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New Constructions of Sidon Spaces and Cyclic Subspace Codes*

Xue-Mei LIU™, Tong SHI™®, Min-Yao NIU''®, Nonmembers, Lin-Zhi SHEN'®, Member,

SUMMARY  Sidon space is an important tool for constructing cyclic
subspace codes. In this letter, we construct some Sidon spaces by using
primitive elements and the roots of some irreducible polynomials over
finite fields. Let ¢ be a prime power, k, m, n be three positive integers and

m

p=TIx1-1,60= [ﬁ] — 1. Based on these Sidon spaces and the union

of some Sidon spaces, new cyclic subspace codes with size 3(2’% and
kn_

% are obtained. The size of these codes is lager compared to the

known constructions from [14] and [10].
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1. Introduction

Let F, be the finite field of size g and ¢ be a prime power.
Let F,» be an extension field of degree n over F,, which
can be viewed as a vector space of dimension n over F,.
For any nonnegative integers k < n, G,(n, k) is the set of
all k-dimensional subspaces of Fy: (see [1]). We can equip
Gq(n, k) with a metric: d(U, V) = 2k — 2dim(U N V), where
U,V € G,(n, k). If C is a nonempty subset of G,(n, k), then
C is called a constant dimension subspace code. A subspace
code Cis cyclicif @V € Cforany @ € Fj, and V € C. Define
the orbit of V as orb(V) = {aV | a € ]F;,l}, then consider the
action of the multiplicative group I, to the set orb(V), it is
evident that orb(V) is a cyclic constant dimension subspace
code. The size of orb(V) is (1';_:11 for some ¢ | n and the
distance of orb(V) is 2k —2s Wiﬁ’l 0 < s <k(see[l12]). If the
size of orb(V) is ‘f;%ll, it is called a full-length orbit code.
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The largest minimum distance of such code is 2k — 2, if it
reaches this bound then the code is optimal (see [13]).

Subspace codes, particularly cyclic subspace codes
have attracted extensive attention due to their applications
in random network coding (see [4]) for correction of errors
and erasures (see [2], [16], [18], [21]). One of the research
directions is the construction of cyclic subspace codes with
large minimum distance and as many codewords as possible
for fixed g, n and k (see [19]). There are two main systematic
methods to construct cyclic subspace codes. One is to use
subspace polynomials (see [3], [S]-[7], [20]), the other is
to use Sidon spaces. In [8], Roth et al. found the connec-
tion between Sidon spaces and cyclic subspace codes. They
proved that the cyclic subspace code orb(V) has size ‘f;%ll and
minimum distance 2k — 2 if and only if V is a Sidon space.
In [9], Niu, Yue and Wu used the union of Sidon spaces to
construct cyclic subspace codes with more codewords and
the minimum distance is still 2k —2. In [14], Li and Liu gave
a sufficient condition that the sum of several Sidon spaces is
still a Sidon space, and provided a new idea for construct-
ing Sidon spaces. For more methods of constructing cyclic
subspace codes by Sidon spaces, see articles [14], [17].

In this letter, some new Sidon spaces can be constructed
with primitive elements and the roots of some irreducible
polynomials over finite fields. Moreover, several new kinds
of cyclic subspace codes are presented, whose size is the
multiple of "n%ll and the minimum distance is still 2k — 2.

The structure of this letter is as follows. In Sect. 2, we
state some relevant preliminaries which will be needed in
our constructions. In Sect.3, some new Sidon spaces are
presented. In Sect.4, based on these Sidon spaces, some
cyclic subspace codes with new parameters are obtained.
Finally, conclusions are presented in Sect. 5.

2. Preliminaries

Let F, be a finite field with g elements and F;» be an extension
field of degree n over F,, which can be viewed as a vector
space of dimension n over F,.

Definition 2.1 ([11]) A subspace U € G,(n, k) is called
a Sidon space if for any nonzero elements a, b, c,d € U, if
ab = cd, then {aF,, bF,;} = {cF,, dF,}.

Proposition 2.2 shows that we can construct cyclic sub-
space codes by Sidon spaces.

Proposition 2.2 ([8]) For a subspace U € G,(n, k), the
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cyclic subspace code orb(U) has size ‘f;%ll and minimum
distance 2k — 2 if and only if U is a Sidon space.

