 7 € [0,2]. Then we can get that the ZCCZ length is

3. Let T = S U S, then T is a (36,12,3) — ZCZ, it holds

that 7, = % = 1. Therefore, the parameters of sequence
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Table 1  Comparison of several constructions of A-ZCZ sequence sets.
Constructions The parameters of Number of Zccz Intra-set optimal Inter-set optimal Constraints
intra-set-ZCZ subsets or not or not
in [14] (LN, N, NiL; - 1) N NiL; -1+ N; Not Quasi-optimal when lﬁJ =N
[L/N | =N L, Ly >1
in [15] (TL,T,2k +1) qgRk+1)+qg-1 Optimal when Optimal when L=NqgQRk+1)
N=1,g=1 g=1 N,q,k >1
in [16] (kLM ,kM,M - 1) 2M -1 Not Quasi-optimal when I[L/M |=N
|[L/N |=M K>2,M=>2
in[17] (PM,M,M) N PM Not Optimal when N=|P/M |
M = |P/N |
in [18] (2NZ,2M,LZ) P Z Optimal when Not 2<L<N
M=1[2N/L |
in [22] (NZ, N, N) M z Optimal Optimal Lemma6
with Lemma 6
Theorem 1 (N 2 N,N ) M Z Optimal Optimal M=N/Z

set T are optimal. We can conclude that S is an A-ZCZ
ZA (36,[6,2],[6,3]) whose parameters are optimal for both
intra-set and inter-set.

4. Comparison with Existing Constructions

The objective of this paper is to construct A-ZCZ sequence
sets with optimal parameters. As a comparison, we list
some parameters, constraints of parameters and parameters
performance from the known constructions and the ones
we proposed in Table 1. Constructions in [14]-[16] were
based on perfect sequence sets, whose lengths L were con-
strained differently. When |L/N | = N;L; in [14] and
LL/N | = M in [16], the inter-set parameter performance is
quasi-optimal, where N denotes the number of subsets. In
[15], the length of initial perfect sequences L are required
tobe L = Ng (2k + 1), which means that perfect sequences
with prime length cannot satisfy the condition. Moreover,
the obtained A-ZCZ sequence sets were optimal when N = 1
and ¢ = 1. A construction of Gaussian A-ZCZ sequence sets
were proposed in [18], the parameters of each subset are op-
timal if and only if M = J|2N/L |. In [17], polyphase
A-ZCZ sequence sets were generated from the P-dimension
DFT matrices and the orthogonal matrices of order M, and
parameters must satisfy N = | P/M |, where N is the num-
ber of subsets. It means when the value of M and P are
closer, the number of subsets will be less. On the contrary,
the dimensions of DFT matrices are equal to the orders of
orthogonal matrices in this paper, and the number of subsets
is determined by the ratio of the dimension of DFT matrix to
the length of ZCZ. According to above references, it is clear
that only one of the intra-set and inter-set parameters perfor-
mance can achieve optimal or quasi-optimal under certain
conditions in [14], [16]-[18].

In [22], the optimal A-ZCZ sequence sets are presented
with Lemma 6. However, the number of subsets M need to
be odd according to Lemma 6. Furthermore, if the values of
M and Z is determined, the sequence set obtained is unique.
In order to enlarge the number of A-ZCZ sequence sets, this
paper presents a new construction of A-ZCZ sequence sets.

As the diversity of the orthogonal matrices and the flexibility
of the initial matrix, component and shift sequence, this
construction can generate great deal of A-ZCZ sequence sets.
In addition, the number of subsets M and the length Z of
inter-set ZCCZ can be chosen flexibly. Besides, the resultant
sequence sets obtained in this paper, not only the parameters
of intra-set are optimal, but also the inter-set are optimal.
As a result, this paper can provide more available sequences
for communication systems and enrich the research results
of A-ZCZ sequence sets.

5. Conclusion

In this paper, we proposed that the NHZ FHS sets obtained
by [22] should satisfy one of the two conditions in Lemma 6,
so as to construct A-ZCZ sequence set. A condition for
constructing the optimal A-ZCZ sequence set based on non-
repeated NHZ FHS set is supplemented. Moreover, a new
construction of optimal A-ZCZ sequence sets is proposed by
matrices transformation. The length of inter-set ZCCZ and
the number of subsets can be chosen flexibly. As the diver-
sity of the orthogonal matrices and the flexibility of initial
matrix, the new constructions can generate more sequence
sets than [22]. As aresult, this paper can provide more avail-
able sequences for communication systems and enriched the
research results of A-ZCZ sequence sets.
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