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SUMMARY  This paper presents a quantized gradient descent algorithm
for distributed nonconvex optimization in multiagent systems that takes into
account the bandwidth limitation of communication channels. Each agent
encodes its estimation variable using a zoom-in parameter and sends the
quantized intermediate variable to the neighboring agents. Then, each agent
updates the estimation by decoding the received information. In this paper,
we show that all agents achieve consensus and their estimated variables
converge to a critical point in the optimization problem. A numerical
example of a nonconvex logistic regression shows that there is a trade-off
between the convergence rate of the estimation and the communication
bandwidth.

key words: multiagent system, distributed nonconvex optimization, coop-
erative control

1. Introduction

Recently, distributed optimization in multiagent systems has
attracted tremendous attention in various engineering fields
such as machine learning and sensor networks [1]. In multi-
agent systems, devices called agents attempt to find a global
solution by cooperatively communicating with each other
[2], [3]. In convex optimization, subgradient algorithms on
various types of network topologies have been proposed [4]—
[11]. For nonconvex problems, distributed algorithms have
also been explored in many research articles [12]-[18].
These studies implicitly assume that the communica-
tion bandwidth is sufficient for successful application of their
algorithms. In practice, however, the information between
agents is transmitted with limited bandwidths [19]-[22]. For
convex optimization, Yuan et al. proposed a distributed dual
averaging method with quantized communication [23]. Yi
and Hong proposed an encoding-decoding scheme using the
zoom-in technique on time-varying undirected graphs [24].
Pu et al. investigated a distributed proximal-gradient method
for multiagent systems whose communication channel has a
finite data rate [25]. Li et al. presented a distributed algo-
rithm on time-varying directed graphs with quantized com-
munication [26]. Kajiyama et al. proposed a distributed op-
timization method with quantized communication to achieve
linear convergence [27]. In [28]-[31], distributed optimiza-
tion algorithms with quantized and event-triggered commu-
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nication was proposed. Although the optimization method
with quantized communication has been extensively consid-
ered for the convex case, the essentially different approach is
required for the analysis of the algorithms for nonconvex op-
timization. The authors of [32]—[34] considered distributed
stochastic quantization algorithms with a sign coding func-
tion. The authors of [35] proposed a distributed nonconvex
optimization algorithm with compressed communication.

The main research contribution of this paper is to inves-
tigate a distributed quantized algorithm for a smooth noncon-
vex problem in an undirected time-invariant graph. The pro-
posed method uses an encode-decode scheme and a zoom-in
technique [24]. Each agent encodes the real-valued estima-
tion to the closest integer and decodes the received quantized
information to estimate the variables of other agents. After
the quantized communication, each agent updates its estima-
tion by a distributed gradient descent algorithm. We show
that the estimations of all the agents converge to a criti-
cal point in the nonconvex optimization problem. We also
consider a parameter setting that guarantees consensus be-
tween agents and convergence to a critical point even when
communication is performed at a lower quantization level.
To handle the nonconvexity of the local cost functions and
the quantization error of the local communication between
agents, we utilize the descent property of the cost functions
in [36] under the assumption of their smoothness property.
The proposed algorithm can be implemented in a distributed
manner without using a global communication or a worker-
server architecture in [32]-[34]. The quantized algorithms
for distributed nonconvex optimization have been considered
in [35]. Compared with this method, the proposed method
clarified the relation between the step-size parameter and the
possible quantization level of quantizers. In particular, we
show that the proposed algorithm can be implemented with
three-level quantizers.

This paper is organized as follows: Section 2 introduces
the problem setting and the distributed quantized algorithm.
Section 3 presents the convergence analysis of the proposed
algorithm. Section 4 shows a numerical example of a non-
convex logistic regression. Section 5 concludes this paper.

2. Problem Formulation

LetR, N, and Z be the sets of real numbers, non-negative in-
tegers, and integers, respectively. [a] represents the smallest
integer greater than or equal to @ € R. For a vector x € R,
Xq or [x], shows the g-th element of x. The Euclidean
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norm and the infinity norm of a vector x € R” are given
by ||x]| = VxTx and lxllee = maxi<q<p |x4], respectively.
For a matrix A € R™", a;; or [A];; represents the (i, j)-th
element of A.