Proposition 2.3 shows that we can construct cyclic sub-
space codes from the union of some Sidon spaces.

Proposition 2.3 ([8]) For any distinct subspaces
U,V € G,(n,k), the following two conditions are equiv-
alent.

(1) For any @ € Fy,, dim(U N aV) < 1.

(2) For any nonzero elements a,c € U and nonzero
elements b,d € V, if ab = cd, then {aF,;} = {cF,} and
(bF,} = (dF,}.

Conjecture 2.4 ([12], [15]) For any positive integers
n,k and n > 2k, there exists a cyclic subspace code C C
G,(n, k) with size (Z”T_ll and minimum distance 2k — 2.

Lemma 2.5 ([10]) Suppose that [,k are two positive
integers with ged(l, k) = 1 and u, v, s, f are nonzero elements
of Fx such that uv = sz and ulv = s7t. Then Y=1eF,.

Remark 2.6 From De finition 2.1, U is a Sidon space
if for nonzero elements a,b,c,d € U, ab = cd, then
{aF,, bF,} = {cF,, dF,}. There are two cases. When {aF,} =
{cF,} and {bF,} = {dF,}, there exist A, A2, A3, 44 € F, such

that ad; = cA, and bA; = dly. Then ¢ = 22 € F, and

Ay
% = j—z € F;. Byab = cd,wehave% = ‘—}f € F,. The
other case could be similar to getting § = ; € F,. There-
fore, {aF,, bF,} = {cF,,dF,} is equivalent to ¢ = ¢ € F, or
a= 5 ¥

3. Constructions of Sidon Space

In order to make the following proof more concise, we give
some results.

Theorem 3.1 Suppose that 7 is a positive integer such
that ged(t,k) = 1 and u, ', 0,0 € sz are nonzero elements
such that uv = w'v', w? + ufv = w'v'? + w4v’. Then Ul =
£ cF,.

Proof From uv = u'v’, suppose - = = =7 € sz.
Replace the equation uv? + u?v = w'v'? + 'V by u = 1/,
v" = 7tv. We have

1 r 1 s 1 '
v + 7w =11 v + 'l

Thus, (£)7~! = 1, hence “ € F,. Since gcd(t,k) = 1, we
have % eF,. O

Now we construct Sidon spaces with the roots of some
irreducible polynomials over finite fields.

Theorem 3.2 Let n,k,m,t be positive integers and
klm]|n. Lety € F, bearoot of an irreducible poly-
nomial of degree % > 3 over Fyu, £ € ]Fj;n be a root of an
irreducible polynomial of degree ;- > 3 over F ». Then

(LI={u+uqy+qu§|u€Fqk}

is a Sidon space with dimension k.

Proof Now we check whether U is a Sidon space by
Definition2.1. Leta = u+uly+ufé, o’ = u' +u'ly+u'? ¢,
B=v+vly+vi&and B = v + v'% + v'? & be four nonzero
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elements in U such that B = o&’F’, where u, u’,v,v" € F*,.

Since 7 > 3 and ;- > 3, we know that {1,7,§,¥¢,
¥?, &} is a linear independent set over F . By comparing and
simplifying their coefficients in @8 = o’f’ after expansion,

we deduce that

uv =u'v
uv? + ulv = W' + u'h’

! i ! I 1
w? +ulo=uv? +ulV M
1t s s i
wlv? +u?ov? = w'W'? + w1
,
From uv = u'v’, suppose £ = £ = 7 € F*,. Replace the
u v gk

equation uv? + ufv = u'v'? + u'%’' by u = Tu’, v’ = Tv. Hence

Tu'v? + 1'% = v + Tu'.

wyg-1 _ w o Wwo_uo_ *

We have ()7 = 1,50 - € F. Su,ppose =y =7 €F,.
. a _ u+uly+u? & ro_ o

Replace the equation BT vrviprore byu =71v,u="1v
We haved = 7' € IFZ, hence [% = % =71 € IFZ By

Remark 2.6, U is a Sidon space.

Itis evident that for any u € F, there is aunique @ € U
corresponding to it. Therefore, U has ¢* distinct elements.
Since F can be viewed as a vector space of dimension k
over F,, we know that U is a F,—subspace of dimension k.

Therefore, U is a Sidon space with dimension k. ]

Remark 3.3 The conditions are the same as Theorem
3.2. Similarly, V = {(u? +uly +ué|u € [F,+}is a Sidon space
with dimension k.

We introduce some notations that will be used.

Definition 3.4 For three positive integers k,m,n and
klm|n. Let g be a prime power and w be a primitive element
in Fy. Lety € F, be aroot of an irreducible polynomial of
degree 7 > 3 over Fx and & € [}, be a root of an irreducible
polynomial of degree ;- > 3 over Fyn. Set p := [51-1,
set  := [5-1— 1. We define: y;; = w'y/, &, = w'é’, where
0<i<gc-2,1<j<p,1<r<é.

Then we construct Sidon spaces consisting of primitive
elements and the roots of irreducible polynomials over finite
fields.

Theorem 3.5 Let i, j, » be fixed integers such that 0 <
i<q¢-21<j<pl <r<6andlety; & be as
in Definition 3.4. Let t be a positive integer such that
gcd(t,k) = 1. Then

s
U jr = {u+wy;;j+ul & |u€Fyl

is a Sidon space with dimension k.

Proof Now we check whether U, is a Sidon space
by Definition 2.7. Let @ = u + uy;j + ul&,, @' = u' +
I/t/’yij + I/l’qlfir,ﬁ =0+ VYij + Uqrfir, ﬂ, =v + l)/’yij + U,qrgir be
four nonzero elements in U; ;, such that o = o’p’, where
u,u', v € F;k.

Since 1 < j < p,1 < r < 6, we know that {1,v/,y%/,
£ 7, yI€) is a linear independent set over F,. Comparing
their coefficients in @8 = /B’ after expansion, we deduce
that
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uv =u'v’

w(uv + w) = W W'V + ')
wuy = w¥u'v'

wu? +ulv) = w@Wv? + ')
w¥u)d = wd v

W + uv) = Wi W v + uw).

Since w be a primitive element in Fqk, 0<ic< qk -2, we
know that w', w? # 0. Upon simplification we have

uv =u'v’
{ ‘ : ‘ iy 2)

w? +ulv=uv'? +u

By Theorem 3.1, we have i; = % € F,. Hence /% = % eF,.
Therefore, U, j, € G,(n, k) is a Sidon space. O
Theorem 3.6 Let j, r be fixed integers such that 1 < j <

p,1 <r<0andletvy, £ be as in Definition 3.4. Lett be a

positive integer such that gcd(z, k) = 1. Then

Uy, = ' + wy! +ué |ue Fu)

is a Sidon space with dimension k.
Proof The proof is similar to that of Theorem 3.5, and
we omit the details. O

4. Subspace Codes via Sidon Spaces
Recall that the cyclic subspace code orb(U) has size %
and minimum distance 2k — 2 if and only if U/ is a Sidon
space. Now we construct some new cyclic subspace codes
with size larger than % and minimum distance still remain
2k - 2.

Theorem 4.1 The conditions are the same as Theorem
3.2 and Remark 3.3. Let U = {u + uly + u‘frf | u € Ful,
V= + vty +vé | v €Fyutand X = {wy + wé | w € Ful.
Define C; = (AU | A € F*n} C, ={0V |6 € F,,} and
C;={nX|ne F;,,}. Ifgcd(k, t) = 1, then

C=CiUuCyu(s

is a cyclic subspace code with size 3(371
distance 2k — 2.

Proof It is easy to verify that U, V and X are distinct
Sidon spaces and Cy,C,,C3 are cyclic subspace codes of

size ﬂ and minimum distance 2k — 2 by Proposition 2.2.

Therefore |C| = 3=D _1)

To show that g has minimum distance 2k — 2, it remains
to show that dim (U N §V) < 1, dim (VnnX) < 1 and
dim (X N AU) < 1, where A,6,n € FZ By Proposition
2.3, it is equivalent to proof for nonzero elements a, o’ € U,

B.B eVand y, ¥ e X,ifaB =B ,By =8x,ax =a'y,
then

and minimum

{aF,} = {a'F,} and {BF,} = {B'F,}.
{BE,} = {B’Pq} and {yF,} = {)(/Fq},
{aF,} = {a'F,} and (xF,} = {x'F,}.

From Remark 2.6, we only need to prove
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a _p .

;:EEF‘F 3)
B _X _ .