2.1 Nonconvex Optimization

We consider the following nonconvex optimization problem
with n agents:

miur)lé%})ize F(w) = ; fi(w), )

where f; : RP — R is a local differentiable objection func-
tion that is not necessarily convex (i € V = {1,2,...,n}).

Assumption 1: There exists a positive constant C; such
that [|Vf;(x)|| < C, foralli € V and x € R”. Moreover, f;
is L-smooth for all i € V.

Each agent communicates over a time-invariant undi-
rected graph G = (V, &), where & is the set of edges that rep-
resents communication between agents. The neighborhood
of an agent i is definedas V; = {j € V | {i,j} € E} U {i}.
The maximum number of neighboring agents is represented
by N = max;e |N;|, where |A;] is the number of elements
in N;.

Assumption 2: The graph G is connected.

We consider a weight matrix A = [a;;] € R™" whose
elements represent the weights on the communication link.

Assumption 3: There is a positive scalar 8§ € (0,1) such
that

aji (> 9) lf] E/Vi,
ai: =4
Y 0 otherwise.

Assumption 4: The elements of the weight matrix A satisfy
that Y, a;; = lforalli € Vand 37 a;; = lforall j € V.

Assumptions 3 and 4 show that the weight matrix is
doubly stochastic. In this paper, the maximum weight is
defined as d@ = max; je ajj.

2.2 Distributed Quantized Algorithm

In this subsection, we consider a distributed quantized sub-
gradient algorithm for the nonconvex optimization problem
(1). Atiteration k € N, each agent i converts the real-valued
estimation w;[k] € RP to the quantized data y;[k] € Z”
by its encoder Q. The quantized value with the encoder
Q = [q([x]1). q([x]2), . . .. q([x]p)]" is given by

wi[k] — wP[k - 1])

©))

yilk] = a( i

with
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0 if—%<[x]qs%,
M ifM—-1L<[x], <M+ 1,
‘Z([x]q) = K i 12 K 2
ifK-3< [x]g,
—q(=[xlg) if[x]g < -3,
where wl.Q[k] is the internal variable of agent i, h[k] is the

zoom-in parameter, and M = 1,2,...,K — 1. Then, agent i
sends the encoded data y;[k] to the neighboring agents.

At the same time, agent i receives y;[k] from the neigh-
boring agent j € N; and decodes it with the zoom-in param-
eter as follows:

wP[k] = hlkly;[k] + w2 [k - 1]. 3)

Let ¢;[k] be the quantization error of agent i at time k, that
is,

eilk]
_a wilk] = w2k - 11\ wilk] - w2[k - 1]
- h[k] - hik]
Then, we have
wl[k] = wi[k] + h[k]e;[k]. @)

We note that, if ||(w;[k] - wl.Q[k —1D/hlk]|lc < K+1/2,the
encoder does not cause saturation, that is, ||e;[k]||c < 1/2
holds.

After the quantized communication, agent i updates the
estimation by

wilk +1] = wlk] - d Z aij (w2 k] - w?[k])
j=1

— a[k]V fi(w;[]), (5)

where d > 0 is a gain parameter. We make the following as-
sumption about the step size a[k] and the zoom-in parameter
hlk].

Assumption 5: The step-size satisfies limg_o @[k] = O,
Yieo@lk] = co,and 377 a?[k] < co. The zoom-in param-
eter h[k] satisfies limy_, #[k] = 0 and X 77 h*[k] < oo.

3. Convergence Analysis

First, we introduce the preliminary lemmas describing the
convergence property of nonnegative sequences [6].

Lemma 1: Let {u[k]} be a positive scalar sequence. If
limg_,co u[k] = 0, then we have limy . Y5_, A*~C[£] = 0,
where 0 < A < 1. Moreover, if };>, u[k] < co, then
Z;O:] Zf=1 /l[_r,u[l’] < oo.

Lemma 2: Suppose that {X[k]},{Y[k]}, and {Z[k]} are
the sequences of the nonnegative scalars. Suppose also that
Y[k+1] < Y[k]-X[k]+Z[k]forall k € Nand ¥}, Z[k] <
co. Then, {Y[k]} converges to a finite value and 3>, X[k] <
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The next lemma shows that the estimations of the agents
converge to their average.

Lemma 3: Under Assumptions 1-5, if agents update their
estimations by (5) and ||e;[k]||cc < 1/2 for all i € V and
k € N, then we have

Jim flwi[k] - @k]ll =0, ©)

where [k] = (1/n) £, wi[k].