Z =L eF. 4
I Xeq 4)
2 =X eF, )
@  x

Let @ = u+uly +ulé, o = u +u'ly + ¢ be
nonzero elements of U, B = v? + vy + v&, B = v + 1'%y +
v'é be nonzero elements of V such that ¢ = o'’ where
u,u’ v, € F;k. Since ﬂ >3 and > 3, we know that
{1,7,€, 96,9, € is a hnear 1ndependent set over Fi. By
comparing and simplifying their coefficients in o8 = a'f’
after expansion, we deduce that

w? = uw'v'?
w? + ui? = v’ + '
u =u'v’ (6)

! !
wlv + u?v? = W' + w0
1 1
ulv=uv.

By Lemma 2.5 and the equation group (6), we have % =

v * wu _ vV _ i« .

5 € F. Suppose 5 = & = 17" € F,. Replace the equation
+uly+ud

o utwlytule byu=7uw,v =1'v, we haveL = v/ € F-.

@ W Auly+u'e ¢ Lo q

Since af = &’f’, we have & = % =7 € ;. Hence Eq. (3)
holds.

Similar to the proof of Eq. (3), the Egs. (4) and (5) hold.

To summarize, C is a cyclic subspace code with size
3(;’ _11) and minimum distance 2k — 2. |

Theorem 4.2 The conditions are the same as Theorem
35.For0<i<g-21<j<pl<r<6setU; =
{u+uyij + uf &, | u € Fy). Define C;j, = {AU; 1A € F, )
for each pair (i, j, r) correspondingly. Then the set

0 20
C] = Ur:l U?=1 U?: Ljr = gq(n k)

is a cyclic subspace code of size and minimum
distance 2k — 2.

Proof Each of the U;;. are Sidon spaces by
Theorem 3.5 and each C,;, is a cyclic subspace code of
size qT_ll and minimum distance 2k — 2 by Proposition 2.2.
To show that C; has minimum distance 2k — 2, it remains to
show that dim (U, j, -, N AU, j,,) < 1, where A € F, and
(@1, j1,11) # (i j2, 12)-

We consider two separate cases, and establish the claim
by utilizing Proposition 2.3.

Case 1: iy # i5.

Leta =u+ uyi j, + uqlfilrl’ @ =u+ '4'751/1 +M,qr§i|r1
be nonzero elements of U, j ,, and B = v + vy;,j, + vl &,
B =V +Vyy, + v'?'¢;,,, be nonzero elements of U, s
such that a8 = o’F’, where u,u’,v, v’ € F,.

(@ If j; # jo,rp #rp. Sincel < j<pand1 <r <6,
we know that {1, yjl , yfz, »yjl +j2’ ENEn g yjzgrl , 7/’1 £n)
is a linear independent set over Fg. By comparing and
simplifying their coefficients in a8 = o'’ after expansion,

9p(g*~1)(g"-1)
q-1
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we deduce that

uv =u't
w? = u'v? 7

1 I
ulv=uv.

By Lemma 2.5 and the equation group (7), we have =2 = £ €
F,. Hence 3 = £ ¢ .

b Ifji=jr=jr1 #r. Sincel < j<pand1 <r <4,
we know that {1,v/, Y2/, &7, &2, &M% yIign yign) is a linear
independent set over F. This case is similar to the proof of
case a and we omit it.

©Ifj1 # jo,ri=rp=r.Sincel < j<pand1 <r <6,
we know that {1, y/1, y2, y/1*72 & 2yl g" ¢ is alinear
independent set over . This case is similar to the proof of
case a and we omit it.

DIfji=jo=j,rn=r,=r Sincel < j < pand
1 < r <60, we know that {1,y/,y*,&", £, y/¢€"} is a linear
independent set over Fy. By comparing and simplifying
their coefficients in @ = o’f’ after expansion, we deduce
that

’
uv=uv
{ ! ! 7.q /q’v/ (8)

w? +ulv=u'v? +u

By Theorem 3.1 and the equation group (8), we have 7 =
”/ €F,. Hence £ 7= % € .
CaseZ =i =1

Let @ = u + uy;;, + ul'éy, o = u + u'yij, +u'lE,
be nonzero elements of U;; , and B = v + vy;;, + vl &y,
B =v+0y, + v"’lé:irz be nonzero elements of U; ;, ,, such
that B = o’B’, where u, u’,v,v" € sz.
(e) If j; # jo,r1 # ra, this case is similar to the proof of
case a and we omit it.
) If j; = jo = j,r| # 12, this case is similar to the proof of
case b and we omit it.
(g) I j1 # ja,r1 = rp = r, this case is similar to the proof of
case ¢ and we omit it.