Lemma 3 can be proven in the same way as Lemma 8
n [4], and the proof is omitted in this paper.

The next theorem presents the convergence of the esti-
mation of each agent to a critical point.

Theorem 1: Under Assumptions 1-5, if ||e;[k]||lc < 1/2
foralli € Vand k € N, thenliminf_, e ||Z7:1 Vﬁ(lD[k])H =
0. Moreover, if each f; is twice differentiable and
IV2£(&) - VA < vlié - ZIl for all £¢ € P, we
have limy_,co ”Z?Zl Vﬁ-(u‘)[k])” = 0, where 7y is a positive
constant.

Proof : We consider the weight matrix B = [b;;] € R™"
such that
be = daj; ifi # j,
Y 1 =d e\ gyaie ifi=j.

We note that the weight matrix B is also doubly stochastic.
Therefore, under Assumptions 2—4, for all i,j € V and
k,r € N with k£ > r, we have

<cpr, (7

‘[Bk—r+1:|lj _

where 8 =1—-6/(4n*)and C = 1/8 [4].
From (4) and (5), we have

w,-[k + 1]

= wilk] - d ) aij(wilk]
j=1

+ dhlk] Z aij(ejlk] = eilk]) — a[k]V fi(wi[k])

- wjk])

j=1
= > bijw;[k] + dh[k] ) ayj(e;[k] - ei[k])

j=1 j=1

— o[ K]V fi(wilk]). @®)

If [le;[k]llo < 1/2, we have |le;[k]]| < /pllei[k]llo < vP/2.
Thus, from Assumptions 1, 4, and 5, we have

lle:[k]ll < pdhlk] + \pCyalk], Vi € V, Vk € N,
©)

Jim gilk] =0, Y lelk]? <o, VieV.  (10)
—00 =1
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where g;[k] = dh[k] X"_, aij(e;lk]—e;[k])—a[k]V fi(wi[k]).
From (8), we have u‘)[k + 1] = w[k]+(1/n) X7, &i[k] for all
k € N. Thus, from (7), we obtain

lwilk + 1] = w[k + 1]]|

n k-1
k . k—r—1 .
< Cp .21“‘“][0]” +nCZOB max le;[r]]
=
2 LK 11
+2max [l [K]| an

Since 37, 2", aij(ej[k] — e;[k]) = O from Assumption 2,

j=1
we have Y7 | gi[k] = —a[k] X1, Vfi(w;[k]). Then, from

Assumption 1 and the descent lemma (Lemma 2.1 in [36]),
we have

%Zﬁ(ﬂ“ 1)
< %gﬁ(u‘)[k])
T n
+(—2Vﬁ(w k])) ( )y ,-[k])

n

2
=Y ikl

i=1
<13 ratkn
ni:l
—( ZVﬁ k])) (“L"]Zm@[k]))
i=1 . i=1
—( Z Vi@l k]))

( U S (9 i) - Vﬁ(w[k]))) + SIK,
n

i=1

1
+ =L
2

where S[k] = c1a?[k] + c2h?[k] with positive constants ¢
and ¢;. From Assumption 5, we have Z,‘:’:l S[k] < co. Then,
from Assumption 1, we have

=) @ik + 1)
i=1

2
(0[k])

kIl + S[k].

A, Z il

From Lemmas 1 and 2, and (11), (1/n) X", fi(w[k]) con-
verges to a finite value and

i alk]

k=1

D VE@IKD| < oo. (12)

i=1
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Then, it follows from Assumption 5 that

li;n inf =0. (13)

D Vfi@lk])
i=1

Moreover, from the assumption about the Lipschitz con-
tinuity of the Hessian of f;, for k > 2, we have

LN V@lk+ 1)
n i=1

< =V f@lk)
i=1

(BN _ (BN
+ (; Zl Vzﬁ(w[k])) (; Zei[k])

2

IA
S| =
i
<
=
=
=
SN—"
+
‘i
s|=
h

D, Vilwilk])
i=1

2

IA

LN 9 f@lk)
n i=1

alk]L
n

+

IV fi(wilk]) = V fi(@[kDIl
i=1

L

n 2

LY eilk]

i=1

a[k]L < - 1
= ;||Vﬁ(w[k])n+§7

1

IA

LN v f@lk)
n i=1

2 n n
. aU;]L Z {Cﬂk—l Z s 0]
=

i=1

k-2
+nC k=r=2 i +2 k=1
n ;/3 max [le;[r][| + 2 max e;] ]||}

n 2

Dl

i=

+

k]

alk]L < - 1
. ;HVﬁ(w[k])Il+§7

where the last inequality follows from Assumptions 1 and
(11). Therefore, it follows from (12) and (13) and Lemmas 1
and 2 that limy e | 21, V£(@[&])|| = 0. O

In Theorem 1, it is assumed that the quantizer does
not cause saturation. The next lemma shows a sufficient
condition for avoiding saturation of the quantizer. To this
end, we introduce a lemma that shows the boundedness of
the sum of a series.

s
Lemma 4: ForG[k] = Y¥22 g2 (%) withd > 0and
k > 2, we have
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k-2
5\° 69 — 2098 10
Glk] < n + :
ms i)} ()
Lemma 4 can be proven in the same way as Lemma A.3
in [24], and the proof is omitted in this paper.

Theorem 2: Suppose that the zoom-in parameter A[k] and
the step-size a[k] are given by h[k] = ﬁ and alk] =
W for k € N, where H and A are positive constants,
1/2 <6, <64 < 1, and [3(5/4)5” < 1. Under Assumptions
1-5 with w;[0] = 0 for all i € V, if K > Q, we have
llei[k]lle < 1/2 foralli € V and k € N, where

1 AC, 1
Q:max:(d+—+7j)2‘s" -,

2 2
4. 3% \[pdaN
T(Acg+dH)

1 AC,\ (3\%" 1

*(“5*7)(5) "

24/p (4nC +2)daN
VP EC DA (ac, +am)
1 ACG,\ (4\%" 1

Proof : We provide the proof by a mathematical induction
on k. For k = 1, we have

wi[1] - w2[0]
h[1]

< % max {w;[0] — w[0]}

A1) " A1

< (d+ % + —AC‘J)Z‘S”.

+ (d + %) hiol + ﬂVfi(wi[O])

H
Similarly, for k = 2, we have
wi[2] - w2[1]
h[2]
4 - 3% \[pdaN
H

AC, on
+d+l+ g E .
2 H 2

(AC, + dH)

Thus, the statement holds for k = 1,2.
Next, we assume that ||e;[s]||o, < 1/2 for s > 2. Then,
we obtain
wi[s + 1] - wl.Q[s]
hls + 1]
wils + 1] — wi[s] — hls]ei[s]
hls + 1]

)
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d ¥y aij(wils] -

his +1]

N als]V fi(wi[s])
hls + 1] o

dhls] Z_; aij(ejls] — eils])
hls + 1]

w;[s])

hls + 1]

Hh[s ei[s]

+

2daN
- h[s + 1] lE(V

1 h[s]
+(d+') s

ax |lwi[s] — ws]l|

a[s]C,
hls +1]

< ,f[‘ﬂ{ CZBS "2P(Cyalr] + dhlr])

+2 (\p(Cyals] + dhls]))}

1 AC 4 Sn
+(d+§+ Hg)(g) , (15)

where the last inequality follows from (9) and (11).
From Lemma 4, the first term of the right-hand side of
(15) is given by

S8BT Halr]C, + dhlr])

hls +1]
o 0BT HAG + dH) (54 2\
- H r+1
_AC, +dH 5\ (6% — 20048
=~ H W 4%n 5013
10%k
+4(5h - 5%
4ACg +dH
SA—F
We also have
a[s]Cy + dh[s] (s +1)% AC, dH
hls+1] H (s+1)%  (s+1)0n
AC, + dH
< —.
H
Then, we obtain
w;[s + 1] - wiQ[s]
hls + 1]
24/p (4nC +2) daN
< VP (dn )dd (AC, + dH)
H J
AC, on
+|d+ l +—2 i .
2 H 3
This concludes the proof. O

Theorem 2 shows the relation between the step-size pa-
rameter A and the quantization level K. The smaller quan-
tization level can be achieved for the smaller value of A.