To summarize, we have shown that C; has mini-

mum distance 2k — 2. In particular, we have shown that

6p<qk—1>(q”—1)

0p<qk 1)(q“ D 0
-1
Theorem 4.3 The conditions are the same as T heorem
36. For1 < j<p, 1 <r<6 setUp_yj, = {u? + utyl +
ué" |u € Fy}. Define Cyy j, = {AUp_y j,| A € FZ},} for each
pair (j, r) correspondingly. Then the set

i ljr—gq(n k)

elements of C; are distinct, so |Cq|

0
Cr=U_, V. C

Hp(q

1 ) and minimum dis-

is a cyclic subspace code of size
tance 2k — 2.

Proof Each of the Uy, ;, are Sidon spaces by
Theorem 3.6 and each Cy_ ;, is a cyclic subspace code of
size % and minimum distance 2k — 2 by Proposition 2.2.
To show that C, has minimum distance 2k — 2, it remains
to show that dim (Up_yj , N AUg_1j,,) < 1, where

A€ Fyand (ji,r1) # (jo,r2). Let @ = u? + wyl + ug”,
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o = u'? +u'y" +u'&" be nonzero elements of Uy, and
B =v? +vyP+vE”, B = v'Y +1'y”2 +10'€” be nonzero elements
of Uy_y j, r, such that off = o’f’, where u, u’,v,0" € F’,.

We consider three separate cases, and establish the
claim by utilizing Proposition 2.3.

Case 1: j| # ja, 11 # 13-

Since 1 < j < pand 1 < r < 6, we know that
{1’7./'1 , yjz’ 7Ai1+./2,§_‘r1 ’é:rz,é:rﬁrz’yjzé:rl , /)/jlé_‘VZ} is a linear in-
dependent set over F. By comparing and simplifying their
coefficients in @3 = o’f’ after expansion, we deduce that

uv =u'v
w? = u'v' )
wl'v=udv.

By Lemma 2.5 and the equation group (9), we have - = ”; €
F,. Hence 7 = /; eF,.

Case 2: i 2 Ja=Jjin 9& r». This case is similar to the proof
of case b form Theorem 4.2 and we omit it.
Case 3: j; # jo, 11 = rp = r. This case is similar to the proof
of case ¢ form Theorem 4.2 and we omit it.

To summarize, we have shown that C, has minimum
distance 2k — 2. In particular, we have shown that the <=1 (" 1)

elements of C, are distinct, so |C»| = %. O

Theorem 4.4 The conditions are the same as T heorem
4.2 and Theorem 4.3. Then the set

C=Ciu(C,
is a cyclic subspace code of size and minimum
distance 2k — 2. .

Proof It is evident that |C| = %"1_1) To show that
C has minimum distance 2k — 2, it remains to show that
dim (U, j,., NAUgp-1 jpr,) < 1, where A € F and 0 < iy <
qk -2,1<j1,j» <p,1 <ry,ry <6. The proof is similar to
T heorem 4.3, and we omit the details. m]

Example 4.5 Take ¢ = k = 3. Let w be a primitive
element in F3:. Let y € F, be a root of an irreducible
polynomial over F3: and & € F345 be a root of an irreducible

pq"(q"-1)
g-1

polynomial over F3s. Thenp = |'2X3'| 1=1,0= |'2X9'| 1=
2. Theorem 4.4 thus permits us to produce a cyclic subspace

code with size % 33(3%-1). The cardlnahty is lager

than 3°—1in Theorem 4.3 of [14] and €=V in Theorem 3.1
of [10], and the minimum distance is stlll 2k—-2 =4.

5. Conclusion

In this letter, we present several new Sidon spaces through
primitive elements and distinct roots of irreducible polyno-
mials over finite fields. Moreover, through the union of Sidon
Opq*(q"~ D

spaces, cyclic subspace codes of size 2 — D and
obtained, and the minimum distance is st111 2k-2. Thls ylelds
cyclic subspace codes with new cardinalities by comparing
with the known constructions in [14] and [10].
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