1301

However, the smaller value of A results in the slower conver-
gence. Therefore, there is a trade-off between the step-size
parameter A and the quantization level K. Now, we consider
the minimum quantization level. From (14), we have

1 AC 1
lim Q= max{(— + —9)25’1 - =,
d—+0 2 H

2
1, AG) (3 _1
2 H 2 2

1 AC,\ (4\ 1
2w )\3) T2
=(1+_Acg)zéh_l

2 H 2

It follows that, for sufficiently small d and A, K =1 > Q
holds. Thus, with the appropriate parameter settings, agents
can find a critical point of the nonconvex optimization prob-
lem by sending only the three integers —1, 0, and 1 for each
element of the estimation value. In this case, the required
communication bandwidth can be reduced to [p log, 3] bits.

Remark 1: In[14], [37], the authors established the global
convergence of distributed optimization algorithms under
the Polyak-Lojasiewicz condition, which guarantees that all
critical points are global optimizers [38]. To show the global
convergence of the proposed algorithm is a future direction
of this paper.

Remark 2: The authors in [39], [40] have exploited the
design of the optimal encoder for the stability of linear and
nonlinear systems. The investigation of the design of the
optimal quantizer is also a future direction.

4. Numerical Example

This section presents a numerical example of the proposed
quantized algorithm over the multiagent system with four
agents (n = 4). We consider a nonconvex logistic regression
[14] for binary classification to divide the dataset into two
classes through a one-layer neural network. Each agent has
different partial data of the a9a dataset, which is a binary
dataset with 32,561 observations and 123 features [41]. In
this problem, the local objective function is given by

1 p
filw) = > § log (1 + €_<[w]"[""]‘7)[""]‘1) + R(w),
q=1

where p = 124, y; is the feature vector, v; is the correspond-
ri leé
q L 1+[w]?

ing binary label, and R(w) = is a nonconvex

regularizer with r; = 1074,

We compare the convergence performance with differ-
ent quantization levels K = 1,2,3. In all cases, we setd = 1,
hlk] = 1/(k + 1)°®%, and w;[0] = O for all i € V. The
step-size is given by a[k] = 0.3/(k + 1)°% for K = 1,
alk] = 1.5/(k +1)% for K = 2, and a[k] = 2.5/(k + 1)*3
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Iteration
Fig.1  Dlk] with different quantized levels.
— k=1
— K =2
101 — K=3

1074

0 2000 4000 6000 8000 10000
Iteration

Fig.2  E[k] with different quantized levels.

for K = 3. The parameters of the step-sizes are set to satisfy
the conditions of Theorem 2. In this example, we use the fol-
lowing two values to evaluate the convergence performance
to a critical point and the degree of the consensus:

DIkl = | >V fitwil kD)

i=1 00

ETKI = > wilK] = Bl
i=1

Figure 1 shows the sum of the gradients of the local
objective functions D[k]. We see that the gradient of the
local objective function of each agent converges to 0 for all
cases. The convergence rate, however, depends on the value
of the quantization level K. A larger quantization level allows
agents to convey more information. Thus, the convergence
rate is better for a larger quantization level. Figure 2 shows
the consensus error E[k]. It can be observed from Fig. 2 that
the estimations of the agents achieve consensus. Moreover,
there is no saturation in all cases. From these results, we see
that the estimations of the agents converge to a critical point.

Finally, we compare the proposed subgradient-based al-
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\

\

T
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Fig.3 Comparison with the compressed communication algorithm in
[35].

gorithm with the compressed communication algorithm (Al-
gorithm 1 in [35]). Figure 3 shows the sum of the gradients
D[ k] for the subgradient algorithm without quantization, the
proposed algorithm with the different values of the quantiza-
tion level K, and the compressed communication algorithm
(CCA) with the different values of the step-size . From this
figure, we see that the compressed communication algorithm
can achieve faster convergence. However, for an appropriate
quantization level, the proposed algorithm has a similar con-
vergence performance with the compressed communication
algorithm.

5. Conclusions

In this paper, we presented a quantization scheme for non-
convex optimization on multiagent networks. We proposed
a distributed gradient descent algorithm by which the esti-
mation of every agent reaches consensus and the sum of the
gradients of the local objective functions converges to 0. We
also considered a sufficient condition for avoiding the satu-
ration of the quantizer and showed that the quantization level
can be set as K = 1 by appropriately setting the step-size and
the zoom-in parameters. A numerical example of the appli-
cation to a nonconvex logistic regression showed the validity
of the proposed method. The communication network of
the proposed method was assumed to be represented by an
undirected graph. An extension to a more general network
topology is one of our future research directions.
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